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difficulty of derivative loss in the nonlinear terms, Gao and Yao could not provide the
temporal decay for the highest-order derivatives of classical solutions. In this paper,
motivated by the decomposition technique of both low and high frequencies of
solutions in (Wang and Wen in Sci. China Math. 65: 1199-1228 2022), we further
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system.
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1 Introduction

In this paper, we investigate the temporal decay of the highest-order derivatives of solu-
tions to the Cauchy problem of a compressible Hall-magnetohydrodynamic system, which
can be described as follows:

0;p +div(pu) =0,
0:(pu) + div(pu ® u) — uAu— (u + v)Vdiva + VP(p) = curl B x B,

(1.1)
B-(B-V)u+(u-V)B+Bdivu + curl[m] = AB,
divB =0,
with initial condition
(0,0, B)1=0 = (00, w0, Bo). (1.2)

Lets us explain the notations appearing in system (1.1). The functions p = p(£,x), u =
u(t,x), and B = B(,x) represent the density, velocity, and magnetic field of a Hall-
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magnetohydrodynamic fluid, respectively. The pressure function of the fluid P(p) depend-
ing on the density p is a smooth function. The constants p and v represent the viscosity
coeflicients of the fluid and satisfy the following physical conditions

nw>0, 2u+3v=>0.

Hall-magnetohydrodynamics fluids have attracted more and more attention from
plasma physicists. It is thought to be the key to understanding the magnetic reconnection
problem. Acheritogaray etal. [1]provided a derivation of the Hall-magnetohydrodynamics
system through a set of scale limits in the Euler—Maxwell system of ions and electrons
and stated system (1.1) for the Hall-magnetohydrodynamics fluids. The interested read-
ers may further refer to [3, 9, 12, 36, 39, 47] and the referencestherein for the relevant
physical progress. When the Hall effect term curl(p~!(curl B) x B)) is neglected in (1.1),
the Hall-MHD system reduces to the well-known MHD system. At present the MHD sys-
tem has been extensively investigated from mathematical, physical and numerical aspects;
see [6,7,13-27, 31, 33, 41, 46, 53] and the references cited therein.

The well-posedness problem for the Hall-MHD system has also been widely investi-
gated; see [4, 42] and the references cited therein. Since we are interested in the temporal
decay for the solutions of the compressible system (1.1), we briefly introduce relevant re-
sults. The interested readers can refer to [5, 49] and the references therein for the temporal
decay of solutions to the incompressible Hall-MHD system.

Fan et al. proved the local existence of strong solutions with positive initial density and
global-in-time classical solutions around the rest state (1,0, 0) with small initial perturba-
tion. They also established the optimal time decay rate for classical solutions [8]:

[0 = L wB)®)| s, < CL+8)7H.
R%)

They required the initial perturbation to be small in H3(R?)-norm and bounded in L (R?)-
norm. Later, Gao—Yao [11] deduced temporal decay rates for the higher-order spatial
derivatives of classical solutions:

3+2k

[V¥(o = Lw)(®) |5k sy < CL+8)F, (1.3)

| V¥B [,y s < €L+ R

where 0 < k <2and0 < m < 3.Itis easy to see that these decay rates are the same as for the
heat equation. However, because of the difficulty of derivative loss in the nonlinear terms,
Gao and Yao could not provide the temporal decay for the highest-order derivatives, i.e.,
V3(p —1,u)(t). In this paper, we establish the temporal decay for the highest-order deriva-
tives.

For simplicity, we consider the existence of unique strong solutions with small perturba-
tion and establish the temporal decay for the highest-order derivatives of strong solutions
by using the decomposition technique of both low and high frequencies of solutions in
[45]. Note that it is easy to verify that (1.3) also holds for k = 3 by following the proof of
our main result.

In addition, recently the temporal decay of solutions to the full compressible Hall-MHD
fluids has been also widely investigated; see [10, 30, 40, 43, 44] for examples. Our main
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result can be easily extended to the full case. Before presenting our main results, we intro-
duce some notations often used throughout this paper.

The letter C > 0 represents a generic constant that varies from line to line, and C; > 0 is a
fixed constant for i € Z*; (-,-) stands for the inner product in L2(R?), and a < b means that
a < Cb for some constant C > 0. For simplicity, we also denote a ~ b if a < b and a 2> b.
The symbol V/ with an integer / > 1 represents the spatial derivatives of order /. We set
i =3y, (i=1,2,3) and 0% = 9y, dy; dx; with multiindices o = (1, 002, 3).

For simplicity, || - llzv := Il - llp@3) and || - s := || - |53y, where 1 < p < 00 and s € R.
By A® we denote the pseudodifferential operator defined by

Nf = FYEFf) forseR,

wheref and F!(f) stand for the Fourier and inverse Fourier transforms, respectively.
Let £ € R3, and let (&) be a smooth cut-off function satisfying 0 < (&) < Ry and

1, Ro,
p&)= 51> R (1.4)
0, €] <Ry,

where Ry satisfies Ry > \/g . Then we can define the frequency distribution for the function
f € L2(R?) as follows:

FH®) = DR)f W), £ (%) = (I - p(Dx))f (%),

where D, := «/%_1 (0x, 5 0xy, 0x3), and @(D,) is a pseudodifferential operator of ¢(£). Note that
f(x) can be expressed as follows:

F&) =1 @) + 7 (). (1.5)
Now we introduce the main result in this paper.

