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1 Introduction

We consider the following one-dimensional nonlocal elliptic equation

—A(lle [p)u" (%) = AB(|i | Pulx)’, x€l:=(0,1),
ulx)>0, xel, (1.1)
u(0) = u(1) =0,

where A = A(y) and B = B(y) are continuous functions with A(y) > 0, B(y) > 0 for y > 0,
while p > 1, ¢ > 1, r > 1 are given constants, || - ||, (m > 1) denotes the usual L"”-norm
of the real-valued functions on 7, and A > 0 is a bifurcation parameter. In this paper, we
consider the following typical three cases.
(i) Ap) =y, BO) =y,

(i) Ay)=¢,B(»)=1,p=2,

(iii) A(y)=¢”, B(y) =y.
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The case (i) is a modification of a nonlocal problem of Kirchhoff type, which is motivated
by the following problem (1.2) in [13]

—A(fy [0 @) dx)u (x) = Af (6, u(x), x €,
u(x) >0, xel (1.2)
u(0)=4'(1) =0.

Besides, the cases (ii) and (iii) are motivated by the mean field equation and nonlocal
Liouville-type equations.

Nonlocal problems have been of interest to many researchers from mathematical point
of view, since many problems are derived from the phenomena of relevant physical, bio-
logical, and engineering problems. Therefore, nonlocal problems have been widely stud-
ied by many authors. We refer the reader to Goodrich [7-9], Lacey [11, 12], Staiczy [14],
[2—4, 10], and the references therein. One of the main interest in this area is the existence
of positive solutions. On the other hand, there seems to be a few studies on bifurcation
problems. We refer the reader to [17] and the references therein. Roughly speaking, in
[17], the case A(y) = ¥ + b and B(y) = y*, where j > 0, k > 0 are constants, has been consid-
ered, and the existence of a branch of positive solutions bifurcating from infinity at A = 0
has been discussed. Recently, the case, where A(y) =y + b, B(y) =1 and p = 2, has been
studied in [15], where b > 0 is a constant, and the precise global behavior of solution curve
has been obtained. For a standard bifurcation problems, we refer to [5].

The purpose of this paper is to consider more general nonlocal terms motivated by equa-
tions having background in physics and obtain the precise asymptotic behavior of bifur-
cation curves A = A(«) and u; as & — 00. Here, « := i, = |4 || for given A > 0. The main
tool here is time map method, also known as quadrature technique (cf. [12]). One can see
the simple example of time map method in the Appendix.

Now, we state our main Theorems 1.1, 1.2, and 1.3. To do this, we prepare the following

notation. For r > 1, let

W' (x)=Wk), xel,
Wx) >0, xel, (1.3)
W(0) = W(1) = 0.

We know from [6] that there exists a unique solution W, (x) of (1.3). For m > 1, we put

! 1 ! a1y (m=1)/2
Lm 22/0‘ ﬁds, Mr,m 22/0‘ (1 —S ) ds. (14')

We note that L,, is finite since v/1 — s2 < /1 —s"*1 for 0 < s < 1. Then, we have

|| W)Z ”Z _ 2W1r/(r—1)(r + l)m/(r—l)Limr+m—r+1)/(r—1)Mr‘m’ (1.5)

1(r-1 -
IW,lloo = (20 + 1) 7012070, (1.6)
Equation (1.6) has been obtained in [16]. For completeness, the proof of (1.5) and (1.6) will

be given in the Appendix.
We begin with the first main Theorem 1.1, which will be proved in Sect. 2.
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Theorem 1.1 Let A(y) =y, B(y) =y in (1.1). Assume thatp—q—r+1 #0. Then, there exists
a unique solution u;, (x) of (1.1) for any A > 0, and it is represented as

q/(p-q-r+1)

ey TWZI
1 (x) = 2@ S S W (). (1.7)
I Willp

Further, A is represented as the function of « := || u || o as

B W I,
- —g-r+1
AN A=

A=) P4+l (1.8)

Next, we consider the case A(y) = ¢”, B(y) = 1 and p = 2 and state Theorem 1.2. The proof
will be given in Sect. 3. For r > 1, we put

R,::%{1—log(r—l)+10g2+210g||W,/||2}. (1.9)

Theorem 1.2 Let A(y) =¢”, B(y) = 1 and p = 2. For r > 1, put A, := €.
(i) If0 <A <X, then there are no solutions of (1.1).
(ii) Ifx =X, then (1.1) has a unique solution u ;.

