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Abstract

In this paper, we conduct a research on a new version of the (p, g)-Hermite—Hadamard
inequality for convex functions in the framework of postquantum calculus. Moreover,
we derive several estimates for (p, g)-midpoint and (p, g)-trapezoidal inequalities for
special (p, g)-differentiable functions by using the notions of left and right

(p, g)-derivatives. Our newly obtained inequalities are extensions of some existing
inequalities in other studies. Lastly, we consider some mathematical examples for
some (p, g)-functions to confirm the correctness of newly established results.

MSC: Primary 26D10; 26D15; secondary 26A51
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1 Introduction

The brilliant results of Charles Hermite and Jacques Hadamard’s studies, which ended in
Hermite—Hadamard inequality, commonly known as Hadamard’s inequality, indicate the
fact thatif &i: [v,w] — R is convex, we have the following double inequality:

2 w-vJ, 2

When £ is a concave mapping, the inequality holds in the opposite direction. There has
been much research done in the Hermite—Hadamard direction for different kinds of con-
vexities. For example, in [1, 2] the authors established some inequalities linked with mid-
point and trapezoidal formulas of numerical integration for convex functions. For more
results related to the above inequality and convex functions, the reader can consult [3-7].
There are many generalizations of convex functions, like %-convex functions, preinvex
functions, m-convex functions, harmonically convex functions, («, m)-convex functions,
convexity with respect to a pair of functions, etc. These kinds of convexities have a very
large role in functional analysis, optimization theory, approximation theory, and fractional
mathematical modeling [8—24].
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Due to its immediate applications in numerical integration, probability theory, informa-
tion theory, and integral operator theory, the Hermite—Hadamard inequality is of utmost
significance. The field of inequalities has seen a tremendous flow of this remarkable in-
equality and related outstanding (Hadamard-type) inequalities over the past millennium.
These inequalities are partially inspired by the results mentioned above but perhaps even
more, so by the difficulty of conducting research in a variety of mathematical subdisci-
plines like mathematical programming, control theory, variational methods, operation
research, probability, and statistics.

Besides this, quantum and postquantum calculus are very important branches of calcu-
lus having a vast range of applications in the fields of mathematics and physics. Because
of numerous applications of quantum calculus (shortly, g-calculus) and postquantum cal-
culus (shortly, (p, g)-calculus) without limit calculus, many researchers began working on
them and applying their concepts in differential equations, integral equalities, mathemat-
ical modeling, and integral inequalities [25-32].

Alp et al. [33] and Bermudo et al. [34] used g-integrals to prove two different ver-
sions of g-Hermite—Hadamard inequalities along with some relevant estimates. The g-
Hermite—Hadamard inequalities are described as follows.

Theorem 1.1 ([33, 34]) For a convex map h: [v,w] — R, we have the inequalities

qv +w 1 @ gh(v) + hw)

h( [2]q ) = m ) h(x) udqx = Tr (2)
v+ qo 1 @ ” h(v) + gh(w)

h( 2, ) < p— /v I(x) “dgx < —[2]q . (3)

Remark 1.2 It is very easy to observe that by adding (3) and (4) we derive the g-
Hermite—Hadamard inequality (see [34])

v+ o 1 w o .
h( 2 ) = 2(w-v) [/v h(x)vdqx‘*/v h(x) dqxj| <=0 @

Recently, Ali et al. [35] and Sitthiwirattham et al. [36] used new techniques to prove the

following two different and new versions of Hermite—Hadamard-type inequalities in the
context of g-operators.

Theorem 1.3 ([35, 36]) For a convex map h: [v,w] — R, we have the inequalities

v+w

1 2 e ® . .
h<v;w)§w—v|:/v h(x)qux_,_/M hi(x) vse qx]gwj 5)
1 5 o -
h<v ;w) R [/v o) vidgie + /2‘” h(x)‘“dqx] < M ©)

Remark 1.4 When g — 17 in (3)-(7), we recapture the traditional Hermite—Hadamard
inequality (1).

Kunt et al. [37] and Vivas-Cortez et al. [38] extended the previous studies and derived
several Hermite—Hadamard-type inequalities with new structures for convex functions
using the (p, g)-integrals.
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Theorem 1.5 ([37, 38]) For a convex mapping h: [v,w] — R, we have the inequalities

qv + pw 1 @ qh(v) + ph(w)
h Mx) vdpgx < —————
( 2 ) = plo—) / @ e <00 7
and
pv+qo 1 @ ph(v) + gh(w)
h h(x)“d, _—
< e ) = plo—v) / W ¥ = ®

Remark 1.6 It is also very easy to observe that by adding (7) and (8) we obtain the (p, q)-
Hermite—Hadamard inequality (see [38])

1 w w " .
h<v ;w) = 2p(w —v) [/u ") vdp,qx+/v h(x)wdp,qx] =< M )

Remark 1.7 It is worth mentioning that inequalities (7)—(9) are generalizations of inequal-
ities (2)—(4), respectively, and for p = 1, we can obtain the g-Hermite—Hadamard inequal-

ities.