Theorem 1.1 Suppose that (oo — 1,09, Bo) € H*(R?) satisfies

||(i00 - I,UO,BO) ”HZ R3 =e (1'6)
()

for some sufficiently small constant e. Then the Cauchy problem (1.1)-(1.2) has a unique

global-in-time solution (p,u, B), which satisfies

p—1¢e C°([0,00); H*(R?)) N C' ([0, 00); H' (R?)), (1.7)

u, B € C°([0, 00); H*(R?)) N C* ([0, 00); L! (R?)). (1.8)

Furthermore, if the initial data (py — 1, ug, By) is bounded in L' (R3), then the strong solution
(0,u, B) enjoys the decay estimates for all t > 0,

[V¥(o = 1,u,B)(®)] 2, < CL+ 072, k=0,1,2. (1.9)
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Now we will introduce our main idea for deriving the optimal time-decay rates in (1.9).
The main difficulty focuses on how to obtain the energy estimates that include only the
highest-order spatial derivative of the solution V2(p — 1,u), which is essentially caused by
the “degenerate” dissipative structure of the hyperbolic parabolic system. To get the dis-
sipative estimate for V2p, the usual energy method in [11] is constructing the interaction
energy functional between u# and Vp by using the pressure term in linearized momen-
tum equations; see (3.27). It implies that both the first and second orders of the spatial
derivatives of the velocity and the density should be involved in the Lyapunov functional

L(t) = ||V,0||12_11 + HVu(t)”i,1 + A3 Vu-VVpdx~ HV(,o,u)(t)Hil.

Consequently, the L>-norm of the highest order and the first-order derivative of the solu-
tion have the same time-decay rate.

One of the main goals in this paper is developing a way to capture the optimal time-decay
rates for the highest-order derivative of the solution to the Cauchy problem (1.1)—(1.2) if
the initial perturbation is bounded in L!(R3). Firstly, by using the standard energy method
we establish estimate (3.24) of the energy functional Fx () in (3.25). Secondly, motivated
by the decomposition technique of both low and high frequencies of solutions in [45], to
get rid of the obstacle from the term ng Vu - Vpdx, we will remove the low-medium-
frequency part of the term from Fp(t) (see (4.12)), which requires a new estimate for the
low-medium-frequency term (see Lemma 4.1 for more detail). This method can also be
seen, for example, in [50] for the two-phase flow and in [51] for the MHD system.

The rest of this paper is organized as follows. In Sect. 2, for the convenience of calcu-
lation, we transform the original system (1.1) into a perturbation form (2.5). In Sect. 3,
we establish a priori estimates of solutions and provide the global-in-time existence and
uniqueness of the solutions for the Hall-MHD system. Finally, in Sect. 4, as in [45], we
obtain the optimal time decay rate for the nonhomogeneous system (2.5) by the decom-
position technique of both low and high frequencies of solutions.

2 Reformulation
For the convenience of the subsequent calculations, we rewrite system (1.1) as follows,
Since div B = 0, we have

T . 1 2
crlBxB=B-VB-B.-V Bzle(B@B)—§V|B|, (2.1)
curlcurl B= VdivB - AB = —AB, (2.2)

where V'B denotes the transposed matrix of VB, and

0:p +div(pu) =0,

. / T
3tu+u-Vu—,u%—(/L+v)Vd“’“ + %sz BVB _BV'B

’

P P P (2.3)
3B - (B-V)u+ (u-V)B+B(diva) - AB + curl[122B] - g,
divB =0.
Letting

w=p-1, u=u, B =B, (2.4)
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we can further rewrite system (1.1)—(1.2) in the perturbation from:

w; +diva =H,

u; — pAu—(u+v)Vdiva+ Vo = H,,

B, - AB =H;, (2.5)
divB =0,

(w,,B)s=0 = (wo, 19, Bo) = (po — 1,19, By),

where the nonlinear terms #;—7;3 are defined by

H; := —div(wu),
Hy = —u-Vu-hi(0)Vo + g (0)(B - VB-B - VTB) 26)
—g(@)[pAu+ (u + v)Vdivua], '
Hz:=(B-V)u-(u-V)B - (divu)B - curl[g; (w)(B- VB -B- VIB)],
with the nonlinear functions

(@)= — 27)
aler= o :
L(w):= 7 (2.8)
Iyw) = 2@+ (2.9)

w+1

3 Global-in-time unique solvability for the nonlinear system

In this section, we focus on the global(-in-time) existence and uniqueness of solutions
for the Hall-MHD equations. The local strong solutions can be extended to the global
solutions by the standard continuity method and global a priori estimates.

3.1 Global existence of solutions
First, we define the work space for system (2.5) by

Q(0,7) := {(w,u, B)|w € C°((0, T); H*(R*)) N C'((0, T); H'(R?)),
u,B e C°((0, T); H*(R?)) N C'((0, T); L*(R?)), (3.1)

Vo e L*((0, T); H' (R*)), Vu, VB € L*((0, T); H*(R?) ) }

for 0 < T < +00. Then, motivated by [6, 35], we can obtain the following local existence
result of a unique solutions to system (2.5).

Proposition 3.1 (Local existence) Let (wg, ug, Bo) € H*(R3) and suppose that
inf{wg + 1} > 0.

Then there exists a positive constant Ty, only depending on ||(wo, 0o, Bo) || y2(r3)- such that
the Cauchy problem (2.5) has a unique solution (w,u, B) € Q(0, Ty), which satisfies

inf  {w+1}>0

xeR3,0<t<Ty
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and

@, B, ( [1v@Bl, dr)z < /& w00, Bo)

where C; is a positive constant.