)
(iii) If A > A,, then there are exactly two solutions uy ., U, with uy; (x) < Uz, (x) for x € I.
(iv) Let A > A, be fixed. Then, there are two numbers a5 := |1, || co and oz := || U2,3 || oo

satisfying:
A=2r+ DL2A(AM, oL, )" (G=1,2). (1.10)

If A = Ay, then og := a1, = o, in (1.10).
(V) As A — o0,

(%) = )f”("”{l " r_% | W22 (1 + o(1)) } Wi, W), (111)
o1 1/2 .
Uy (x) = {logk = log(logA)(1 + 0(1))} [W;[, W) (1.12)

We finally state Theorem 1.3, which will be proved in Sect. 4.

Theorem 1.3 Let A(y) = ¢, B(y) = y. Let

qg+r-1 g+r-1 p
Co= Y (1 ~log e +log| W,’Hi P log| W,’||Z) (1.13)

and Lg := €0,

(i) If0 < A < Ao, then there are no solutions of (1.1).

(ii) If A = Xo, then (1.1) has a unique solution uy ;.
(ili) IfA > Lo, then there are exactly two solutions uy , Uy With uy(x) < us, (x) forx € 1.
(iv) AsA —> o0

U (x) = 2~ Ulg+r-1)) ” Wr/ ||;q/(q+r—1) (1.14)

1 J 1pal(g+r-1) , _ _
e w1 o) we,

Page 3 of 15
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A= A~ (g+r-1) “ Wr/”;q/(qw—l) (1.15)

1 , , /(q+r-1) , _ r—
e LA LA AR [V
(1.16)

p>  log(logh)
(g+r-1)% loghr

Uz (x) = | W) ||;1(10g a)e { 1+ (1+0(1)) } W,(x),

p>  log(logh)
(g+r-1)°% logx

a = || W;||;1(1ogx)”l’{1 + (1+ 0(1))}||WA||OO. (1.17)

The rest of this paper is organized as follows. We prove Theorems 1.1, 1.2, and 1.3 in
Sects. 2, 3, and 4, respectively. In the proofs, the time map method and the argument from

[1] play important roles. Finally, we prove (1.5) and (1.6) in the Appendix.

2 Proof of Theorem 1.1

Let A > 0 be fixed. We write w,(x) as a unique solution of

—w'(x) =awx), xel,
w(x) >0, xel, (2.1)
w(0) =w(1) =0.

We look for the solution u; (x) of the form

;. (x) = twp(x), (2.2)
where t; > 0 is a constant. By (1.1) and (2.1), we have

8 |l ) = 2w | e 23)

Since w,(x) = A"Y-D W, (x), we find from (2.3) that if

o W/ q
ot _ tma/e-0 1Wolla ’/”Z, (2.4)
Wl
then (2.2) satisfies (1.1). By this, we have
/(p—g-r+1)
b, = pr-a-g-renie-ny IWillg * 7 (2.5)
/(p-g-r+1) * :
IW7Ii;
By this and (2.2), we have
” W/ ”q/(p_q_”'l)
u; (x) = )\(pfq)/((p—q—ra-l)(r—l)) rllg k—l/(r—l) W, (x) (2.6)

pl(p—q-r+1)
Wiy

/(p-g-r+1

— Al/(p*qul) ”W;HZ a1 w. (x)

wy e
r

Page 4 of 15
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This implies (1.7). Since & = ||uy ||o = #,.(1/2), we put x = 1/2 in (2.6). Then, we obtain

q/(p—-q-r+1)
A(l/(p—q—rﬂ) ” W,”

WHWV”W (2.7)

By this, we obtain (1.8). Thus, the proof of Theorem 1.1 is complete.
3 Proof of Theorem 1.2
We first show the existence of u;. We follow the argument in [1]. Let ¢ > 0 and A(¢) = €.
We consider the following equation for ¢ > 0.
_ 1-r (r-1)/
A(r) = |w,||, "t (3.1)
Assume that £, > 0 satisfies (3.1). We put y := t,\/z [w.ll5! and u; := yw,. Then, we have

