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1 Introduction
In the ecological environment, schooling behavior among predators widely exists, such
as wolves, African wild dogs, and lions [1-3]. In [4], Cosner et al. proposed the following

functional response

Ceouv
i) = 1+ hCequv’
The biological meanings of the parameters are given in Table 1. Unlike the traditional
functional response (Holling I-III [5]), it is dependent on predator density and increases
with prey and predator densities. This functional response can reflect the schooling be-
havior among predators. Incorporating this functional response, Ryu et al. [6] studied the

following model:

du _ uy_ Ceou?

dt I"I/l(l - K) 1+hCequv’ (1 1)
dv _ eCequv? — v :
dt — 1+hCequv K.

© The Author(s) 2022. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-022-01638-6
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-022-01638-6&domain=pdf
mailto:jindan720@163.com
http://creativecommons.org/licenses/by/4.0/

Yang et al. Boundary Value Problems (2022) 2022:56 Page 2 of 15

Table 1 Biological description of parameters

Parameter Definition Parameter Definition
t Time variable X Spatial variable
u Prey density v Predator density
r Prey intrinsic growth rate K Prey carrying capacity
C Capture rate €o Encounter rate
h Handling time € Conversion efficiency
I Death rate of predators T Gestation delay
dh Diffusion coefficient of prey d> Diffusion coefficient of predators
By the scaling
- u _ -
rt =t, X = U, hCeyKy = v, .
1 € 5 uh (1.2)
—_ = — = —_ =
CeothK)?r " P e TV
model (1.1) changed to (dropping the bars)
du _ oaur?
dt —u(l—u)— 1+uv’ (1 3)

dv _ u?
dt ~ '3(1+uv - ]/V)

All parameters are positive. They mainly studied the saddle-node, Hopf, and Bogdanov—
Takens types of bifurcations at coexisting equilibrium.

In the real world, the living region of prey and predator is inhomogeneous, and diffusion
often occurs. Therefore, it is necessary to consider the spatial effect, such as reaction diffu-
sion. Some work shows that space will affect the dynamic properties of the predator—prey
model, such as spatial pattern, inhomogeneous periodic solution, etc. [7-10]. In addition,
time delays often occur in predator—prey models, such as maturity delay and resource
constraint delay. Time delays often cause spatial oscillations, such as periodic solutions
[11-14].

The resources in nature are limited, there will be competition within the population,
and this competition is usually nonlocal. In [15, 16], the authors modified the % as
% Jo G(x,y)u(y, t) dy to represent the nonlocal competition, where G(x,y) is some kernel
function. In [17], Wu and Song studied a diffusive predator—prey model with nonlocal ef-
fect and delay, and suggested that steady-state, Hopf, and steady-state Hopf bifurcations
may occur. In [18], Geng et al. studied Hopf, Turing, double-Hopf, and Turing—Hopf bifur-
cations of a diffusive predator—prey model with nonlocal competition. In [19-22], all the
authors show that the nonlocal competition may induce stably spatially inhomogeneous
bifurcating periodic solutions, which is different from the model without nonlocal compe-
tition. Inspired by the above work, we want to analyze the effect of nonlocal competition,
time delay, and spatial diffusion on the model (1.1). Consider the following model

dulxt) _ dyAu+u(l - fQ G, y)u(y, t)dy) — auv?

at 1+uv’

(-
%:dzAvhB(%—yv), x€Q,t>0

du(xt) _ vlxt) _
e =5 =0, x€0Q,t>0

u(x,0) = ug(x,0) >0, v(x,0) = vo(x,0) >0, x€Q,0¢€[-1,0].

(1.4)
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The biological descriptions of the parameters are given in Table 1. [, G(x,y)u(y, t) dy rep-
resents the nonlocal competition effect.

The rest of this paper is organized as follows. In Sect. 2, we study the stability of coexist-
ing equilibrium and the existence of a Hopf bifurcation. In Sect. 3, we study the property
of a Hopf bifurcation. In Sect. 4, we give some numerical simulations to illustrate the the-

oretical results. In Sect. 5, we give a short conclusion.