Proof The statement can be easily obtained by an iterative method and a fixed point the-

orem; we refer to [6, 35] for examples. O

Proposition 3.2 (A priori estimates) Suppose that system (2.5) has a solution (w,u,B) €
Q(0, T) with constant T > 0. Then there exists a sufficiently small constant ¢ > 0 such that

if
sup | (w,u,B)(®)]|,» < €0, (3.2)
0<t<T

then for all t € [0, T], we have that

(@, 0, B)®)], + /O (IVo(@) |31 + [V B)(D)|},) dT < Ca| (o, o, Bo)(®) [ 120 (33)

where Cy is a positive constant independent of T.
Proof The proof of the proposition will be given in Sect. 3.2. g

According to Propositions 3.1-3.2, we can derive the following theorem, which implies

the global existence of unique solutions.

Theorem 3.1 (Global existence) Assume that (wo,uy, Bo) € H*(R3). Then there exists a
positive constant € such that if, additionally,

¢ <min{e/v/C1,e//C1Cy} < 00, (3.4)

then the initial-value problem (2.5) admits a unique solution (w,u, B), which satisfies the
following estimate for all t > 0:

| (@ wB)®),. + t(||v&)(f)||f{1 + [V B)@)|}p) dr < G2, (3.5)
0

where & := || (wo, ug, Bo)|| 2.

Proof Since Theorem 3.1 can be deduced from Propositions 3.1-3.2 by a classical method,
we omit the trivial. We refer the interested readers to [35, 38]. a

Remark 3.1 By the Sobolev imbedding inequality we have

N =
A
k)
+
—_
IA
N W
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Therefore, under the assumptions in Proposition 3.2, we obtain, for k > 1,

(g1, 1) ()| < Clo| (3.6)
and

(e85 1) @) < C, (37)
where C is a positive constant.

3.2 Proof of Proposition 3.2

In this section, we complete the proof of Proposition 3.2. The key step is the energy method
used to derive the estimates of the both lower- and highest-order derivatives of the solu-
tion (w, u, B) for the transformed Cauchy problem (2.5).

Lemma 3.1 We have

d % 1 1 1
A0k Zl IVol?, + 5||Vu||i,1 5l diva|?, + EHVan{l <0, (3.8)
where
1
Fi(t):= E(nwnip +lullZ, + IBI2) + 91 / Vo udy, (3.9)
R

and y; < %L is a positive constant.

Proof Multiplying VX(2.5);, VX(2.5),, and V¥(2.5); by V¥w, V¥u, and V*B, respectively,
and integrating over R? by parts, we have

1d
L (19wl + |9 a2 + B2
+(u+v) ||Vk divu||i2 + ,LL||VkVu||i2 + ||VkVBHi2

= Vi, VEH ) + (VEu, VEH,) + (VFB, VFHL). (3.10)
By (V(2.5);,u) + {(2.5)9, Vo) we get

— Vo-udx + |Vol?
& o IVoll;2

=||divu||%2+u/ Va)~Audx+(//,+v)/ V- Vdivadx
R3 R3

+/ VHi-udx + Hy - Vwrdx. (3.11)
R3

R3

Then using Young’s inequality, we get the following inequalities for some fixed constant

Yi:

ylu/B Vo - Audx < %nw)n; il Aul, (3.12)
R
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and

. Y .
y(uw + v)/3 Vw-Vdivadx < illeHiz +y1(u+ v)2||Vd1vu||i2. (3.13)
R

Summing up the two identities y; x (3.11) and ) ;- (3.10) and then using (3.12)-
(3.13), we arrive at

1 d 2 2 2
m{nwnm +lal?y + IBIZ: + 291 fR Vo -udx
V1 .
+ Enw)niz +ullValZ, + (u+ vl dival?, + VB2,
<nu’lAual?, + (e +v)* I Vdivall?, + 1] dival?, + /3 w-Hidx
R
+/ Va)~VH1dx+/ u~H2dx+/ Vu'Vszx+/ B-Hsdx
R3 R3 R3 R3

+/ VB~V’H3dx+y1/ u-V’Hldx+y1/ V- Hydx
R3 R3 R3

8

=y’ Aulf + 11 (e + v Vdival?, + plldival?, + K (3.14)
i=1

The nonlinear terms K; (1 <i < 8) on the right-hand side of (3.14) can be bounded as
follows. Using Holder’s inequality, Young’s inequality, Lemmas A.1-A.2, integration by
parts, and (3.2), we get

Ki= —/ w - div(ou) dx
R3

= Clols [ Vew],

wion

< Clolls (IVel 2 lulls + llolls | Vall2)

< Ca| V(w2 (3.15)
and
Ky = —/ Vo -V div(wu) dx
R3

< C|[V:o| || Viww)|,.
< C| V2o, (IVol 2l + [ Vul 2lloll)

< Ceo(| V20| > + | Vw o) | 2). (3.16)

Then, thanks to Holder’s inequality, Young’s inequality, (3.6)—(3.7), assumption (3.2),
and the definition of H,, we obtain that

Ks = / u- (—u . Vu—hl(w)Va)) dx
R3

+/ gi(@u- (B-VB-B-V'B)dx
R3

Page 8 of 26
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_/ S(@)u- (nAu+ (u+v)Vdiva)dx
R3

< Cllulls (Ilall 2 1 Vall 2 + |1 () | 5| Vool 2)
+ Cllull s (| g1() | ;5 11Bllo< [ VB]| 2)
+ Cllulizs (|g2@)] ;5] VZu] 2)

< Ceo(|V(@,u,B)[ 1, + [ V2ul}2)
and
Ka = f Vu-V(-u-Va-h(w)Vo)dx
R3
+ / Vu- V(gl(a))(B -VB-B- VTB)) dx
R3

—/ Vu~V(gg(w)(MAu+(u+v)Vdivu))dx
R3

<C|V*u| , (IVullzllul + [ (@)] | Voll2)
+C||V*u 5 (| g1(@) | ;o 1Bl VB 2)
+C|[ V| 2 (|e2(@)] 1 [ V?u] )

< Ceo(| Vi, wB) 2 + | V?ul ).

