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1 Introduction

In this paper, we investigate the chemotaxis—haptotaxis model with the initial-boundary

conditions
;= Au—xV-wuVv) =&V - (uVw) + pu(l—u—-w), inQ x [0,T], (1.1)
vv=Av—-v+u+f, inQx]I[0,T], (1.2)
wy=—vw, inQ x[0,T], (1.3)
ou JIv  ow
—=—=—=0, onde, (1.4)
dv  dv  dv
u(x,0) = up(x), v(x,0) = vo(x), w(x,0) = wp(x), in €, (1.5)

where Q C R"(n = 2) is a bounded domain with smooth boundary 92; v is the outward
normal vector to €2, and x, u, & are positive constants. The scalar functions u = u(x, t), v =
v(x, £), and w = w(x, t) represent the density of cancer cells, the concentration of enzyme,
and the density of healthy tissue, respectively. Notice that in the region of Q where f > 0
the control acts as a proliferation source of the chemical substance, and inversely, in the
region of Q2 where f < 0 the control acts as a degradation source of the chemical substance
[23]. In this work, the function f > 0 lies in a closed convex set F.
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Anderson et al. [1] presented the following mathematical model which described the
invasion of host tissue by tumour cells:

ny=dy,An—yV - (nVf), x€Q,t>0,
my=d,Am+an-pm, x¢e,t>0,

fi = —nmf, xeQ,t>0.

Marciniak-Czochra and Ptashnyk [24] considered the haptotaxis model

uy=d,Au—-V - (x(WuVv) + u,u(l-u-v), x€,t>0,
Wy = dy AW — 0,11 + LUV, xeQ,t>0,

Ve = —amvy, x € Q,t>0.

They proved the existence of global solutions of the haptotaxis model of cancer invasion
for arbitrary non-negative initial conditions. Nifio-Celis, Rueda-Gémez and Villamizar-
Roa [27] developed two fully discrete schemes for approximating the solutions based on a
semi-implicit Euler discretization in time and Finite Element (FE) discretization on space
(restricted to triangularization made up of right-angled simplices) of two equivalent sys-
tems for the above haptotaxis model.

Chaplain and Lolas [3] first described the process of the cancer invasion on the macro-
scopic scale by the chemotaxis—haptotaxis system. Tao and Winkler [30] studied the prob-
lem

Uy — A=V -(uVv) =V - (uVw) + pu(l —u-w), x€Q,t>0,
V= Av+v=u, xeQ,t>0,

Wi = —VW, xeQ,t>0.

They discussed the global solvability of classical solutions in a bounded domain Q C
R"(n < 3). Cao [2] proved that for nonnegative and suitably smooth initial data, if x/u
is sufficiently small, the problem possesses a global classical solution, which is bounded in
Q x (0,00). The relevant equations have also been studied in [14, 17, 19, 31, 32].

Jin [15] considered the following system:

Uy — Au™ =—xV - (uVv) —EV - (uVw) + pu(l —u-w), xe€Q,t>0,
w—Av+v=u, xeQ,t>0,

Wy = —VW, x€Q,t>0.

Under zero-flux boundary conditions, they showed that, for any m > 0, the problem admits
a global bounded weak solution for any large initial datum if x /u is appropriately small.
Mizukami [25] studied the chemotaxis—haptotaxis system with signal-dependent sen-

sitivity

u— Au=-V-(xWuVv) =&V - (uVw) + pu(l —u-w), xeQ,t>0,
w—Av+v=u, xeQ,t>0,

Wy = —VW, xe,t>0.
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They established the global existence and boundedness for the above system. The relevant
system has also been studied in [33].

During the past years, many authors have been very interested in the optimal control
problems governed by the coupled partial differential equations. Colli, Gilardi, Marinoschi
and Rocca [8] studied the distributed optimal control problems for a diffuse interface
model of tumor growth. Liu and Zhang [21] discussed the optimal distributed control for a
new mechanochemical model in biological patterns. Dai and Liu [10] obtained an optimal
control problem for a haptotaxis model of solid tumor invasion by considering the multi-
ple treatments of cancer. Recently, Guillén-Gonzélez, Mallea-Zepeda and Villamizar-Roa
[13] studied the following parabolic chemo-repulsion with nonlinear production model

in 2D domains:

u;— Au=V-(uVv), xeQ,t>0,

vi—Av+v=uf +frlg, x€Q,t>0.

They proved the existence and uniqueness of global-in-time strong state solution for
each control, and the existence of global optimum solution. Guillén-Gonzélez, Mallea-
Zepeda and Rodriguez-Bellido [12] considered a bilinear optimal control problem asso-
ciated to the above 3D chemo-repulsion model. Guillén-Gonzdlez et al. [11] studied a
bilinear optimal control problem for the chemo-repulsion model with linear production
term. The existence, uniqueness and regularity of strong solutions of this model were de-
duced. They also derived the first-order optimality conditions by using a Lagrange multi-
pliers theorem. Lopez-Rios and Villamizar-Roa [23] studied an optimal control problem
associated to a 3D-chemotaxis-Navier—Stokes model. Some other results can be found in
[4-7, 16, 20, 22, 29, 35, 36].

In this paper, we are interested in the optimal control problem for the system (1.1)—(1.5).
The main difficulties for treating the problem (1.1)—(1.5) are caused by the nonlinearity of
—£V - (u-Vw) and pu(l — u —w). Our method is based on a Lagrange multiplier theorem.

This paper is organized as follows. In Sects. 2 and 3, we show the well-posedness of the
state system (1.1)—(1.5). In Sect. 4, the existence of optimal controls is established. Finally,
we derive the first-order necessary optimality conditions in Sect. 5.

Notations: L? = [P(Q2) (1 < p < o0) denotes the usual Lebesgue space with the usual
norm | - [|z». The Sobolev space in 2 of order k,k = 0,1,2,..., is denoted by H*($2) with
norm || - ||, and the space H~*(R) is the dual space of H*($2). The Sobolev space of frac-
tional order s > 0 is denoted by H*(€2) with norm || - || 5. H3,(€2) denotes a closed subspace
of H*($2) such that

9
H () = {weHs(Q): a—w ~0on asz}.
n

2 Local solutions

We first review the existence theorem for local solutions to an abstract equation in a Ba-
nach space (see Chap. 4 in [34]). Let Z and B be two separable Hilbert spaces with dense
and compact embedding Z C . Let | - ||z and || - ||z be the norms of Z and B, respec-
tively. Let Z C B C Z* be a triplet of spaces. Let || - || z« be the norm of Z*. We consider the
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following Cauchy problem for a semilinear abstract evolution equation:

AU =FU)+G(t), t>0,
u(0) = Uy.

(2.1)

Here, A is a sectorial operator of Z*. The nonlinear operator F is a mapping from Z to Z*,
and for any positive number 7 > 0, there exist continuous increasing functions ¢(-) > 0
and ¥ (-) > 0 such that the following estimates hold:

|EQD] . <nlUllz+e(IUIB), UeZ (2.2)
|F@) - F@)| ,.
<nlU-Uly
+ (IUNz + Uz + )y (1Uls + 1 UN) U -Uls, UUEZ. (2.3)

Then, we have the existence theorem of the local solutions to (2.1).

Proposition 2.1 ([34, Theorem 4.6]) Let (2.2) and (2.3) be satisfied. Then, for G €
L*(0, T; Z*) and any U, € B, there exists a unique local solution U to (2.1) in the function
space

U € L*((0, Tuy,6): Z) N C([0, Tu,61 B)) N H((0, Tus,6): 2%,

where Ty, g > 0 is determined by the norms || Uyl s and || G|l ;2o 1,2+ In addition, U satisfies
the estimate

11220,y 6120 + 1 UM 10,70 618) + NN 0,74 6174 < Catios
where Cg 1, > 0 is a constant depending on the norm || Ul g and ||Gll2(0,7,7+)-

Applying Proposition 2.1, we can show the existence of the local-in-time solutions to
(1.1)-(1.5).