There has been much research done in the direction of g and (p, g)-integral inequalities
for different kinds of convexity. For instance, in [37-40], some new midpoint and trape-
zoidal inequalities via g and (p, q)-integrals were established. The authors of [41-48] used
q and (p, q)-integrals and established Simpson-type inequalities for functions with differ-
ent forms of convexity. For more recent inequalities in g-calculus, see [49-54].

By considering such advanced level studies we consider the convexity of functions and
derive a new variant of Hermite—Hadamard inequality in the setting of (p, g)-calculus. Fur-
thermore, we derive some new midpoint and trapezoidal type inequalities for the special
class of functions called (p, g)-differentiable convex functions in the framework of (p, q)-
calculus. We also show that our newly established results are an extension of [36], which
states the novelty of our research. The results presented here can be helpful in finding
the error bounds of numerical integration formulas and variety of mathematical subdis-
ciplines like mathematical programming, control theory, variational methods, operation
research, probability, and statistics.

The structure of the paper is as follows. In Sect. 2, we recall some basics of g- and (p, q)-
calculus. In Sect. 3, we establish a new variant of g-Hermite—Hadamard-type inequality
for some special convex (p, g)-functions. In Sects. 4 and 5, we derive some new midpoint
and trapezoidal inequalities for g-differentiable convexity, respectively. Section 6 briefly
concludes our work.

2 g-and (p, g)-calculus
We recall some basics of quantum calculus in this section. For 0 < g < p < 1, we denote

[38, 55]
1-4"
[Vl]q = 71C
and
[Vl]p,q = - .
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Definition 2.1 ([56]) The left or g, -derivative of /i : [v,w] = R at x € [v, w] is defined as

(x) = hlgx + (1 - q)v)
1-g)x-v)

VD x) = h , xFv. (10)

Definition 2.2 ([34]) The right or g”-derivative of /i : [v,w] — R at x € [v, w] is defined
as

Igx + (1 - q)w) — hix)

B

, x#o.

Definition 2.3 ([57]) The left or (p, q),-derivative of /i : [v,w] — R at x € [v, w] is defined
as

I(px + (1 —p)v) - h(gx + (1 — g)v)

vDpg(x) = , XF V.
v -1 7
Definition 2.4 ([38]) The right or (p,q)*-derivative of /: [v,w] - R at x € [v,w] is de-
fined as
h 1- —h 1-
”QMM@=(W+( q)w) — hpx + (1 - p)w) iAo

r-a)(0-=x) ’
Definition 2.5 ([56]) The left or g, -integral of h: [v,w] — R at x € [v, ] is defined as
% 00
/ () vdgt = (1 - q)(x —v) Zq”h(q”x +(1-¢q")v).
v n=0
Definition 2.6 ([34]) The right or g*-integral of h: [v,w] — R at x € [v, w] is defined as
® 00
/ Me)?dgt = (1 - g)(w—x) Z q"h(q”x + (1 - q")a)).
x n=0

Definition 2.7 ([57]) The left or (p,q),-integral of ii: [v,w] — R is defined as

% 0 qn qn qn
/ W) vdpqt = (p — @) (x — V) Z Pl ﬁ(pmlx + (1 - qn+1)v>

n=0

for x € [v,pw + (1 — p)v]

Definition 2.8 ([38]) The right or g“-integral of /i : [v, w] — R is defined as

w " 0 qn qn qn
/x W) dyt = (p - @)@ — x) ZO e h(pmlx + <1 - o )w)
forx € [pv + (1 - p)w, ®]

For more properties and details about g- and (p, g)-calculus, the reader can consult [34,
38, 56—58].
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3 (p, q9)-Hermite-Hadamard inequality
In this section, we establish a new version of Hermite—Hadamard inequality for convex

functions and the special (p, g)-operators defined in (p, g)-calculus.

Theorem 3.1 Let h: [v,w] C R — R be convex. Then

v+ v+

V+w 1 2 viw Pw+(1—P)T
h( ) < |: hx) 2 dygx + / h(x) vt p,qx]
2 p(a) - \)) pv+(1—p)% o 2

- () + A(w)
- 2

. (11)
Proof The convexity of & implies that

h(m> < %[h(x) +h()].