Page 9 of 26

(3.17)

(3.18)

For the term K5, integrating by parts and using Holder’s inequality and Sobolev inequal-

ities, we first obtain the estimate

/ —curl[gl(a))(B . VB)]B dx
R3

= —/ g1(@)(B - VB)curl Bdx
R3

< IVBII2IIBllz | €1(@) | oo | curl B| 2

< Ceo|| VB,
Hence from the above we get
Ks :/ B-((B-V)u-(u-V)B-Bdivua)dx
R3

- / curl[gi(w)(B- VB) - (B- V'B)|Bdx
R3

< ClIBlis (IBli I Vull2 + [ull 31 VB 12) + Ceol VB 7,

< Ceg || V(u,B) ”iz
Similarly to (3.19), we deduce

Ko = /]RB VB-V((B-V)u—(u-V)B—Bdivu) dx

(3.19)
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- / V curl[(g1(w)(B- VB-B- V'B)|VBdx
R3

< C|V?B . (IBllz | Vull 2 + [ull = [| VBl 2) + Ceo | V2B,

< Ceo(|V(w,B)|}, + [V*BI%).

(3.20)

For the last two terms, using integration by parts, Lemmas A.1-A.2, and Holder’s in-

equality, we find that

IC7=—)/1/ divu~’H1dx
R3

< Crilldivull2 (M2
< CnliVullz(IVall 2@l + [allze | Vel 2)

< Cy10||V(w, u)||i2
and

Ks = CnllVoll2 | Hall 2
< CnliVoliz (e Vallz + [1(@) | [ Voll2)
+ Cyi | Voll2(|g1(@) | ;o Bl | VBII2)
+ CrilVol 2 (|g@)| [ Vu) 2)

2 2
= Cneo(| V0w B, + [v2ul ).
Putting (3.15)—(3.16) and (3.17)—(3.22) into (3.14) yields
Ld 2 2 +|IBJ% +2 Vo - udx
Sd lollin + iz + IBll7y + 2y ” w-u

V1 .
+ Enw)niz +ullValZ, + (w+ )l dival?, + VB2,

< nu’lAullz, + yi(u + ) Vdivall, + il divalZ,

+C(1+y)eo(|| V(w, u, B) Hiz + | V*(@,u,B) “iz)

(3.21)

(3.22)

(3.23)

Taking a fixed constant 0 < y; < i, we get the desired estimate from (3.23). The proof of

the lemma is complete.

O

Now we exploit the energy method to establish an estimate for the highest-order deriva-

tives of the solution (w, u, B).

Lemma 3.2 We have

d % M+ v . I 1
&]-'H(t) + ZZHVVa)HiZ + TH v? dlqui2 + ) ||V3u”i2 + 3 ”V3BHE2

1
< IVdival, + Ceo [V B)

(3.24)

Page 10 of 26
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where
@)= 5 (190l + [Vl + [ VB]) + 2 / VVo-Vads, (3.25)
and y, < {4, 80 Sy /Hv 7} is a given positive constant.

Proof Multiplying V%(2.5),-V?2(2.5); by V2w, V2u, V2B, respectively, and integrating the
three resulting identities over R?, we get

d
GVl + [Vl + [ VB[ )

N =

+ u”VzVu”iz +(n+ v)HV2 diqui2 + || V2VB”E2
= V20, V2H1) + (V?u, V2H,) + (VB, V¥ H3). (3.26)
Multiplying V(2.5), by VVw and then exploiting V?(2.5); and Young’s inequality, we
deduce that

d
—/ VVa)-Vudx+/ [VVo|*dx
dt R3 R3

= u/ VVw - VAudx + (1 + v)/ VVw-VVdivadx
R3 R3
+/ |Vdiva?dx + (Vie, VVH1) + (VVw, VH,)
R3

1 .
=5 IVVolZ + 1[IV Al + (e +v)* [ VV dival 7,

+ [ Vdivul?, + (Va, VVH;) + (VV, VH,). (3.27)

Summing up (3.26) and y, x (3.27) with fixed constant y,, we have

1d
2de

{||V2w”L2 e[ 5ulg VB 2 | VVa).Vudx}
+ —||VVa)||L2 +(u+v H )| v? d1vu||L2 + ,LL”V2V11||L2 + HVZVB”L2
< IVAUIZ, + ya(p + )2 VV divull}, + 2] VdivalF
+(V2w, V?H1) + V20, VM) + (VB, V2 H)
+(Vu, VVH,) + (VVw, VH,). (3.28)
Now we estimate the nonlinear terms on the right-hand side of (3.28). Thanks to integra-
tion by parts, Lemmas A.1-A.2, Lemma A.5, Holder’s inequality, and Young’s inequality,
we get
(Viw, V*H1) < C| V0| . (IV?0ll 2| dival i~ + |V diva| ol )
+ C||V2a)||i2|| divul|ze + C|| Vza)”L2 ||V2(u~ Vw)-V3Vo- u||L2

