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nonexistence and unigueness results of positive radial solutions under some
corresponding assumptions on «, .
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1 Introduction and main results

Consider the Dirichlet problem of a quasilinear differential system of the type

M(u)+v* =0 inB,
M) +uP =0 inB, (1.1)

ulap =vlsp =0,

where M stands for the mean curvature operator in Minkowski space

Vw
=div] ——— ),
M(w) 1v( 1—|Vw|2>

B={xecRN:|x| <1}, N > 2is an integer.
Minkowski-curvature equations are quasilinear second-order PDEs, and there are im-
portant applications in differential geometry and the theory of relativity. Geometrically,
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these are related to maximal and constant mean curvature spacelike hypersurfaces having
the property that the trace of the extrinsic curvature is zero, respectively, constant (see
[12]).

It is known (see [1]) that the study of spacelike submanifolds of codimension one in the
flat Minkowski space LN*! (LN*! := {(x, ) : x € RN, ¢ € R} endowed with the Lorentzian
metric Zﬁl(dxj)z — (dt)?, where (x,t) are the canonical coordinates in RN*!) with pre-

scribed mean extrinsic curvature, can lead to the type
Mv=H(x,v) inQQ, v=0 ondg, (1.2)

where Q is a bounded domain in RN and the nonlinearity H : @ x R — R is continuous.
The existence and multiplicity of positive solutions of problem (1.2) have been discussed
in the last two decades by several authors (see [1-7, 15, 16, 20, 22, 23]) in connection
with various configurations of H. If © is a bounded domain and H is a bounded function
defined on 2 x R, Bartnik and Simon [1] proved that the problem (1.2) has a strictly space-
like solution. In particular, if = B := {x € RV : |x| < R} with R > 0, Bereanu, Jebelean and
Torres [2, 3] established some existence/nonexistence and multiplicity results for positive
radial solutions of problem (1.2) via a Leray—Schauder degree argument and critical point
theory. In [6, 7, 15, 20], by using the bifurcation method, the authors studied the existence,
multiplicity, and the global behavior of positive solutions of problem (1.2) with H = Af (x, v)
on the unit ball. However, to the authors’ best knowledge, the study of the Dirichlet prob-
lem of a quasilinear differential system with mean curvature operator M seems to be in
its early stages, we refer the reader to [10-13, 16, 17, 21] and the references therein. For

instance, Gurban et al. [11] investigated the following two-parameter problem

M) + g1 (x|, u,v) =0 inB,
M) + dago(lxl,u,v) =0 in B, (1.3)

ulsg =vlys = 0.
By using the fixed-point index, they obtained the following results:

Theorem A Suppose g; : [0,1] x [0,00)2 — [0,00), i = 1,2 are continuous, quasimonotone

nondecreasing with respect to both s, t and satisfy for every r € (0,1],
gi(r,s,t)>0, Vs,t>0, a(r&,0) =g(,0,)=0, V>0

and
b
_/ ™ lg(t,a,0)dr >0, i=1,2,
0

where b € (0,1), 0 < & < 1 — b are constants. Then, there exist A > 0 < A} such that for all
A1 > Ay and Ay > A%, problem (1.3) has at least one positive radial solution. Note that (1.1)

is a special case of (1.3) and Theorem A does not cover the case where Ay = Ay = 1.
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In 2015, Zhang and Qi [24] studied the following system coupled by Monge—Ampére
equations:

detD%u; = (-uy)® in 9,
detD%uy = (—u1)?  in Q,
u; <0, Uy <0 in €2,
u; =0, u; =0 onodg,
where Q is a ball in RN,N > 2, o > 0, B > 0, det D?*u stands for the determinant of the

82u
0x;0x;

Hessian matrix ( ) of u. By reducing it to a system coupled by ODEs and using the
fixed-point index, they obtained the existence, uniqueness results and nonexistence of
radial convex solutions under some corresponding assumptions on «, f.

Motivated by these studies, the main objective of this paper is to investigate the exis-
tence/nonexistence and uniqueness of positive radial solutions for system (1.1) on the unit
ball B mainly by the fixed-point index in a cone in the same way as in [24]. Our results are
completely new and complementary to the results of [11].

We obtain:
Theorem 1.1 System (1.1) has a positive radial solution ifoa >0, B >0 and aff < 1.

Theorem 1.2 Let o >0, 8 > 0 and aff < 1, then system (1.1) has a unique positive radial
solution.

Theorem 1.3 Ifo >0, B >0 and af =1, then system (1.1) has no positive radial solution.

This paper is organized as follows: In Sect. 2, some preliminaries are given; in Sect. 3,
we obtain the main results.

2 Preliminaries

In order to present the existence results of positive radial solutions for system (1.1), setting
r = |x| and u(|x]) = u(r), v(Jx|) = v(r), the system (1.1) reduces to the homogeneous mixed
boundary-value problem:

(PN Lp(u)) + N1 =0,
(PN o(V)) + Nl =0, (2.1)
1£(0) = u(1) = 0 = w(1) = V(0).

