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1 Introduction

Fractional derivatives play a major role in modelling nonlocality, anomalous behaviour and
memory effects, which are common characteristics of natural phenomena [15, 22] arising
from complex systems. For instance, the memory effect results from the fact that fractional
derivatives involve a convolution integral with a power-law memory kernel. This appears
naturally when studying, for instance, viscoelastic materials and viscous fluid dynamics
[22]. For more applications of fractional calculus, see, e.g. [14, 23-26, 30].

The introduction of time-fractional derivative in fluid dynamics goes back to Lions in
[17], but for order less than 1/4 provided the space dimension is not further than 4. In
recent works of Zhou and Peng [35], the question of weak solutions and an optimal con-
trol problem of time-fractional Navier—Stokes equations in fractal media were considered.
Numerical results regarding such problems was treated firstly in [16] and constitute an
emerging field of research.

More recently, a time-fractional g-Navier—Stokes problem has been introduced and
results regarding the existence, uniqueness of solutions and optimal control have been
proved [6]. This suggests, to the authors of the current paper, to consider various vari-
ations of g-Navier—Stokes equations that can be modelled by time-fractional derivatives

instead of integer ones. It is, indeed, a general trend among researchers to try to find more
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applications where one can replace an integer derivative with various non-integer deriva-
tives. In fluid dynamics the fact that fractal media exhibit memory-dependent behaviour
justifies the use of time-fractional derivatives as suggested by Zhou and Peng [35].

It is worth mentioning that the theory of g-Navier—Stokes equations started with the
works of Hale and Raugel [11, 12], Raugel and Sell [27] who studied 3D nonlinear equations
and Navier—Stokes equations in thin domains. J. Roh [28], a student of Sell, generalised the
previous works to thin domains of the form 2, = Q x (0, g), where g is some smooth scalar
function. The derived equations are called the g-Navier—Stokes equations. This theory has
interested many researchers in recent years, see [4, 5, 13] and the references therein.

On the other hand, heat conduction based on the classical Fourier law, which relates the
heat flux vector and the temperature gradient, has shown its limits. The time-fractional
heat conduction model can be seen as a good alternative (see [9, 18, 29] and the references
therein). Boussinesq (or Bénard) model is a combination of the heat conduction model and
Navier—Stokes equations and is a well-developed subject in modelling heat conducting
fluids [7, 10, 33, 34]. The aim of this paper is to generalise the setting in [20, 21], where
g-Bénard equations were considered, to time-fractional g-Bénard equations.

The novelty of this paper is, first of all, to introduce a new fractional model in fluid
dynamics and then to prove the existence and uniqueness of its solutions. This is a starting
point for more questions to answer, particularly related to numerical analysis, stability and
long-term behaviour. More precisely, let , = Q5 x (0,g), where 2, is a bounded domain
in R? and g is some scalar nonnegative function. We introduce time-fractional g-Bénard
equations of the following form:

O u+w-Viu—vAu+Vp=£60+£i(t),
V.gu=0,

80 + (u-V)0 —kAO =fi(¢),

where u is the fluid velocity, p is the pressure, 6 is the temperature, f; is the external force
function, f, is the heat source function, & € R3 is a constant vector, v is the kinematic
viscosity and « is the thermal diffusivity(v and « are positive constants). The derivative
of order « is considered in the Caputo sense. The time-fractional g-Bénard problem con-
sists in a system that couples time-fractional Navier—Stokes equations and time-fractional
advection-diffusion heat equation in order to model a memory-dependent convection in
a fluid considered in a fractal medium.

This paper is organised as follows: In Sect. 2, we recall some concepts and notations
related to fractional calculus. Section 3 is devoted to the problem statement, and Sect. 4 is
dedicated to the proof of the existence and uniqueness of weak solutions to time-fractional
g-Bénard equations. In Sect. 5 we provide a conclusion.

2 Preliminaries on fractional calculus

In this section, we provide some notations and preliminary results concerning fractional
calculus. For this purpose, assume X to be a Banach space. Let « € (0,1] and let k, denote
the Riemann-Liouville kernel

tOl—l

ky(t) = T@)
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For a function v: [0, T] — X, we give the following definitions of derivatives and inte-
grals:
(1) The left Riemann-Liouville integral of v is defined by

() = / kot —s)v(s)ds, t>0,
0

provided the integral is point-wise defined on [0, +00].