. _ 1=t 1+t _ 1+t 1-t
Setting x = SVt S and y = SV + 5w, we get

1 1-t 1+t 1+¢ 1-¢
h vre <-—|h —v+;w +h ;u+—a) . (12)
2 2 2 2 2 2

By (p, q)-integrating (12) with respect to ¢ on [0, p] we get

V+w 1 (7 (1-¢ 1+t P 1+t 1-¢
ph( 5 >S§|;/(; h(TU+Tw)dP’qt+/(; h( 5 U+Tw>dp,qtj|.

From Definitions 2.7 and 2.8 we have

v+

v+ 1 3 vio po+(-p) 552
h( 2 ) = plo—v) [ 1) s /¥ ) e p,qx].

v+
pv+(1-p)5*

Thus the first inequality in (11) is proved. We again use the convexity to prove the second

inequality in (11):

h(uv+ %w) +h(1+tv+ l_ta)> < h(v)+h(w). (13)

2 2 2 - 2

By (p, q)-integrating (13) with respect to ¢ on [0, p] we get

b 1-¢ 1+t p 1+t 1-¢ h h
f h —v+Lw dp,qt+/ h Lv+—a) dp,qtpr.
0 2 2 0 2 2 2

By applying Definitions 2.7 and 2.8 we obtain the required inequality. O
Remark 3.2 By assuming p = 1 in Theorem 3.1, we regain inequality (5).

Remark 3.3 By setting p = 1 and taking the limit ¢4 — 1~ we regain the traditional

Hermite—Hadamard inequality (1) for the classical convex functions.
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Example 3.4 Consider the convex function 7 : [0,1] — R defined as /i(x) = x? with g = %
and p = % Then

h<v+w):1
2 4

h(v) + h(w) 1

2 2°

and

On the other hand, by Definitions 2.7 and 2.8 we have

v+

1
2 viw 2 1
Mx) 2 dpgx = 2dy1x
pv+(1-p) V52 1 3’3

T -ifi§i<;>"<i<;>";+<l2<;>">;>2
() (-C))
() () ()

and

53]

) v+

pw+(1-p) 5> " 4 2 5 4
X) viw X = X 142 1%
v+w ( ) 7 P 1 2 3’3

2

Thus

v+w

1 2 viw pw+(l—p)%
[ / Ix) 2 dpgx + / h(x) vio p,qx:|
p

p@ =) pra-prge vio

3] 5 61
=] — + —
21252 252
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99

= Ec
It is clear that

1 99 1

—<— <=

4 52 2
4 (p, q@)-Midpoint inequalities
In this section, we establish some new inequalities of midpoint type for (p, g)-differentiable
functions in the setting of (p, g)-calculus. We begin with a lemma, which has a great role
in establishing the inequalities of this section.

Lemma 4.1 For h: [v,0] CR = R, if \D,h and D, ,h are continuous and integrable

mappings over (v, ], then we have the following identity:

L por(1-p) 52

! [/ ’ e V+o
h(x) 2d,x+f h(x) vso x:|—h< ) (14)
p(a)—v) py+(1-p) 52 P4 v 2 P4 2

w-v[ 7 p-t p+t

= 1-gt),®, | =—v+E"
4p2 |:_/(;( q)( g <2p v+ o a)>
p p+t p-t
“ ot o)) ]

Proof Definitions 2.3 and 2.4 give

w p+t  p—t \_ h(ev + (1= 20252) — h(tv + (1 - 1)52)
@p:qh(gv + gw> = 2p|: V- (- :| (15)
and
p-t p+t B h(tw+(l_t)HTw)_h(gtw"'(l_gt)HTw)
vgpqﬁ(gv + ga)) =2 |: V-t ] (16)

By Definition 2.8 from (15) we have

P
® p+t p-t
/0' (].—qt) ©p,qh<§v+ %a)) dp’qt

p h(gtv+(1—gt)”*7“’)—h(tv+(1—t)”*7“))
- _ d
[ - -5 vt

2]72 S qn+1 qn+1 V+w
= Z h n+1 v |l- n+1
w-v| = \p p 2

Page 7 of 21
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22
(7)o
-V 2
22 1 X n n n
_ra —Zq—ﬁ<q—v+<l—q—)v+w>——h(v)
w-v|qisp" \p" ") 2 q
1 g " "
SR ()
PPt \p" r) 2
_ 2p> h(u+w>_2p2q p_qiq_nh<q_ﬂv+<l_q_”>v+w>
-V 2 w-v| pq —p" \p" p') 2
22 4, WTM v+
p <v+w>_ p 2/ hx) 2 dy g,
w-—-V 2 (w—-v) pv+(1-p) 52