2 Stability analysis

Choose 2 = (0,/x), and the kernel function G(x,y) = % Denote N as a positive integer

set, and Ny as a nonnegative integer set. (0,0) and (K, 0) are boundary equilibria of system

(1.4). The existence of positive equilibria of system (1.4) has been studied in [6], that is

Lemma 2.1 ([6]) The existence of positive equilibria of system (1.4) can be divided into

three cases:

4(1-y)
27y2

o o = oy and B > y: one positive equilibrium (%, 2&—:/)).
o o <y and B > y: two distinct equilibria (uy,v1) and (uy,v,), where u; <

2
2, ay” — y
1 =02 = o

o>y i=

: no positive equilibrium.

2

3 < Uy, and

Ui, are two roots ofu3 —-u

2.1 Model with nonlocal competition
Make the following hypothesis

(Hyp) o < ap, y < 1.

If (Hp) holds, then system (1.4) has one or two coexisting equilibria. Hereinafter, for
brevity, we denote E,(u.,v.) as the coexisting equilibrium. Linearize system (1.4) at
E*(M*, V*)

ou u(x, t) -D Au(t) oL u(x, t) oL u(x,t—1) oL u(x, ) 2.1)
at \ulx, 1) avie)] " T\ )] T T \ve—1) )T P ) ) '

where

us v
(1+M*V*)2

_M*V*(2+u*V*)a < 0, bl _ V%/S > O, b2 — U Vi (2+14V5) B ~

and a = (L+usvs)? T (Ltusve)? (L+usvs)? >0, u=

>0, ay =

% 01" u(y, t) dy. The characteristic equations are

A+ Ah+B,+(Cy— by e =0, neN, (2.2)
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where

Ao=us—ar+ By, By = (s —a1)By, Co = —ba(uy — ar) — asby,

n? n* n?
Ay =(di + dz)l—2 +fy-—a,  By= d1d2l_4 +(Byd - ﬂldz)l—z —a\By, (2.3)
2
Cn =—b2d1[—2 +ﬂ1b2—ﬂ2b1, neN.

When 7 = 0, the characteristic equations (2.2) are
A+ (A, —b)r+B,+C,=0, neN,, (2.4)
where

Ao —by=—ay +u,— by, By + Co = (a1 — us)(by — By) — azb1,
Ay —by="5(d +dy) —ar + By — b,
By +Cy = dydy s + "5 [~daay + dy(By — b2)]

+ay(by — By) —ab;, mneN.

(2.5)

Make the following hypothesis
(Hy)  Ay,-b2>0, B,+C,>0, forneN,.

Theorem 2.1 For system (1.4), assume © = 0 and (Hy) hold. Then, E,(u,,vy) is locally
asymptotically stable under (H;).

Proof 1f (H;) holds, we can obtain that the characteristic roots of (2.4) all have negative
real parts. Then, E,(u,, v,) is locally asymptotically stable. O

Let iow (w > 0) be a solution of Eq. (2.2), then

—w? +iwA, + B, + (C, — byiw)(coswt — isinwt) = 0.

w? (b2An+Cn)=BuCy

; (AnCn+Buby—byw? .
ey SInwT = @AnCntBuby—byo”) Thjs Jeads to
n

We can obtain coswt = TR
ntby
w*+ (A~ 2B, -b3) + B, - C. =0. (2.6)
Let z = w?, then (2.6) becomes

2> +2z(A2-2B,-b3) + B2 -C2=0, (2.7)

and the roots of (2.7) are z* = 1[-P, + /P2 —4Q,R,], where P, = A} — 2B — b3, Q, =
B, + Cy,and R, = B, — C,,. If (Hp) and (H;) hold, Q, > 0 (n € Ny). By direct calculation, we

Page 4 of 15
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have

Py = (a1 —u,)* + p*y* - b3,

K2\ ? n? 2
Pk=<ﬂ1—d11—2> +(d21—2 +,3)/> —b§,

Ry = azby — (a1 — u,)(by + By)

4 2

k k
Rk = d1d21—4 + (bzdl - ﬂldz + dlﬂ)/)l—z + dzbl —ﬂlbz - 41,3)/, for k e N.
Define

Wi = {n|R, < 0,n € No},
W, = {n|R, >0,P, <0,P, —4Q,R, > 0,n € Ny},

W; = {n|R, > 0,P, — 4Q,R, < 0,n € Ny},

and
o =Vzr,
it w% arccos(VE) + 2, Vs(i’li’i) >0,
T = n
é [27 — arccos(VIEEN] + 2, Vs(iy‘f"i) <0, 08
2.8
V(n,i) _ (a)nj:)z(bZAn + Cn) - Bncn
i)
Yo _ wE(AyCyy + Buby — by(wF)?)
C2 + b (wir)?