(2) The right Riemann—Liouville integral of v is defined by

T
Ilpv(t) = / ko (t —s)v(s)ds, t>0,
t

provided the integral is point-wise defined on [0, +00].
(3) The left Caputo fractional derivative of order « of v is defined by

Dv(t) = /tkl_a(t —s)%v(s) ds.
0

(4) The right Riemann-Liouville fractional derivative of order « of v is defined by

d T
D pv(t) = T / ki_o(t —s)v(s)ds.
t

(5) The Liouville-Weyl fractional integral on the real axis for functions v: R — X is
defined as follows:

IZ v(t) = /[ ko (t — s)v(s) ds.

(6) The Caputo fractional derivative on the real axis for functions v: R — X is defined
as follows:

o - d
DZ v(t) = If,t Ev(t).

Note that the notation 9" stands for Caputo fractional partial derivative, i.e. when func-
tions have another argument than time. We have the following fractional integration by
parts formula (see, e.g. [2]):

T T
/ (3F u®), v (t)) dt = / ((0), DYy () dt + (u(®), 1,7V () 1o (2.1)
0 0
T
- [ (0D 0) de - (O, 15 v 0),
0
since for ¥ € C°([0, T], X) one has lim,_.7 I} 7%¥/(t) = 0.
To pass from weak convergence to strong convergence, we will need a compactness re-

sult. Let Xy, X, X; be Hilbert spaces with Xy <> X < X; being continuous and X, < X
being compact. Assume that v: R — X; and denote by ¥ its Fourier transform:

Wr) = / e 2T y(8) dt.

(o]
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We have for y >0
DIv(7) = 2int)'¥(x).

For given 0 < y < 1, we introduce the following space:
W7 (R, X0, X1) = {ve L*(R,Xo) : D} v € L*(R, X1)}.

Clearly, it is a Hilbert space for the norm

Wl = (022 + 1177 r2n)

For any set K C R, we associate with it the subspace W, C W defined as
WY (R, X0, X1) = {ve W” (R, Xo,X1) : support u C K}.

By similar discussion as in the proof of Theorem 2.2 in Temam [31], it is clear that
WY (R, Xo, X1) <= L*(R, X) is compact for any bounded set K and any y > 0.

As a particular situation of the compactness result discussed above, let H, V be two
Hilbert spaces endowed with the scalar product (-, )y and (-, )y and the norms | - | and
Il - llv, respectively. Denote by (-,-) the dual pairing between V and V’, the dual of V.
Moreover assume that V < H < V"’ continuously and compactly and note that the space

W (0,T;V,V') = {veL*(0,T;V): 9] ve L*(0,T; V') }
is compactly embedded in L2(0, T; H). It is then well known that

3 (u(t),v), = (6 u(t),v)

foru e W7(0,T;V,V’) and v € H. Moreover, for a derivable function v: [0, T] — V, we
have from [3] that

D] vo)|’.

N -

(v(6), D} v(®)),, =
We end this section by the following important result.
Lemma 2.1 Suppose that a nonnegative function satisfies
o DY v(®) + eiv(t) < ea(2)

for ¢y >0 and c, is a nonnegative integrable function for t € [0, T]. Then

1 t 4
v(t) < v(0) + T)’)-/O (t=5)""co(s)ds.

For more details about fractional calculus, we refer to the monograph [14].
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3 Problem statement

We introduce the usual notation used in the context of the mathematical theory of Navier—
Stokes equations [31]. Let 22, = Q5 x (0,g) = (0,1) x (0,1) x (0,g), where g = g(y1,¥2) is a
smooth function defined on €,. In addition, we assume that

0<mg<g(yr,y2) <My forall (y1,y,) € Q,
(3.1)

IVgloo = sup Vgl <00, geCr().
2

Let L?(£2,g) denote the Hilbert space, of weighted Sobolev spaces type, with the inner
product

(u,v)ngﬂ(u-v)gdx

and the induced norm |u|§ = (u, u)g. Similarly, we can define the weighted Sobolev space
H(,g) equipped with the norm

n
du Ju
2 _
Ui g = (g + ;< dx; 9% >g.