By a solution of (2.1) we mean a couple of nonnegative functions (&, v) € C[0,1] x
CU0,1] with ||| < 1, IV || < 1 and r — rN=1¢(d/ (r)), r = N1V (r)) of class C on [0, 1],
which satisfies problem (2.1). Here and below, || - || stands for the usual sup-norm on
C:=C[0,1].

The following lemma is a direct consequence of [18, Lemma 2.2].

Lemma 2.1 For any u € C([0, 1], [0, 00)) for which u/(r) is decreasing in [0, 1] we have

_ 1
min u(r) > —|lul.
rel}.3) 4
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Lemma 2.2 ([14]) Let ¢(s) := s/~/1 — s2. Then, ¢1(s) = s//1 + s2 and
¢ (5197 (52) <P (s5152) <155, V1,85 € [0, 00).

In particular, for 0 < sy <1 we have
¢ (s152) = 5197 (52).

Define P to be a cone in C by

1
P= {u €C:u(t)>0,t€[0,1],and min u(t) > —||u||}.
tel} 3] 4

Define Pr = {u € P: ||u]| < R} for R > 0.
For each u € P, we define two solution operators T;: P — P (i = 1,2) as follows:

1 t
(Tyu)(r) = / 4’1(% fo leu"‘ds> dt (2.2)

and

(Tou)(r) = /1 qu(tNL—l /OtsN_luﬁ ds) dt. (2.3)

From [19], we know that each operator T}, i = 1,2 is a nonnegative concave function,
this combines with Lemma 2.1, we have T;: P — P is a completely continuous operator.
Define a composite operator T = T; o T5, which is also completely continuous from P to
itself. This implies from (2.2) and (2.3) that (v1,1,) € C'[0,1] x C*[0,1] is the solution of
(2.1) if and only if v; = T1vy, vo = Tov;, where (v1,v,) € P\ {0} x P\ {0}.

Thus, if v; € P\ {0} is a fixed point of T, define v, = Thv;, then v, € P\ {0} so that
(v1,vp) € C1[0,1] x C[0,1] solves (1.1); conversely, if (v1,v,) € C'[0,1] x C1[0, 1] solves
(1.1), then v; must be a nonzero fixed point of T in P. Hence, our task is to search for
nonzero fixed points of T'.

Lemma 2.3 ([8]) Let E be a Banach space and K a cone in E. For r > 0, define K, = K N B,..
Assume that T : K, — K is completely continuous such that Tx # x for x € K, = {x € K :
lxll = r}.

() If | Tx|l > ||x|| for x € OK,, then i(T, K, K) = 0.

(i) If I x| < ||x|| for x € 3K,, then i(T,K,,K) = 1.

Definition 2.4 ([9, 18]) Let K be a cone in real Banach space Y. Let A : K — K and u > 6,
where 6 denotes the zero element Y.
(i) For any x > 0, there exist 61,6, > 0 such that

011y < A(x) < Ohup.
(i) Forany aup <x < Bup and t € (0, 1), there exists some 7 > 0 such that
A(tx) > (1 + n)tAx.

Then, A is called uy-sublinear.
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Lemma 2.5 ([9, 18]) An increasing and uy-sublinear operator T can have at most one
positive fixed point.

3 Proof of main results
Proof of Theorem 1.1 By Lemma 2.2 and the definition of T5, for each u# € P, we have

1 1 t
||T2u||:/ qsl(mf leuﬁds> dt
0 7 Jo

3

7 1 t 1 B
= [ (e [ () o)

4

zfjw((iuun)ﬁ) /;(%)AI_Idsdt
o () ) [ [ ()

> T~ ([lullf),

where I'; is a positive constant given by

3
1 i ft/s\M?
Fl:l]:_/s/; A(z) dsdt.
4 4

By using the same method, we can obtain
1Tyl = g7 (lull).
Hence, we have
[ 7G| =710 To(w)
> 17 (I Toull)

=T~ (07 (Ilull”))")
1 [[ac]|
_r1+a ,

A W e

which implies that

Jlae]|*

ITull =Ty ———,
(1 + lul*)2

(3.1)

where I’y = %F%*"‘.

On the other hand, for each u € P, we have

1 1 t
||T2u||:/ ¢1(mf leuﬁ(s)ds> dt
0 = Jo
1 ) 1 t N1 p
5/0 ¢ <tN——1/O s fae| ds)dt
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1
5/0 7 (lull?) dt

< llull”.
In the same way, we can obtain

I Tyeell < llul®.

Moreover,
I Tull < || Ty o Ta(w)|| < 1)’ (3.2)
Now, let us consider the case of ¢ < 1. Since limy_, (ls"/;;% = 00, there exists Ry € (0,1)
+5

small enough such that for every u € P satisfying ||u|| = R;, we have

laa -

S+ )
Now, by (3.1), we have
I Taal| > [lef].