A(lywi]3) = At =y

By this, we have

~A([] |3)6) = ~A(|y W, [[3)y W (6) (3.2)

=y A (x)" = du, (%)
Since w, = AW, we have
(%) = 6| W} ||2 (%), (3.3)

On the other hand, suppose that u; satisfies (3.2). Then by putting ¢, = ||} ||3, we see that
t, satisfies (3.1). Therefore, the number of the positive solutions ¢ of the equation

e = A WL v (3.4)

coincide with the number of the solutions of (3.2). So, we solve the equation (3.1). To do

this, for r > 1, we set
R,::%{1—log(r—1)+10g2+210g”Wr/”2}. (3.5)

Lemma 3.1 Forr>1, let A, :=€~r.
) If0 < A < Ay, then (3.4) has no solution.
(i) Ifx =X, then (3.4) has a unique solution t,.
(iii) If A > A,, then (3.4) has exactly two solutions t; 1, ty2 with 0 < t; 1 <ty < tp .

Proof We put K;, := A||W/||37". By (3.4), we have the equation

t=g(t):= —10gt+log1<,\, (3.6)
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Since g'(¢) = %, we see that g’(¢y) = 1, where ¢y = % Then the tangent line of y = g(¢) at
(20, g(t0)) is g(t) — g(to) = t — to. We see from this that if g(¢y) = £y, namely,
r—1

r—1
log— +logK; , = s 3.7
og 5 +logK;, 5 (3.7)

r—-1
2

then the tangent line of g(¢) at ¢ = £, is exactly the line y = £. Equation (3.7) implies that
logh =R,, (3.8)

namely, A = e®. This implies (ii). Since logt is a concave function w.r.t. £ > 0, and log K;, ,
is increasing function of A > 0, if 0 < A < e (resp. A > €&’), then we obtain (i) and (iii),
respectively. Thus, the proof is complete. O

Proofof Theorem 1.2 By Lemma 3.1, we obtain Theorem 1.2(i), (ii), and (iii). Now, we show
(iv). Assume that 1, (x) is a solution of (1.1) for some A > 0. We write A = el .13, By (1.1),

we have
{Au/k/(x) + )\u,\(x)'}u:\ (x) = 0. (3.9
Recall that « := || 4, ||oo- Then (3.9) implies that

1 1 1
_A / 2 _}\‘ r+l1 — _)\‘ r+1' 3.10

2 ) +r+1 () r+1 * ( )
We know that u; (x) is a positive solution of —u (x) = (A/A)u, (x)" with the condition u; (0) =
u;(1) = 0. Therefore, by the result of Gidas, Ni, and Nirenberg [6], we know that u; (x) =
u; (1 —x) (0 <x < 1/2). By this, (3.10) implies that for 0 <x <1/2,

U, (x) = E f)i)A al — y ()1, (3.11)

By this, we have

||u’ ||2 = 2/1/2 2 Voartt —u (x) 1l (x) dx (3.12)
== )V r+ A >

2\
— 2/ A /O[V+l _ 9r+1 d@
0 (V + l)A

1
~2 [ [T as
(I" + 1)A 0
=2 LMrza(V+3)/2.
r+1DA

By this, we have

81
Al 3= M. (3.13)
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By (3.11), we have

u} (x)

1 1/2
E - /(; /2 ™l —y (x)r+1
(r+1)A A
_Jr+DA [ 1 40
B 2\ 0 [+l — gr+l
_ [(r+ I)Aa“*’)/z /1 1 s
2A 0 V11— Sr+1
_ [(r+ 1A Lo,
2A

By this, we have

dx (3.14)

A
A=—" o (3.15)
2(r+ 1)L2
By (3.13) and (3.15), we have
4,15 = 4Mia L. (3.16)
By this and (3.15), we have
712 2 A r—1
A=A =A(4M, L, =— . 3.17
(””tkHZ) ( 2L ) 2(7’+1)L%a ( )
This implies that
A=2(r+ LA (4M, L)’ (3.18)
Thus, the proof of (iv) is complete. O
Now, we prove Theorem 1.2(v).
Lemma 3.2 As A — o0,
1 _
U (%) = xl/(r—1>{1 +——]| W27 D (1 + 0(1) } W], W), (3.19)
r p—
ro1 1/2 .
Uy (%) = {logk - log(log 2)(1 + 0(1))} W[, W) (3.20)