Theorem 2.1 For all initial functions (uo, vo, wo) € H (Q2) x H3(Q) x Hy(R), ug > 0, vo >
0, wo > 0 and 0 < f € L*(0, T; H\(R)), the problem (1.1)—(1.5) admits a unique local-in-
time nonnegative solution (u, v, w) in the function space

u e H'((0, T); H™*(2)) N C([0, T]; H () N L*((0, T); H(2)),
ve H'((0, T); H-3(2)) N C([0, T}; H, () N L*((0, T); HY(<2)),
we H'((0, T); H™3(2)) N C([0, T; HR, () N L2((0, T); H¥ (),

with the estimate

|u@) ] + [vO 2 + WO 5 + Nl 0, 10202)

+ Wl o, -3 ) + Wl omsm-3@) <€ 0<t =T, (2.4)
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where T and C are positive constants depending only on the norms |ug|;1 + |[volly2 +

Iwollp2 and ||h||L2(O,T;H1(Q))'

Proof Let Ay =—A+1,A; =—-A +1,and A3 = 1. Then, A; are three positive definite self-

adjoint operators. We define the linear operator A by

A+1 0 0
0 -A+1 0], Z = H3(Q) x Hy(R) x Hy().
0 0 1

A

Problem (1.1)—(1.5) is, then, formulated as an abstract equation,

d_LI +AU=FU)+G(t), 0<t<T,
dt (2.5)

Uu(0) = U,

in a product Banach space B = H'(Q) x H4(Q) x Hy(S2). The nonlinear operator F is

defined by
—xV - (u-Vv)—EV-(u-Vw)+ pu(l—u—-w) +u 0
F(U) = u . Go=|f|,
w—vw 0
U= (u,v,w).

The initial value Uy = (o, vo, wo) is taken in the function space H(Q) x H(R) x Hy ().

In this setting, we only need to verify conditions (2.2) and (2.3). Let U = (&, v,w) and U=

2y, 11/2
2 1)

V2

(zt,v,w) € Z. Then, using the interpolation of Sobolev spaces (||u| 32 < C|lu||

and the Young inequality, for any positive number 7 > 0, we have

|Fa

2 =XV @) + €V - VW)

+ ,u”u(l - u—w)”L2 + 20lull2 + |w—vw|| 2

< xlluVvllz2 + EuVwl 2 + Cllull 2 + Clwll 2 + Clluljs
+Cllvli7s + Cliwl 7

< xlullgr vl + §llull g Iwll g + Clluli2 + Cllwll 2
+ C(llllz + vl + Iwll2s)

< llullz + Clvilze + Cliwlize
+ C(llll 2 + Wl + lullz + V170 + (wll2s)

<nlitlz+C(IUlp+1UIE +1),

where C is a positive constant depending only on the known quantities.



Tang and Yuan Boundary Value Problems (2022) 2022:79 Page 6 of 33

On the other hand, we derive

|E@W) - F(@)| . < x|V - Vv =aV)|, . +&|V - @Vw-aVi)|,

+/L||(u(1—u—w)—it(1—Zt—ﬁ/))”L2 +2||(L¢—12)“L2

+ || w—vw)—(w- 1717V||L2.
For the first term of the right-hand side, we see that
x|V - @Vv-avi)|,, < CluVv-aVv|,.
< Clu—al 3 IVvii2 + Clill 3 [V =9 2

~ 2 ~
< nllu =l + Clivilg llu— il

+ Cllull 2 lv =Vl
Similarly, we deduce that

E|V - @Vw—aVw)|, < nllu=ilp + Cllwllip llu - il m

+ Cllull g2 lw = wllg.
For the third term of the right-hand side,

| (1 = u—w) = a(1 — i — w))|| 5 +2llu — &l 2
= | =) + (i - u?) — ulw — W) — wle — )| o + lu— 2] 2
< C(llwe =l 2 + (Noell 2 + |2 + IIﬂ/Ile)Ilu—ﬂllH% + IIMIILzIIW—ﬂ/IIH%)
<n(llu=all2 + W= Wllp2) + Clla— @l (1 + [lull7 + 12l 72 + [wll2)

~ 2
+ Cllw =Wl llull -
Similarly, we deduce that

”(w—vw) - (ﬁ/—WvHLZ

~ ~ ~ ~ 2 2 ~
<n(Ilv="7llgz + lw=Wlg2) + Clv =Pl 1Wl172 + C(1+ el 32) llw = Wl
Hence, we can obtain

|F(W) - E(W)] 5
<nllU-Ullz+CUlz+ 11Uz +1)(1UI% + 1% + ) I1U - U 5. (2.6)

Thus, we have verified (2.2) and (2.3). Similarly as in the proof of Proposition 2 in [26], we

obtain # > 0. On the other hand, by the comparison principle, we can be sure that v and

w are nonnegative. The proof is complete. d
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3 Global existence
In this section, we construct several a priori estimates. At first, we introduce the following

lemma.

Lemma 3.1 ([28, Lemma 4.3]) For any nonnegative u € H'(Q), the estimate

luall?s < Sllulls ||+ D InGue + 1| 4 +p(87") el 0

holds for any number § > 0 and some increasing function p(-).

Lemma 3.2 Let (u,v,w) be a local solution to (1.1)—(1.5). Then, it holds that

/ udx < max{/ uo dx, |§2|} =M, forallte[0,T], (3.1)
Q Q
t Ml
/ / wdx <M T+—:=Ki(M,T), foralltel0,T), (3.2)
0 JQ w
Wiz < llwollze, foralltel0,T]. (3.3)

Proof Using the property u(£) > 0, v(t) > 0 and w(¢) > 0 for all £ > 0, and integrating equa-

tion (1.1) over 2, we have

d
—/udxfu/udx—u/uzdx
dt Jo Q Q
2
"
Su/udx——(/ udx) . (3.4)
Q 12/ \Ja

By the comparison argument of ODE, we derive

/udxfmax{/ uodx,|Q|}:=M1. (3.5)
Q Q

Integrating (3.4) over (0, t), it follows from (3.5) that

AtLu2dx§LtLudx+i(/;zuodx—fﬂu(t)dx)

M
<MT+—2:=K(M,,T), foralltel0,T]. (3.6)
"w

Multiplying equation (1.3) by w”~! and integrating over Q, we have

lifw/pde—/VM/pdx.
pdt Jq Q

For all £ € [0, T], due to the fact that v, w are nonnegative, we obtain

d
— / wdx <0, forallte][0,T], (3.7)
dt Jo



Tang and Yuan Boundary Value Problems (2022) 2022:79 Page 8 of 33

which yields
|| W('; t2) “U’(Q) S || W('; tl) ”LP(Q) S ||W() 0) ||L°°(Q)’ fOI' all t2 2 tl Z O

Consequently, (3.3) follows by taking the limit p — oco. Therefore, we complete the
proof. d

Lemma 3.3 Let (u,v,w) be a local solution to (1.1)—(1.5). Then, it holds that
t t
s+ Wl + Il + [ o de s [ Wi de <c. (38)
0 0

Proof Step 1. v is bounded in L>(0, T; H'(2)) N L2(0, T; H*(R)).
Multiplying equation (1.2) by v and integrating over 2, we have

d
—/vzdx+2f |VV|2dx+[V2dx§2/uzdx+2/f2dx. (3.9)
dt Q Q Q Q Q

Integrating (3.9) over (0,t), we derive

t
0

t
O+ [ i de < ol +2 [ (i + 1) de foralleelo, 7). (310)
0

Multiplying equation (1.2) by —Av and integrating over €2, we have

d
—/ |Vv|2dx+/ |AV|2dx+2f |VV|2dx§2/ u2dx+2/f2dx. (3.11)
dt Jo Q Q Q Q

Integrating (3.11) over (0, £), we obtain

t t
[vue)|2 + f | AvIZ, dr + / IV, dr
0 0
t
<IVwli3 +2/ (Il + If1I22) dz,  forallt € [0, T]. (3.12)
0

Moreover, using (3.2) and combining (3.10) and (3.12), we have
t t
v | + f IVI72dt < lIvoll +4 f (lull?2 + If172) dx
0 0
SKZ(”VO”Hl’Ml’ |lf||L2(Q)r T)r forallt e [O’ T]' (3'13)
Step 2. w is bounded in L>°(0, T; H*(R)).

