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1 Introduction
In the recent years, much effort has been paid on epidemic models by many researchers
due to their important role in describing the dynamical evolution of infectious diseases.
For better understanding of epidemiological scheme and intervening spreading of infec-
tious diseases, see [1-8] and references therein.

Vaccination is one of the effective control measures to prevent and weaken the transmis-
sion of infectious diseases. Currently, various modeling studies have been made to explain
the effect of vaccination on the spread of diseases [3, 9-11]. In particular, Liu et al. [3]

proposed and studied the following model:

L - - (u+£)S-pBSI,

L =ES—BVI-puV -aV,
4= BSI+ BLVI—(u+y)I,
dR

S =aV+yl—puR,

(1.1)

where S, I, R, and V denote the numbers of compartments of susceptible, infected, re-
covered, and vaccinated individuals, respectively. The global stability of the equilibrium
of model (1.1) has been studied by constructing Lyapunov functions. For more biological
background of model (1.1), we refer to [3].
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Note that the latent period was not considered in model (1.1). However, many diseases
have a latent period before the hosts become infectious, and the length of latent period
differs from disease to disease [12]. Besides, it well known that the spatial structure has
also been considered as an important factor that affects the spatial spreading of disease
due to the carrier hosts of infectious sources randomly moving in space. There are many
mathematical studies of the influence of the spatial aspect and mobility of host populations
on the dynamics of diseases; see [13—18] and the references therein. Taking into consid-
eration the latent period and individuals movements, we consider the diffusive version of

model (1.1) with latency, which is a more realistic biological model. Thus we consider the

diffusive SVEIR model
8=V - (di(x)VS) + Ax) - (11 (x) + E®)S — B1(®)f1(S, ),
t>0,x €,
W=V - (o) VV) + E®)S = Bo)fa (V) = pa(x) — () V,
t>0,x€€,
8 =V - (d3(¥)VE) + Br@)fi(S, 1) + Bo()fa(V, 1) — (u3(x) + 0 (x))E, 12)
t>0,x €,
U=V (da@)VI) + 0 (X)E - (1a(x) + 8(x) + y ()],
t>0,x€€,
W =V (ds5(x)VR) + a(®)V + y (x)] — s ()R,
t>0,xe,
with e homogeneous Neumann boundary conditions
aS 9V 9E 09I OR
—=—=—=—=—=0, t>0,x€0%, (1.3)
v dv dv dv  Jv
and the initial conditions
5(0,x) = So(x) > 0, V(0,x) = Vo(x) >0,  E(0,x) = Eg(x) > 0,
(1.4)

I(O’x) =10(x) > 07 R(O,x) = RO(x) > 0) X € Q;

where 2 is a bounded domain in R” with smooth boundary 92, and v is the outward
normal vector to 02; S = S(t,x), V = V(¢,x), E = E(t,x), I = I(t,x), and R = R(¢t,x) stand for
the densities of the susceptible, vaccinated, latent, infective, and recovered individuals at
time ¢ and spatial location x, respectively; A (x) is the input rate of S in spatial location ;
ui(x) (k =1,2,3,4,5) denote the natural death rates of S, V, E, I, and R in spatial location
x, respectively; 8(x) is the death rate induced by the disease in spatial location x; & (x) is
the vaccination rate of S in spatial location x; y (x) is the rate of recovery from infection in
spatial location x; o (x) represents the transition rate from E to I; «(x) is the rate of obtain-
ing immunity by vaccinees; 1 (x) and B, (x) are the infection rates of S and V infected by
I in spatial location x, respectively; di(x) (k = 1,2,3,4,5) are the diffusion rates of S, V, E,
I, and R in spatial location x, respectively. All location-dependent parameters are contin-
uous and strictly positive d on ; S, D) (j=1,2; u € {S, V}) denotes the force of infection.
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We assume that the function f;(x, I) satisfies the following properties:

fi Ri — R, are differentiable, f;(u, ) < ul,f;(0,1) = f;(u,0) = 0,
afi(u, 1) .0, ofj(u,I) .0, 0%fi(u, 1)
ou ol aI?
ofi(u,I)
ol

<Oforall 4,1>0, and (1.5)

is increasing with respect to u.