which implies that

w-v [P +t -t
= /0 (1- qt)wsap,qh<p2p v+ "’2—pw> dy gt (17)

v+w

1 1 T v+w
:_h(v+a)>_ / h(x) 2" dp .
2 2 plo—v) pv+(1-p) 32

2

Similarly, from Definition 2.7 and relation (16) we have

w-v (7 p-t p+t
1 /(; 1 _qt)vgp,qh<—2p v+ 3 a)) dp gt (18)
1 po+(l-p) 552 1 (v+o
= h v+w — —h .
o) S (x) vy dp g2~ < 5 )
Thus we derive the required identity (14) by subtracting (17) from (18). O

Remark 4.2 In Lemma 4.1, for p = 1, we obtain the following identity:

v+w

1 2 viw @ V+w
L e [ ] o(252)

w-V 1 1-t¢ 1+¢
:T[/o (l—qt)(VQqh( 5 U+Tw>
1+t 1-t¢
_w@qh(Lv . _w)) dqt],
2 2

which was obtained by Sitthiwirattham et al. [36].

Theorem 4.3 If Lemma 4.1 holds and |, ,h| and |°D,4h| are convex, then

‘ v+ v+

1 2 V4w pa)+(1—p) 2
/ h(x)po,qx+/ h(x)% g% _h<v+w>‘
p(a) - V) pv+(1—p)% o 2

2

<27V [(p3 +p’q-p° .3 [8lpg — [2]pq

VD h
= g3 (2,4 P10, 431 )‘ pallv) (19

Page 8 of 21
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P’ +pq+ p? 3 [Blpg+ [Z]M)
- D, .h
+< 2L, L T 21,.80, [+Dph(@)

3 2 2 3 2
+<l9 +pq+p _pgq[ ]pvq"'[ ]p,q)’wgp,qh v)‘
[Z]p,q [2]19,4 [3]qu

PP+p*q-p* 5 Blpg- [2]pyq> Y }
- D, .
' ( (2lpq rq [2]p4(3]1g D pgli()]

Proof Taking the modulus in (14), by the convexity properties of |, D, 4| and |*D, ,Ai|, we

estimate

== 4? [/( —qt)( |©pqh( )| |©pqh(w)|) dp,qt

p+t,, r-t,
+\/0 (l—qt)<g’ @p,qh(l))‘+g| @pqh(&))‘) dp,qt:|

_ w—V |:<p3 +P26]—P2 _pgq[g]p,q - [Z]p,q)
8p? 2154 (21p.4[81pa /1"

Dpqah(v)

3 2 2 3 2
+<p +piq+p” 5 [Blpg+ | ]p,q)|vgp,qh(w)|
[2]p.q (2]5.4[3]p.q
3 2 2 3 2
+<p +piq+p” 5 [Blpg+l ]p,q)|w©pqh )|
[2]p.4 (2]p.4(3]p.q
‘+pPq-p° [31pg = [2]pg \ o
+<p ra-r 5 Bl pq>| @pth(w)}
(2]p.q (2]5,4(3)p.
and our proof is completed. d

Remark 4.4 1f we set p = 1 in the previous theorem, then

v+w

1 2 [
|w_v|:‘/; h(x) 2 dqx+/+ h(x) v+w qx] h(vzw)’
w-vif 9 _ [3]q+[2]q)
B [([% [][3],,)' 4]+ ([2]q o, )0

2+q [3]q+[])w© ( )Q ]
+<[21q o, )20 g [Z]q[31q| Aw)

which was obtained by Sitthiwirattham et al. [36].




Sitthiwirattham et al. Boundary Value Problems (2022) 2022:84 Page 10 of 21

Example 4.5 Consider h: [0,1] — R defined by A(x) = x>, Let also q = % and p = % Then
we have the convex functions ,9,,,h(x) = % and “D, ,fi(x) = %(7x2 +13x +7), which gives

viw 1

2 v+w 2 1
viw _ 31
h(x) 2 dp,qx—/; x 2d%

P‘“’(I—P)% 3

53230) GG 5 0-36) )2
-G))

n=0
1 24 16
=—|2-4+=-—
48 7 15
19
~ 2520

and

5
5

v+

po+(l-p) =5 6 3
/ h(x) vte Mx:/ x’1d2 1x
viw 2 1 2 3’3
2

Thus the left-hand side of inequality (19) reduces to

v+w +w

V4@ po+(1-p) V2 V+w
[ e 5)
%

1
|P(w—v)[ pu+(1-p) 52
_’3[ 18 +551i| 1’
212520 2520 8
9
-

On the other hand, since ,©, ;7(a) = 0, [, D ;)] 7 [“D V)| = %, and |°D,,,Mw)| =

:ﬁ’

