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1 Introduction

In this paper, we consider the following biharmonic system:

A , ()l i
A(al(xﬁAul)) +bl(x) ‘x‘Zsi _)"Hui(x! ul,...,u,,) n Q; (11)
u;=Au;=0 on 082,

where  is a bounded domain in RN (N > 2) with smooth boundary, i = 1,...,#, and the

potentials
a;:QxR—->R

fori=1,...,n are Carathéodory functions satisfying the following conditions:
(A1) a;(x,0) =0, fora.e x € Q.
(A2) There exists C; > 0 such that

|ai(x,t)] < Ci(1 + |t|Pi(x)—1)

for a.e. x € Q and all £ € R, where p; € C(2) with

N
max{Z, 3} < insfzpi(x) < pi(x) < supp;(x) < co.
xXE

xeQ
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(A3) Foralls,teR,
(aix, ) — ai(x,9))(E—s) = 0

fora.e. x € Q.
(A4) There exists ¢; > 1 such that

ciltP™ < min{a,(x, 0)t, pi () As(x, 1)}
fora.e.x € Qand all s, € R, where
A:QxR—-R

is the antiderivative of a;, that is,
t
Ai(x,t) = / a;(x,s)ds.
0

We assume that 1 <s; < %, the nonnegative functions b; belong to L*(2) fori=1,...,n, A

is a positive parameter, and
H:QxR'"—>R

is a measurable function with respect to x € Q for each (t,...,t,) € R” and is C' with
respect to (¢1,...,t,) € R” for a.e. x € Q. By H,, we denote the partial derivative of H with
respect to u;.

Biharmonic-type problems are used to describe a large class of physical phenomena such
as micro-electro-mechanical systems, phase field models of multiphase systems, thin film
theory, thin plate theory, surface diffusion on solids, interface dynamics, and also flow in
Hele—Shaw cells. That is why many authors have looked for solutions of elliptic equations
involving such operators.

The fourth order Leray—Lions problem with Navier boundary conditions

Ala(x, Au)) = AV (&) u?92y  in Q,
u=Au=0 on 092,

is studied in [9], where 2 is a bounded domain in RN (N > 2) with smooth boundary 9%,
A(a(x, Au)) is the fourth-order Leray—Lions operator, a satisfies a growth condition de-
pending on p and some completion conditions, A > 0 is a parameter, and V' is a function in

a generalized Lebesgue space L*™(2). The functions p,q,s € C(Q) satisfy the inequalities

N
1 < ming(x) < max g(x) < minp(x) < max p(x) < — < s(x)
xeQ xeQ xeQ xeQ 2
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for all x € Q. In a particular case where a(x, t) = |£[?®~2¢, Boureanu et al. [2] studied the
problem

A(|AulPP=2 Au) + a(x)|ulP®2u = Af(x,u) in R,

u = constant on 0%2,
Au=0 on 092,
P _
2o (| AulP®=2Au)dS =0,

where Q is a bounded domain in RY with sufficiently smooth boundary 99, : @ x R — R
is a Carathéodory function, X is a positive parameter, and a € L*(<2).

Recently, the study of the biharmonic problems in various spaces is an interesting prob-
lem. For example, the existence of at least one positive radial solution of the weighted
p-biharmonic problem

Agn (W) | Arpnul? ™ Ane) + R(E)W(E) [l u
=" (& ) [ %2 Zb & lge) 477
i=1

with Navier boundary conditions on a Kordnyi ball has been proved [21], where w € A; is
a Muckenhoupt weight function, and Aﬁn'p is the Heisenberg p-biharmonic operator.
Motivated by the works mentioned, we study the existence of multiple weak solutions for
problem (1.1) consisting of fourth order Leray—Lions type operators and singular terms.
Before ending this section, we state the definition of a weak solution for problem (1.1)
and recall the critical point theorem of [1].