Obviously, fj(u,1) = ul, fi(u,I) =

ofj(u.)
a

Since the last equation of model (1.1) is decoupled from other equations, we indeed need

1’ and fj(u,1) = satisfy these assumptions. For

1+ 1+u) 1+1)

convenience, let fi(u,1) =

to study the following subsystem of model (1.2):

8=V (di®)VS) + Alx) — (u1(x) + £(x))S - B1®)fi(S, 1),
t>0,x€€,
W=V - (dax)VV) +E®)S = Bo®)fa(V, 1) = pa@)V — () V,
t>0,x€€, (16)
=V - (ds(x)VE) + B1(®)fi(S, 1) + B2(x)f2(V, ]) = (u3(x) + 0 (x))E,
t>0,x€€,
U=V - (da@)VI) + 0 (X)E - (1a(x) + 8(x) + y ()],
t>0,x €.

The rest of this paper is organized as follows. In Sect. 2, we introduce some preliminaries
for the well-posedness of the model. In Sect. 3, we define the basic reproduction number
Ro and establish the threshold dynamics in terms of fRy. A particular case is performed

as a supplementary to the theoretical results in Sect. 4. A brief conclusion ends the paper.

2 Well-posedness
For convenience, denote k = max, g k(x) and k = min, g k(x). Let X = C(Q, R*) with norm

| - lIx, and let X* = C(Q, R*). Denote by
Ti(t): C(Q,R) » C(Q,R), i=1,2,34,

the Cy semigroups associated with v - (d;(-)V) — p;(-) subject to (1.3), where p;(x) = p1(x) +
&(x), pa(x) = pa(x) + (%), p3(x) = n3(x) + 0 (x), and pa(x) = pa(x) +8(x) + ¥ (x). Thus we have

(Ti(t)l/f)(x) :/ (tx, )Y () dy, t>0,% € C(QR), (2.1)
Q

where T';(¢, %, y) are the Green functions associated with Vv - (d;(-)V) — p;(*) (i = 1,2,3,4)
subject to the Neumann boundary condition. It follows from [19] that T;(¢) is strongly
positive and compact for all ¢ > 0. Thus there exists M > 0 such that || T;(¢)|| < Me®* for
all £ > 0, where w; < 0 denotes the principal eigenvalue of V - (d;(-)V) — p;(+) (i=1,2,3,4)

subject to Neumann boundary condition (1.3).

Page3of 13
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Define F = (Fl,Fz,Fg,F4)IX—) be

Fi(Y) () = AWw) = Bi@)fi (¥1(x), Ya()),

F>()(x) = £®) 1 (x) = B2(x)fo (V2 (%), Yal)),

F3(y)(x) = B1(x)fi (¥1 (%), Ya(x)) + Bo(x)fo (¥2(x), (),
F5(¢)(x) = o (x)r3(x)

(2.2)

fort >0, x € Q,and ¥ = (Y1, ¥z, Y3, ¥a) € X*. Then model (1.6) can be written as

u(t,x) = (T(E)y)(x) + /Ot T(t - s)F (u(s, x)) ds, (2.3)

where u(t,x) = (S(¢, %), V(¢t,x), E(t,x),1(t,x)) and T(¢) = diag(Ty(t), To(t), T5(t), Ta(2)).
It is easy to check that

11151+ %dist(l/f +pF(),X") =0, (x9)eQxX". (2.4)
p—

For any ¢ € X*, it follows from expressions (2.2) that

Yr1(x) + p(A(x) — B1()f1 (Y1 (%), Ya(x)))
V(%) + (& (%) Y1 (x) — Ba(x)fa (V2 (%), Yra(x)))
V3(x) + p(B1 ()1 (V1(x), Ya(x) + B2(x)fa (V2 (%), Ya()))
Va(x) + po (x)¥r3(x)

Y1 (®)(1 = pB1va(x))

Yo (®)(1 = pPata(x))
a V3 (x)
Va(x)

V(x) + pF(Y)(x) =

Firstly, if ¥; > 0, then ¥ + pF(y) > 0 for all p > 0 sufficiently small, so that (2.4) holds.
Secondly, if ¥; = 0, then as F;(y/)|y,-0 > 0 by (2.2), we have v; + pF(1/) > 0 for all p > 0.
Thus ¢ + pF(y) € X* when p is sufficiently small. Then it follows from [20] that (2.4)
holds.