Moreover, we will need the following spaces:

Vi = {u € (C;‘;(Q))n 1V (gu) = O,/ udx=0on Q},
Q
H, = the closure of V; on L2(S2,g),

V = the closure of V; on H'(Q,g),

Vy = the dual space of V,

V, = {(p € Cg;’r(Q) :/ pdx= O},

Q
W, = the closure of VV, on HY(Q,9),
W, = the dual space of Wy,

Q = the closure of{Vgo cpeCt (ﬁ,R)} in LX(Q),

per

where H, is endowed with the inner product and the norm in L?(Qg). In addition, the
spaces V, and Wy are endowed with the inner product and the norm in H(<,g). Let us
also remark that the inclusions

VgCHg:HéC Vg”
W, CL*(Q,9) C W,

are dense and continuous [19, 28]. By the Riesz representation theorem, it is possible to

write

(f’ u)g = (f) u)g; Vf (S Hg,Vu (S V:g
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Let us now define the orthogonal projection Py as Py : Lger(Q, g) — H,.Itisclearthat Q C

HgL. Similarly, we define IN)g as T’g 3L123er(9, g) — Wj. By taking into account the following
equality [28]:

1 1
——(V-gVu)=-Au-—-(Vg-Vu,
g g
we define the g-Laplace operator and g-Stokes operator as follows:
1
—Agu=—-—(V-gVu)
4
and
Agu = Py[-Agu],
respectively. We have the following result [28].
Proposition 3.1 For the g-Stokes operator A, the following hold:
(1) The g-Stokes operator A, is a positive, self-adjoint operator with compact inverse,

where the domain of Ay is D(Ag) = Vy N H*(2,9).
(2) There exist countable eigenvalues of A satisfying

477%my
0<

SAM=<A=<A3=<--
0

where )y is the smallest eigenvalue of A,. In addition, there exists the corresponding

collection of eigenfunctions {w;}en that forms an orthonormal basis for Hy.

The operators A, and P, are clearly self-adjoint, then by using integration by parts we
have

(Agu,u)g = <Pg [—E(V ~gV)ui|, u>
g g

:/(Vu~Vu)gdx
Q

=(Vu - Vu),.

It then follows that for u € V, we can write |A1/2u|g = |Vuly = ||ullg. On the other hand,
since the functional

teW, — (V6,Vr),eR

is a continuous linear mapping on W;, we can define a continuous linear mapping A4, on
W, such that

VT e W, (Ag,1)=(V6,V1),

Page 6 of 17
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2

forall & € W,. For u, vand w laying in an appropriate subspaces of L,

(€2,2), we can define
the bilinear operator

By(u,v) = Pg[(u . V)v]

and the trilinear form

n a X
by(u,v,w) = Z/ u,»a—;jwjgdx.
Q i

ij=1

As a consequence, one obtains b,(u, v, w) = —b,(u, w,v), which implies that b,(u,v,v) = 0.
Moreover, we have the following inequality on b,(see, e.g. [31, 32]):

1/2 1/2 1/2 1/2
ybg(u,v,w)\ggqmg/ el 1lglwlyIlwly,  Vu,v,w € V. (32)

Similarly, for u € V4 and 0,7 € W,, we define Eg(u,e) = ﬁg[(u -V)0] and

~ - 90 (x)
b,(u,0,7) = i dx.
(14,0,7) }Z fQ ) 5 e (g

We denote the operators Cyu = Pg[é(Vg - V)u] and Ege = T)g[é(Vg - V)8] such that
\Y
(Cottr V) = hg<—g,u,v>,
g
~ ~ (V
(G T), = bg<?g,e,z>.

Finally, let 5g9 = T)g[%e] such that

~ ~ (Vg ~ (Vg
(Dy0,1T)y =—b (—,9,1) -b (—,9,1).
¥ Tlg ‘\ g ‘\ g

We can now rewrite the system of g-Bénard equations in the following abstract time-
fractional evolutionary equations:

0 u+By(u,u) + vVA;u +vCou =6 + fi,
920 + By(1,0) + kAgh — kCof — kDyb = fi, (3.3)

u(x,0) = up(x), 0(x,0) = Op(x).
The proof of the following two lemmas can be found in [5].
Lemma 3.2 For n = 2, there exists a positive constant ¢ such that
|ul a0 < cluly®|Vuly?, Vue H(Q,g).
Lemma 3.3 For u € L*(0, T, V,), we have

By(u,u)(t) € L'(0, T, V,) and Coult) € L*(0, T, Hy).
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4 Existence of weak solutions

In this section we prove the existence and uniqueness of the weak solution. The main tech-
nique is the Faedo—Galerkin approximation method, which allows to exhibit an approxi-
mating sequence that converges to the desired solution. The following gives the definition
of weak solutions, that is, solutions in a variational sense.