We have the following lemma.

Lemma 2.2 Assume (Ho) and (Hy) hold, then the following results hold.
e Eq.(2.2) has a pair of purely imaginary roots tiw}, at rffforj eNypandneW,.
e Eq. (2.2) has two pairs of purely imaginary roots tio> at r,’q"iforj € Ny and n e W,.
e Eq. (2.2) has no purely imaginary root for n € Ws.

Lemma 2.3 Assume (Hg) and (Hy) hold. Then, Re(%)h:rm >0, Re(j—;\)hq/,_ <0 forne
W1 UW2 ﬂl’ld] (S] N().

Proof By (2.2), we have

(dk)"l 2+ A, —be 1

dr (Cy—byl)he ™ A

Page 5 of 15
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Then,

w(@) ]l ]
Re| — =Re| ——— — —
dt - (Cu—bat)he™ A, _j+

= | =——5—=(20* + A2 - 2B, - b2
|:C£ + byw? ( " ! 2) e=)*

1 2
= i[m\/@% ~2B,-b3)" - 4(B} - CZ)]

i+
=1,

Therefore, Re(%)|r=rj,+ >0, Re(%)l.r:l_j,f <0. (]

Denote 7, = min{t’|n € W; U W,}. Note that 7 = t{f(r = t{’,’,f) may be equal to T =

j,+ f,— . . . . . . .
7" (t = 1)), for some m # n. In this case, high codimensional bifurcation will occur. In

this paper, we do not consider this case. Then, we have the following theorem.

Theorem 2.2 Assume (Ho) and (Hy) hold, then the following statements are true for system
(1.4).

o E.(u,,vy) is locally asymptotically stable for T > 0 when W, UW, = 2.

o E.(uy,vy) is locally asymptotically stable for t € [0, t,.) when W, UW, # &.

o E,(uy, vy) is unstable for t € (., T, + €) for some & >0 when W; UW, # &.

e Hopf bifurcation occurs at (uy,v,) when t = T£’+ (= rf,’_),j €Ny, ne W; UW,.

2.2 Model without nonlocal competition

The model (1.4) without nonlocal competition is

dux,t) _ dlAM + I/t(l _ u) _ aur?

at 1+uv’
v, )2 (-
%:@Avtm%—yv), x€Q,t>0 29)
dulx,t) _ vixt) _ 0 x€dQt>0 ’
3v v ’ ’

u(x; 9) = MO(xre) >0, V(x; 9) = VO(xye) >0, x¢€ de € [_T,O]'
Linearizing system (1.4) at (u,, v,) gives:
u t _
gt —dA M(t) +L/1 M( ) +L/2 M(t T) , (210)
5 v(t) v(¢) v(t—1)
where
1 - a,—u, dp , 1 - 0 0 .
0 -By by by
The characteristic equations of (2.10) are

A2+ 1A, + B, + (C,—br)e™" =0, neNy, (2.11)

Page 6 of 15
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where

2
A;=(d1+d2)’;—2+ﬁy+u*—al,

n* n?
B/,, = d1d21—4 +(Byd + dou, - “1d2)l_2 + (U — a1) By,
2
C;,q = —b2d1 1—2 + (M* - (,Zl)bz - agbl, ne N().

When 7 =0, the characteristic Eq. (2.11) reduces to the following equation:
A+ (A, -b)A+B,+C,=0, neNy,
where
Al =by =5 (dy +do) —ay + .+ By — by,
B, +C, = didy"s + % [dy(u — 1) + dy(By — b))

+ (a1 —u,)(by — By) — azxb,.

Make the following hypothesis

(Hg) A; - b2 >0, B;l + Ct/'l >0, neN

(2.12)

(2.13)

(2.14)

Theorem 2.3 For system (2.9), assume t = 0 and (Hy) holds. Then, E,(u.,v,) is locally

asymptotically stable under (Hy).