By Corollary 4 in [20] we have have the following:

Lemma 2.1 For y = (Y1, Y2, ¥3, Ya) € X, model (1.6) has a unique nonnegative mild so-
lution u(t,-, ) = (S(¢, -, %), V(t,-, ), E(t,-, W), I(t,-, ) € X* on its maximal existence in-
terval [0,y ), where Ty, < 00. Moreover, this solution is a classical solution.

Next, we will show the existence of solutions of model (1.6).

Theorem 2.1 Model (1.6) has a unique solution u(t,x,y) on [0,00) with ¥ = (Y1, Yo, Y3,
V) € X*. Furthermore, the solution semiflow ®(t) = u(t, ) : X* — X* of model (1.6) is
defined by

OV =ult,,y), t=0,

admits a global compact attractor.
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Proof Suppose to the contrary that 7y < co. Then |u(t,x,v)|| = +oo as t — 1, by Theo-
rem 2 in [20]. Recalling the first equation of model (1.6), we have

0S _

PP §V-(d1(x)vS)+A—(E1+§)S, te0,ty)x€ Q. (2.5)
By the comparison principle and Lemma 2.2 in [21] there exists a constant Q; > 0 such that
S(t,x) < Qp forte[0,1y), x € Q. Furthermore, a similar procedure can be applied to the
second equation of model (1.6). Then there exists a constant Q; > 0 such that V(¢,x) < Q,

for ¢ € [0,7y), x € Q. Then from the last two equations of model (1.6) we have

oE _

E S V- (dS(x vEv) (ﬂ]_fl](gl: + ﬁsz](QZ’O))I_ (&3 + Q)Er te (0, flﬂ):x [S Q»
al _

%% <V- (a,’4(x)v1)+aE—( +8+y), te(0,1y)xe,

O _ 0L\ te(0ty)xedn

E = 5 =Y, € ’T\p P S )

where f1;(Q1,0) = 24219 and f5/(Q,,0) = L2
Consider the lmear system

ou _
%7 =V (@@ V) + (Bufi(Q1,0) + Bafar(Q,0))uz ~ (1t + O,
€(0,7y)x €,

2.6)
ou (
8—; =V (di@) Vi) + Ty — (u, +8+y)ua, € (0,7y),5€Q,
8u1 E)uz
= =Yy » b Q.
™ ™ 0, te(0,ty)x€d

The standard Krein—Rutman theorem (see [22]) implies that the eigenvalue problem of
model (2.6) admits a principal eigenvalue A with strongly positive eigenfunction ¢ =
(@1, ®2). Thus model (2.6) has a solution ¢e*¢(x) for ¢ > 0, where ¢ is a positive constant
such that ¢ = (u1(0,%), u2(0,x)) > (E(0,x),1(0,x)) for x € Q. Then from the comparison
principle it follows that

(E(t,%),1(t,x)) < ceo(x), te(0,1y)x€.

Therefore there exists a constant « such that E(¢,x) < «, I(t,x) < k, x € 2, which leads to
a contradiction. Hence the global existence of u(t, -, ) is derived.

Furthermore, it follows from the comparison principle and Lemma 2.2 in [21] that there
exist t1 > 0 and £; > 0, £, > 0 such that S(¢,x) < £7 and V(t,x) < L, for all t > ¢; and
x € Q. Set

P(t) = / (S(t,x) + V(t,x) + E(t,x) + I(t,x)) dx
Q

Then we have

dP(z)

i / (A®) = 1 (®)S(t, %) — (1a(x) + (%)) V(£ %) — pa(*)E(, %)
Q

Page 5of 13
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— (na(®) + 8(x) + ¥ (x))1(2,%)) dx