Definition 4.1 A pair of functions {u,0} is called a weak solution of system (3.3) if u €
L*(0,T; V) and 6 € L*(0, T; W) satisfy the following equations:

0, (u,v)g + be(ut,u,v) + v(Vu, Vv)g + v(Cyur,v)g = (£6,V)g + (f1,V)g,

~ ~ (V
0;(0,7)g + bg(u,0,7) +k(VO,VT)g + /cbg<?g, r,@) = (f2,V)g

forall v, € Vy and T € W,
The following theorem contains the main result of this paper.

Theorem 4.2 Iff; € L#1 (0, T;L2(Q,9)) and fy € L# (0, T;12(R,2)) (a1, < @), o € H,,
0y € L2(Q,g) and g is a smooth function satisfying the conditions given in (3.1) defined on
Q,, then there exists a unique weak solution {u,0} of system (3.3) satisfying the periodic
boundary conditions.

Proof Since Vj is separable and V) is dense in Vj, there exists a sequence {u;};cn forming
a complete orthonormal system in H, and a basis in V;. Similarly, there exists a sequence
{6;}ien forming a complete orthonormal system in L2(2, ) and a basis in Wq. Let m be an
arbitrary but fixed nonnegative integer. For each m, we define the following approximate
solution {z)(¢), 0 (£)} of (3.3):

w0 =Y 0w, 0= g0 (4.2)
j=1 =

and we consider the following approximate problem (4.3)—(4.5):

9, (u(’”), uk)g + b, (u(”’), u™, uk) + v((u(”’), uk))g + vbg<%, u™, uk)

(4.3)
= (é@(m), uk)g + (f, M]()g,
~ ~ (V
02 (0,60), + B (4,6, 61) + (0, 61)),, + Kbg(—g,ek, 9('”>>
g (4.4)
= (fz, Qk)g
and
m m
U (0) =ty = Y (a0, )y, 0"(0) =0y = Y _(70,6)6). (4.5)
j=1 j=1

This system forms a nonlinear fractional order system of ordinary differential equations
for the functions fj(m)(t) and gj(m)(t) and has a maximal solution on some interval [0, T] (cf.
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[6]). We multiply (4.3) and (4.4) by ]j-(m)(t) and gj(m)(t), respectively, and add these equations
for k = 1,...,m. Taking into account bg(u(”’), u 4y = 0 and Eg(u(’”),é(’”),é(’m) =0, we
get

(D u™,u™), +v||u(m)(t)|| +vb< " (8), u )(t))
g’ (4.6)
- (EG(M),u(m)(t))g + (h,u"(t))

and
(D‘;‘G(m)(t),e(’”)(t))g +x]|0" (2) ||§ + é@(%,e("ﬂ(t),e(’”)(t)) = (f2,9<m)(t))g. (4.7)

Using Schwarz and Young inequalities in (4.6) and (4.7),

DL+ 0] = s g 2 o, 4 2

2| Vgl

DO+ cl0 O] = 2|0l + 20T o)

Mo\Vgloo) © = (I_MO\Vgloo)and

By using the fact that |Vg|2, <

M3|g |12
J o0
c—442,

we get the 1nequaht1es

Il 4
DO 4 W] < S omol? + ol

and
DE8M O+ |07 07 = 2 [0, @9)

Integrating (4.9) from 0 to T, in the fractional sense, we obtain
1 < [ e
0 (t)|g+mfo(t_s) 6% )| ds
2 2 ' a-1 2
i [ =101}, s
<t s [l ds e s [t as
k() KT () Jo

2 ’
< o + s /O ) 2 ds+ Co

where by = and Cy = 2t . It follows that

k(1+bo) ()
t
/ (-5t |0
0

( / [fats )||2/a2 ds + —Cz. (4.10)
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On the other hand, integrating (4.8) from 0 to T, in the fractional sense, we obtain