Let iw (w > 0) be a solution of Eq. (2.10), and z = w?. Similarly, we can obtain ziw =

s[-P, £ /(P,)*> —4Q,R,], where P}, = (A})* - 2B, - b3, Q, =B, + C,,and R, = B,

(Ho) and (H2) hold, Q,, > 0 (n € Ny). By direct calculation, we have

P} =Py, R} = Ry,

k2\? n? 2
P;(=<a1—u*—dll—2> +<dgl—2 +ﬂ')/) —b%,

4 2

k k
R, = d1d21—4 + [dz(u* —ay)+di(by + /3)/)]1—2 + byuy + (uy —ay)By, forkeN.

Define

W, = {n|R), <0,n € No},

W, = {nIR, >0,P, <0,(P,)" —4Q,R, > 0,n € N},

W, = {nIR, >0,(P,)’ —4Q,R, < 0,n € Ny},

—CIf

Page 7 of 15
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and

+ +
Dy =\ Znws

ok w% arccos(VE) + 2, Vs(]:ﬁ) >0,
] n,w
nw ﬁ 27 — arccos(Vc((',’;iE,))] + 2, V:i?j) <0, .
Yo _ (@5)"(b24),+ C) ~ BLC,
cos,w (C;)z + b%(w;fwﬂ »
) _ Gy + Bubr ~ ba(y,))
sin,w (C;l)z + b%(wr:ltw)z

We have the following lemma.

Lemma 2.4 Assume (Hg) and (Hy) hold, then the following results hold.
e Eq. (2.11) has a pair of purely imaginary roots +iw, , at tf,’,:,forj € No and n e Wi.
e Eq. (2.11) has two pairs of purely imaginary roots +iw},, at Ti;’,iforj e Ngandn e W,
o Eq. (2.11) has no purely imaginary root for n € Ws.

Lemma 2.5 Assume (Hg) and (Hy) hold. Then, Re(%)|r=t,',+ >0, Re(%)h:t,;f <0forne
Wi UW, and j € No. ’ '

Proof By (2.11), we have

- = —

A\ 20+ AL b T
(Cl —byd)re?™ A

Then,

() ]

20+ A, —bye™ 1
=Re| ———2 = _
(C,—borer™  x

-
T =Tt/'1,w

_ 1 2 7\2 / 2
_[W(zw +(4)) _ZBn_b2)] e

T=Ty,w

=*[WJ«A;>2—zB;—b§>2—4<<B;>2—<Cé>2>}

=Ty

Therefore, Re(j—i)h:rﬁ >0, Re(j—i)|r - <0. O

=Tn,w

Denote 7, = min{z?|n € W) U W,}. We have the following theorem.

Theorem 2.4 Assume (Ho) and (H1) hold, then the following statements are true for system
(2.9).

o E,(u,,v,) is locally asymptotically stable for t > 0 when W, UW,, = &.

o E.(u,,v,) is locally asymptotically stable for T € [0, t]) when W| UW,, # &.

o E.(u,,v,) is unstable for v € (t,, T, + &) for some & > 0 when W} UW,, # &.

e Hopf bifurcation occurs at (i, v,) when t = r{,:‘, (r= r{;’;‘,),j € No, n e W UW,,.

Page 8 of 15
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3 Property of Hopf bifurcation

By the work [23, 24], we study the property of Hopf bifurcation. For fixed j € Ny and n €
W; UW,, we denote T = Tn . Let uu(x, t) = u(x, vt) — u, and v(x, t) = v(x, Tt) — v,. Dropping
the bar, (1.4) can be written as

2

%—’Z—t[dlAu+(u+u*)( 1 o (u(yt +u,)dy) — %], 3.1)

-+t 1
i =Tl v 555 )Si‘ui()((fu k- By vl

We rewrite system (3.1) as the following system:

3 = v{dy A+ ayu + agv — il + oy u® — il + Uy + o3>

+ oatt® + asu®v + aguv?
+a7v] + ho.t.,

3—“’ =t[dyAv+biu(t — 1) + byv(t — 1) - Byv (3.2)
+ Bt — 1) + Bou(t — Vvt — 1) + Bau®(t— 1)
+ BarP(t— 1) + BsuP(t — Vvt —1)]
+ Beu(t = V2t - 1) + B3t - 1)] + hoot.,