< / A)dx—minfp , w, +a, i, 1, + 38+ y}P(0).
Q xeQ L T —3 = =
Thus there exist £, > 0 and £3 > 0 such that P(¢) < L5 for all £ > £,. It follows from [23] that

F3(t1x1y) = Zeﬂ"twn(x)(ﬂn(y), >0,

n>1

where 7, are the eigenvalues of V - (d3(x) V) — (13(x) + o (x)) subject to the Neumann bound-
ary condition with eigenfunction ¢, (x) and satisfy w; > 7wy > mp > -+- > 7, > --- . Then for
some k1 >0, we have [';(¢,x,7) < k1 anl e™! for t > 0. Moreover, we assume that 7, are
the eigenvalues of V - (d3V) - (i e ) subject to the Neumann boundary condition, which
satisfy 71 = —(gg +0)>Ty>13>--->7,>---.Following Theorem 2.4.7 in Wang [24],

we get 7; > 7; for all i € N,. Then for some «3 > 0, we have

— t
I3 <k E et < ipelt = ype U3t 50,

n>1

Let t3 = max{ty, ,}. For all £ > 3, we obtain

E(t,x) = T5(t)E(ts,x) + / T5(t - 9)[ B1®)fi (S(s,%), 1(5,%)) + B2 (¥)fa (V (s5,%),I(s, %)) ] ds

3

< M||E(t3,%)] e + / /Q Ts(t - 5,9 [ B10)fi (S6,9),1(5,9))

+ B0 (V(s,9),1(s,9)) | dy ds
< M| E(ts, x) || e

t
. / /Q e I B £ (L1,0) + Bofor (Lo, O)] (s, 9) dy s
t3

t
< M”E(tg,x) “ea)a(t—tg) + / Kze*(ﬂs-*-cr)(t—s) [ELflI(»Cl’O) + 32](21(»62:0)]»63 ds
t3

Ly - _
< M| E(ts,x) |75 + “2= [ £1,(£1,0) + Bofsr(L2,0)],
Mm3 +0o

which yields that

ko L3
U3 +0o

[B1f1(L£1,0) + Bofar(L2,0)].

lim sup||E(t,x) || <
t—00

Similarly, we can also obtain that there exists a positive constant £4 > 0 such that
limsup,_, o, [[{(z,%)|| < L4. Thus the above discussions imply that the system is point dissi-
pative. Furthermore, by Theorem 2.2.6 in [25] the solution semiflow ®(¢) is compact for
all £ > 0. Therefore it follows from Theorem 3.4.8 in [26] that ®(¢) has a global compact

attractor. O
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3 Threshold dynamics
3.1 Basic reproduction number
Considering the following subsystem of model (1.6):

g—f =V - (di(x)VS) + Ax) — (u1(x) + E(x))S, t>0,x€Q,

W=V () VV) +E®)S - (n2(x) + a(x)V, £>0,x€Q, (3.1)
gz%zo’ t>0,x€0Q.

It follows from the Lemma 2.2 in [21] that the system

B -V (di(®)VS) + AW) - (u1(x) +EW)S, t>0,x€Q, 52
=0 £>0,x €09, '

8=
admits a unique positive steady state S°(x) that satisfies the equation
V- (di(®) VS (%)) + Alx) — (n1(x) + £(x))S°(x) = 0

with as;v(") =0 for x € 3R, which is globally asymptotically stable in C(2,R,). Then the

second equation of model (3.1) is asymptotic to

% =V- (dg(x)v V) +E(x)S0(x) — (pcz(x) + a(x)) V. (3.3)

By Lemma 2.2 in [21] and Corollary 4.3 in [27] we easily obtain that model (1.6) ad-
mits a unique disease-free steady state Po(x) = (S°(x), V°(x),0,0). Furthermore, if all the

parameters of model (1.6) are positive constants, then we have S°(x) = u1A+ 3 and VO(x) =
A€

TnraGD - Linearizing model (1.6) at Py(x), we obtain the linearized subsystem

8 = V- (d3(0)VE) + (B1(x)f11(S°(x), 0) + Bo(x)for (VO (x), 0))]

