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1 Introduction
The idea of fractional calculus is to replace the natural numbers in the derivative’s order
with rational ones. Although it seems an elementary consideration, it has an exciting rele-
vance explaining some physical phenomena. Especially in the last two decades, significant
numbers of papers appeared on this topic, some papers deal with the existence of solutions
to problems of variable order; see e.g. [3, 4, 9, 10, 12].

In particular, [2] Benchohra et al. studied the existence and uniqueness results for the
following nonlinear implicit fractional differential equations:

Dy x(t) = f(t,x(t),“Diyex(2)), t€[0,T],0< T <+00,1<u<2,
x(0)=x0,  x(T)=x,

where f is a given function, xo,; € N, and Dy, is the Caputo fractional derivative of
order u.
Inspired by [2] and [3, 4, 9, 10, 12], we deal with the boundary value problem (BVP)

DUDx(t) = fi(t,x(0), “DLx(t), te]:=[0,T]
x(0)=0,  x(T)=0,

(1)

where u: ] — (1,2], f1 :J X R x N — N is a continuous function and CDSY) is the Caputo
fractional derivative of variable-order u(t).

In this paper, we shall look for a solution of (1). Further, we study the stability of the
obtained solution of (1) in the sense of Ulam—Hyers (UH).
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2 Preliminaries
This section introduces some important fundamental definitions that will be needed for
obtaining our results in the next sections.

The symbol C(/, ) represents the Banach space of continuous functions x : /] — 9 with

the norm
ll]l = Sup{|x(2)| : £ € ]}
For —00 < a3 < ay < +00, we consider the mappings u(¢) : [a;,a5] — (0, +00) and v(¢) :

lay,a3] = (n—1,n), n € N. Then the left Caputo fractional integral (CFI) of variable-order
u(t) for the function f5(¢) [7, 8, 11] is

t u(t)-1

o [ E=S)

Iﬂ{ () = /a1 T fo(s)ds, t>as, (2)
and the left Caputo fractional derivative (CFD) of variable-order v(¢) for the function f;(t)
[7,8,11] is

t n—v(t)-1
ey0g iy [ E—9) )
Dafﬁ(t) = /al T ) £, (s)ds, t>ay. (3)

As anticipated, in the case of u(f) and v(£) being constant, then CFI and CFD coincide
with the standard Caputo fractional derivative and integral, respectively; see e.g. [6—8].

Recall the following pivotal observation.

Lemma 2.1 ([6]) Let o1,02 >0, a1 >0, f5 € L(a1, az), CDZifz € L(ay, ay). Then the differen-
1

tial equation
“Diif=0
has the unique solution
Ft) = w0+ 01(E—ar) + ot —ar)? + - + oy (E—ay)"!
and
szcDZ%ﬁ(t) =fo(t) + wo + w1 (t — a1) + w(t - al)z R (A ﬂl)n_l

withn-1<oa1 <mw, e, £=0,1,...,n-1.

Furthermore,
Dy fa(t) = falt)
and

RO = A0 - 10
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Remark 2.1 ([13, 15, 16]) Note that the semigroup property is not fulfilled for general

functions u(t), v(¢), i.e.,

t)f (t t)+v t)f

Example 2.1 Let

2, tel0,1],
ult)=t, tel0,4], v(t) = f@#)=2, te€]0,4],
3, te]l,A4],

Wty 0y [ =8O 5 (s =)
Iy I 2(t)—/(; Tao) ) o) fo(t)dtds

E—s)! s—r) (s —1)2
= d
) T [./0 r@ f 2 }

_ t(t_s)t_l[zs-u(S_I)S]ds,
, T 3

and

t u(t)+v(t)-1
u(t)+v(t) _ M
for 10 __/0 T(u(t) + f2( )ds.

So, we get
3 2 3
B-s) [ (s=1) ]
+ t = 2s—1+ ds
f2( lt=3 = . T) 3
21
S 10
(3 S)” )+v(t)-1
Izt+ +V t / >y d
0 f2 )|t3 +V(t))f(3) S
3- 3(3-s)°
= H S) 2ds+/ (B-s) 2ds
o T'(5) 1 T'(6)
1 ! 4 3 2
"1, (s* — 125 + 54s” — 108s + 81) ds
3
e (=s* + 155* — 905> + 270s> — 405s + 243) ds
665
180°

Therefore, we obtain

BOLOK0) s 7 15Of(8) 5.

Lemma 2.2 ([18]) Let u : ] — (1,2] be a continuous function, then, for f, € Cs(J,N) =
{f2(¢) € CU, N), £*f(t) € C(J,M),0 < § < 1}, the variable order fractional integral Igft)fz(t)

exists for any points on J.
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Lemma 2.3 ([18]) Let u:] — (1,2] be a continuous function, then Igft)fz(t) e C(J,®) for
£ eCUN).

Definition 2.1 ([5, 14, 17]) Let I C R, [ is called a generalized interval if it is either an
interval, or {a;} or @.