w2, V[ a1 m) gy [12
’u (t)|g+F(a)f0(t—s) ||u (s)”gds

4 t
e /(z—s)“-l\[ﬁ(s)\z ds

/
Vg

/ t
< luom? + %(a) / (6= |09 ds+ -

<ol + — |90m| K,«r(a)/ 1A s)||2/°‘2(;zs+—c2

2/o1 4 %
vr(a)/ Wy ds+ r(a)/ (o) ds

< luoml; + %|90m|§ +— / fs(s) ||2/a2 ds + / A s )||2/m ds

+C1,

where by = _— and C; = < —Co + % By using the fact that

/0 (t —5)2! Hu(”’)(s) ”; ds > Ta—l/O Hu(”’)(s) ”5 ds

and similarly

¢ o— m 2 - ' m 2
[a-or oz as= 1 oo as

it follows that

v/Tot—l t ”
o [ 1l as

/
2 € 2
= lton 2 + = lbon

@) +

2/01
! ds + Cl,

— a) o [ ol

/ ot <s>|| ds < |Ooml; +

/|v1

F()

UK.’K

2/
az ds + C2.

0" @)+

F()

Consequently,

/
Z 2 2/ap
sup ()2 < ltonl? + ool + - ,F( ) / o) ds

te[0,T]

i iy v

sup 070 <+ - / I5(

te[0,T]

2/01
2 ds + Cz,

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

Page 10 of 17
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which implies that the sequences {u},, and {#"”},, remain in a bounded set of
L>(0, T; Hy) and L™(0, T; L*(2,g)), respectively. Moreover, for ¢ = T, one obtains

r 2
/O )| ds

< Mm |2+67/|9 2+ |V s)||2’°‘2ds (4.17)
= a1 0mlg T a1 Omlg + WK To-1 2 .
2/0(1 F(a)
vv I Ta- 1f ”fl ds + v/ Te-1 — a1 Cv

2/ay F(a)
Vg, ds + WCZ, (4.18)

r 2 (7
/0 6 (s) ||§, ds < %Wofnlg2 + W/o 1A6s)]

which implies that the sequences {u},, and {#""},, remain in a bounded set of
L%(0, T; V,) and L*(0,T; W), respectively. Consequently, we can assert the existence of
elements u € L*(0,T;V,) N L™(0,T;H,) and 6 € L*(0,T; W,) N L>(0, T;L*(2,g)) and
the subsequences {u("},, and {#\™},, such that " — u € L*(0,T; V,) and 6" — 0 €
L%*(0, T; Wy) weakly and u™ — y e L0, T; H,)and 6" — 6 e L=(0, T; L*(2,g)) weakly-
star as m — 00.

Let 77" :R — V, and m R — W, be defined as

o u™(t), 0<t<T, ) o), 0<t=T,
u"(t) = and 6"(t) =

0, otherwise, 0, otherwise,

and their Fourier transforms be denoted by 7" and olm), respectively. We show that the
sequence {iz"},, remains bounded in W (R, Ve, Hy) and the sequence {61, remains
bounded in W (R, W, LZ(Q,g)). To do so, we need to verify that

+00
/ |z |> ‘ﬂ(”‘)(r)‘2 dt < const. forsomey >0 (4.19)
—00
and
+00 5
/ k4 |§(m)(t)| dt < const. for some y > 0. (4.20)
—-00

In order to prove (4.19) and (4.20), we observe that

(D‘;‘it(’”), uk)g = (I?Zl, uk)g + (Umos i) I 2" 80 — (u(”’)(T), uk)glf;"‘(ST, (4.21)

(DF6™,6k),, = (FpO4) , + Ornos OIS0 = (6(T), 64) 12,751, (4.22)
where 8, 87 are Dirac distributions at 0 and 7 and F% and F?, are defined by

F* = g0 +A —Bg(u(’"), u(’”)) - vAgu(’”) - ngu(’”)

Fo, = fo = By (u™,00) — kAg6™ + 1™ + k Dy ™
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for k=1,...,m. Here E,, is defined as usual by

~ Fut), 0<t<T,
Fu(t) = (4.23)
0, otherwise.