< C||V20 |} I divull + C|| V2o ol | V2 diva|
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+C| V2o ([V2u] 6| Vo] 5 + 1Vallx | Vol )
< Ceo(IV?ull2; + |V (@, w)[|2,). (3.29)
Using Young’s inequality, Holder’s inequality, Lemma A.5, integration by parts, and
(3.6)-(3.7), we get that
(V2u, VPH,) < C(|(VPu, V(u- Vu))| + [(VPa, V(i (@) Vo))|)
+C(|(V’u, V(g1 (@)B - VB))| + |(V?u, V(g1 (w)B - VIB))|)
+C(|(V?u, V(g@2(w) Au))| +|(V?u, V(g2(w) V divu))|)
< C[[V?u (I Vulls | Vulls + [l | VZul 2)
+C[V2ul ([ @) [ Voo 2 + [V (@) 1 Vell)
+C[V2u| 2 (le1@)] 1 [V(B- VB[ 1> + [Ver (@) 51B - VBII)
+C[V2u| (@@ 1 [Vul 2 + [Ver@)| 1 [ Vul )

< Ceo(| V2@ uB)[5, + | VPu[5). (3.30)
By similar estimates we easily get

(V?B,V*H;) < C|(V’B,V(B- V)u)| + C|(V’B,V(u- V)B)|
+C|(V’B, V(Bdivu))| + C|(V*B, V> curl[g(@)(B- VB-B - V'B)])|
< C[V’B| . (IVBIls | Vullz + Bl | V*ul )
+C|V?B| . (IValls | VB 3 + [lull | VB )
+ Ceo(| VB[ + [ V2ol 1)
< Ceo(| V*B[ 2 + | V(@ B,0) [ 12), (3.31)
where

/ ~V?curl[gi(w)(B - V)B]V*Bdx
R3

= _/ Vz[gl(w)(B . V)B]V2 curl Bdx
R3

< (| V2g1(@)] 2 1Bl | V*B] ;oo + || V&1 (@) | 6 I VBl 6 I VBl 6) | V2 curl B
+ (| Va1 (@) o 1Bllzs | V2B| 6 + | €1(@) |, VBl | V2B| ) | V2 curl B ,»
+ |21@)] ;oo 1Bl | V2B 2| V> curl B,

< Ceo(|V*B 2 + | V2o }2)
and
(Vu,VVH;) < —yZ/Vdiv wVH,dx
3

= CralVdival 2 [VH |2
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= Cp|V2u| o ([ V2u plloll + [ Vo 2llullw)
< Cyaeo| V2@, W) . (3.32)

For the last term on the right-hand side of (3.28), using Ho6lder’s inequality, integration
by parts, Young’s inequality, Lemma A.5, and (3.6)—(3.7), we obtain

(VVo, VHy) < Cya||VVoll 2] VHa 2
< Cpa| Vol 2 (Ilull e | Va5 + I Vulls [ Vall )
+Cna| V2o o ([ @) 1 | Ve 15 + [ VI (@) | 1 1 V0 12)
+ Ca || V0| 2] @1(@)] oo (1Bl | V*B 12 + VBl [ VB 13)
+Cn| V2o o (|e2(@) | 1 [ VPu] 2 + | Va2 (@) 15 | VPu] o)

< Cyaeo(| VH@, w,B)| 1> + | V2ul 1) (333)

Putting (3.29)—(3.33) into (3.28), we derive that

%%{H Vza)“iz + ” Vzu”iz + ||V2]3||i2 + 2)/2/ VVo- Vudx}
R3

1
2 i9vort + L 9l - 2 v vall « 5 v vBIL,
1
< ZHVdivulliz + Ceo|| V2w, B)| 2, (3.34)

where 0 < y, < {i, i, m} is a fixed positive constant. Consequently, we complete the
proof of (3.24). O

With Lemmas 3.1-3.2 in hand, it is easy to further obtain Proposition 3.2. As a matter
of fact, keeping in mind the definitions of F; and Fy and Young’s inequality, we have

1
o (@ wB)|}s < Fr(t) + Fu(®) < Cal| (@, w,B)| s (3.35)
which yields
Fi(t) + Fu(®) ~ || (@ wB)| s (3.36)

where C, > 0 is a constant. Thus integrating the two inequalities in the two above lemmas
over [0,£], we obtain (3.3) for the smallness of gy. This completes the proof of Proposi-
tion 3.2.

4 Decay-in-time rates of the solution
In this section, we derive the decay-in-time rates for the solution in the previous section.
We divide the proof into two subsections.

4.1 Cancelation of the low-frequency part
Inspired by the observation of canceling the low-frequency part of the solution in [45], we
have the following conclusion.
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Lemma 4.1 We have

192, 0,B) [, < Ce% | V(. w0, Bo)

t
+ C/ e G3-7) [V?(o", ", BL)(I)”E2 dr, (4.1)
0

where C > 0 is a constant.

Proof Multiplying V(2.5), by VV&! in L? and then integration by parts and (2.5);, we get

d
— | VVe' Vudx
dt R3

Z"f VVo' - VAudx+(u+v) [ VVe* - VVdivudx
R3 R3

+ / (V divu- Vdiva® - VVa)LVVa)) dx
R3

- / (VHT - Vdivu-VVo' - VH,)dx. (4.2)
R3

Similarly to (3.12)—(3.13), using Young’s inequality, we find that

s (n+v)
u +

IVVdivul?, + [V divul?,
1 .2 1+2p+v L2
+§||Vd1vu ||L2+<2+72 )HVVw |7
1 1 2 1
+ g||vv¢o||§2 + E” VHE| + §||VH2||§2. (4.3)
By the Plancherel theorem, Lemma A.2, and (3.33) we obtain