Multiplying equation (1.3) by —Aw and integrating over €, from (3.3) and the negative
of v, we have

1d

EE/g2|VW|2dx=_/;2VWV(VW)dx

= —/ Vw(Vvw + Vwv) dx
Q
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< —/ VwVvwdx
Q
S Wl VW21V 2

1 1
= SIVWIL + S Il IVVIL. (3.14)
Thanks to (3.3), from (3.13), (3.14) and Gronwall lemma, we have
t
Vw7, < et<||VWo||iz +/ IwliZoo VY1172 df)
0
t
< ef(HVWoniz ol [ 1V, dr)
0
= Ks(Iwoll g1, Iwollzoe, 1vollz2, 1 | 2Mi, T). (3.15)

Applying A to equation (1.3), multiplying by Aw, and integrating the product over €2, we
have

1
—/ |Aw|? dx = —/ AwA(vw) dx. (3.16)
2 Ja Q

For the term on the right-hand side, using the interpolation of Sobolev spaces,

—/ AwA(vw)dx = —/ Aw(Avw + 2VVVw + Awv)dx
Q Q

< Awll 2wl Av]igz + CIVW I V][4 | AWl 2

3/2 1/2 1/2
< Awll2[wllze | Av]i2 + CIIVWI 2 [ AW 5 AV TV VIS

2 1
= CIwllze + IVwl2) IAWIL + SN AVIE. (3.17)
Combining (3.16) and (3.17), we can get
4\ AwPdx<cC v 2lawlZ, + [ Av|2 (3.18)
7 Q| w|“dx < (||W||L°° + W||L2) lAwll7s + [|Av]l7,. .
From (3.3), (3.13), (3.15), and Gronwall lemma, we have
¢ t
||AW||]%2 §ec'f°(“W°”L°°+VW”LQMT<||AWO||i2 +/ ||AV||%2 d‘L’)
0

" t
< ecfo("WO”Lw”{B)dr(”AWO”%z + / | AVIZ dr)
0
< Ka(Iwollgn, lwollzeos 11V voll 2, 1f 12y M1, T)- (3.19)

Step 3. u is bounded in L>(0, T; H2(S2)).
We observe that, thanks to the positivity of #, we have 0 < In(x + 1) < u. Then

/|1n(u+1)|2dx§/ |u|? dx. (3.20)
Q Q
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We also note that

u

f|Vln(u+1)|2dx:/ v
Q Q u+l

Taking into account that u € L2(0, T; H'(£2)), from (3.20) and (3.21), we deduce that In(x +
1) € L*(0, T; H'(2)). Note that

2
dxf/ |Vu|? dx. (3.21)
Q

% /Q { () + 1) In(u(t) + 1) — ult)} dx = <%(t),ln(u(t) + 1)>

(Hl)/XHl
Testing equation (1.1) with In(x + 1) € L2(0, T; H'(R2)), and integrating by parts, we have

d 2

p (u+1)In(u+1)dx +4|VVu+ 1|7,

Q
u u
<-x f ——Vv-Vu —E/ ——Vw-Vu+ /L/(Ll + 1) In(z + 1) dx. (3.22)
ou+l ou+l Q

Applying the Young inequality, we obtain

u 1
X/ Vu~Vvdxzfou 1-—— ) Vvdx
ou+l Q u+1

=X] V(u—1In(u + 1)) Vvdx
Q

:XA(ln(u+1)—u)Avdx

< X/|u—ln(u+1)’|Av|dx
Q

<x / u|Av|dx
Q
<8llull?, + Csll AvI,. (3.23)
Similarly, we have
u 2 2
§ | ——=Vu-Vw=4d|ullj, + GllAw|},. (3.24)
ou+l L L

Then combining (3.22)—(3.24) and (3.1), we have
d 2
T (u+ 1D In(u+1)dx +4|VVu+ 1|7,
Q
<28||ullz, + C(1AVIZ + |Aw]}) + ,u/ (u+1)In( + 1) dx. (3.25)
Q
Then, from (3.2), (3.13) and (3.19), as well as applying Gronwall lemma to (3.25), we deduce
f(u +1)In(u + 1) dx
Q

t
t
< elo 14| (ug + 1) In(ug + 1)1 + C / (leell 2 + 1 AVIZ, + 1 Aw]3,) dr
0
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< Ks(Iwoll g, lIwollzoe, 1ol s I1f 1l 2y Mis T). (3.26)

Multiplying equation (1.1) by u# and integrating over 2, we see that

1d
——/uzdx+/ |Vu|? dx
2dt Q Q

5)(/ uVqudxHE/ uVqudx+u/ u? dx
Q Q Q

5_&/ 2Avalx—gf uzAwdx+u/u2dx. (3.27)
2 Q 2 Q Q

Here, we note that

X X
X / 2Avdx < X Jlul% ) Avil s
2 Jg 2

2 2/31,,111/3
= Clluliz i Ivi

< CllulFs VI3, (3.28)

for some positive constant C. Applying Young’s inequality, we further deduce that

X _ 2/3
-2 [ e avar < ColutZ s Vi ]+ p (6 ) Ivize
Q
2 ~1\\2/3 2/3
< C(8llullzn +p(871) " IvIGs
<SIvIZs + C8 w7 + C5Pp(87Y). (3.29)
So, in the same way, we can derive
£ _ _
-5 w Awdx < w35 g, + C8"|lull2, + C52p(87Y). (3.30)
Q

Combining (3.27)—(3.30), (3.13) and (3.15), we then deduce

d
%/ u2dx+/ IVul® dx < C8(|IVIIZs + [wll2s) + C8~2p(s7) +u/ u*dx. (3.31)
Q Q Q

Next, applying V to the equation of (1.2), multiplying by V Av, and integrating the product

over 2, we have
d 2 2 2
— | |Av|®dx+ | [VAv|“dx+2 | |Av|“dx
dt Jg Q Q
52/ |Vu|2dx+2/ |V dx. (3.32)
Q Q

Applying operator VA to equation (1.3), multiplying by V Aw, and integrating over 2, we
have

1d
——/ |VAw|2dx:—/ VA(w)VAwdx. (3.33)
2dt Q Q

Page 11 of 33
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Thanks to (3.3), (3.19), we further deduce that
- / VA(Ww)VAwdx
Q

= —/ (VAvw + 3AVVWw + 3VVvAw + VAwWY)V Awdx
Q

S IVAVI2 Wl VAWl 2 + 3 AVl sl VWl 2 [V AWl 2
+ CIVAW| 2| Al 4l VYl s
= IVAVI 2wl VAW 2 + Clivigs Wil [V Awl 2

1/2 3/2 1/2 1/2
+ Cliwll gz Wl 1AV VI

1
3/2 1/2 2 2
= Clvlie Wl + Cliwlpa AV L = 2 lIVils + Cllwilys.

Replacing (3.34) in (3.33), we have

d 1
- f VAWl dr < S + Cllwl.
Q

(3.34)

(3.35)

Then, choosing § small enough to absorb ||v| g3, from (3.7) with p = 2, (3.9), (3.11), (3.14),

(3.18), (3.31), (3.32), and (3.35), we have

d 1
E(”u”iz +VIZ2 + Iwl2s) + 1 17+ ] 7

<Clwl}s + C5Pp(871) + 3ullull?, + 2[ |Vf|? dx.
Q

Then, applying the Gronwall lemma to (3.36), we deduce

leell 2 + IVl + 1wz < Ke(lluoll 2, Ivolly2, wollys, 1V ll2(q T)-

Integrating (3.36) over (0, £), we obtain

¢ ¢
2 2
_/0 el dz +/0 Vil dr <C.