Definition 1.1 We say that
n
u= (..., u,) € [ [(WPPO(Q) 0wy (2) \ {0}
i=1

is a weak solution of problem (1.1) if #; = 0 on 9S2 for each 1 < i < n and the following
integral equality is true:

Z/a(x,Au Avldx+2f |uz|| |23u iVi dx
X |42t
n
_)\'Z/Hui(x,ul,...,un)vidx:()
i=1 V%

for every

V=) € [ [(W2POR) 0wy " (@),

i=1

Theorem 1.1 Let X be a reflexive real Banach space, and let ® : X — R be a coercive,
continuously Gdateaux-differentiable, and sequentially weakly lower semicontinuous func-
tional whose Gdteaux derivative admits a continuous inverse on X*. Let W : X — R be a



Musbah and Razani Boundary Value Problems (2022) 2022:88

continuously Gdateaux-differentiable functional whose Gdteaux derivative is compact and
such that

inf ® = ®(0) = ¥(0) = 0.
xeX

Assume that there exist r >0 and x € X, with r < ®(x) such that
(1) SUPp (x)<r W (x) < W(x),

r d(x)’
(ii) For each

®(x) r |:
v(x)’ SUP g (x)<r W (%) ’

AEA,::]

the functional I, = ® — AW is coercive.
Then for each . € A,, the functional I, = ® — AV has at least three distinct critical points
inX.

The rest of the paper is organized as follows. in Sect. 2, we present a brief survey of
notions and results related to our problem. In Sect. 3, we state the main result of the paper
and prove it by variational techniques and applying Theorem 1.1 on three critical points.
2 Variational framework

Let  be a bounded domain in RN (N > 2) with smooth boundary. We suppose that 1 <
S; < % and p; € cQ),i=1,...,n satisfy the following condition:

max{Z, N} < p; :=inf p;(x) < p(x) < p; := supp;(x) < +o0. (2.1)
2 xeQ xeQ
The variable exponent Lebesgue space L#i®)(Q), i = 1,...,n, is defined as
L[Pi(Q) = {u : Q2 —> R:u is measurable and /Q|u(x) |pi(x) dx < oo},
with the Luxemburg norm

[24]p; () 2= il’lf{)\. >0 :/
Q

Notice that if g(-) =¢q, g € {s;: i = 1,...,n} U {1}, then this norm is equal to the standard

u(x)

pi(x)
dx < 1}.
A

norm on L7(2),

%
luly = (f |u|qu) .
Q

It is well known that for any u € I7®)(Q) and v € LP;(")(Q), where Lp;‘(")(Q) is the conjugate
space of L#i®)(Q2), we have the Holder-type inequality

/ uvdx
Q

The following theorem is [11, Theorem 2.8].

11
=\ " |21 p; ) V] -

i i

Page 4 of 14
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Theorem 2.1 Assume that Q is a bounded and smooth set in RN and that p,q € C.(Q).
Then

IPW(Q) —> LIW(Q)
if and only if g(x) < p(x) a.e. x € Q; moreover, there exists a constant M, such that
g < Mglttlp)- (2.2)

Following [13], for any « > 0, we set

.
P k", k<l
k"=

k", k=1,
and
N k", k<1,
Kra_
=1 .
K", k=1,

forre{p;:i=1,...,n}. We rewrite the well-known [8, Proposition 2.7] as follows.

Proposition 2.1 For each u € [P (), we have
. ) .
g = [ [ < .

Form=1,2and p € {p;:i =1,...,n}, by W@ (Q) we denote the variable exponent
Sobolev space, that is,

WP(Q) = {u € LPY(Q) : D*u € LPY(Q), |a| < m)

endowed with the norm

2l piwy 2= Z |Dau|p(x)'

|| <m

Let us point out that the spaces L?*)(€2) and W”*®)(Q) are separable, reflexive, and uni-
form convex Banach spaces [4]. Let Wg’p(x)(ﬂ) be the closure of C§°(£2) in wWre)(Q). We
set

Y := WO Q)N W, (@)

forp e {p;:i=1,...,n}. Itis a reflexive Banach space respect to the norm

lally 2= sl ey + 1l 1000 g

= [l + 11724l + | Ao,
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where

ou ou
Vu= (8—961(96),...,@(96))

is the gradient of u at x = (xy,...,%,), Au=Y_
N | ou2)1
(Zizlla_xi| )2»'

Using the Poincaré inequality and [22], the norms | - ||y and |A(:)| () are equivalent on

N 2y
i=1 Bxlg

is the Laplace operator, and |Vu| =

Y, where

p(x)

. Au
|Au]pe) :=infy >0
Q

We have the following lemma by Theorem 2.1.

dx < 1}.

