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1 Introduction
Let Z and R denote the sets of integers and real numbers, respectively. Define Z(a) =
{a,a+1,...}and Z(a,b) = {a,a + 1,...,b} for any a,b € Z with a < b.

In this paper, we consider the following nonlinear fourth-order difference equation:
A} (praDPupn) = f (koue), k€ Z(1,T), (1.1)
with the Dirichlet boundary value conditions
U_1 =Uy=uUrsy =Uryz =0, (1.2)
where T is a given positive integer, A is the forward difference operator defined by Auy =
Upsr — Ui, DNug = AAwy), pre > 0 forall k € Z(-1, T), f : Z(1, T) x R — R is continuous in
the second variable.

Boundary value problem (1.1) with (1.2) can be regarded as a discrete analogue of the

following fourth-order boundary value problem:

(p@Ou"(1))" = A (,u(t)), tel0,1],
u(0) = u(1) =u/(0) = u/(I) = 0.

(1.3)
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This problem gives the equilibrium state of a beam under simple bearing forces at both
ends [1, 2]. In the mechanics of materials, the deformation of an elastic beam is usually
modeled by the fourth-order problem (1.3) and some of its variants. For such issues, Agar-
wal [3] and Aftabizadeh [4] discussed the existence and uniqueness of solutions, Bonanno
studied the multiplicity of solutions [5], and Graef et al. explored the existence of positive
solutions [6].

In recent years, due to the wide applications of difference equations [7-9], the discrete
elastic beam problems have attracted extensive attention of scholars. The methods include
the fixed point theorem [10], invariant sets of descending flow [11], bifurcation techniques
[12], etc. In 2003, the critical point theory was first used to prove the existence of pe-
riodic and subharmonic solutions of second-order difference equations [13]. Since then
this method has been widely used to discuss periodic solutions [14], homoclinic solutions
[15-17], and boundary value problems [18—23] for difference equations. In particular, the
critical point theory is also used for boundary value problems of fourth-order difference
equations [14, 23, 24]. Among them, Cai et al. obtained some sufficient conditions for the
existence of at least two nontrivial solutions of the boundary value problem (1.1) with (1.2)
for A = 1in [14].

In addition, He and Yu discussed the fourth-order difference equation

Ay = Aagg(uy), ke Z(2,T +2), (1.4)

with the following boundary value conditions:

Uy = A2u0 =UT2 = AzuT = 0, (15)

where a; > 0 for any k € Z(2, T + 2) in [20]. It is clear that (1.4) is a special case of (1.1)
when py =1 for k € Z(-1, T) and f with the form f(k, ) = axg(u). By using the fixed point
theorem, the existence of positive solutions to the boundary value problem (1.4) with (1.5)
is obtained.

This paper aims to establish the existence results of infinite solutions to the boundary
value problem (1.1) with (1.2) by the critical point theorem. To this end, we first construct
a function space E and establish an important inequality between two norms in E, then,
through the oscillation of nonlinear function f at the origin and at infinity, we obtain suffi-
cient conditions for the existence of infinitely many solutions to the elastic beam problem
(1.1) with (1.2).

The rest of this article is organized as follows. In Sect. 2, we establish a variational func-
tional J;, corresponding to the elastic beam problem (1.1) with (1.2) on the function space
E. And we find that the critical points of ], are actually solutions to problem (1.1) with
(1.2). Furthermore, we construct an inequality that plays an important role in proving our
main results. The sufficient conditions for the existence of infinite solutions to problem
(1.1) with (1.2) are established and proved in Sect. 3. In Sect. 4, we give two examples to

illustrate the rationality and applicability of our conclusions.
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2 Preliminaries
In this section, we first establish the variational framework associated with problem (1.1)

with (1.2). We consider the T-dimensional Banach space

E={MZZ(—I,T+2)—>RZM,1=M0=MT+1=MT+2=0}

endowed with the norm

T+1 %
lluel| := (Z(Azuk_1)2> . (2.1)

k=0

For each u € E, define

T+1 T
1 2
(D(M) = 5 ];:0 Pk-1 (Azuk—l) ) lI’(Z't) = ];:1 F(kr Mk),

where

F(k,u) := /uf(k, t)dt.
0

Define the functional J, on E as J;(u) = ®(u) — AW(u) for any u € E. Clearly, &, ¥ €
CY(E,R), and we have