9, The righ-hand side of inequality (19) becomes

w—-V |:(P3 +p2q _P2 _pg [S]p,q - [z]p,q
8p? (2]p.q (2].4[3]p.q

.\ <p3 +p’q+p _ g Pleat Pl
(2]p.q (21p4(3]pq

. <p3 +p°q+p° ey [8lpq + 2pg
(2154 (2]5,4[31pq

) ‘V:Dp:qh("”

) |V©p,qh(w)|

) ’wgp,qh(”)‘



Sitthiwirattham et al. Boundary Value Problems (2022) 2022:84 Page 11 of 21

’+pq-p’ (8lpq = 2.4 \ o
+<17 rq-pr _ g M>| @pth(w)q

[2]p,q [2]17:11 [3]19:‘1
_27[(8 128\ 7 (8 128\7 16
——— =tz == +10+—)9
[(9 567)27 (9 567)3 < 567)]
472
567

It is clear that

9 472

< —.
42 567

Theorem 4.6 If Lemma 4.1 holds and |,D,4h|° and |°D,4h|° are convex for s > 1, then

‘ viw

1 2 v+ P(AH'(I—P)%
/ h(x)po,qx+/ h(x)% g% _h<v+w>‘
p(a) -v) py+(1-p) 52 He 2

2

<°"—V(Pz+pq—qu>1%
T 4p? (254
1(P+Pa-1" 5 [Blpg—[2pg
X[(Zp( e L 20,450,

1
1 (PP +pPq+p? (3154 + [2], S\
+E(—_p3qu D pai()

)| :quh(“”

(2] [2]4[3]pq
i p3+p2q+p 3 [3] q+[2pq> wg h
’ (2P( [2]pq P (215413154 [*Dpali)

Pra-r =), H
217( [2]p,q P 21,4310 | g (60)| .

Proof Taking the modulus in (14), by the power mean inequality we have

v+w v+w

1 V+w pw+(1 P)
‘ |:/ ’ Ai(x) 2 dp,qx+/ h(x) vre Mx:|_h<v+a))‘
p(a) —v) pv+(1-p) 52 o 2 2
<270 /(1 Ol [,D,q0h p—tv+p+t
_ ) F 2,
T Ly PN 2p 2p
P+t P—

+|°D, . h dy g t

- < w2 )D p’q]

1

=3 (/ - qt)d”‘”) [(
(/ (1-q0) wgpqh(‘”” Jﬁw)
0

2p 2p
By the convexity of |,®,,//° and |*D, ,|* we have

ol

i)

p+t
@Mh( 2w op w)

s 1
dp,qt) }

v+w

1 5 po+(1-p) 5* V+o
| [ e h(x) Mx+/ h(x) vso p,qx:| —h( 5 )‘
-p

p(w— V) pv+(1 to

2
2 2\ 1-1
<w—v<p +pq-qp )
T AP (2]pq
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1 (P +P*q-p* 5 Blpg— [2]17,,]) \
2p - Db
) |:<2P< 2]pq P PE [V Dpa V)]

1 (PP +Pq+p* [3]p,q+[2]p,q> >1
—(EEEAIE _pgra T T )| 9,k
' 2p( 2 P20, )@

1 (PP +p*q+p? [Blpq + 2], s
(_ (P praq+pr 3gera M>|w®p’qh(‘))|
2p (2]p.q (2]5.413lpq
1
1L (PP +p’q-P° [8lp.0 = 2lpg \ |0 s\ °
+ _(p—p -p N e i o M)’ ZDp,qh(w)‘ ) :|
2p (2]p.q (2]p,4(3]p.q
The proof is completed. O

Remark 4.7 In Theorem 4.6, for p = 1, we have the inequality

1 5 Vi@ @ V+w
‘w—v[/v Ri(x) 2 dqx+/wh(x)“+7‘” qx:l_ﬁ( 5 )‘

2

< w—v(i)“[c(i_i )\ 0,10
- 4 \[2], 2\[2], [21,038],)""*

1(2+q [3]q+[2]q) o )
+2([21q o), )R

1(2+q [3]q+[2]q)w B 1<L_ V& )w . s>s}
+<2( 214 1 (2]4[3]4 ’ % (V)| +2 2], [2]403]4 | D (a))} ’

which was obtained by Sitthiwirattham et al. [36].