Lemma 2.1 Ifp(x) < q(x) a.e. x € Q, then
WAR(Q) s WPE(Q). (2.3)
In a particular case, for p;, i = 1,...,n, with condition (2.1),
W2 (Q) N WP (Q) > W2 () N W, (Q)
is embedded continuously, and since p; > %, we have the following compact embedding
W2 (Q) N W, (Q) <> CO(RQ).
Then
W2 (Q) N Wy (Q) = CO(Q).
So, in particular, there exist positive constants k; >0,i=1,...,n, such that
[Uloo < kil Atk p,(x) (2.4)
for each u € W*Pi¥(Q) N W()l'pi(x)(Q), where |u]oo := SUp,cq |U(x)|.
Proposition 2.1 implies the following lemma.

Lemma 2.2 Foreach u €Y, we have
. » .
|Au|1;(x) < p(u):= fQ‘Au(x)‘px dx < |Au|§(x).

Now we recall the classical Hardy—Rellich inequality mentioned in [3].
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Lemma2.3 Letl<s< % Then for u € W&'S(Q) N W25(QQ), we have

lu(x)[*

o lx*

1
d < — A Sd )
where H := (W)s'

Lemma 2.4 Let1<s; < %, and let p; € C(Q2) be as in relation (2.1) for i = 1,...,n. Then
there exists k such that

| ()

o lxf%

Si

pi(x)

K
dx < —|A
x_HI ul

forue Wol’pi(x)(Q) N W2Pie)(Q), where H is as in Lemma 2.3.

Proof Since s; < p;(x) a.e. in Q for each i = 1,...,n, according to relation (2.3), we have
WP (Q) N W2PW(Q) e Wy (Q) N W2H(Q).

Moreover, there exist constants «;, such that
[Auls, < ks | Ath]p;(x)-

From Lemma 2.3 we get

| () |

o x|

dx < %/Q|Au(x)|si dx

for u € W, (Q) N W>%(R). Then we deduce that

|u(x) |5 o .
dx < ilAu|s?( -
Q |l H P
It suffices to set k = maxj<j<y K, . O

Lemma 2.5 Assume that conditions (A1)—(A4) hold. Then fori=1,...,n, we have
(1) Ai(x,t) is a C*-Carathéodory function, i.e., for every t € R,

Ai(L,H):Q—>R
is measurable, and for a.e. x € Q, A;(x, ) is of class C.
(II) There exist constants C;, i =1,...,n, such that

G (%) e
pi(x)|t|p Y < |Ailx, 0)| < Ci(12] + 1£7)

fora.e.x € Qand all t € R, where the constants c¢;, i = 1,...,n, are as in condition
(A4).
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In what follows, we set
X:= ]_[ (Wi () N w, "™ (@)
i=1
endowed with the norm

n
”M” = ||(M1"~7un)n = ZIAu,|pl(x)

i=1
for u = (u1,...,u,) € X. From Remark 2.1 we conclude that the embedding
X C'Q) x - x CUQ)
is compact, and if we put
K= gk
where k;,1 < i < n, are as in relation (2.4), then it is clear that K > 0 and

24|00 EI(|Aui|pi(x): i=1,...,n (25)

We define the functional ® : X — R by

n n .
|1 () |
D(uy,..., Uy = E /SZAi(x,Aui)dx+ E /Qbi(x) PP dx
i=1 i=1 g

Lemma 2.6 There exists a positive constant C such that

p—|Aul|"' < Dy, .. ,un)<CZ (1wl +18ul )

i=1

foralll<i<nandu=(uy,...,u,) €X.