<]£(14), V> = }T(l) w

t
_ al(u+tv)
dt o
d 1 T+1 , p
= (5 ZPk—l(A2(Mk—1 +tvi1))” - A ZP(/{, Uy + tvk))
k=0 py »

T+1 T
=Y pa N Ny =0 flk wve
k=0 k=1

= (Pk-zAzuk-zAvk-1) T2

k

T
A(proaAuiz) Avioy — A Zf(k, Ui ) Vi

T
=1 k=1

T
(A% (Pr-2 A i) — M (ky i) ) Vi
k=1
for any u, v € E. This shows that critical points of functional J; are solutions to the bound-

ary value problem (1.1) with (1.2).
Now we present the following result obtained by Ricceri in [25], which will be used to

find the critical points of the problem (1.1) with (1.2).

Lemma 2.1 Let E be a real reflexive Banach space. For any x € E, ], (x) = ®(x) — AW (x),
where . € R* and ¥, ® € C}(E,R) with ® coercive, that is, limy o0 P(x) = +00.
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Assume that infg ® < r, let
a =liminf ¢(r), B = hm inf ¢(r),
r—+00

— (infg @)+

(SupxedJ‘l(—oo,r) W (x)) — W (u)
ued=1(=co,r) r—®(u)

When a =0 (or B = 0), in the sequel, we agree to read 1/a (or 1/8) as +oo.
(1) If a < +00, then for each A € (0, é) the following alternatives hold: either
(1) ], possesses a global minimum or
(Io) there is a sequence {u,} of critical points of ], such that lim,_, ;o ®(u,) = +00.
(H) If B < +00, then for each A € (0, 1) the following alternatives hold: either
(Hy) there is a global minimum of ®, which is a local minimum of ], or
(Ha) there is a sequence {uy,} of pairwise distinct critical points of J, with limy,_, o ®(u,) =

infg ®, which weakly converges to a global minimum of ®.

Now we give the following inequality, which plays an important role in the proof of our
main results.

Lemma 2.2 For any u € E, we have

max {|Mk|} < % VT +3

ul. 2.2
max L (2:2)

Proof Let t € Z(1, T) be such that

U;| = max U (-
|atc | keZ(LT){I «l}

Noticing u_; = up = 0, we have
I TN 3) SN
k=1 j=1
By the Cauchy—Schwarz inequality, we have

Tk
|u.| < ZZ|A2W72|

k=1 j=1

1

S(r(t+1) (ZZ 2uy2) )7

k=1 j=1

< (T . 1) K (Z(Azuk_z)z) . (2.3)

k=1
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Similarly, by the fact that 7,1 = ur,, = 0, we have

% T %
|ur|s(¥) (T—T+1)<Z(A2”k)2) :

k=1
If
('C + 1)1’2 v ) ) (T+ 1)2(T+ 3) T+2 , ,
N A2y )2 < (LHDAT+3) At
2 ;( U 2) = 3 ;( ” 2)
then Lemma 2.1 holds. Otherwise,
('C + 1)1’2 v ) ) (T+ 1)2(T+ 3) T+2 , ,
N A2y, (T+1)XT +3) R
2 kX:I:( Uk 2) > 5 ;( » 2)
Then
T (T+ 1)2(T+3) T+2 )
AZ ~ 2 U+ 1)7(1 +3) Az )
kXﬂ:( U-a) > 160 1 172 sz‘( Uk—2)
and
T+2 T+2
(T +1)X(T +3) )
A2 ~ 2 < DI+ A2 ) '
k;1( . 2) - ( 16(t +1)t2 ;( U 2)
By (2.4), we have
T-r+2 T+1)XT +3
T F R AL A TS
16(t +1)t2
We now show that
_ ) ,
g;l:E&T—r+n21_(T+D(T+$ _(T+DAT+3)
2 16(t + 1)72 32