Indeed, it is classical that since %™ and 6 have two discontinuities at 0 and T, the

Caputo derivative of %" is given by

o~ (m - d ~\m.
D™ =1 (Eu( )> (4.24)
a4 om) m
=1l S v (0)80 — u"™(T)81 (4.25)
=Du™ + I (u(0)8 — u"(T)é7) (4.26)

and the one of ) is given by
D* 6" = Do + 10" (0)8o — 6" (T)87). (4.27)

By the Fourier transform, (4.21) and (4.22) yield

(irT)* (@™, ), = (F, i) + (o, up)g (2ime)* ™! (4.28)
— (u"\(T), uk)g(Zinr)"_le_zm It (4.29)
QirT)” (@m),ek)g - (ﬁ,i,ek)g + (B0, O ) (2imT)* ! (4.30)
- (6"(T),60) (2imT)* e P, (4.31)

Here % and F,,, denote the Fourier transforms of iz and F,,, respectively. We multiply
(4.28) and (4.30) byj’;(m) and gjm), respectively, and add these equations for k = 1,...,m to

get
(irt)” |ﬁ<’”)(r)|§ = (’ﬁ;;,(r),ﬁ'm(f))g + (umo,ii(”‘)(t))g(Zinr)""l (4.32)
- (u(”‘)(T),ﬁ(m)(t))g(Zint)"‘_le_zi”Tr, (4.33)
i e)* [0 (7)]? = (F (1), 0 (1)), + (6o, 0(2)) i )" (4.34)
- (e<m>(T),éW(f))g(zim)“*le*””“. (4.35)

Since the integrals on the right-hand side of the inequalities
T T
/0 |E @], at < /0 (el [0 @+ IO, + [ @ | (4.36)
+[u @, + 1Vgloo [ )] ,) dt,

T T
[ il ar = [ a0y« W@l Jom ol oo, @3
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+1gl [0 @], + 18gl |07 ®)] ) dt

remain bounded, ||F1(¢)llv; and ||F2(£)]lw; are bounded in LY(0,T; V) and L'(0, T; W),

respectively. Therefore, for all m,

sup|[E (M), =i and sup|EL@)]y, <2

Moreover, since " (0), " (T), 8" (0) and 6")(T) are bounded, we get

@) < ], + e )

g
<alu®],,,
7| |§(”’)(r)|; <d o™ w, + et 0, (4.38)
<cs|6™| W, (4.39)

For y fixed, y < «/4, we observe that

1+]|7|*

2y
T <c % .
| | = ( )1 | |Dt 2y

Then we can write

+0Q0 5 +00 1 + |.L.|Ot 2
[ el et [P )
-0 -0

1+ 7)o
+00 1 /\( ) 9
m
< coly) / —1+ rred GG

|T|*t ~(m) 2
ral) | [@" @5, dx,

1+|7] 1+ |t|e2r

+00 1
/ |T|2y‘é\(m)(f)’§ = Cs(V)/ WHAW)(T)H% dr
, +00 |.L.|oz—1 ~om) 9
+C7(V)/:oo W”G (r)”ngr

By the Parseval inequality, the first integral is bounded as m — oo. Applying the Schwarz
inequality, the second integrals yield

+00 -1 +00 1/2
] (e / dt
LS R FAC dr < —_— 4.40
LO o fepee |1 @) dr < e (Lt T[22 (4.40)

8 (/‘+OO
+00 a— +00 172
/ 1T gone)|2ar < < f dif)) (4.42)

oo (14 |T|22r)2

+00 1/2
x(/ |r|2"“2||§(’”)(t)||§dr> : (4.43)

1/2
@ dr) , (4.41)
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The first integrals are finite due to y < «/4. On the other hand, it follows from the Parseval
equality that

+00 2 +o0
/ o2 a" ()|, dr = / l-col; “a" ()| dt
-0 —00

T
—-a 2
= fo lol; w2117 dt

T1-o 2 T ) )
NESSy

+00 T1- 2 T
[ nar < (o) [ lem o),

(o ¢]

which implies that (4.19) and (4.20) hold. We know that there exists a subsequence of
{u")},,, (which we will denote with the same symbols) that converges to some u weakly
in L*(0, T; V) and weakly-star in L>(0, T; Hy) with u € L*(0, T; V) N L®(0, T; Hy). Sim-
ilarly, there exists a subsequence of {6}, (which we will denote with the same sym-
bol) that converges to some 6 weakly in L*(0, T; W,) and weakly-star in L*(0, T; L*($2,g))
with 6 € L*(0, T; W,) N L>(0, T;L*(2,g)). As WY (0, T, V; H,) is compactly embedded in
L*(0, T; H,) and W (R, W, L*(2,g)) in L*(0, T;L*(2,g)), then {u™},, strongly converges
in L*(0, T; H,) and {6}, in L*(0, T; L*(2, g)), respectively.