Proof By (2.2) and Lemma 2.5, for every 1 < i < n, we have the estimate

Ci pi Ci )
G dxs—flAuil”l
o o= ),

n
Ct’/ )
< — | |Aul?
;P? Q

= (D(l/ll,...,l/ln)

Z/A(x,Au)dx+Z/b( ' ’||2Sl

< ; c | (1A Aui[P %) d 1bilos

<> G | (180 + |8u") dx + gZ wil}
i=1

i=1
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n n
5 K .
= E C;(Ml + 1)|Aui|l;;(x) + ﬁ E |bi|oo|Aui|;Li(x)'
i=1 i=1

It suffices to set C = (M; + 1) maxi<i<, C; + 27 MaxXi<i<p |bil oo O
Remark 2.1 Lemma 2.6 ensures that @ is coercive.

Proof Letu = (u3,...,u,) € X and ||| — oo. By the definition of || - || there exists 1 < iy <n
such that |Au;,| pig (x) = OO Then Lemma 2.6 implies that ®(u#) — oco. (I

Furthermore, ® is sequentially weakly lower semicontinuous, and it is known that & is
continuously Gateaux-differentiable functional. Moreover,

/ - o |52 u3v;
(s ) V1) = Y | (@il Ar)) Avi + bio) ———— ) dx
i-1 Y&

|x|25l'

for each (vq,...,v,) € X.
Now suppose that the function

H:QxR'—R
is a measurable function with respect to x € Q for each (ty,...,t,) € R” and is C! with

respect to (¢1,...,t,) € R” for a.e. x € Q. By H,;, we denote the partial derivative of H with
respect to u;. We define ¥ : R” — R by

\P(ul,...,un):zfH(x,ul,...,u,,)dx.
Q

The functional W is well defined, continuously Géteaux-differentiable with compact
derivative, whose Géateaux derivative at a point u = (uy,...,u,) € X is

W (U1, thn) Vi, ey V) = Z/QHui(x,ul(x),...,u,,(x))vi(x) dx
i=1

for every (vy,...,v,) € X. Notice that the energy functional corresponding to the problem

is
Li(u) = ®(u) — AV (1)

for each u = (u3,...,u,), or, equivalently, weak solutions of (1.1) are exactly the critical
points of [;. We set

8(x) := sup{(S >0:B(x,68) C Q}
and define

R :=supé(x). (2.6)

xeQ
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Obviously, there exists % = (x, ... ,xjo\[) € Q such that
B(x°,R) c Q.
In the next section, we prove the main result of the paper.

3 Three distinct weak solutions
Here we prove the existence of at least three distinct weak solutions to problem (1.1) by

Theorem 3.1. The main result of the paper is the following:.

Theorem 3.1 Assume that conditions (A1)—(A4) hold and H : Q@ x R” — R satisfies the
following conditions:
(H1) H(x,0,...,0)=0fora.e.x € ;
(H2) There exist n € LY(Q) and n positive continuous functions y;, 1 < i < n, with y;(x) <
pi(x) a.e. in Q such that

n
0 <H(x,uy,...,u,) <nlx) <1 + Z |ui|1’i(7€)>;

i=1

(H3) Thereexistr>0,68 >0, and 1 < i, < n such that

c, ( 2N N\ (o (R\N
—\ = m|{R" — | = >7r,
PAVIETE 2

N
where m := N”F(ZN) is the measure of unit ball of RN, and T is the gamma function.
3z
Suppose that
A, < Bs, (3.1)
where
(|~ e (25 \
1 J: { i
Ap=— |1+ ) K" —*r ,
and
3 Yoo infreq F(%,3,...,8)
LA SN \j; SN \s; :
CY i R227(§)2 Vi + (R227(§)2 ))(2N — 1)
Then for each

1 1
)\.EA,«Y(S = B_’14_ ’
8 r

problem (1.1) possesses at least three distinct weak solutions in X.
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Proof We apply Theorem 1.1. According to the previous section, the space