In fact, we consider the function v: [1, 7] — R given by

1 1

vs) = 26+1) (T-s+ 1) (T-s+2)

Since

3s2+2s 3(T-s+1)+2(T-s+1)

‘“”:_ﬂu+1y+ (T—s+ )T —s+2)?

is increasing in [1, T'], and we see that there exists unique s = I+l uch that

2
T+1
1/( ; ) =0, and

T+1 T+1
V(s)<0 forse|:1, ; ), V(s)>0 fors€< ; ,T:|.

(2.4)

Page 5 of 13
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T+1

Therefore, v attains its minimum at s = , that is,

1 1 _ 2 B 16
26+ (T-s+DAT-s5+2)  (Zh(TL+1) (T+DXT+3)

for s € [1, T]. Since T € Z(1, T'), we have

1 1 16
(7 + 1) (T-t+1D)X2(T-7+ 2) (T+ 12T +3)’

which is the same as (2.2). O

3 Main results
In this section, we give our main results. Let

u =limsup

X—>+00

Y Flk®)
22

and
) =min{pk,kEZ(1, T)}, P =max{pk,keZ(1,T)}.
We have the following result.

Theorem 3.1 Suppose that there are two real sequences {w,}, {c,} with w, >0 and

lim,,_, 400 W, = +00 such that

%(1071 +Po+Ppro1+pr)ct < % forn e Z(1) (3.2)
and
) i ’ (3.3)
b-1+po+pr-1+pr
where
p = liminf ZZ:I MaXiy|<wy £ Zk 1 F(k,cu)

n—00 16p*w% 1 2
(T+1)2(T+3) z(p—l +po+pPr-1 +PT)Cn

Then, for each A\ € (’%, %), problem (1.1) with (1.2) admits an unbounded se-

quence of solutions.

Proof 1t is obvious that

T+1
lim ®(u)= lim Zpk 1 A Up— 1 > lim ||M||2 = +00,

lluel| = +00 llul| >+00 2 lull>+00 2

which means that ®(u) is coercive.



Chen and Zhou Boundary Value Problems (2022) 2022:58 Page 7 of 13

Define

16p.?
(T+1)2(T +3)

Iy =

If u € E and ®(u) < r,, then we have the following inequality:

1 T+1 5
b kZO:(Azuk_l) < T

Considering Lemma 2.2, for any k € Z(1, T), we have

(T + 1)X(T +3) A
Iukl2 TZ(A uk,l)z <a)ﬁ.
k=0

Furthermore, according to the definition of ¢, we have

T
b(r,) < inf D ko1 MaAX i<, F(K, %) - Zkl F(k, ”k)

1 16p.w2
ued=1(-o0,ry) m&% _ q)(u)

(3.4)

For any n € Z(1), take (g,)x = ¢, for k € Z(1, T) and (g,)-1 = (gn)o = (@n)1 = (@n) 741 = 0
then g, € E and

1
®(gy) = 5 (-1 +po+Pra 4P, <7
by exploiting (3.2). Therefore, from (3.4), we have

S maxyy <, Fk,x) = 31 F(k, (qa)k)

Plrn) < Yoyl
i« Wy
wie ~ Pan)
T
_ 2 ko1 MAXjy <o, Fk, %) — Zk 1 F(k, cu)

16psp 1 2
iy ~ 2P-1+Po + P11 +pT)Cn

Moreover, combining (3.3), it is clear that o < liminfy,_ ;o ¢(r,) < p < +00.
We assert that /; is unbounded from below. In fact, when u < +00, since

2ML > po1+po +Pro1 + Pr)
there exists gy > 0 such that
20(u — &) > p-1 + po + pr-1 + PT-

From (3.1), we know that there exists a positive sequence {a,,} with lim,,_, ,» a, = +00 such
that