[V + IVl < Coo(| V20, B)| s + [ V7). 4

Adding up y» x (4.3) and (3.24) in Lemma 3.2 and then using (4.4) and Lemma A.3, we get

d V.
a(}}[(t) -2 /]R?’ VVol - Vudx) + é” Vza)”iz
Ww+v

2

+ C v+ S VPVl + B2 v dival,

1 1
R s,

V2l valp +v)
2

1 . .
< (1 + Vz) IV dival?, + —=IIVAul} + IVV dival7,

+ Cy2(||VVa)L ||§2 + ||VdivuL ||i2) + Ceo(1 + y2)|| V%(w,u,B) ||i2 (4.5)
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In addition, using decomposition (1.5), we further put £Rj[|V>u"||?, + iR(Z)HVzBLIIi2 on
the both sides of (4.5) to get

d Y w
5(5(@ SRS Vudx) Lol + LRl
w m+v . 1 1
A poal + Y vl + LB + Lo

Yok

Vot Py +v)
2 2

1 . .
< (1 + J/z) IV dival?, + =—[IVAu|7}, + IVV divul]?,

1
+Cyy ”VVwL Hiz + (ER(% + Cyz) ”vZuL Hiz

1
+ ZRg|| V2BE |2, + Ceo(1+ )| VA, w, B)| 2. (4.6)

Moreover, noting that y, < i and R? > % and using the smallness of &y, we obviously get

d

% H
4 ( Falt) s [ vt Vudx) + Z|V2ol}, + LR v2ull,

nw n+v . 1 1
RVl o dival R VBI + L [VB

< €|V (b, BY) | (47)
Recalling the frequency decomposition (1.5), we have

Fu(t) — yZ/ VVo! - Vudx
R3

1
= (ol [Vl + [V2B]) + 72 /R VYo Vuds (48)

For the term of 5 [3 VV@! - Vudy, exploiting Lemma A.3, Young’s inequality, and inte-
gration by parts, we deduce that

—y2/ VVa)H-Vudxzyzf Vol . Viudx
R3 R3
V2 2 V2 .
=3 Vo™ |, + E||Vd1vu||%2

< %uw}nfz + % |v2ul2,, (4.9)

where we have used the fact that 0 < y; < %
Now combining (4.8) with (4.9) yields

Fu(t) =y /3 VVoh - Vudx ~ ||V2(a), u, B)||i2. (4.10)
R
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Thanks (4.10), we derive from (4.7) that

d

(]-'H(t)— ¥ / VVat - Vudx) + C3(}"H(t) - / VVah . Vudx)
dt R3 R3

< C[V?(otut, BY) 2. (4.11)
Consequently, using Gronwall’s inequality, we conclude that
Fu(t) - yZ/ VVo! - Vudx
R3
< Ce_c3t(]-"y(0) - / VVwk - Vug dx)
3
t
+ Cf e B Vz(a)L,uL,BL)(r)Hi2 dr. (4.12)
0
This completes the proof of the lemma. d
4.2 Decay estimate of the low-frequency part
We will give an estimate of the low-frequency part of the solution by analyzing the struc-
ture of the semigroup of the Cauchy problem (2.5). To this end, by the Hausdorftf decom-
position in [2] we first adopt the following notations:

m=A"ldivu, M= A" curly,

where (curlu); = jui — 9;w. Then decoupling the Cauchy problem (2.5), we obtain the

following two systems:

w; + Am =H;,
m;—2u+v)Am - Aw =1,,
r—(2u ) 2 (4.13)
B,— AB=H,,
((,(), m, B)|t:0 = (6()0, my, BO)(x):
and
M, — nAM = At curl Hs,
T ? (4.14)

M(0,x) = My(x),

where 7, := A=t divH,, mg := A~1 divug, and My := A~! curlug. Then we can directly ob-

tain the following lemma by a simple calculation; see [45, 54] for examples.

Lemma 4.2 Let B(t,x) and M(t,x) be the solutions to linearized equations of (4.13); and
(4.14), respectively. Then, for all |& |2 > 0, we have that

B(,8)|” < ce ¥ |B(0, &) (4.15)



Sun et al. Boundary Value Problems (2022) 2022:76 Page 17 of 26

and
|M(2,)|* < Ce €| A1(0,8) %, (4.16)
where C > 0 is a constant, and B and M are the Fourier transforms of B and M, respectively.

From the linearized system (4.13),—(4.13),, by the Fourier transform we can easily ob-

tain the following system:

o, = —|&|m,
At 'EL R (4.17)
m, = |Elo - (2u +v)|§|*m,
which can be rewritten as
U, = A(€1)G, (4.18)

where U := (&, 1) and

~en .| O —J€]
A1) = [m —(2u+v)|s|2]' (419

According to the theory of ODEs, there exists a solution of system (4.17), which can be
expressed by

-~

U = AT (0). (4.20)
Taking the inverse Fourier transform on the both sides of (4.20), we obtain the solution
U = A(£)U(0), (4.21)

where A(£)U := f’l(etﬁ(‘él)ﬁ(é))-

We easily compute the characteristic polynomial of the matrix A(|£]):

—A —1&1

det(A(€]) - AI) = 6]~ +V)IER -2

=22+ u +v)|EPA + €13 (4.22)

The eigenvalues 1;(§) (i = 1,2) of Z(|§‘ |) can be calculated by (4.22) as follows:

AED = —(u+ To)g P +ilgly 22 g -1, w23
Aa(ED) = —(u + L)€ — iley 22" -1,

Based on the semigroup decomposition theory proposed in [32], we get

StAUED _ P (E) + €2 Py (E), (4.24)
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where
A(IE]) = A1
Py =TT (51,9 (@25)
J#i L

is a set of projection operators.
Then we get asymptotic expansions of A;(£) (i = 1,2), P;(£) (i = 1,2), and ¢4 in the
case of different frequency situations. More precisely, we have the following:

Lemma 4.3 Forany |§| <1, 1,(&) (i = 1,2) has the Taylor series expansion

A ==bIEI +i(1E] + O(E ),

s (4.26)
Ay = —blE* - i(|&] + O(I§1%)),
where b is a constant.
Proof We refer to [29] for the proof. (I

According to the lemma, we can obtain a time-decay estimate of the low-frequency part
of the solution of the linear system (4.17).