3 4 2

_ v _ 2« __ usa _ V@ — V& —
where a1 = (L+usvy)3 2’ @z = (1+u*v*)3’ o3 (T+uy v*)3’ g = (1+u v*) 7, U5 = (1+u vs)d? Ge =
(=1+2us vy ) _

(1+u*v)4 » &7 = (1+uv)4’ﬂ1 1+uv 3, B2 = (1+u v*)g"ﬂ3 1+uv 3, Ba = 1+uv 7 Bs =
3v28 (1-2usv4)B 6ulp
T (Lrusvi)®? ﬁﬁ (L+usvs)t ? ’37 T (Lrusvi)®

Define the real valued Sobolevspace X := {(u, V)T : u,v € H*(0,I7), (thy, Vi) |x=0,4x = O}, the
complexification of X X¢ := X @ iX = {¥1 + ixp|x1, 4, € X}, and the inner product (&, V) :=
foln uvidx + fol” vy dx for it = (uy,u)7, v = (v1,v2)7, i1, € Xc. The phase space € :=
C([-1,0], X) is with the sup norm, then we can write ¢, € €, ¢,(0) = p(t+60) or -1 <6 <O0.
Denote B, (x) = (y,(%),0)7, B (%) = (0, 7,(®))7, and B, = {8, (%), B, (%)}, where {8, (x)}
is an orthonormal basis of X. We define the subspace of € as B,, := span{(¢(-), ﬁ,(f))ﬁ,(f) |p €
€,j = 1,2}, n € Ny. There exists a 2 x 2 matrix function n"(0,7) -1 < o <0, such that
—fD’l’—22¢>(0) +TL(p) = f_ol dn"(o,t)¢(0) for ¢ € €. The bilinear form on €* x % is defined
by

(¥, 9) = ¥(0)9(0) - Iﬂ(E o)dn"(o,T)p(&) dé, (3.3)

-1 Jg=0
for ¢ € €,y € €*. Define T = T + u, then the system undergoes a Hopf bifurcation at (0, 0)
when p = 0, with a pair of purely imaginary roots +iw,,. Let A denote the infinitesimal

generators of the semigroup, and A* be the formal adjoint of A under the bilinear form
(3.3). Define the following function

5(0) = B (3.4)

Choose 1,,(0,%) = T[(-m3/I)D + Ly + L38(ny,)], Muy(=1,7) = —=TLa, My,(0,%) = 0 for
—1<0 <0.Let p(d) = p(0)e® (9 € [-1,0]), g(1¥) = g(0)e 0T (¥ € [0,1]) be the eigen-
functions of A() and A* corresponds to iwy, T, respectively. We can choose p(0) = (1, p1)7,
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q(0) = M(1,q,), where p; = é(iwn0 +din} /1 — a1 +u.8(no)), g2 = ar/(iwy, —byel™0 4 By +
di—znz), and M = (1 + p1qs + Tqa(b1 + bopr)e07)~1. Then, (3.1) can be rewritten in an ab-

stract form

dit(t)- = ( + WDAU(E) + (F + w)[Ly(Uy) + Lol (t - 1) + L3 L (1)
+ F(Ut: I:[tr M)) (35)
where

161(0)2 — $1(0)$1(0) + ab (0)p2(0)
+a3$2(0)? + a3 (0) + 57 (0)p2(0)
+ a1 (0)93(0) + 793 (0)
Bi197(=1) + o1 (~1)2(~1) + B33 (-1)
+ Bad3 (=1) + Bad?(~1)po(~1)

+ Bo1 (~1)¢3 (1) + B7¢3(-1)

Flg,u) = (T +p) . (3.6)

respectively, for ¢ = (¢, #,)" € € and b1 = % Ol” ¢ dx. Then, the space % can be decom-
posed as € = P @ Q, where P = {2py(x) + Z5yn @)z € €}, Q = (¢ € Cl(qyng(x), ®) =
0 and (g¥y, (%), ¢) = 0}. Then, system (3.6) can be rewritten as U, = z(£)p(-)yu,(®) +
ZB)P()¥ny (@) + @(t,-) and U, = L 77 U, dx, where