Multiplying equation (1.1) by —Au and integrating over €2, we have

1d
——/ |Vu|2dx+/ |Au|? dx

=X / (Au)(Vu-Vv+ulAv)dx + & / (Au)(Vu - Vw + uAw) dx
Q Q

- f (Auw)u(l —u—w)dx.
Q

The first two terms in the right-hand side can be estimated as follows:

X

/ (Au)(Vu - Vv +ulAv)dx
Q

=< CIIAulle(IIVMIIH% IVVIz + a4 lAVIl2)

< xllAull2(IVull 31 VViige + lulcllAvi )

(3.36)

(3.37)

(3.38)

(3.39)

Page 12 of 33
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<
= Cllslizzzlleell, 4 VIl

5 1
< Cllull o el VIl

<8lull?2 + Csllull22 VIS (3.40)

Through a similar calculation as in obtaining the above inequality, it is easy to get

§

<Sllull?2 + Csllull2 Wl (3.41)

f (Au)(Vu - Vw+ulAw)dx
Q

For the third term of the right-hand side, thanks to the nonnegativity of # and w, applying
the Gagliardo—Nirenberg inequality and (3.19), we have

—/(Au)u(l—u—w)dx:—/(Au)(u—u2—uw)dx
Q Q

=f |Vu|2dx—2/ |Vu|2udx—/ Vu(Vuw + uVw)dx
Q Q Q

5/ |Vu|2dx—/ VuuVwdx
Q Q
2 1 2
<[ |Vul*dx—- = | Vu*Vwdx
Q 2 Ja

1
:/ |Vu|2dx+—/u2Awdx
Q 2Ja

2 2

= IVullpa + llull7all Awll 2
2

< IVullpa + Cllull 2 |l g2 | Al 2
2

< IVullpz + Cllull g | Awl| 2

<llul?, +C. (3.42)
Therefore, we have

d
E”u”?—[l + lull < 28lullp + ClallZ (VI + Iwligp) + Cllulz, + C. (3.43)

Taking § > 0 small enough, and using (3.39), we can get

t
2 + / lull? dv < Kz (ol i Vol 2 1o ll gz, 1V Nl 20 T)- (3.44)
0

The proof is complete. 0

Theorem 3.1 For all initial functions (uo,vo, wo) € H () x H4(Q) x H*(Q) and f €
L*(0, T; H(2)), the problem (1.1)-(1.5) admits a unique global-in-time nonnegative so-
lution (u,v,w) in the function space

u e H'((0, T); H(2)) N C([0, T]; H(22)) N L*((0, T); Hy (),
ve H'((0, T); H(2)) N C([0, T]; Hy, (2)) N L*((0, T); Hy, (),
w e H'((0, T); H™3(82)) N C([0, T1; H (2)) N L*((0, T); HY(<2)).
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In addition, the solution satisfies the uniform estimate involving the norms of initial func-
tions such that

2 2 2
lellzn + Ivilze + 1wllys + el o, 22

+ Wl o, myH-3) + Wi o, rsm-3@) <€ £>0. (3.45)

Proof From Theorem 2.1 and Proposition 2.1, for each triplet of nonnegative initial func-
tions (0, vo, Wo), there exists a unique nonnegative local solution (i, v, w) on an interval
[0, T], where the existence time T > 0 depends only on the norms of those functions,
loll g + Ivollg2 + lIwollg3. In addition, from Lemma 3.3, the norm ||z2(2) ||z + |[V(E) || ;2 +
w3, 0 <t <T,is estimated from above by a uniform constant C, depending only on
the norm |Jug|lz1 + [vollg2 + IIwoll 3. Then, we consider the problem in [7,27]. Hence,
the interval can be extended to [0,27], and the norm ||u(¢)| ;1 + [|[V(E)|l g2 + [IW(E) |12,
0 <t < 2T, is estimated again by the same constant C from (3.8). Then, the existence
time can be extended to 37 Iterating this procedure proves the global-in-time existence
of solutions with the estimate (3.8). O

4 Existence of an optimal control

In this section, we will prove the existence of the optimal solution of the control prob-
lem. The method we use for treating this problem was inspired by some ideas of Guillén-
Gonzélez et al. [11]. Assume that F C L2(0, T; H(R,)) is a nonempty, closed and convex
set, where Q. C Q is the control domain, and Q,; C Q2 is the observability domain. We
consider data (ug, Vo, wo) € H () x H*(Q) x H*(Q) with ug > 0, vo > 0 and wy > 0 in €,
and the function f € F that describes the control acting on the v-equation.

Now, we consider the optimal control problem for system (1.1)—(1.5) as follows:

Find (u, v, w,f) € M such that the functional
](I/l, v, W’f) = /%1 ||u(x, t) - ud(x’ t)”iz(Qd) + % ||V(?C, t) - Vd(xr t)”%Z(Qd)
B3 2 B 2
+ b3 ”W(x’ t) - Wd(xr t) ||L2(Qd) + 74 ”,f(x’ t) ”LZ(Qc) (41)
is minimized, subject to (u, v, w,f) satisfying

the system (1.1)—(1.5) a.e. in Q,

where

M =L%(0, T; H'(R)) N L*(0, T; H*(Q)) x L®(0, T; H*(K2))
NL*(0, T; H*(Q)) x L=(0, T; H*(Q)) NL*(0, T; H*(Q)) x F, (4.2)

Qd = [Or T] x Qq, Qc = [O! T] x Q.

Here (1, v4,wg) € L2(Qq) x L*(Q4) x L*(Q,) represents the desired states and the B;(i =
1,2,3,4) > 0. We will use

Sad = {s =(u,v,w,f) € M : s isasolution 0f(1.1)—(1.5)}, (4.3)

which denotes the set of admissible solutions of (4.1).
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First, we will consider the existence of a global optimal solution of problem (4.1). To this
end, we start with the definition of optimal solution.

Definition 4.1 An element (i, v, w, f) € S,q will be called a global optimal solution of
problem (4.1) if

J@, v, w,f) = min_ J(u,v,w,f). (4.4)
(u,v,wf)€Saq

Here we state the following result.

Theorem 4.1 Let uy € HY(), vo € H*(Q) and wy € H*(Q) with uy > 0, vy > 0 and wy >
0 in Q. Then the optimal control problem (4.1) has at least one global optimal solution
(it, 7, W,f) € Saa.

Proof From Theorem 3.1, recalling that S,q is nonempty, there exists a minimizing se-
quence {S;}men C Saq such that lim,,_, o0 J(s,x) = infses,, J(s). Then, by the definition of
Sad, we know that for each m € N, s,,, satisfies

Ut = Atk — XV - (U - Vi) = EV - (- VWy1)
+ Pty (1 =ty — W), in Q,
Vit = AV = Vi + Uy + fons in Q, (45)
Wit = —VimuWm, in Q;
Oum _ Wm _ OWm _
Um(x,0) = uo(x), Vi (%, 0) = vo(x), Win(x,0) = wo(x), in Q.
Hence, it follows that
{fulmen  is bounded in L*(Q,). (4.6)
By (3.37), (3.38), (3.44), and (3.45), we see that there exists C > 0 such that
et 71 + Vil 2 + Wil 2 + ol k1 0 a2y + V1 ar 0,703 ()
t t
+ Wl 10,7513 @) +f ||Mm||?12 dr +/ ”Vm”?_ﬁ dt <C, t>0. (4.7)
0 0

Therefore, by (4.6), (4.7) and since F is a closed convex subset of L2(Q,), we deduce that
there exist s = (i, v, w, f ) € M and a subsequence of {s,,},,en, not relabeled, such that, as
m— +00,
wm — i, weaklyin L*(0, T; H*(Q)) N H' (0, T; H*(R)), (4.8)
v — ¥, weakly in L*(0, T; H*(Q)) N H' (0, T; H(Q)), (4.9)
w,, — w, weakly in H! (O, T; H"B(Q)) (4.10)
and

um — it, weak*in L*(0, T; H'(Q)), (4.11)
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Vm— ¥, weak *in L™ (0, T; HZ(Q)), (4.12)
W — W, weak *in L®(0, T; H(R)), (4.13)
fn—f, weakinL*(Q.), and f € F. (4.14)

From (4.8)—(4.13) and the Aubin—Lions lemma, we have

um — i, strongly in C(0, T;L*(R)) N L*(0, T; H(R)), (4.15)
v — ¥, strongly in C(0, T; H'(Q)) N L*(0, T; H*(S)), (4.16)
W, — W, strongly in C(O, T; HZ(Q)). (4.17)

In particular, since V - (&, Vv,,) = Vuy, - Vv, + uyy Avy, and V - (4, V) = Vg, - Vv, +
U AW, is bounded in L2(0, T; L*(R2)), one has the weak convergences:
V- (U Vv) > 1, weakly in L*(0, T;L*()),

V - (U VW) = Yy, weakly in L2 (0, T;Lz(Q)).
On the other hand, from (4.8)—(4.17), one has