— (u3x) + o (x))E, t>0,x€, 34)
U =V - (da(x)VI) + 0 (K)E — (palx) + 8(x) + ¥ (%)), t>0,x€Q, ‘
5 =5 =0 £>0,x € Q.
Letting (E(¢,x), I(t, x)) = e (¥3(x), Y4 (x)), it follows from model (3.4) that
Ap3(x) = V - (ds(x) V(%)) + (B1(%)f11(S° (%), 0)
+ B (x)for(VO(x),0)Yalx) — (u3(x) + o (%) ¥3(x), t>0,x€ K,
Mpa(x) = V - (da(x) Vipa(x)) + 0 ()3 (x) (3.5)
— ((a(®) + 6(x) + y () Ya(x), t>0,x€Q,
Wy _ s _ g £>0,x €09

av Jdv

It follows from the Krein—Rutman theorem that system (3.5) admits a unique principal

eigenvalue Ao(S°(x), V(x)) with strongly positive eigenfunction v (x) = (¥3(x), 4 (x)).
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Let W(t) : C(Q,R?) — C(L,R?) be the semigroup associated with the following system:

% =V - (d3(x)VE) — (u3(x) + o (x))E(x, ), t>0,x€ %,

% =V - (da(x)VI) + 0 (x)E(x, t) — (ua(x) + 8(x) + y (x)(x,8), t>0,x€ 2,

5 =5=0 £>0,x €09
Define

. (g Bi@)fu(S°(),0) ' ﬂz(x)J‘zz(V"(x),O)) '

Assuming that the distribution of initial infection is ¥ (x) = (¥3(x), ¥4(x)), the distribution
of totally new infective numbers is given by

L)) = /0 C )W (O (x) dr.

According to [28], the basic reproduction number is defined by R¢ = r(L), where r(L) is
the spectral radius of the operator L. Furthermore, by Theorem 3.1 in [28] we have

Lemma 3.1 The principal eigenvalue \o and Ry — 1 have the same sign, and the disease-
free steady state Py(x) is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.

3.2 Persistence analysis
In this section, we investigate the extinction and persistence of the disease in terms of Jy.

Theorem 3.1 IfR¢ < 1, then the disease-free steady state Py(x) is globally asymptotically
stable.

Proof 1t follows from Lemma 3.1 that 1o(5%(x), V°(x)) < 0 for JRy < 1. By the continuity
there is & > 0 such that 1o(5°(x) + &, V°(x) + €) < 0. Furthermore, according to the first
two equation of model (1.6), there exists ¢; > 0 such that S(¢,x) < S%(x) + £ and V(t,x) <
VO(x) + & for t > t; and x € Q. Then we have

8 < V- (ds(x)VE) + [B1(x)f1(S°(x) + £,0) + Ba(x)far(VO(x) + &,0)11

= (u3(x) + o (x))E, xeQ,t>t,
8 <V (da@)VI) + 0 (£)E — (1alx) + 8(x) + y ()1, xeQt>t,
5 =5=0 x €0t > 1.

Assume that ¢ (¥3(x), Ya(x)) > (E(t1,%),1(t1,%)) with ¢ > 0 and the eigenfunction ¢ =
(¥3(x), ¥4(x)) corresponding to the principal eigenvalue A¢. Since Ao(S°(x) + &, VO(x) + €) <
0, according to the comparison principle, we obtain

(E(t, ), 1(6,2)) < £ (Y(0), Pra() oS @reV @) > g
which yields lim,_, oo (E(£,,)I(£,x)) = 0 uniformly for x € 2. Thus model (1.6) is asymptotic

to (3.1). Consequently, we have lim,_, », S(t,x) = S°(x) and lim,_, », V(¢,x) = V°(x). There-
fore the disease-free steady state Py(x) is globally asymptotically stable. d
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Theorem 3.2 If Ry > 1, then there exists a constant p > 0 such that for any ¥ € X* with
Y3 # 0 and Y4 #0,

liminfS(¢, %, ¥) > p, liminf V(¢,x,¥) > p,
t—00 t—00
litminfE(t,x, v) > p, litminfl(t,x,zp) > p,

uniformly for all x € Q.
Proof Let
Xo={(S,V,E,I) e X" : E(-) £0,I(-) £0}.
Then we have
X0 =X"\Xo={(S,V,E,]) eX*:E()=0o0rI(-)=0}.
Thus X is positively invariant for ®(z). Set
My ={y e X" DOy € 9Xo, Ve > 0},
and let w(y) be the omega limit set of the orbit O*(y) = {®(¢)y : t > 0}. We first prove

the following claim.