Theorem 4.8 If Lemma 4.1 holds and |,D,4h|° and |°D,4h|° are convex for s > 1, then

viw viw

1 2 viw po+(1-p) 2
‘ [/ h(x)Td,,,qm/ () vso p,qx] m(”“")‘
p(w -v) py+(1-p) 52 e 2
1
- a)—v(l—(l—pq)”l)'
= 4p? qlr+ 1,4

1

3+ 2. 2 s 3+ 2 + 2 AN
8 [(w D )| + ELPAEE ) o ) )
2p(2]p4 2p(2]p4

1

3+ 2 + 2 s 3+ 2. 2 s s
+(p pq+p 1D, h() P rra-p |w©p,qh(w)|> ]
zp[z]p,q 2p[2]p,q

wheres™ ' +r 1 =1,

Proof Taking the modulus in (14), by the Holder inequality we have

’ v+ v+w

1 2 Vi@ pw+(l—p)T v+
/ h(x) 5 dp g+ / h(x) vso dyp g | — B 2
p(&) -v) pv+(1-p) B2 e 2 2

2
-t t
M(P_P_a)]
2p

w—-V P
4p> [/o (1= qt)( 2p

=
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p+t p-t
+1°9,.h — d, .t
- < 20 2p w)D ”’q]
» ; t t
w-V v — p+
< (l—qt)’d,t) [(/ o) h( +—a))
4p> </0 - o 1P\ 2p 2p
1
P S s
p+t p-t
+ %, h(—v+ —a)) d,, t) ]
(/o P4 2w 2w P

By the convexity of |,®,,7/* and |*D, ,|* we have

1 5 viw po+(l-p) 52
l [ ’ h(x)po,qx+f ’ h(x) vs0 Mx:| h(v+a))‘

P(a) - V) py+(1-p) 52 viw % 2
_@-v (1—(1 —pq)”l)
~ 4p? qlr + 1,4
1

3 2. 2 3 2 2 5
y [(w 1D, ()| + LA P |U@p,qh(w)|s>

s 5
)

~I=

2p[2],4 2p[2],4
3, .2 2 3, .2 2 1
(p +p°q+p “®p,qh(v)|‘+p +p’q-p ‘“th(w)P) ] .
2p[2]p4 2p[2]p4

Remark 4.9 In Theorem 4.8, for p = 1, we have the inequality

v+

1 2 Vi@ w vt
‘a)—v[/u h(x) dqx+/%ﬂh(x)v+7w qx]—h< : )‘

w—v[(1=(1-gy™\7 a . 24q N
= 4 ( qlr +1], )[(2(1+q)’1}®qh(v)| +m|v@qﬁ(w)|>

(eron girgrom)]

which was obtained by Sitthiwirattham et al. [36].

5 (p,q)-Trapezoid inequalities
Now we obtain some (p, q)-trapezoidal inequalities. Let us begin by the following impor-
tant equality.

Lemma 5.1 For h: [v,0] CR = R, if \D,4h and D, ,h are continuous and integrable
mappings over (v, w], then we have the identity

v+w

h(v) + h(w) 1 2 po+(1-p) 5
v; @ |:/p Fz(x)2 pqx+/

plw—v) v+(1-p) 5* e

w-v[ [P p- t p+t
= t h —
ap? [/o (q)( Pra ( 2w 2p w)

_w p+t p-t
:quh( 2p v+ gﬁ)))dpyqt]. (20)

v+w

h(x) vso Mx]
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Proof By using (15) and Definition 2.8 we get

P
® pt+t p-t
/0 (qt) @pqh(ﬁ\l + g(z}) dp,qt

p h(}%tv+(1—%t)"*7“’)—h(tv+(1—t)“*T‘“)
|, v -0

2 = 7" (g™ " \v+o
E —h v+|1-
-V pn+l pn+1 pn+l 2

n=0

dpqt

I
ISENS)
s

¢}
< |
| —
| =
Iy 3
"c|&
= =
>t
RS
‘E|&
X X
<
+
7N
[
|
‘3|>&
X =
N~
<
N+
IS
S~
|
|-
=
=

I
SI\J
ke
<
=
L
%)
< |
~
N
BN
Nk
TS
X =
>t
N
S
= =
<
+
/N
—
|
S
x =
N——"
<
N |+
g
N——"
| I |

This gives

w-v (P p+t p-—t
4.p2 /0 (qt) Qp,qu(gv + ga)) dp,qt (21)

viw
1 2 viw

1
= hx) 2 dy x — =h(v).
p(w -v) pv+(1-p) 52 P 2

Similarly, by (16) and Definition 2.7 it becomes

w-v (7 p-t p+t
4p2 v/(; (qlf)\;@pth<g\) + g&)) dp,qt (22)

1 po+(1-p) 52

1
= Zhw) -
2 (@) plwo—-v) Jrie

2

Therefore we establish the required identity (20) by equalities (21) and (22). d

Corollary 5.2 In Lemma 5.1, for p = 1, we obtain the new identity

v+

B)+hw) 1 [ [ e ages [ " ) s qx:|

2 w-—V o

2

w-v[ ! 1-t 1+t N 1+t 1-t
:T|:_/(; (qt)(vCth( 5 U+Ta))— Qqh(Tv+Tw>)dqt].