Proof We first prove (3.19). Since ¢y = (r— 1)/2, by (3.6), we see that £, ; — O and £, , — 00
as A — 00. By (3.4), we have

-1
tn = rT logt,1 +log — (r — 1) log| W/ (3.21)

.-

This implies that

ta = | W22 DL+ 9), (3.22)
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where § — 0 as A — oo. By this and (3.6), we have

W ||2)C2/("1)(1 +8) = % {—% log A + 2log|| W,’”i +log(1 + 6)} (3.23)

+logh —(r— 1)|| VV,’”2
By this and the Taylor expansion, we have
| w2220 = %(1 +0(1)) log(1 + ) = %(1 +o(1))s. (3.24)
By this, we have
P [ W/||2(1 +0(1))a~2/0, (3.25)
r—1"""12
This implies that as A — oo
2 ) 1/2
5% = x1/<f1>{1 w1 o(1))»\2’<”)} (3.26)
U 1 112 Ry
=) 1>{1 + :H W||5 (1 +0(1)) A~ 1>}.

By this and (3.3), we obtain (3.19). Now, we prove (3.20). Since £;, — 00 as A — 00, we
have

r—1

to = > logty o +logh — (r— l)log” W) ||2 (3.27)
This implies that

Lo =(1+¢€)loga, (3.28)
where € — 0 as A — oco. By this and (3.21), we obtain

Lo = log A + elog A (3.29)

I 1 {log(l +€)+ log(log)»)} +logh —(r—1) log|| VV;H2

By this, we obtain

€= g(1 + o(l))w. (3.30)

2 logA

By this, (3.3) and (3.28), we obtain (3.20). Thus, the proof is complete. O

4 Proof of Theorem 1.3
Let A > 0 be fixed. In what follows, C denotes various constants independent of A. Follow-
ing the idea of (3.1)—(3.3), we look for the solution of the form

u; (%) = tw,(x) = AV W (). (4.1)

Page 8 of 15
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If (4.1) is the solution of (1.1) with A(]|# |[5) = el and B(||u, |13) = ||u; |2, then we have

_ eXp(pr)fp/(r’l) ” Wr/ ||§) W,”(x) = 241 —q/(r-1) ” Wr/ ||ZWr(x)r- (4.2)
This implies that
exp(#22 PV W |T) = er s w7, (4.3)

We put s := t7*7~1, By taking log of the both side of (4.3), we have

C s/ @V — Jogs + Cy, (4.4)
where
w7 -plr-1 Az o q /19
Cy = 17PN )|| Wil Cy:= -1 log A + log|| Wr”q. (4.5)
We put
g(s):= Cs?/ @V _logs — C,. (4.6)

We look for s > 0 satisfying g(s) = 0. To do this, we consider the graph of g(s). We know

that
g/(S) - Cls(pfq—r+l)/(q+r—l) _ l (4'7)
qg+r-1 s
By this, we find that g’(so) = 0, where
(g+r-1)/ (q+r-1)/,
50 (q +r— 1) aer=p _ (q +r— 1) o p}\(qw—l)/(r—l)' (4.8)
pCi pIW/IL

By an elementary calculation, we see that if 0 < s < 59 (resp. s > g), then g(s) is strictly
decreasing (resp. strictly increasing) and g(so) is the minimum value of g(s). By (4.5), (4.6),
(4.8), and direct calculation, we have

-1 -1
g(so) = —log A + q+; (1 —logq*'; +log]| Wr/Hi— q+lr]— . log|| W;HZ)

= —log\ + Cp. (4.9)

We put A; := 0. Then, g(so) > 0 if 0 < A < A1, g(so) = 0 if A = A1 and g(so) < 0 if A > A;.
Then, we see that if 0 < A < Ay, then (4.6) (namely, (4.3) and (4.4)) has no solution, and if
A = A1, then (4.6) (namely, (4.3) and (4.4)) has a unique solution sy, and if A > A1, then (4.6)
(namely, (4.3) and (4.4)) has exactly two solutions s;, sy with s1 < sp < 3.

We see from the argument above that Theorem 1.3(i), (ii) hold. Moreover, let £, ; :=
5/ (j=1,2). By this and (4.1), we obtain Theorem 1.3(iii).