Claim 1. UweM;j () = Py(x).

For ¢ € My, u,(¥) € 30Xy, since u,(y) = u(t, -, ¥), for t > 0, there are two possible cases,
either E(¢,-,¢) =0 or I(¢,-, ) = 0. If E(¢,-,v¢) = 0 for ¢ > 0, then it follows from the last
equation of model (1.6) that lim;_, ,» (¢, -, %) = 0 uniformly for x € Q. Consequently, we
have lim,_, .00 S(¢, -, ¥) = S°(x) and lim;_, .00 V(t, -, ¥) = VO(x) for x € Q. IfE(¢,-, ) # O for
some ty > 0, then E(¢,-,v%) > 0 for ¢ > ty, x € @, and thus I(¢,-,%) = 0 for t > ty, which
implies that E(¢, -, ) = 0, a contradiction. Hence the proof of the claim is completed.

Claim 2. Py(x) is a uniform weak repeller for X in the sense that
lim sogpll D) - Po)| =n Vi e Xo.

Suppose this is not true. Then there exists ¥ € X, such that
li{r_l)solsp” ()Y — Py(x) || <.

Then there exists #; > 0 such that

S%(x) = < S(t, %, %) < S°(x) + 1, Vo) —n < V(t,x¥) < Vox) + 1,

0<E(t,x, V) <n, 0<I(t,x,¥)<n, Vt=>t,xec.
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Therefore from model (1.6) we have

8 > V- (d3(¥)VE) + BL(x)fu(S°(x) — n, I + Ba(x)far (VO (x) — m,m)I

— (us(x) + o (x))E, xeQt>t,
3 > V- (da®)VI) + 0 ()E - (nalx) + 8(x) + y &), xeUt>t,
%:%:0’ x€0,t> 1.

Let (¥3(x), ¥4(x)) be the eigenfunction associated with principle eigenvalue 1o(5%(x) —
1, VO(x) — n) > 0. Suppose that (E(t1,%),1(t1,x)) > &(¥3(x), Ya(x)) for some & > 0. Then we
obtain that

(E(t,2),1(2,%)) = £ @1V W01 (o (), 9 (v),  £> 1,

which implies that limsup,_, ., E(t,x) = oo and limsup,_, . I(¢,x) = co. This gives a contra-
diction.

Define the continuous function p : X* — [0, +00) by
p) = min{mig ¥3(x), min 1ﬁ4(x)}\7’¢ e X+,
xeQ xeQ

Clearly, p~1(0, +00) € Xo, and p has the property that if either p(y/) > 0 or p(/) = 0and y €
Xo, then p(®(£)1) > 0. Moreover, we can show that Py(x) is isolated in X* and W*(Py(x)) N
Xo = 0, where W*(Py(x)) is the stable set of Py(x). It then follows from Theorem 3 in [29]
that there exists a constant ¢ > 0 such that liminf,_, .. p(®(£)¥) > o for all ¥ € Xy. The

proof is complete. d

4 A particular case
In this section, we consider a particular case of model (1.6) to study global stabilities of
steady states. Select f1(S,I) = Sfi(I) and f>2(V, 1) = Vf2(I) and consider the model

B =diAS+ A~ (111 +£)S - pSA D), t>0,x€Q,
W =dhAV+ES-BVAI) - (2 + @)V,  t>0,x€,
8 = d3AE + B1SHWD) + B2 V(D) — (13 +0)E, £t>0,5€Q, (4.1)
8 —dyAT+0E—(ua+8+y)l, t>0,x€,
Rl R R} £>0,x€dQ.