Lemma 4.4 For1 <p <2, we have
[V (@ mt) @) < €+ 025D (w0, m0)], (4.27)
for any integer k > 0.

Proof Thanks to expressions (4.23)—(4.24) and the Fourier transform, we can obtain the

following specific expression of the Green matrix e*:

l’j(|§|) — etﬁ(f) - fi()\’l’)"z) _|E|.f2()"l’i\'2) , (4‘28)
[Ea(A1,h2)  fi(h1, A2) —2BIEL fo(h1, A2)

where

sty ot
Sfilh, x) = %,

eMit_ghot

_](2()"1!)\2) = Ay

(4.29)

For any |£| < Ry, by simple calculation we have
lfl()\,l )\.2)| = e)»zt + L (e)nzt _ eklt)
' M-
= e*b|§\2tcos((|é__| + O(|%—|3))t)

B e—béﬁt[(%) sin((|&] + O(|5|3))t)]

S b, (4.30)



Sun et al. Boundary Value Problems (2022) 2022:76

Similarly, we obtain

A1t Aot

eMt —¢
|f2()‘-1:)\-2)| = Y

2
o blePt

=51+ ogep Sn((ET+ O(I61%))e) < gl e PP, (4.31)

From these two estimates we can derive that
Ifi (k1 22) = 2b18 Pfo(hy, )| S €20, (4.32)
For any |£| < 1, we combine (4.20) and (4.30)—(4.32) to get

@ < D1l - @] + |Dral - 7o)
S A1) ||@ol + 1€ (A, 22)| 710

< e—b|é\2t(|5)\0| + |n/1\0|) (4.33)
and

71| < 1Dt - |@o| + |Daa| - |70
< |1E1g2 (A1, 12)| @0l + [1€1g2 (A1, 42) | 17730

S e (@0l + (7o) (4:34)
Thanks to the Plancherel theorem, (4.20), (4.33), and (4.34), we obtain

[V4 (@, m") 0] 2 = [ &) (@F mb) | 2

: ( fR 3|(is)k(c?,rﬁ)(t,s){2ds)2

§c<f |s|2k\(a,ﬁ1)(t,s)|2ds)2
[E]<Rg

1

— 2
< c( f 1§ e (T, i) (0,)| dé) : (4.35)

I€1=Ro
Applying Hausdorff-Young’s and Holder’s inequalities to (4.35), we have
k(, L L 3G-D-51~ 7
||V (a) ,m )(t)”L2 <C(l+t) 224 2“(a),m)(0,$)||Lg
_3(A_ly_k

< C(1+8) 277272 ||(wo, mo) | s (4.36)
which ends the proof of Lemma 4.4. O

Based on Lemmas 4.2 and 4.4, we get the following estimates.
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Proposition 4.1 Let 1 <p < 2. For any integer k > 0, we have

< C(l + t)ig(éi%)ié ” (CL)(), mOrBO)“l}z'

[V* (" " BE) @)

Proof Thanks to the two estimates in Lemma 4.2, we can follow the arguments of (4.35)

and (4.36) to get
kpL -3-5-%
IV*B ()], < C(L+6) 227272 | By o (4.37)
and
kgL -3G-5-%
IV ME @) || o < CA+2)7 227272 || Mo || 1o (4.38)
Recalling that

u=AYVdiva-curlcurlu) = —A'Vm + A curl M,
we have

[ Vet @] 2 = [V (", 7)) 2,
which, together with (4.27) and (4.38), implies that

k. L _§(l_l)_k

[V¥ut (@)]| > < CA+ )22 72 2 |fug | . (4.39)
The combination of (4.27), (4.37), and (4.39) ends the proof of Proposition 4.1. O
4.3 Decay rates for the nonlinear system

Now we are in the position to derive the optimal time-decay rate of the solution of non-
linear system (2.5). Let us redefine

D() := (w(2), u(t), B(2)) "

and
0 div 0
K=|V —-uA-(u+v)Vdiv 0
0 0 -A

In other words, system (2.5) can be expressed as follows:
D; + KD = H(D) (4.40)
with the initial data

D|;-0 = D(0), (4.41)
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where H(V) is defined by
H(D) := (H1, Ha, Hs) "

Thanks to Duhamel’s principle and the initial data K(0)D(0) of the solution to the lin-
earized system of (2.5), we can express the solution of the ordinary differential equation
as

t

D(t) = K(0)D(0) + / K(t - t)H(D)(z)dz. (4.42)
0

In addition, thanks to Proposition 4.1, we can obtain the following estimate of the low-

frequency part of the solution to the nonlinear problem.
Lemma 4.5 Suppose that 1 < p <2. Then for any integer k > 0,

k
2

[ VDL < Co(1 + 742 D(O)] ,

t
+ c6/2 (14t -7y DD HD)()] ,, de
0

<Cs / (1+£—1)" [HD)()| , dr, (4.43)

where Cg > 0 is a constant.

With Lemmas 4.1 and 4.5 in hand, we can further establish the optimal time-decay rate

for the solution.

Lemma 4.6 (Optimal time-decay rates) Under the assumptions in Theorem 1.1, we have
| V4 (@, w B)®) |, < CA+ 6 G+, k=012, (4.44)

forany t € [0,00).