Now, we consider the case (iv). Since it is difficult to obtain ¢t ; := s} flar=1) (i 2 1,2) ex-
actly, we first establish the asymptotic formula for ¢, ; for A > 1.
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Lemma 4.1 Assume that ). > 1. Then,

o= | W[ A0 D log 1)1P { L+ +’: 2_ 7 lo“i()lgi Y (1+0(1) } (4.10)
Proof We put s, :=t{5 . By (4.3), we have

exp(shy"" APV W IB) = 55,0071 w2 (4.11)
By this, we have

f log + s VAPV W[ < logs) » + glog | Wy . (4.12)

Then, three cases should be considered.
Case 1. Assume that there exists a subsequence of {A}, which is denoted by {1} again,
such that as A — oo,

log 23> 57" a1y |7, (4.13)

Then, by this and (4.12), we have

Ll(l +0(1))log A = log s, 2. (4.14)
r p—
This implies that

s2 = A0 (1 4+ 0(1)). (4.15)

By this and (4.8), we have sg > s;, 2. This is a contradiction.
Case 2. Assume that there exists a subsequence of {A}, which is denoted by {1} again,
such that as A — oo,

log . < L4 HAP D w1 (4.16)
Then, by (4.12), we have

eyl /P = (1+ o(1)) logs).». (4.17)
This implies that

512 = (|W7 L7 (1 + o) a2/ logs;,) @™ (4.18)

= ” W, ”;(q”_l)(l + 0(1))}\(q+r_1)/(r_1)(10g S)L,z)(qw—l)/p

_ (q+r-1)Ip
- |w; || (ger=) (1+ 0(1))ala+=1/0= (q:—fl L log)»)

(g+r-1)/,
_ <q+ r; 1) o p” W ” —(q+r-1) (q+r 1)/(r-1) (10g)\.) (g+r-1) /p(l + 0(1))'
r_
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By this, (4.12), and (4.18), we have

q

r—

qur_l(l+o(1))logk: q+r_1(1+0(1))logk. (4.19)

log A +
1 g

This is a contradiction.
Case 3. Therefore, there exists a subsequence of {1}, which is denoted by {)A} again, such
that as A — oo,

Jog A
o8 <C. (4.20)

C_l < /(g+r-1) —
S API D W

By this and taking a subsequence of {1} again if necessary, we see that there exists a con-
stant C4 > 0 such that as A — oo,

Sy0 = CuA0T VD (g0 ) @=Dip(1 4 ), (4.21)

where §; — 0 as A — oo. By this and (4.12), we have

T toga + /@D ple-0) | |” (422)
r—1 p
qg+r—1 qg+r—1 ,
=log Cy + 1 log A + log(log ) +log(1 + &o) + qlog” W, “q.
r p—
This implies that
STV W | = (14 81) log (4.23)

where §; — 0 as A — oo. This implies that
32 = ”W ” (g+r-1) )\,(q+r_1)/(r_l)(10g)»)(q+r_1)/p(1 + 50) (424)

Namely, Cy = || W,’H;(q”*l). By (4.22) and (4.23), we have

-1
S1logh =log Cy + a~r log(log A) + log(1 + &¢) + qlog“ W, ”q. (4.25)

By this, we have

q +r—1log(logA)
1= (1

p oz +0(1)). (4.26)

By this, (4.23), and the Taylor expansion, we have

Sip = ” Wr/ ”—(q+r—l)k(q+r—1)/(r—1)(log)\)(qw—l)/p(l + 51)(q+r—1)/p (4.27)

— ||W/|| (g+r-1) (q+r—1)/(r—1)(10g)\)(qw—l)/p

2
P log(log 1)
X{1+<q+r—1) log 1 (1+o(1))}.
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Indeed, we see from (4.27) that s < s;,2. Therefore, by (4.27), we obtain (4.10). Thus, the
proof is complete. 0

Lemma 4.2 Assume that ). > 1. Then
t = A4/ ((r=1)(g+r-1) ” Wr/“;q/(qw—l) (4.28)

1 (g+r-1) . _ _
I I LA LA AR ]

Proof Since s;,; < so, we find from Lemma 4.1 that as A — oo,
SP;L’/YHV—I));P/(PI) “ W; ”11: < IOg)». (4.29)