In order to pass to the limit, we consider scalar functions W; (£) and W, () that are contin-
uously differentiable on [0, T'] and such that W1 (T") = Wy(T) = 0. We multiply (4.3) and (4.4)
by W;(¢) and W,(t), respectively, and then integrate by parts. This leads to the equations

T T
/ (" (0), D W1 (O)u)  dt + / b (u™ (8), u"™ (¢), ¥ 1y ) dt
0 0

T T Vg
+ v/ ((u(”’)(t), lllluk)) + v/ bg(—,u(”’)(t), lllluk) dt
0 8 0 g

= (tom: 1 7 ‘I’z(t)uk)g
T T
+ / (se(m)(t),\llluk)gdt+ / (A (), w)  at,
0 0
T T~
/O (6 (0), D r Wa(0)6k)  dt + /0 b (u™(£),0")(£), W6 ) dt
T T~ Vg
+/c/ ((9("’)(11), \1126‘/()) dt+l</ bg(—,ek, \1128(’")(15)) dt
0 8 0 g
= (90;41: Ié,_jl"x q’z(t)@k)g
T
+ / ((8), W2  dit.
0

Following the same lines as in [8, 31], we obtain, as m — oo,

T T T
/ (u(t), D‘ZT\IJI(t)uk)g dt + / by (u(t), u(t), ¥p uk) dt+v / ((u(t), ‘-I»’luk))g (4.44)
0 0 0

A
+v/ bg<—g,u(t),\111uk> dt
0 g
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T T
(o L Wrin) + fo (600, w1v), dit + /O (h (0w, (4.45)
T T _
/ (e(t),D‘;fT\Il2(t)6k)gdt+ / by (u(2),60(2), W26 dt (4.46)
0 0

T T~ Vg
+/<[ ((6(0), W261)) dt+/</ bg(—,ek, \I’Qe(t)) dt
0 £ 0 g

= (b0, o7 W2()0%),

T
. fo (R0 W), d.

These equations hold for v and t that are finite linear combination of i and 6, respec-
tively (k = 1,...,m), and by continuity the equations hold for any v in V, and 7 € H,. It
then follows that {u, 0} satisfies the two first equations of (3.3). To end the proof, we still
need to check that {u, 8} satisfies the initial conditions #(0) = uy and 6(0) = 8. To do so, it
suffices to multiply the two first equations in (3.3) by ¥; and W, respectively, and then to
integrate. By making use of the integration by part and comparing with (4.44) and (4.46),
one can find that

(0 — u(0), v)gl})jT“ W,(t)=0, and (6 -6(0), t)gI(l)}" Wy (t) =0,

which leads to the desired result by taking a particular choice of ¥; and W,.
For the uniqueness of the weak solutions, let (u1,6,) and (u5, 6;) be two weak solutions
with the same initial condition. Let w = u; — uy and w = 8; — 8,. Then we have

Dy (W, v)g + bg(u1, 1, V) — bg(ttz, i, v) + V(VW, Vv)g + v(Cew, v)g = (EW, V)g,

~ ~ ~ (V
D30, 7) + byltt1, 01, 7) — Byl, 0, 7) + K (VIW, V), + Kbg<—g, z, w) -0.
g

Taking v = w(t) and t = W(¢), one obtains
" 2 ~
Dy (w,w)g + be(w,uz, w) + v}Aé/zwL’ +v(Cew, w)g = (§W, w)g,

~ o~ ~ ~ ~1/2m ~ (Vg _ .
DY (W, W)g + be(u1,61, W) — by(uz,65, W) + K|A§/2W|z + Kbg<?g,w, w) =0.

By applying the bounds on the terms b, Zg, it then follows by the Cauchy—Schwarz in-
equality and Gronwall-like inequality that w(¢) = 0 and w(¢) = 0 for all ¢ > 0, since we have
w(0) = 0 and w(0) = 0. Thus the theorem is proved. (N

5 Conclusion
In this paper, we have introduced a new variation of Navier—Stokes equations. It consists
in time-fractional Bénard equations in fractal thin media. The main technique to prove
the existence of solutions to this problem is the Faedo—Galerkin approximation method.
The deduced estimates allow us to get a (sub)sequence that converges to a solution. The
uniqueness follows immediately from a Gronwall type inequality.

There is still a lot to do with this subject, namely a numerical study should be conducted
in future works. Moreover, the analysis of the stochastic version, the attractors and the

long-term behaviour should be of great interest.
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