Moreover, by (3.2), we know that there exists R, > Ry, and for each u € P satisfying ||u|| = R,
it holds that

I Tuel] < el
By Lemma 2.3, we have
i(T,Pg,,P) =0, i(T,Pg,,P) =1.
Therefore, i(T, Pr, \I_JRI,P) =1, which implies that 7" has a fixed-point u; € Pg, \I_)Rl. O

Remark 3.1 Bereanu et al. [3] studied the existence and multiplicity of positive radial so-
lutions for the problem

Mu+iu?=0 inB, u=0 ondB, (3.3)

where g > 1. By using the Leray—Schauder degree argument and critical point theory, they
obtained a sharper result: there exists A > 0 such that problem (3.3) has zero, at least
one or at least two positive radial solutions according to A € (0,A), A = A or A > A. In
[11], Gurban et al. investigated the existence of positive radial solutions for the Dirichlet
problem of a quasilinear differential system of type

M(u) + MuPvit =0 in B,
M) + AouP2v2 =0 in B, (3.4)

ulap =vlsp =0,
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where p1, g, are nonnegative, while g1, p; are positive exponents. By using the fixed-point
index, they proved that there exist A} > 0, such that for all A > A}, system (3.4) has a positive
radial solution (u,v). We note that the relationship between A and 1 (A} and 1) is still
uncertain. For the same reason, in this paper, if «f > 1, it is difficult to obtain any results
inthecaseof A;=1,i=1,2.

Next, we can further prove that the positive radial solution obtained in Theorem 1.1 is

the unique positive radial solution to problem (1.1).

Proof of Theorem 1.2 By the definitions of T; and T, it is clear that T} and T, are both
increasing operators induced by K, where K := {u € C[0,1] : u(¢) > 0,¢ € [0,1]} isa cone in
C[0,1]. Obviously, P C K. Let T = Ty o T,. Then, by Theorem 1.1, if we want to obtain the
solution of system (1.1), we only need to prove that 7" has at most one fixed-point in K.
Furthermore, by Lemma 2.5, it suffices to verify that T': K — K is ug-sublinear for some
ug positive in C[0, 1]. First, let us show that 7T, satisfies the Definition 2.4(i). In fact,

1 t
(Ta)(r) = f ¢1<tNL1 [ ﬂds) it

s (tN - s lllullﬂds) dt

S ¢ l(nunﬂ N)
<[ (o)
- N
S1||u||f’ 1)

2

||u||ﬂ(1_ N

Now, letuy=1-r,re[0,1] and 6, = ”‘;\ﬂ
Next, let ¢ € (0,1) be a fixed number and I's = 1( w5 fc N-1,8(5)ds). Note that

T>(u)(r) decreases with the variable r, then we obtain that

To(u)(r) = Tou(c) > T's(1 —c¢), re(0,c].

By Lemma 2.2 and the fact that r € [¢, 1], we have

1 t B
(Tzu)(r)zfr ¢1<t]\%fo sN1<illul|> ds)dt
1 Ll
o (Gllul)
- [ (e
LGl
>¢ <T)/r tdt
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Liyey ol
Zd)‘l(%)/ cdt

1 B
> ¢! (%)(1 —r)dt.

1
Choose I'; = min{l"g,cqﬁ’I(W)}. Then, we have T, (u)(r) > T5(1 — ¢)(1 - r). Now, if we

take 6; = I';(1 —¢), then 011y < T>(u) < Oyup, which satisfies Definition 2.4(i). Similarly, T;
also satisfies Definition 2.4(i). This implies that the operator T satisfies Definition 2.4(i).

Secondly, we prove that for any 6;u¢ < x < 6y and & € (0, 1), there exists some 1 > 0
such that

T(Eu) > (1 +n)é Tu.

From the definition of T7 and Ty, it is easy to obtain
TyEx) = 67/(Tox),  Th(Ex) = §°(Tha).

Moreover, for 0 < @ < 1, there exists n > 0 such that
T(Ex) = Ty 0 (87 Ty(x)) = £°P Ty o To(x) = (1 + n)& T,

which implies that T satisfies Definition 2.4(ii). Then, T is uo-sublinear and T has at most
one fixed-point in K by Lemma 2.5. Therefore, the system (1.1) has a unique positive radial
solution. N

Finally, we prove the nonexistence results.

Proof of Theorem 1.3 Suppose on the contrary that T has a positive fixed point vy € P,
then |lvo|| = || Tvo|| and vy is a concave function satisfying

vo(1) = 0, vo(t) >0, tel0,1).

From the proof of Theorem 1.1, we know that for any u € P, || T1 ()|l < ||u||* and || T2 ()| <
lull?. Let u = vy, then combining this with the concavity property of vy, we obtain that
Ty (vo)ll < [Ivoll* and || To(vo) | < IIvoll”. Moreover,

1TWo)| < lIvoll*®® = lwoll,

which is a contradiction. Therefore, the system (1.1) has no positive radial solution. [
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