T
> E(kay) > (u - o)a.
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For each n € 7Z(1), define v, € E with (v,)x = a, for k € Z(1, T), then we have the following

inequality:
1 T+1 T
2
Ji(on) = 5 3 pra(A%(ier)” =2 D JF(k (vn)e)
k=0 k=1

l 2 _ 2

=< 2(1”—1 +Ppo + pr-1 +pr)a, — A - go)a,
1 2

= 5P+ po+pro+pr =201 - 0))a,. (3.5)

The above inequality implies lim,,—, o0 /3 (Uy) = —00. If u = +00, it can be seen that there is

a sequence of positive number {a,,} with lim,,_, , a, = +00 such that

T
Y Flka,) = PP g
k=1

from the definition of p. Define U, € E as (U,)x = a, for k € Z(1, T), then

T+1 T
_ 1 _ 2 _
Ji(0n) = 3 E Pre1(A*(Onie1)” = A E F(k, (On)k)
k=0 k=1
1 )
< —5(10_1 +Po + P11+ Pr)d, —> —00 aS N —> +00. (3.6)

By combining (3.5) with (3.6), we can conclude that condition (/;) of Lemma 2.1 does not
hold. Therefore, the functional J; has a sequence of critical points with lim,_, ;oo ®(u,) =
+00, which means that the problem (1.1) with (1.2) admits an unbounded sequence of

solutions. O

Corollary 3.2 If there is a sequence of positive numbers {&,} with &, — +00 as n — +00
such that

. 21

< , (3.7)
pP-1tpotprat+pr

where

’

5 - limint (T +1)*(T +3) Zszl max|y <g, F(k,x)

then, for each ). € (W, %), problem (1.1) with (1.2) admits an unbounded se-

quence of nontrivial solutions.
Proof Taking ¢, = 0 for all n € Z(1), it can be easily proved by Theorem 3.1. O

In particular, if the nonlinear function f in (1.1) with the form f(k, u) = axg(u), where
ar>0forkeZ(,T), and py =1 for k € Z(-1,T). Then (1.1) reads

A (proaDupn) = hagg(uy), k€ Z(1,T). (3.8)



Chen and Zhou Boundary Value Problems (2022) 2022:58 Page 9 of 13

Define

o G(x)
[ =limsup —5
x—>+00 K

where
Gx) = /0 g(s)ds.

Then we have the following.

Corollary 3.3 Suppose that there are two real sequences {w,}, {¢,} with @, > 0 and
lim,,_, ;o0 @, = +00 such that

1 - 16p.@?

—(p_ _ —_— e Z(1 3.9

2(P1+po+pT 1+pT)C,,<(T+1)2(T+3) Jorn € Z(1) (3.9)
and

9
5 < a , (3.10)
pP-1tpotprat+pr

where

o maxjy<s, G(x) — G(¢,)

o = liminf

n—00 16p.@p 1 =2 '
TipTes — 2W-1+Po+pr1+p1)C,

Then, for each A € —— (E=LHPOPT1PT L
Je ST ak( 5 '3

sequence of nontrivial solutions.

), problem (3.8) with (1.2) admits an unbounded

Now, we discuss the existence of infinitely many solutions to the boundary value prob-
lem (1.1) with (1.2) by using the oscillatory behavior of the nonlinear function at the origin.

Theorem 3.4 Suppose that there are two real sequences {z,} and {z,}, where z,, > 0 and
lim,,_, 00 2, = 0, such that

16p.Z,

%(p_l +po + P11 +pT)zf, < m forn € Z(1) (3.11)
and
0< 21 , (3.12)
p-1+po+pr-1+pr
where
o = liminf >y Max <z, F(k,x) — 31 Fk, z,) .

n— 00 16p*22 1 2
T2 5B-1 +po +pro1 + p1)7E

Then, for each ) € (W, é),problem (1.1) with (1.2) has a sequence of nontrivial

solutions that converges to 0.
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The proof of Theorem 3.4 is similar to that of Theorem 3.1, so we omit it.