U Vv — uVV,  weakly in L%(0, T; L*(R)),

Uy, Vw,, — Vi, weakly in L% (0, T;LZ(Q)).
Therefore, we can identify ¥; =V - (#Vv) and ¥, = V - (uVw) a.e. in Q, and thus

V- (U V) > V- (@V7),  weakly in L*(0, T;L*(R)), (4.18)

V- (um VW) > V- (@Vw),  weakly in L*(0, T; L*(R2)). (4.19)

Moreover, by (4.15)—(4.17), we see (14,,(0), v,,(0), w,,(0)) — (&2(0), ¥(0), w(0)), in L2(2) x
HY(Q) x H*(R). Since u,,,(0) = ug, v;u(0) = vy, w,,(0) = wy, we conclude that #(0) = uy,
7(0) = vo and w(0) = wy, thus § satisfies the initial conditions given in (1.1)—(1.5). Therefore,
considering the convergences (4.8)—(4.19), we can pass to the limit in (4.5) as m — +00,
and conclude that § = (z, 7, ﬁ/,f’) is a solution of the system (1.1)—(1.5), that is, 5§ € Suq.
Hence,

tim J(sm) = inf J(s) <J ). (4.20)
m—>+00 5€S,4

On the other hand, since J/ is lower semicontinuous on S,, we have J(5) <
liminf,,— 100 J(Smm), which, jointly with (4.20), implies (4.4). O

5 First-order necessary optimality condition

Now, we will study the first-order necessary optimality conditions for a local optimal so-
lution (zz, v, w, f ) of problem (4.1). To this end, we will use a result on existence of Lagrange
multipliers in Banach spaces [37]. First, we discuss the following problem:

minJ(s) subjecttos € S = {s € M : G(s) e N'}, (5.1)
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where / : X — R is a functional, G: X — Y is an operator, X and Y are Banach spaces, M
is a nonempty closed convex subset of X, and \ is a nonempty closed convex cone in Y
with vertex at the origin.

For a subset A of X (or Y), A* denotes its polar cone, that is,

A*={peX :(pa)x >0,VacA}.

Definition 5.1 A points € S is said to be a local optimal solution of problem (5.1), if there
exits & > 0 such that for all s € S satisfying ||s — 5||x < € one has J(5) < J(s).

Definition 5.2 Lets € S be a local optimal solution for problem (5.1) with respect to the
X-norm. Suppose that / and G are Fréchet differentiable in 5, with derivatives J'(5) and
G'(5), respectively. Then, any A € Y’ is called a Lagrange multiplier for (5.1) at the point 5
if

reNT,
(A, G(S)y =0, (5.2)
J'(3) =21 0G(3)eC@)",

where C(3) = {8(s — 5) : s € M, 0 > 0} is the conical hull of 5 in M.

Definition 5.3 Let 5 € S be a local optimal solution for problem (5.1). We say that s is a
regular point if

GE[CE]-N(GE) =Y, (5.3)
where N (G@)) = {(6(n — G(3)) : n € N, 0 > 0} is the conical hull of G(3) in NV.

Theorem 5.1 ([37, Theorem 3.1]) Let 5 € S be a local optimal solution for problem
(5.1). Suppose that ] is a Fréchet differentiable function and G is continuously Fréchet-
differentiable. If s is a regular point, then the set of Lagrange multipliers for (5.1) at s is
nonempty.

Remark5.1 To obtain the existence of first-order necessary optimality conditions, because
of the nonlinearity of -£V - (u - Vw) and pu(l — u — w), the method used in [10] seems
not applicable to the present situation. Our method is based on the Lagrange multiplier
theorem.

Now, we will reformulate the optimal control problem (4.1) in the abstract setting (5.1).
We consider the following Banach spaces:

X =W, x W, x W, x LXQ,), 54)
5.4
Y :=L*(Q) x L*(0, T; H'(R)) x L®(0, T; H*(Q)) x H'(Q) x H*(Q) x H*(Q),

where

Wi = {u € L®(0, T;H'(Q)) N L*(0, T; H*(Q)) : g—z =0on asz}, (5.5)
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0
W, = {v € L®(0, T; H*(Q)) N L*(0, T; H*(Q)) : a—v =0on asz}, (5.6)
v
o 3 ow
Wy =iweL>®(0,T;H (Q)):a—=00n852 . (5.7)
v
By Theorem 3.1, we know that the operator G = (G1, Go, G3, Ga, G5, Gg) : X — Y, where

G1: X — LX(Q), Gy: X — LX(Q), G3: X — L°°(0, T;HS(SZ)),
Gy: X —> HY(Q), Gs: X — HX(Q), Ge: X — H3(Q)

are defined at each point s = (i, v, w,f) € X by

Gi(s) =0 — Au+ xV - (uVv) +EV - (uVw) — pu(l — u—w),
Gy(s)=0v—Av+v—u-—f, 5.8
Gs(s) = 0w + vw,

)

Ga(s) = u(0) — u, Gs(s) = v(0) —vo, Ge(s) = w(0) — wy.

By taking M = W, x W, x W,, x F a closed convex subset of X and \' = {0}, the optimal
control problem (4.1) is reformulated as follows:

minJ(s) subject tos € Suq = {S =, v,wm,f) e M:G(s) = 0}. (5.9)

Similar to [21], by the definition of the Fréchet derivative, using a direct calculation, we
have the following results.

Lemma 5.1 The operator G: X — Y is continuously Fréchet differentiable and the Fréchet
derivative of G in s = (i, 7, ﬁ/,f) € X, in the direction r = (U,V,W,F) € X, is the linear

operator
G @) = (GO, GO)r], G5 ()[r), G4B)[r], G5 B[], Gy B)[r])
defined by

G,@)[r] =0 — AU + xV - (UVP) + xV - (GVV) + EV - (UV)
+&EV (VW) —pl +2uli + pUw + paW,
G,®)[r]=0,V-AV+V -U-F, (5.10)
G;®)[r] =0, W + Vw+vW,
G,(3)[r] = U(0), G5 (3)[r] = V(0), Gg(9)[r] = W(0).

Lemma 5.2 The functional ] : X — R is Fréchet differentiable and the Fréchet derivative
of ] in§ = (i1, v, w,f) € X in the direction r = (U, V, W, F) € X is given by

T T
]/(E)[r]:ﬁl‘/o /S; (Zt—ud)lexdt+ﬁ2‘/0 A (V—vy)Vdxdt

T T
+ﬁ3/ f (Vv—wd)dedt+ﬂ4/ fFdxdt. (5.11)
0 Qy 0 Q¢
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We wish to prove the existence of Lagrange multipliers, which is guaranteed if a local
optimal solution of problem (5.9) is a regular point of operator G.

Lemma 5.3 If5 = (iL, 7, ,f) € Saq, then 5 is a regular point.

Proof Fix (u,7, ﬁ/,f) € Suq and let (g, gy, gw» Uy, Vo, Wo) € Y. Since 0 € C(f), it suffices to
show the existence of (U, V, W) such that

o — AU+ xV-(UVV)+ xV-@VV)+EV .- (UVW)+&EV - (uVW)
—plU+2pUu+ plw+ puW =g, in Q,

W -AV+V-U=g, in Q, 512

W+ Vw+IW =g,, in Q,

u(o) = Uy, V(0) = Vg, W(0)=W,, ing,

3 =, =0, =0, on (0, T) x 9.

Step 1. Local existence of a solution,
In order to prove the existence of a solution of (5.12), we use Proposition 2.1 to solve the
problem

U - AU+ xV-(UVV)+xV-(@aVV)+EV-(UVW) +EV - (uVW)
—pl+2pln+pUw+ puuW =g, inQ,

wV-AV+V-U=g, in Q,

W+ Vw+IyW =g,, in Q,

(5.13)

endowed with the corresponding initial and boundary conditions. On the product Banach
space B = H'(Q2) x H3(Q) x Hy(S2), we define the linear operator A by

-A+1 0 0
A=| 0 -A+1 0|, Z=H{(Q) x Hy(Q) x Hy(Q).
0 0 1

The nonlinear operator F is defined by

—xV - (UVV)=xV-(muVV)-EV.-(UVW)

. - L u
—EV-@VW)+ (u+ 1)U -2uln— pUw— uuW
F(Y) = & iz i w " ’ 6O=|gl
u
W_ Viv— oW Bw

v=lu v W]T.