2(t) = (q¥ne &), Uy),  w(t,0) = Up(6) — 2Re{z()p(0) yu, (%)} (3.7)

Then, we have 2(¢) = iw)nyTz(t) + g(0)(F(0, U;), By, ). There exists a center manifold Cy and
 can be written as follows near (0, 0):

2 52
w(t,0) = w(2(t), 2(2), 0) = wzo(e)% +on(0)2z + a)oz(e)zE P (3.8)

Then, restrict the system to the center manifold: z(¢) = iw,, Tz(t) + g(z,z). Denote g(z,z) =

2 — 52 2> . .
&0%5 +811Z2Z + g5 + g 5" + - . By direct computation, we have

220 = 2TM(g1 + g262)13, g1 = TM(01 + q202)13, 802 = 820

&1 =2TM[ (k11 + qaka1) o + (K12 + G2k22) 14 ),

where I, = fol” Vi () dx, I3 = foln Vi () dx, I = fol” Vo (@) dx, 61 = =80 + @) + @€ + a3E?,
Gr=e (B + £(By + B3§)), 01 = 3 (201 — 200 + o€ + ook + 203EE), 02 = L(2B1 + 2BEE +
Bo(E + £)), k11 = 2W0)(—1 + 20y — 81 + @) + 2WD (0)(a + 2i38) + W (0)(~1 +
2a1 = 80+ @o8) + Wi (0)(ory + 205E), K1z = 3(Bery + ts(E + 28) + £ Q0teE + ek + 307E8)),
a1 = 26T W (“1)(2B1 + Bo§) + 26T WD (<1)(By + 2B38) + €7 Wig) (<1)(2B1 + BF) +
e W (<1)(By + 2B5E), K22 = 3T (3By + B5(§ + 26) + E(2BoE + Bk + BB7EE)).

Now, we compute Wao(0) and W1;(0) for 6 € [-1,0] to give g»;. By (3.7), we have

= Ut - Zpyl’lo (.?C) - %ﬁyno (x) =Aw+ H(Z7279)’ (39)
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where
z? z2
H(Z,Z,G) = HZO(G)? + H11(6’)z2 + Hoz(e)g +oeee (310)
Compared the coeffcients of (3.8) with (3.9), we have

(A - 2iwnofl)w20 = —Hgo(@), Aa)u(@) = —Hn(@). (311)

Then, we have

w20(6) = ,_g20~p(0) om0 _ & 5(0)e 0™ 4 Eyetiont?
1wy, T 3iwy,, T
_ (3.12)
011(0) = 2_p(0)eino™ — ELL_p(0) i 4 E,,
Wy T 1wy, T

where E; =) 070 EY'), Ex=Y" Eén)’

0 -1
EV = (2iwnofl— / eHeng T dnno(e,f)) (Ezo, Bu)»
-1

0 -1
Egn) = _(/ dnno (9) f)) (FII) ﬂn): ne NO;

—=Fy, n9g#0,n=0,
s=F0, 1o #0,n=2ny,

1

who,  no=0,n=0,

0, other,

-

EFllr no 7!07”:0;
| s

Evvs o) s=F11, 1o #0,n=2n, (3.13)
11)Pn) = .
_Fllr nOZO;nzoy

0, other,

and Fyo = 2(c1,62)7, Fi1 = 2(01,02)".
Thus, we can obtain

|g02|2) 1 Re(c1(0))

i
0)=—— -2 2_ = ) = T A
c1(0) N (gzogn g1l 3 )t % H2 = Re( (D)

(3.14)

Ty=~—[Im(@(0) + o Im(X(¢]))],  f2=2Re(c1(0)).