X = H(Wlpi(x)(g) N W()l’pi(x)(ﬂ))

i=1

and the functionals ®, ¥ : X — R defined as above satisfy the regularity assumptions of
Theorem 1.1. From the definition of ® and ¥ and condition (H1) it is clear that

inf ® = ®(0) = w(0) =0.
xeX

Fix § > 0 and R defined as in (2.6). We denote by w the function on the space W??i®)(Q) N
WP ™(Q), 1 <i < n, defined by

0, xe Q\Bx%R),
w(x) := 138, x € B, %),
oo (B = ik G = a)?), x € BOOR)\ BG, ),

where x = (x1,...,4x) € Q. Then

2 0 x € (Q\ B&R))UB, ),
(x) =

2N 0 R
g x € B(xo, R) \ B(x", 3).

ST
S

5

i=1

(=5}

~

X

By Lemma 2.6, for 1 < i, < n, we have

() (- (5))
v\ 12 (R m R Y
bi, RZ—(§)2 2

<dw,...,w)

R 26N\ BN\ R\N
=3 ((wgmn) (i) (= -(3) )

Then by assumption (H3) we have ®(w,...,w) > r. On the other hand, we have

n
lIf(w,...,w)zZ/ H(x,w,...,w)dx
i1 JBx0.5)

n R N
> i cees -,
_zigssz(x,S, 8)m<2>

i

where m is the measure of the unit ball of RY, and so

\IJ(W,...,W) - Z?’:l infoQH(xr(quwa)m(g)N

dw,...,w) C'Zil((RZZ_S(I\é)Z )i + (RZZ_B(AIé)Z )5i)m(RN — (%)N)

Z?zl infxEQ H(x’ 5; ceey 5)

- -B
-~ b 2 5 .
CX (2R + (RN - 1)

(3.2)

Page 11 of 14
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Now let u = (u1,...,u,) € ®}(-o0,r). From Lemma 2.6 we get
. l 1
b; i
|Au|pl(x) =< (_lq)(ul’ 1”71)) ( : ) (33)
Ci Ci
for each i = 1,...,n. Then for every u = (u1,...,u,) € ®1(-00,r), using condition (H2),

the Holder inequality, and (2.2), we have

/H(x,ul,...,un)dxff sup  H(x,uy,...,u,)dx
Q Q

ued=1(-o0,r)

n
5/ n(x)<1+Z|ui|”(")> dx
£ i=1
n
< |Tl|1(1+Z|Mi|gé>
i=1
n A~
<l (1 + ZKV‘WAuigﬁ@).

i=1

Therefore

1 1
— sup VY(m)=- sup /H(x,ul, LUy dx

T yed1(~co,r) ued-1(-o0,r)

|n|1< ZK”(E ) >=Ar. (3.4)

From assumption (3.1) and relations (3.2) and (3.4) we have

1 Y(w,...,w)
- sup W(u)< —/———0,
T yed=1(—o0,r) d(w,...,w)

and so condition (i) of Theorem 1.1 is verified. Now we prove that for each A > 0, I, is
coercive.

With the same arguments as used before, we have
W) = / H(x,u, .. ) d < |y <1 + ZKMAW )
i=1
The last inequality and Lemma 2.6 lead to
L) > —1|Au,|’* — Al (1 + me % )
bi i=1

for each i = 1,...,n. Now suppose that u € X and |ju| — o0. So, there exists 1 < iy <n
such that |Auw;| pig(x) —> 00 Since according to our assumptions, y;,(x) < p;,(x) a.e. in €,

the coercivity of I, is obtained.

Page 12 of 14
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Taking into account that

(1 1) (dJ(w,...,w) r )
Aé,r =\ 5 g ) )
B; A, W(W,..., W) SUP,co-1(_ooy ¥ (U:)

Theorem 1.1 ensures that for each X € A, 4, the functional I, admits at least three critical

points in X, which are weak solutions of problem (1.1). d

Remark 3.1 An interesting problem is to probe the existence and multiplicity of solutions
of this system under Steklov boundary conditions [10] or in the Heisenberg—Sobolev and
Orlicz—Sobolev spaces. The interested reader can read the details on these spaces in [5—
7, 12—21] and references therein.
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