This identity helps us to find some estimates of g-trapezoidal inequalities.
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Theorem 5.3 If Lemma 5.1 holds and |,D,4N| and |*®,,h| are convex, then

v+

A(v) + h 1 e vio pot+(l-p) 5°
(v) + Mw) |: 5 h) g+ / 5 ) Mx]

2 p(a)—v) pv+(1-p) 52 bre

5%[([% (219 Dpg )] + (1Blpg + 215g) [ Dpgi)|

+ ([3]17,11 + [2]17,61) ’wQP,qh(”)‘ + ([3]174 - [Z]M) !‘”@p,qﬁ(w)|]~ (23)

Proof By taking the modulus in equality (20) we may write

v+

’ Av) + h(w) 1 |:
2 p(w -v) pv+(1-p) 52

w-v[ (? p- t p+t
~oap? [/o wt)( %h< w2 w)‘
t —t
w@p,qh(’l v+ 1”—w) D dmt]. (24)

Since the functions |,D,,A| and |*®, /| are convex, we have

po+(1-p) 5°
A(x) " d g% + / h(x)wTw p,qx]
2

H(v) + hw) 1 3 o po+(l-p) 5°
I 2 P(CU—U)|: pv+(1 p)T ﬁ(x) dp,qx-'—/‘”T‘” h(x) VM) qu]
- -t t
I C Iy
p
[ @0 (5 a0+ 2ty ) ]
0
_w-v 3 [3]pvq_[2]p,q> D B <3 [3]pq+[2]pq> D h
8 [(p T2l )OO P R ) Rt
3 [Blpg+ 12 pq) o9 B (3 [3]p.q — [2]p, >w© B }
' (” G L I Gy e L]
Thus the proof is completed. O

Corollary 5.4 In Theorem 5.3, for p = 1, we derive the new q-trapezoidal inequality

‘ v+

h h; 1 T v+w @
(V); () - |:/v Ix) 2 dgx + /W_w h(x) vse qx:|

2

: [(] [B]q[ @[y Dgh(v)| + (8 + [21) [, D4 ()]

+ (18] + [215) [“Dgh(v)| + ¢*|*D g A(w)]].

Example 5.5 Consider /: [0,1] — R defined by A(x) = x>. Let also g = » and p==:. Then
we have the convex functions ,®,,/i(x) = 72 and D, hx) = 3(7x +13x + 7). So the

27
left-hand side of (23) can be written as

v+

a) + A(w) 1 a
2 plo-v) [

po+(1-p) 752

hi(x) vso Mx:|

h(x) 5 dpqx+/

py+(l-p)=5® 5
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1 3 18 551
= —_——_— = B —— + _
2 22520 2520
_ 271
1680

7

On the other hand, since ,®,, ,(v) = 0, [, D, ,iw)| = 27—7, [“Dpqh(V)] = 3,and |D, ,M(w)| =
9, the right-hand side of inequality (23) becomes

%[(Bbﬂ - [2]17»1) |v©mh(”)| + ([B]qu + mm) |v@pvqh(w)i

+ ([3]p,q + [2]p,q){w©p,qh(”)| + ([3]M - mm) |w@p,qh(w)|]

3[(7 7 7 7 7
=—|(=+1)=+|=+1)z+|=-1)9
56_(9 )27 (9 )3 (9 )]

3167 167 ]
——+ 2

It is clear that

271 877
— < —.
1680 4536

Theorem 5.6 If Lemma 5.1 holds and |,D,4N|° and |*®D,,h|* are convex for s > 1, then

h(v) + B 1 5 po+(1-p) 53
‘ (v) + hw) [ / 7 h) "+ f 5 H) v Mx]
2 p(w -v) po+(1-p) B2 e 2
< g(w—v)
4p?(2]pq

1

Blpq — 2lpa s Blpq +[2]pq s\ °
(e ()

1

[B]p,q"'[z]p,q ® s [S]p,q_[z]p,q . s\°
(( T )' Dpahlv) ( TE )' Q’ﬂ““”') ]