Proof We introduce the nondecreasing Lyapunov function

2
R(z):= sup 3 (1+ 1) | V5w, u,B)(D)] 2 (4.45)
k=0

O<t=<t’,_

where, for 0 < k <2,

k
2

|V (@, wB)(1)|, < C1+ 1) HPRk), o<t <t (4.46)

Here the constant C; > 0 is independent of &.
From Holder’s inequality and (4.46) we have

[HO®] 1 3 (@ uB)| o[ Ve uB)],

+ lloll 2| V2l 2 + [Val7, + VB3,
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+ ol | VB2

<eRE1+1) 1.
Similarly to (4.47), we obtain

[HO®],2 5 (@ wB)] 5] ViwwB) 6
+lole [ VZal . + | V@B + VB
S @B, [V wB)| . + ol | vl .
+ [V B, + [V B 2

5 gé—ﬂRl-H?(t)(l + t)—(%+%0),

where 9 € (0, %) is a given constant. Thanks to (4.43) and Lemma A.6, we get

[v*D(0)] . < c1+ 57 3+9 D),

2 -3+ _5
+C QI+t-1) 4" 2ggR(r) 1+ 1) 2dr

0
! -k 1 p1en ~(Z+309)

+C | (Q+t-1) 2 "R ()1 + 1) 4" dr
t
2

<C(+ t)’(%"%)(HD(O) |1 +€oR(T) + 65 "R (1)),

where 0 < k < 2. Substituting the above two inequalities into (4.1) yields

[v2D@)[7. = e | v*D(O)

t
+ (PO}, +R20) [ eIy ar
0
t
+ Cg§—2191R2+219(t)/ e—Cg(t—‘L’)(l n t)_% de.
0

By (4.50) and Lemma A.6 we obtain

|V°D@)||, < CA + 8y 3 (D)) oy + E2RXE) + 6327 R> (1)),

Using Lemma A.3 and (1.5), we have

|V*D@)|;. < C| VD @)}, + C| VD 1),

< C|V*D*[ + € v*D.

From the above calculation we deduce that for 0 < k <2,

VD)2, < CA+ £y G R (| D)oy + E3RX®) + 827 R> (8)).

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)
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Then, for a sufficiently small &y and a constant Cg, which is independent of &y, we can
derive that

C
R0 = = (|(@,u B)O) 12200 + £0°RA(E) + 8> P R> (1) (4.54)

By Young’s inequality we obtain

1-9 2 1+9 -9

Cee P R¥* ¥ (1) < TCF’ + go 0 RA1). (4.55)
Thus we have

R*(£) < Jo + Cey RM(2), (4.56)
where C,y 1= 22605 and Jp = Gl (@, 0, BYO)2,,: + 52CF7.

Suppose R2(t) > 2.7, for any t > t; with a positive constant #,. Since R(£) € C°[0, +00)
and R?(0) is small, we have that

R*(to) =270 (4.57)

with some #; € (0, ;). By (4.56) we have R?(to) < Jo + Cey R*(to), which implies

Jo
R2(¢ _
(to) < =G Ro)

(4.58)
Assume that the small constant ¢y satisfies C, < ﬁ, which leads to Cgo’Rz(to) < % This
fact, together with (4.58), implies R2(¢,) < 2o, which it contradicts with (4.57). Therefore
we get R%(t) < 2, for all ¢ > t;. Keeping in mind that R(¢) is nondecreasing, we have
R(t) < C for all ¢ € [0, +00). This completes this proof. O

Thanks to Lemma 4.6, we complete the proof of Theorem 1.1.

Appendix: Analytic tools
This appendix is devoted to providing some important mathematical results, which have
been used in the previous sections.

Lemma A.1 ([34]) Letf € H*(R3). Then we have
@ Wfllze S Wl for2<p <6;
(i) fllzee SNVFIZUVANLE S UV s
(i) W llzs < NVf N2

Lemma A.2 ([28]) We have

[V 010 S 1 e [ V€] oo + [V ] s gt (Aa.1)
fork>1,wherel < q; < +00, and

1 1 1

1
=— + = + —.
91 92 g3 4a

1 (A.2)
q
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Lemma A.3 ([45]) For any integers r, s, and t, we have

1
IV e = IV e 197 e = = [V (A.3)
0
[V e < [V e and [V 2 < |V o0 (A4)
where f € H"(R3) and r <s <t < n. Moreover,
"z = 1V 12 = Rl (A.5)

for some constants ry >0 and Ry > 0.
Next, we introduce the Gagliardo—Nirenberg inequality.

Lemma A.4 ([48]) Let ¥ (w) be a smooth function of w with bounded derivatives of any
order. If |@|| oo (r3) < 1, then for any integer j > 1, we have

[V/¥ (@) ey S [V

where 1 < g < co.

Lemma A.5 ([37]) Suppose 0 <i,j < k. Then we have
i i || 1-0 k1.1lo
IR PRSY A 1 Al e
where 0 <o <1, and
i1 i1 K 1
g (42
3 p \3 m 3 p
In particular, if p = oo, then 0 < o < 1 is required.

For decay estimates of solutions, we further introduce the following basic inequalities.

Lemma A.6 ([52]) Suppose by, by,bs € R3 and by >0,0 < by < by, b3 > 0. Then fort € R,,
t
f L+t-0)1Q+0) 2 dt < C(by, br)(1 + )71,
0
and
t
/ (1+7)21e5 dr < C(by, bs)(1 + 1)1, (A.6)
0
where C(b1,b3) > 0 and C(by,bs3) > 0 are constants depending only on by, by, bs.
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