It follows that

9o (B1Sof1(0) + B2 Vof;(0))o
0=
(n3+0) (s +8+y)
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where Sy = ﬁ and Vj = m If Ry > 1, then the positive steady state P, =

(S4» Vi» Ex, 1) of model (4.1) satisfies the following equations:

A= (/J'l + E)S* + ﬂlS*fl(I*);
ES* = (l’LZ + C\{)V* + ,32‘/*f2(1*):

(4.2)
ﬂls*fl(l*) + 132 V*ﬁ(]*) = (MS + O')E*’
0E, = (g + 8 +y)I,.
Then we have
A &S (n3+0)(pa+8+y)
S* =0 V* = E* = 1*1
w1+ & + Prfilly) 1+ o+ Pofa(ly) o

and I, is the positive root of the equation

__ MBRD AEB )
Gt + &+ BAD) Tt + &+ BAD) ez + e + Bofs D)

(uz+0)(pa+8+y)
o

F(I)

=0.
It is easy to show that lim;_, ¢+ F(I) = W,w(mo —1)>0,lim;_, .o F(I) <0,and

@1 + ®2
U(pr + &+ BADNE L1 +& + BAWD) (2 + @ + oo (D)2

F(I) =
where

O1 = (u1 +& + BLAWD) (DI - AWD) - B (DAWD),
O = (Ify(1) = o(D) (1 + & + BAiD) (12 + o + Bofo(D))
— DB (D (12 + a + Bofo (D) + Balfo(I) (11 + & + BL(D)].

It follows from the assumption on the functions f;(x,1) (j = 1,2) that ©; <0, ®; < 0. Then
we have F'(I) < 0. Thus there exists a positive steady state P,.

Theorem 4.1 IfRg > 1, then the unique positive steady state P, of model (4.1) is globally
asymptotically stable.

Proof Define

S 174 E
L(t):/ S-S, -Ssn—+V-V,-V,In—+E—-E,—E.,In—
Q S. Vi, E

* * *

1
+ M3+0(1—I*—I*1n1—>}dx.

o *




Xu Boundary Value Problems (2022) 2022:80 Page 12 0f 13

Using (4.2) and the function ¢(z) = 1 + Inz — z with global maximum ¢(1) = 0. Then we
have

L= /Q{(l - g)[dlAS+ A= BiSAT) = (1 +&)S] + <1 - VK)[dzAVHES

* *

B~ (2 + )] + (1 _ ]:5) [dsAE + BiS(D) + 2 VAL — (12 + 0)E]

*

+ (1—;)[d4AI+oE—(/L4+8+y)E]}dx

*

VS| vv 2 VE|? vI|?
f{ a5, 1VSI7 I II _ 4V, [ || _dE, IVE| _dil, VIl
Q

2 P

s (2-5 5. sV S SV
+S(2-—-—= )+ (U + ) Vi3 - — - —= -

H s, 5 )T V. S SV

saoalo((5) vo(z) o(gspan) i)
AU\ AD) T SV, LE
+(1_f1(1)) 1(1*)’Z>]+ﬁzv*ﬁ(”[< )“"(S V)W(E)
EVA(D) Ifz(f*)) ( 5L )({2(1) _1)“
+¢(EV*f2(1*))+(p(1*fz(1) - g

<o0.

Thus by the LaSalle invariance principle it is clear that P, is globally asymptotically sta-
ble. O

5 Conclusions

In this paper, we investigated an SEVIR model with diffusion and nonlinear incidence rate.
The basic reproduction number PRy, which serves as a threshold index, is defined. By ap-
plying the comparison principle we prove that the disease-free steady state Py (x) is globally
asymptotically stable when Rg < 1. If 3¢ > 1, then the disease will persist. Furthermore, for
the spatially homogeneous model, we establish the global stability of the positive steady
state in terms of the corresponding basic reproduction number. Some existing global dy-
namical results can be covered and improved (see [18]). Though the well-posedness, the
basic reproduction number and persistence of model (1.6) are established. The uniqueness
and stability of the positive steady state remain an open problem. In addition, the global
stability of the positive steady state of model (4.1) of general forms f(S,I) and f,(V,I) is
still an open problem. We leave these problems for future investigation.
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