The remaining part of the proof can be done in the same way as that in the proof of The-
orem 2.1, so we omit the details.

Now, we prove the global-in-time solutions in the following part.

Step 2. (U,V,W) e L®(0, T;L*(Q)) N L*(0, T; H'(Q)) x L>(0, T; HY()) N L*(0, T;
H*(Q)) x L>(0, T; H*(2)).
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By testing the first equation of (5.13) with U, one has

1d
——/L[zdx+/ IVU|? dx
=X/ LIVL[Vf/dx+X/ VL[itVde+€/ UvVUVwdx
Q Q Q
+g/ vuzNdeJrM/ ledx—ZM/ Uzﬁdx—u/ U dx
Q Q Q Q
—/L/ L[ﬁde+/ Ug, dx. (5.14)
Q Q

Applying the Holder and Young inequalities as well as (3.8) to the terms on the right-hand
side of (5.14),

Xf UVUVidx = 1/ vuzvr/dxz—ﬁ/ L2 AV dx
X i ~
< §||U||%4||AV||L2 < CIVUIl U2 1AVl 2
<sIVUIF + CsllUI 7, (5.15)
and
X/ VUuvVVdx < x|l s |VVIa VU 2
Q

< Gollal2 IV VI, + 81 VU
< Gsllil2  IVVI2 I AV Iz + 8IIVUI12,

<s(IVUIl;. + 1AVI}2) + CsIV V7. (5.16)
In the same way, we can get
s/ UVUVwdx <8||VU2, + Cs| U |12 (5.17)
Q
and
5/ VUGV Wdx <S(|AW |2, + IVU(7,) + Cs IV W17, (5.18)
Q
For the other terms on the right,
—2//,/ leitdx—,u/ Uzivdx—uf Llithx+/Ugudx
Q Q Q Q
< 2ul[ U ll@ll 2 + pllU 71wl g2 + | U 2l ol W L+ U 12 Mg g2
< ClUll VU 2zl 2 + CNUl 2 VU 2wl 2

+ CIUN 2@l IV W2 + (U 22 1€l 2

< CIUIE +8IVUII2 + CIVW 2 + l1gull 2 (5.19)

Page 20 of 33
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Replacing (5.15)—(5.19) in (5.14), we have

1d
——/ uzdx+/ VU dx <58 VU|%, + CIUIZ + 8(IAVIZ + [AW]12,)
+lgullzs + CUIVVIZ + [VWI2,). (5.20)

By testing the second equation of (5.13) with V, we conclude

d
— f |V dx + / IVV|*dx + 2/ [V|*dx < / U dx + / g2 dx. (5.21)
dt Q Q Q Q Q

By testing the second equation of (5.13) with AV, we get
d 2 2 2 2 2
— [ IVV|"dx+ | |AV|"dx+2 | |VV|"dx< | U'dx+ | g, dx. (5.22)
at Jo Q Q Q Q

By testing the third equation of (5.13) with W, we obtain
d 2 2 2 2
— | IWlPdx<C | Wodx+C | Vdx+ | g, dx. (5.23)
dt Q Q Q Q

Next, applying V to the third equation of (5.13), multiplying by VW, and integrating the

product over €2, we have

1d

——/ |VW|2dx=—/ VWV(VW)dx—/ VWVGEW)dx

+/ VWVg, dx. (5.24)
Q
From (3.3) and (3.8), we derive that

_f vwwvmdx:-/ VW(VViv+ VVib)dx
Q Q

= IVWIRIVVIilwlie + VW 2| VIl VW]l e

S IVWIRIVVI2Wlie + VW2V L 1w 52

2 1 2
<CIWlmlVIim < IWlla + EIIVIIHU (5.25)
_/ VWV(T/W)dxz—/ VW(VIW + VW) dx
Q Q
1
= —/ WzAf/dx—/ VW2 dx
2 Ja Q
1 2 = 2 = 2
=5 IWIallAV]2 < CIW AV 2 < ClIW I, (5.26)

and

1
/ VWVg,dx < CI|VW|?, + EIInglliz. (5.27)
Q
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So, combining (5.23)—(5.27), we can get
d 2 2 2 2
E”W”Hl <CIIWliin + IVIlia + IVEwll2- (5.28)

Applying A to the third equation of (5.13), multiplying by AW, and integrating the prod-

uct over 2, we have

1d

——f |AW|2dx=—fAWA(V17v)dx—/ AWAGW)dx

+f AW Ag, dx. (5.29)
Q

Applying the Holder and Young inequalities to the terms on the right-hand side of (5.29),

we have

—/ AWA(Vﬂ/)dx:—/ AW(AVW+2VV VW + VAW)
Q Q

S HAWI 2 AV Wlie + 21AW 2V V|4 VW 14
+ 1AW 2 VIl all AWl 4

< IAWI2 AV 2 Wllzee + CIAW 2V |2 W 122
+H AW 21V V21wl 53

= ClIWl2 VI + CIW 2 [V ||

8
<CIWl7a + EIIVllﬁz +ClIV Iz, (5.30)
-/ AWAGW) dx = -f AW(AVW + 2VIVW + TAW) dx
Q Q
< —/ AW(AVW +2VIVW)dx
Q

=—/ AWAT/de—/ V(VW)*Vidx
Q Q

=—/ AWMde+/ VW2 AVdx
Q Q

< HAW 2 [ AVl | Wl + IV WL A2

< CIWIa7lls, (5.31)
and
/QAWAgwdx <ClAWI|?, + %IIAgWHiz. (5.32)
So, we can get

d -
EIIWIIZz <CIUWI;a | (7l +1) + 8| VIIFa + CIVIZA + lgulza- (5.33)
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Therefore, we can obtain

d
2 I+ IVIE + W) + U + 1V 1
<58[1UIGa + CIUIG + 281V I72 + C(IVIZ0 + IWI70)

+ CIW I (9135 +1) + llgull 72 + llgylI7> + Cligull7e- (5.34)

By choosing § small enough, and utilizing the Gronwall inequality, we have

t t
U2 + IV g+ W g2 +/ U2, de +/ VI, dr <C,
0 0
forallt e [0, T]. (5.35)
Step 3. (U,V,W) € L*™(0, T; HY(Q)) N L0, T; H*(R)) x L*°(0, T; H*(Q)) N L*(0, T;

H3(RQ)) x L™(0, T; HX(2)).
By testing the first equation of (5.13) with —Al, one has

1d
——/ |VL[|2dx+/ AU dx
Zdt Q Q

=X/ AUV~(UVf/)dx+Xf AUV-(IZVV)d&HS/AUV-(LIVﬁ/)dx
Q Q Q
+§/ AUV~(ﬁVW)dx+,u/ |VL[|2dx+2p,/ AUUudx
Q Q Q
+pL/ ALIL[ﬁ/dx+,u/ ALIﬁde+/ AlUg, dx. (5.36)
Q Q Q

2

By applying the boundedness of [|V[|7,,

(5.35), and the Gagliardo—Nirenberg interpolation
inequality, we have
X / AUV - (UV)dx = x f AUVUVY + UAV) dx
Q Q

=—1/ |VLI|2A17dx+X/ AUUAY
2 Jo Q

X - -
< Envuniumvug + X1 AU 2| Ul | AVl
< CIIVUll2IIAUIl 2 + CIAUN 2 U N 2 WU | AV || 0
< CIUIE, (17125 +1) + 811U (5.37)

and

X/ ALIV-(ZQVV)dxf)(/ AU(VuVV + uAV)
Q Q

< AUNIVal IV VIIzs + AU 2 [ @l o | AV 2

< ClAUl @l 1 VIm < 8IUlG, + Clalfa I VIZ..  (5.38)
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By utilizing the same ideas, we can get
& / AUN - (UVw)dx < CIU g (19175 +1) + 81U 13 (5.39)
Q

and

£ / AUV - (VW) dx < 8||AU|I, + Cl|iE]|2,. (5.40)
Q
With (5.35) and the boundedness of ||ﬂ/||?{1, ||I:l||12_[1 in hand, we derive