Corollary 3.5 Suppose that there is a sequence {z,} where z,, > 0 and lim,,_, .o z, = 0 such
that

_ 21

< , (3.13)
P-1tpotpr-1+pr

where

5 = liminf (T +1)%(T +3) 21{:1 maxy <z, F(k,x)
n—>00 16p*2%

Then, for each ). € (’W, %),problem (1.1) with (1.2) has a sequence of nontrivial

solutions that converges to 0.

Considering the boundary value problem (3.8) with (1.2), we have the following result
when the nonlinear function g oscillates at the origin.

Corollary 3.6 Suppose there are two real sequences (b}, {b,} with b, > 0 and

lim,,_, ,o0 b, = 0 such that

%(p’l +po+pro +pr)by < % forn e Z(1) (3.14)
and
o - ' (3.15)
b-1+po+pr-1+pr
where
o = liminf max, .5, G(x) — G(by)

16ps b2 1 ’
e m&w - 5(17—1 +pPo+pPr-1 +[9T)b3,

Then, for each ). € ZTl . (p’”p‘);ﬁT‘”pT, %),problem (3.8) with (1.2) admits a sequence of
k=1%

nontrivial solutions that converges to 0.

4 Examples
Example 4.1 Consider (1.1) with (1.2) when

flk,u)=f(u) = (1 + |u|)(2 +2€ + 2sin(e ln(|u| + 1)) +e€ cos(e ln(|u| + 1)))

for any k € Z(1, T) and € > 0. Then, for u > 0, it can be obtained by direct calculation
F(k,u) = F(u) = / f(8)ds=(1+u)*(1 +€+sin(eln(u+1)) -1 -e.
0

Obviously, f(u#) > 0 for u € R, and F(u) is increasing at (—00, +00). Take

1.3m
+2nm
(j ) ],

1
P N _

v, =e
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Then we have lim,,_, , s v, = lim,,_, ;oo @, = +00 and

F n
o =timsap T F) o T P

X—>+00 n—>+oo n

=2+¢eT.

In addition,

p = limin f(T+1) (T'+3) Zk 1 Fk@,) (T + (T +3)Te

Let € be sufficiently small such that

(T +1)%(T +3)Te - 2+6)T
16p.. T pi+potpratpr

which implies that (3.7) of Corollary 3.2 holds. Therefore, by Corollary 3.2, for any

= l(l’—l*’PO‘*‘PT—l*‘PT 1617*
T 2+€ ? (T+1)2(T+3)e

bounded sequence of solutions.

), the boundary value problem (1.1) with (1.2) has an un-

Example 4.2 Consider (1.1) with (1.2) when

u(2 + 2¢ + 2sin(e?In |u]) + €2 cos(e? In |ul)), u#0,
Sk u) =f(u) = 0 0
1) u=\=.,

for any k € Z(1,T) and € > 0. Then, for u # 0, we have
F(k,u) = F(u) = / f(s)ds =u*(1 + € +sin(e” In |ul).
0

It can be seen that f () > 0 for u > 0, F(u) is increasing at [0, +00) and F(—u) = F(u). It is

easy to get that

u =limsup =2+6)T.

X—>+00

3kt Fe )
x2

1
Let¢, =e - (32 , then lim,,_ ,» ¢, = 0, &, > 0 for n € Z(1). After a simple calculation,
we have
- bming (T +1)X(T +3) Zk VF(k,¢,) ) (T +1)%(T +3)Te
CTE 16p.&; 16p; '

Take € be small enough such that

(T +1)%(T +3)Te - 2+6e)T
16p. T pa+pot+pratpr

which means that (3.13) of Corollary 3.5 holds. Hence, from Corollary 3.5, for any A €

1 (p-1+PO+PT1+PT 16ps
T 2+€ 7 (T+1)2(T+3)e

quence of solutions which converges to 0.

), the boundary value problem (1.1) with (1.2) admits a se-
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