Wyo T

Theorem 3.1 For any critical value T (nes, j € No), we have the following results:

o When i, > 0 (resp., <0), the Hopf bifurcation is forward (resp., backward).

o When 8, < 0 (resp., >0), the bifurcating periodic solutions on the center manifold are
orbitally asymptotically stable (resp., unstable).

e When T, > 0 (resp., T < 0), the period increases (resp., decreases).
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Figure 1 Bifurcation diagram of system (1.4) for 8 and 7. (Left: model (1.4). Right: model (2.9))

Table 2 Some parameters for model (1.4) with different &

B s 2% B2 2
0.18 89.9073 15764 x 107 -565.8943 14674131
0.5 10.3066 2572119 -0.4447 1.3340

4 Numerical simulations
To study the effect of nonlocal competition, we also give numerical simulations for models
(1.4) and (2.9). Fix the following parameters:

a=12, y =0.25, d; =0.1, dy =0.3, [=08.

System (1.4) has two positive equilibria E; ~ (0.4126,0.8079) and E; =~ (0.8670,0.3845).
Since E, is always unstable, we mainly analyze the stability of E;. We can obtain the
bifurcation diagrams of systems (1.4) and (2.9) with 8 (Fig. 1), where ; ~ 0.1929 and
(B2, T2) ~ (0.2064, 80.1787). We also compute some parameters for model (1.4) with dif-
ferent S (Table 2).

From Fig. 1, we can see that increasing 8 is no benefit to the stability of coexisting equi-
librium. For the model (2.9), a spatially inhomogeneous periodic solution curve does not
exist. For the model (1.4), when 0 < 8 < f, the stability of the coexistence equilibrium
E; is similar to model (2.9). When 8 > 8, the spatially inhomogeneous periodic solution
curve (1) exists, and is larger than the spatially homogeneous periodic solution curve
(7)) for B1 < B < Ba. This means that the spatially homogeneous periodic solution will ap-
pear first, and the spatially inhomogeneous periodic solution is usually unstable. However,
when B > ,, the spatially inhomogeneous periodic solution curve (z?) is smaller than the
spatially homogeneous periodic solution curve (zJ). This means that the spatially inho-
mogeneous periodic solution will appear first, and may be asymptotically stable.

Choose 8 = 0.18, when t < 7, & 89.9073, the coexistence equilibrium E; is asymptoti-
cally stable for models (1.4) and (2.9) (Fig. 2). When t > t,, the coexistence equilibrium E;
is unstable and the spatial homogeneous periodic solution appears for models (1.4) and
(2.9) (Fig. 3).

Choose 8 = 0.5, when 7 < 7, & 10.3066, the coexistence equilibrium E; is asymptotically
stable for models (1.4) and (2.9) (Fig. 4). However, when 7, < T < 7§ ~ 19.7545, for model
(1.4) the coexistence equilibrium E; is unstable and the spatial homogeneous periodic so-
lution does not exist. The stably spatial inhomogeneous periodic solution appears (Fig. 5
left). However, for the model (2.9), the coexistence equilibrium E; is still asymptotically
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Figure 2 Numerical simulations for prey population with 8 =0.18 T = 22. (Left: model (1.4). Right: model
2.9)
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Figure 3 Numerical simulations for prey population with 8 =0.18 T = 22. (Left: model (1.4). Right: model
2.9)
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Figure 4 Numerical simulations for prey population with 8 = 0.5 T = 5. (Left: model (1.4). Right: model (2.9))

stable (Fig. 5 right). When 7 > 7{, for model (1.4), the coexistence equilibrium E; is un-
stable and the unstably spatial homogeneous periodic solution exists. The stably spatial
inhomogeneous periodic solution still exists (Fig. 6 left). However, for the model (2.9), the
coexistence equilibrium (u,, v,) is unstable, and the stably spatial homogeneous periodic
solution appears (Fig. 6 right).

5 Conclusion
In this paper, we study a delayed diffusive predator—prey model with nonlocal competi-
tion in prey and schooling behavior among predators. We mainly study the local stability
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Figure 5 Numerical simulations for prey population with 8 =0.5 T = 12. (Left: model (1.4). Right: model (2.9))
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Figure 6 Numerical simulations for prey population with 8 =0.5 T = 22. (Left: model (1.4). Right: model (2.9))

of coexisting equilibrium and the existence of Hopf bifurcation. We also studied the prop-
erty of bifurcating periodic solutions by the normal form method and center manifold
theorem. Our results show that diffusion and delay can induce a spatially inhomogeneous
periodic solution, which is usually unstable. However, the model incorporating nonlocal

competition may have a stably spatially inhomogeneous periodic solution.
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