/L/ AULIvT/dx+uf AUZthx+f AlUg, dx
Q Q Q
< pull AUl 1UN alWligs + pl AUl 2 @l 2 | Wlle + 1AU 2118l 22

= ClAU U VW2 + CIAU 21l W | + TAU N 21180 22

<SNUIZ, + CIUIE, + l1gull2 +1). (5.41)

Replacing (5.37)—(5.41) in (5.36), and using the fact that ||1Z/||i[3 < C and (5.35), we have

1d - -
5%(”””?{1 + UG < CHUIZ (171175 + 17113 + 1) + 581U

+ Clal2 (VI + 1) + C(llgull?> + 1). (5.42)

Next, applying A to the second equation of (5.13), multiplying by AV, and integrating the
product over €2, we see

1d
——/ |AV|2dx+/ |VAV|2dx+/ IAV|?dx

= —/ VLIVAde—f Vg, VAV dx. (5.43)
Q Q
Applying the Holder and Young inequalities, we obtain

—/ VLIVAde—/ Vg, VAV dx <SIIVAVIZ, + C(IVUIZ +1IVg2,).  (5.44)
Q Q

Therefore, from (5.43) and (5.44), we get

1d
——f |AV|2dx+/ |VAV|2dx+f AV |? dx
2dt Jq Q Q

<SIVAVIZ, + C(IVUIZ +11Vg12). (5.45)

Applying VA to the third equation of (5.13), multiplying by VAW, and integrating the
product over Q2 yields

1d

—— | IVAW|*d
Zdt/9| I"dx

:—/ VAWVA(V]Z/)dx—/ VAWVA(T/W)dx+/ VAWV Ag, dx. (5.46)
Q Q Q
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For the first term on the right,

—/ VAWVAV®)dx
Q

= —/ VAW((VAVW+3AVVw+3VVAW+ VVAW)dx
Q

S IVAWI2IVAVI2 Wl + 3IVAW 2 [[AV] 4 [ VWl 14
+3IVAWI2IVVIiall AWl + IVAW 2 IV AW| 2| V] 2
< ClIW sVl Wiz + CUW sl V2 1w s

+ ClIW s Wl s | Wl 2. (5.47)
Thanks to the boundedness of ||VAWw|;2 and (5.35), we can get
- /Q VAWVA(\VWw)dx <C||W|?s + guvnﬁlg +C|VIZ.+C (5.48)
and

- / VAWVAWW)dx
Q

=—/ VAW (VAW +3AVW + 3VIAW + PVAW)
Q
SIVAW 2 IVAV| 2| Wiz + BIVAW || 2| AV 4| Wl 14
3 AW, AV VAW |27
+ 2|| lallAV]2 + | 721171l 2o

= CIW sVl s W L2 + CIW s 1] [T WL

+ CIW 2 IW 3 1Pl + TW 15 1171 222 (5.49)
Then collecting (5.35) and ||V|| 52 < C, we arrive at
- /Q VAWVAGW)dx < C|W |25 + ClI7l75 + C. (5.50)
Applying the Holder and Young inequalities, we obtain
/QVAWVAgW dx < C||W|2;5 + %ngwnfig. (5.51)
Thus, in light of (5.46)—(5.51), we arrive at

d -
E/ VAW dx < CIIW 3 + 811V 1175 + ClIvl s
Q

+ ClIVIFa + llglizs + C. (5.52)
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We invoke (5.34), (5.42), (5.45), and (5.52) to obtain

d
E(”u”?{l + VI + IW3s) dx+ | U + Vs

< U (7035 + 1917 + 1) + CIliEl32 + 1)1V I + CIW G

+ Cllillfn + Clvls + ClIgull72 + 1V lI72 + IV A7) + C. (5.53)

By utilizing the Gronwall inequality and v € L*(0, T; H3(RQ)), w € L>*(0, T; H*(Q)) & €
L%(0, T; H*(S2)), we have

t t
|MM§+¢V@fHWﬁﬁ+/|um;dr+/|v@uhsc; tel0,T]. (5.54)
0 0

Thus, we conclude the proof. 0
Now we show the existence of Lagrange multipliers.

Theorem 5.2 Let s = (i1, v, w, f ) € Sad be a local optimal solution for the control problem

(5.9). Then, there exist Lagrange multipliers (A, 1, p, ¢, $, %) € L2(Q) x (L*(0, T; HY(R)))’ x

(L0, T; H3(R))) x (HY(RQ))' x (HX(R)) x (H*()) such that for all (U,V,W,F) e W, x
W, x W, x C(f) one has

T T
,31/ f (it—ud)l,ldxdt+,82/ V—va)Vdxdt
0 Qy 0 Qq

T T T
+ﬂ3/ (ﬁ/—wd)dede/ /fl—“dxdﬂ/ f Fndxdt
0 Qy 0 c 0 c

T
-f /(BtL[—AU+XV-(UV17)+XV-(ZtVV)+$V-(LIVﬁ/)+EV~(ﬁV\X/)
0 Q
T
—MU+2MUﬁ+MUW+MﬁW)Adxdt—f f(atv—mu V —U)ndxdt
0 Q

T

—/0 /Q(atW+ Vw+vW)pdxdt—/QU(O)g0dx—/QV(O)q’)dx

—/ W(0)y dx > 0. (5.55)
Q

Proof From Lemma 5.3, 5 € S,q is a regular point, so by Theorem 5.1 there exist Lagrange
multipliers

()Lr 0, <ﬂ»¢: W € LZ(Q) X (LZ(O» T;HI(Q)))/ X ( 00(0; T;HB(Q)))/
x (H'()) x (HA(Q)) x (H*())'

such that

J @] - (G )], A) - (Gy®)[r], n) - (G5B)[r], o)
—(GL®)[r],¢) - (G5(®)[r],¢) - (G5 (B[], ¥) > 0, (5.56)
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forallr=(U,V,W,F) e W, x W, x W, x C(f). Thus, the proof follows from (5.11) and
(5.10). 0

From Theorem 5.2, we derive an optimality system for which we consider the following
spaces:

Wi = {ueWuzu(O):O}, Wy, 1= {VGWVZV(O)ZO},

Wi = {u € Wy, : w(0) = 0} (5.57)

Corollary 5.1 Let § = (i, 7, w,f) be a local optimal solution for the optimal control
problem (5.9). Then the Lagrange multiplier (A, n,p) € L*(Q) x (L*(0, T; HY(R)))' x
(L>(0, T; H3(R))), provided by Theorem 5.2, satisfies the system

T
/ /(BtU—ALI+XV~(L[VT/)+§V-(UVﬁ/)—uU+2uUﬁ+uUﬁ/)kdxdt
0 Q
T T
—/ /Llndxdt:,&/ /(ﬁ—ud)udxdt, YU € Wy, (5.58)
0 J@ 0 Jou

T T T
/ /(BtV—AV+ V)ndxdt+x/ /V~(ﬁVV)kdxdt+/ /Vﬁ/pdxdt
o Ja o Ja o Ja

T
= ﬁ2/ / (V—vg)Vdxdt, YV eW,, (5.59)
0 Qy

T T T
/ /(8tW+f/W)pdxdt+§f /V~(ZtVW))»dxdt+/L/ /ﬁWAdxdt
o Jao 0 Ja 0 Ja

T
= ﬂg/ / W—-wa)Wdxdt, YW eW,,, (5.60)
o Jo,

which corresponds to the concept of very weak solution of the linear system

dh+ Ah+ X VA - Vi +EVA- Vv + uh — 20ith — phiv — 1
= =Pt — ug)lay, in Q,
o+ An—n—xV - (Vi) —wp = =Bt — ug)lq,, inQ, (5:61)
dp —vp =&V - (VL) — puk = -3V - va)la, in Q,
)»(T):O, 77(T)=0: p(T):O, in 2,
-0, =0, 2=y, on (0, T) x 3,
and the optimality condition
T ~ —
/ / (Bof +m)(f —f)dxdt >0, VfelF. (5.62)
0o Ja

Proof From (5.55), taking (V, W, F) = (0,0, 0), and taking into account that W, is a vector
space, we have (5.58). Similarly, taking (U, W, F) = (0,0,0) in (5.55), and considering that
W,, is a vector space, we obtain (5.59). Taking (U, V, F) = (0,0,0) in (5.55), and considering
that W, is a vector space, we obtain (5.60). Finally, taking (U, V, W) = (0,0,0) in (5.55),
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we have

T T
Ba / FFdxdt + / / nFdxdt >0, VF eC(f). (5.63)
0 JQ. 0 Jo

Therefore, choosing F = f —f € C(f) for all f € F in the last inequality, we derive (5.62). O

In the following result we show that the Lagrange multiplier (A, 5, p), provided by The-
orem 5.2, has some extra regularity.