By this and (4.12), we have

(1+0(1)) Ll log A = logs;. (4.30)

r —

This implies that
Siq= )\'q/(r—l)(lJro(l))' (431)

By this and (4.8), we see that s = 5, ; is determined by (4.31). By (4.31), we have

'S‘i/;q+r71))“_p/(r_l) || Wr{ ||17 E CSIP(V*1)(1+0(1})/(q(q+7*1)) -0 (4‘.32)

: p

as . — 0o. Now, we calculate s;. By (4.30) and (4.12), we have

% logx =logs;,1 + (1 + 0(1))q10g|| Wr’”q. (4.33)
By this, for A >> 1, we have

-1 (r=1)/

A=W @), (4.34)
where n — 0 as A — oo. By this, (4.12), and the Taylor expansion, we have

(1 +0(1))y + LT DRI W[ < 0 (4.35)

1 n+s rllp =% .
By this and (4.34), we have

r—1 —pql(g+r-1). _ _
n=—— Wl IWil e o). (4.36)

By this, (4.20), and the Taylor expansion, we have

Sl = 24/(=1) ” W;”Z’(l _ %U) (4.37)

D W e 1 o)),
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By this, we have

£, = A4/(CDgrr=1) |y -4/(q+r-1) (4.38)
’ q

1 /|12 /| P/ a@+r=1) y —p/(g+r-1)
[re e e oy |
Thus, we obtain (4.28). 0
Proof of Theorem 1.3 By Lemma 4.2, for A >> 1, we obtain

Uy, (x) _ A—l/(q+r—l) H Wr/ H;q/(qﬂ”—l) (439)

1 7 |Pa/(a+r=1), - -
X {1 + pr— |w; “ﬁ” 14 ”2!1 =D ~pllg+r D(1+ o(D)}Wr(x).

This implies (1.14). Further, by Lemma 4.1, we obtain

2
_lw it 1p p log(log )
Uz (x) = | W] Hq (log ) {1 + Gir=1F logn (1+0(1)) { Wy (x). (4.40)
This implies (1.16). To obtain (1.15) and (1.17), we just put x = 1/2 in (4.39) and (4.40).
Thus, the proof is complete. O

Appendix
Let r > 1. We first show (1.6), which was proved in [14] for completeness. We apply the

time map argument to (1.3), cf. [12]. Since (1.3) is autonomous, we have

W,(x) = W,(1-x), x€[0,1/2], (A.1)
W(x)>0, x€][0,1/2), (A.2)
§:=Wilo = 013331 W, (x) = W,(1/2). (A.3)

By (1.3), for 0 <x < 1, we have

(W) (%) + W, (x)"} W, (x) = 0. (A4)
By this and (A.3), we have

1 ! 2 1 r+1 1 r+1 1 r+1

W/ (x)" + — W, (x)""" = constant = —— W,(1/2)""" = —&""". (A.5)

2 r+1 r+1 r+1

By this and (A.2), for 0 <x < 1/2, using 6 = £s, we have

W) = | — (£ = Wilwy™1). (A6)
r+1
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By (A.1) and (A.6), we have

1/2 1/2 /
1_ / ldx = / W, (%) dx (A7)
2 0 0 \/VZ (E71 — W, (x)*1)

+1

~ /r+1/5 1 "
2 0 /Er+1 _Qr+l

Vo2 0 V1-g+l

+1
— r 5 s(l_r)/er-

By this, we have
£ = (20r+ 1))V L2, (A.8)

This implies (1.6). We next show (1.5). By (A.1), (A.3), and (A.6), we have
1/2
w7 =2 / W, (x)" " W (x) dx (A.9)
0

2 (m=1)/2 p1/2 (m-1)/2
= 2<_> / (%-V+1 _ Wr(x)”l) m— Wr’(x) dx
0

r+1

_ o(m+1)/2 —(m-1)/2 ¢ r+l _ gr+l (m-1)/2
=2 (r+1) (“;‘ 0 ) de
0

1
_ 2(m+1)/2(r + 1)—(m—1)/2%.(m—l)(r+1)/2+1f (1 _Sr+1)(i%—l)/2 ds
0

— zm*"/(r*l)(r + l)m/(r—l)L(mHm—H1)/(r71)M
r

r,me

This implies (1.5).
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