Proof In (24), by the power mean inequality we get

v+

v+ pw+(l—p) 5

A h 1 2 Viw
’ () + I(w) _ |:/ ’ hx) 2 dygx+ / hi(x) vso p,qx]
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s 3
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<22 ([ade) ([ @
» p+t p-—t )
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v©p,qh<p—v + 11(0)
2p 2p

s 1
bat) |

Dty v Pyt
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By the convexity of the functions |, D, ,%|* and |*D, ,|° we obtain

a(v) + A(w) 1 =2 v po+(1-p) 52
‘ ) e v)|: h(x) 2" dpqx + /v+ h(x) vso dp g%

pv+(1-p) 52 vo
_ 2\ 1-¢
< 1) v( qp >
ap? \[2],4
1 (3] — [2]p, s
X |:(_<p3qu |v©p,qh(v)|
2p (2],4[3]p.q
1

! (psqi[g]”’q : m”) |V Dpqhl) !S> '

T op\P 1,130,
15 Blpgt [Z]M) o9 )l
* (2p( e

1
L5 [3]pq—[2]pq) )}
+— — =19, w) ,
Zp (P q [2]p,q[3]p’q | prq ‘
which completes the proof.

Corollary 5.7 Forp =1 in Theorem 5.6, we derive the new q-trapezoidal inequality

v+

‘h(u)w(w)_ 1 [/ h(x)”T”dq“/w 1) v qx}

2 w-V vto

_dw-v) [<q2|v©qh(v>|s + (3] + [2]q)|vz>qh<w)|s>i
~4[2], 23],

({2 DO + o) ]

Theorem 5.8 If Lemma 5.1 holds and |,D,4h|° and |”D,4h|° are convex for s > 1, then

‘ v+

h(v) + R 1 2 viw pw+(1—p)%
) + hlw) - |: / x) 2 dpgx + / h(x) vie Mx]
2 [J(a) -v) pv+(1-p) 52 e 2

1

_ r+l1 7

LoV ( (qp) )
4p? \qlr+1l,4

[(pswzq—pz
2p[2],4

1

3 2 2 s
wlu%hw)ls)

|”©P'qh(v)| + 2p[2]p,q

1

3+ 2 + 2 s 3+ 2. 2 s\ S
+<”—” 1P |op, hv)|' + E2LIZE ywz)p,,,h(w)|) ]
2p(2],4 2p(2],4

wheres™ ' +r 1 = 1.

Proof Applying the Holder inequality to (24), we establish

v+

‘h(u) + h(w) 1 2
2 plo-v) [

po+(1-p) 752

hi(x) vso Mx:|

h(x) 5 dpgx + /

pr+(1-p) 52 e
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N
i)

-t t
v©p,qh<p—v + pz;a)>

1
w—-v/ P ¥ p
ey (L /
T 4p? (-/0 (@) ”'q> [(0 2p p
1

¢ -t \[ s

+(/ ‘”C‘quh(p+ +p—a)) dp,qt> ]
0

2p 2p
Since the functions |,D,,A|* and |*D, ,h|* are convex, we have

10}

(V) + h(w) 1 |: e o po+(1-p) 152
h(x) 2 d, x+/ hi(x) v10 dp gx
‘ 2 plo-v) viw P vo P

pv+(1-p) 5=
w-v( @) \’
<5 (o)
4p? \qlr+1l,4
1

3.2 9 3. 9 2 1
) |:(p P |vgmh(”)|s+p parh |v©p,qh(w)|s>
2p[2],4 2p[2],4

1

3+ 2 + 2 P 3+ 2. 2 s\ S
.\ (wmwhw +w|w@p,qh(w)|) ]
2012l 2012,

The proof is ended. 0

Corollary 5.9 Forp =1 in Theorem 5.8, we derive the new g-trapezoidal inequality

{ v+w

fL(V) + h(a)) 1 2z u+w @
e
1

w—-V q } 1
=7 ([r+1]q> [(2(1 q)| VDghW)[ + | D M w) |>

2+q ® s q o s %
+<—2(1+q)| 9,10 + 50| ’th(a))|> }

6 Conclusions

In the present research work, we analyzed a new variant of Hermite—Hadamard inequal-
ity in relation to convex functions in the framework of (p, g)-calculus. Moreover, we de-
rived some new estimates for (p, g)-midpoint and (p, q)-trapezoidal inequalities for (p, q)-
differentiable convex functions using the left and right (p, g)-integrals. The upcoming re-
searchers can obtain similar inequalities for different kinds of convexity and coordinated

convexity in the context of (p, g)-calculus theory in their future research works.
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