Theorem 5.3 Under conditions of Theorem 5.2, the system (5.61) has a unique strong so-
lution (A, n, V) such that

A e H'Y((0, T);L*(R)) N L>(0, T; H () N L*(0, T; H*(R)), (5.64)
neH (0, T);L*(Q)) NL™(0, T;L*()) N L*(0, T; H'(Q)), (5.65)
p € H'((0, T);L*(Q)) N L®(0, T; L*(R)). (5.66)

Proof Let s=T — ¢, with £ € (0, T) and x(s) = A(8), 7(s) = n(¢), 7i(s) = ¥(¢). Then system
(5.61) is equivalent to

Oh— Ad— xVA-VV—EVA- VW= h + 2Uih + AW + 7
= P&t — ug)tay, in Q,
O — Afj+ 7+ xV -EfNX) +~ﬁ/ﬁ = BV - va)Cay, in Q, (5:67)
0sp +Vp + xV - (uVA) — puih = B3(W — wa)la,, inQ,
2(0) =0, 71(0) = 0, ¥ (0) =0, in €,
B, Moo oy, on (0, T) x Q.

The proof employs a Galerkin approximation. By testing (5.67); with —AX, we have
1d - -
——/ IVA>dx + / |AX|% dx
2ds Q Q
=—yx / AAVAVVdx — g/ AAVAV W dx + M/ VA2 dx + 2M/ LA dx
Q Q Q Q
+ 1 / WAAL dox + / Alndx - B / AL~ ug) dx. (5.68)
Q Q Q

Applying the Holder, Young, and Nirenberg inequalities, as well as the boundedness of
71172, we obtain

—x/ ALViVidx = 1/ VAP ATdx < 2IVE2 A7 2
Q 2 Ja 2
. . ~ . s -
= CIVAI 1AM 1AV 2 < CIVAIL + S I AR (5.69)
Then, utilizing the same procedure gives

-~ -~ ) -
—5/ AAVAVvdx < C||[ VA2, + g||AA||§2. (5.70)
Q
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In light of the boundedness of 7, W, we see that
2pL/ UAANdx + M/ WAAX dx +/ Aif;dx—&/ AL — ug) dx
Q Q Q Q
< pu(2N@la + 1) IR 1 AR 2 + 1712 1 AXI 2 = Bill AR 2116 — wall 2
. . - - 5 - . .
< Cllll g + W2 ) IV AN 2l AX 2 + gIIAklliz + C(I17117 + Il — uall}>)
- 1) ~ - -
= CIVAIL + S IAMIE + C(IIE + 117 - #all 2)-
In the light of (5.68)—(5.71), we have
d ~ -
—f |VAIZdx + 2/ A2 dx
ds Q Q
< CIVAIZ, + SIAKT + C(171172 + [l — uall?).
Similarly, testing (5.67); with A yields
d - - ~ - -
d—/ A dx + 2/ VAP dx < ClIAlz + C(I7l7 + 1 - uall3)-
S Ja Q
By testing (5.67), with 77, we conclude
1d
——/ ﬁ2dx+/ |Vﬁ|2dx+/ % dx
2ds Jq Q Q
=X/ Vﬁavidx—f ﬁﬁ/ﬁdx+,32/ (¥ - va) dx.
Q Q Q
Using the Holder, Young, and Nirenberg inequalities, we obtain

X [ ViaVadx < x| Vil 2 il VAl < CIUVAl2 il VA 2
Q

S o= =12 T2
= S IVitllzz + Cllael e VAN

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)

Applying the Holder and Young inequalities, as well as the boundedness of w, we get

o s - - - - 1 .
f nwp dx < |[nli2lwlicellpllz < Clinllzz + EHIOHLZ’
Q
o n - 1 . 2
B2 | 1(v—va)dx < Clnll2 + EIIV—VdIILz-
Q
Then collecting (5.74)—(5.77), we see

d
—/ﬁzdx+2/ |Vﬁ|2dx+2/ﬁ2dx
ds Jo Q Q

< Cliiill2 + 81IVifll2 + Clal 2 IVAIT: + 1Al 2 + 17 = vall 72

(5.76)

(5.77)

(5.78)
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Testing (5.67); with p, we have

1d . I
—— | p*dx= —/ Vptdx— x / pV(iVA) dx
2 dS Q Q Q
+u/ ﬁiﬁdx+ﬂ3/ P — wy) dx.
Q Q
First, we see that
—/ V52 dx < |Vl 15112
Q
Similarly, we know that
—X/ pV(aVA)dx = —X/ S(VaVa + iAL) dx
Q Q
< x1AI2 Vil a VAl g + x 151l g2 N1l oo || AR 2

< Clpll2lalz 1Mz < CIAIZ Nl s + SIAIZ,
n / ithpdx < plAl|gallil g 15l 2 < ClIAl el 1l 2
Q

< ClIAlZ + 14172,
and
ﬂs/gﬁ(ﬁ/— wa)dx < |57, + Cllw — wal 7.
Then collecting (5.79)-(5.83), we get
%fgﬁzdx <ClAI22 (&2 + 1) + CIAIZ + 81IAN72 + Cllw — wal 7.
Accordingly, we invoke (5.72), (5.73), (5.78), and (5.84) to obtain

a(niufﬂ + 1712, + 1811%) das + (A2, + 177120

<281l + C(Il7 + V)IXIZ + Cllil 7. + 817113,

=02 (11702 ~ 2 ~ 2 ~ 2
+ ClIAIZ (117 + 1) + C(I17 = vall 7> + 1w = wallza + 1 — uall7>).

By taking § small enough, a Gronwall argument leads to

N S
203+ 17l7 + 117 +f 213, dT +/ Iili3, de < C.
0 0

(5.79)

(5.80)

(5.81)

(5.82)

(5.83)

(5.84)

(5.85)

(5.86)

Testing the first equation of (5.67) with A, integrating over 2 x (0, T), and using the above

inequality, we have

T - 1 T 5
/ fnxsnizdts—/ fnxsnizdmc.
0o Ja 2 Jo Ja
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Similarly, we obtain

T T
/ f 175117, dt < C, f / 16517, dt < C.
0 Q 0 Q

The proof is complete. d

Corollary 5.2 (Optimality System) Let 3 = (i, , w,f) € Saq be a local optimal solution for
the control problem (5.9). Then, the Lagrange multiplier (7, n, p) has the regularity as in
(5.67) and satisfies the following optimality system:

A+ AL+ xVA-VV+EVL- VW + ud — 21Ul — pAW —1n
=-pilit - ug)q, inQ,

dn+An—n—xV - (Vru) —wp = =Bt — uq)lo, inQ,

0 —Vvp —EV - (VL) — pih = —B3(V-va)lq, inQ,

AMT) =0, n(T)=0, p(T)=0, in%,

9 9 9
oo, Do, 2P0, on(0,T)x 0%,
v v Jdv

T
f /(ﬁJ+n)(f—f)dxdt20, Vf e F.
0o Jeo

Remark 5.2 The first-order necessary optimality conditions for chemotaxis models have
been intensively studied [10, 12, 23]. Recently, Colli, Signori and Sprekels [9] established
both first-order necessary and second-order sufficient conditions for a tumor growth
model of Cahn—Hilliard type, including chemotaxis with possibly singular potentials.

Remark 5.3 For the numerical analysis of the optimal control problem, the ringlike diffu-
sion and aggregation patterns and the dynamics of tumor invasion, as well as the optimal
control strategies, are presented numerically in Dai and Liu [10] for a haptotaxis model.
Khajanchi and Ghosh [18] studied the numerical aspect of the optimal control problem
for the immunogenic tumors model. They demonstrated the numerical illustrations that
the optimal regimens reduce the tumor burden under different scenarios.
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