A finite set P is called a partition of I if each x in I lies in exactly one of the generalized
intervals E in P.

A function g : I — 3 is called piecewise constant with respect to partition P of I if for
any E € P, g is constant on E.

Theorem 2.1 (Krasnoselskii fixed point theorem [6]) Let S be a closed, bounded and con-
vex subset of a real Banach space E and let W1 and W5, be operators on S satisfying the
following conditions:

(&) W1i(S) + Wa(S) C S,

(ii) W1 is continuous on S and W1 (S) is a relatively compact subset of E,

(iif) W, is a strict contraction on S, i.e., there exists k € [0, 1), such that

| Wa(x) - Wa(y)|| < kllx -yl

foreveryx,y €S.
Then there exists x € S such that W1 (x) + Wh(x) = x.

Definition 2.2 ([1]) Equation (1) is ({/H) stable if there exists ¢ > 0, such that, for any
€ > 0 and for every solution z € C(J, )) of the following inequality:

°DED2(t) - fi (£, 2(0), ‘DEP2(8)) | < €, te], )
there exists a solution x € C(J, %) of Eq. (1) with
’z(t) —x(t)‘ <cue, tej.

3 Existence of solutions
Let us introduce the following assumption:
(H1) Let n € N be an integer, P = {J; := [0, T1], )2 := (T1, T2), J5 := (T2, T3), ..., ] i=
(T)-1, T} be a partition of the interval J, and let u(¢) : ] — (1,2] be a piecewise
constant function with respect to P, i.e.,

ui, lft e]l)
n u, iftej,
w(t) =) uedy(t) =
=1
u, ifte],

where 1 < u, < 2 are constants, and I; is the indicator of the interval J, := (Ty_1, T¢], £ =
1,2,...,n, (with Ty =0, T, = T) such that

1 fort ey,
L(t) =

0 for elsewhere.

Page 4 of 16
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For each £ € {1,2,...,n}, the symbol E, = C(J;, ), indicates the Banach space of contin-
uous functions x : J, — N equipped with the norm

llxllg, = sup|x(t)|

tefy

Then, forany ¢ € J;,£ = 1,2,...,n, the left Caputo fractional derivative of variable order
u(t) for the function x(t) € C(J,), defined by (3), could be presented as a sum of left
Caputo fractional derivatives of constant-orders uy, £ = 1,2,...,n

T 1-u t 1-u
¢ ~u(t) _ L(t—s)™ ) o (t—s) @
Dy x(t) = /(; Ta-m) x7(s)ds+ -+ /T“ Ta_m) x\7(s) ds. (5)

Thus, according to (5), the BVP (1) can be written forany ¢ € J;,£ = 1,2,...,n in the form

T1 (¢ _ ¢\l-m1 t up
/O %x<2>(s)ds+...+ /T (lf(;_)l 2% ds = (o), D). (@

In what follows we shall introduce the solution to the BVP (1).

Definition 3.1 The BVP (1) has a solution, if there are functions x,,£ = 1,2,...,#, so that
x¢ € C([0, T(], M), fulfilling Eq. (6), and x,(0) = 0 = x,(T%).

Let the function x € C(J, R) be such that x(¢) =0 on ¢ € [0, T;_1] and such that it solves
the integral equation (6). Then (6) is reduced to

‘D, x(t) =fi(t,x(6), Dy, #(1)), L€
We shall deal with the following BVP:

‘D, x(t) =filt,x(0), Dy, (1), te]y

x(Te—l) =0, x(T¢) = 0.

(7)

For our purpose, the upcoming lemma will be a corner stone of the solution of the BVP

(7).

Lemma3.1 Let{ € {1,2,...,n} be a natural number, f; € C(Jo x R x N, N) and there exists
a number § € (0,1) such that £°f; € C(Jy x R x R, N).
Then the function x € E; is a solution of the BVP (7) if and only if x solves the integral

equation
#(6) = =(Ty = Tea) e = Te)le y(T0) + It y(0) ®)
where

20 =fi(t,~(Te = Tee) ™ (€ = Te-))l7s 9(Te) + I y(0),5(8),  t €.

Page 5 of 16



Benkerrouche et al. Boundary Value Problems (2021) 2021:64 Page 6 of 16

Proof We presume that x € E; is solution of the BVP (7) and we take CD';‘; x(t) = y(t).
-1
Employing the operator I, to both sides of (7) and regarding Lemma 2.1, we find
-1

x(t) =w1 + a)z(t - Tg_l) + I;E_Iy(t), t E]g.

By x(T;-1) =0, we get w; = 0.
Let x(¢) satisfy x(T¢) = 0. So, we observe that

wy =—(Te - Tzfl)flf%_ly(Te)
Then we find
x(8) = —(Ty = To) (2 - Te—l)I;ftly(Te) + Iﬁjtly(t),
where
20 =fi(t,~(Te = Tee) ™ (€ = Te))l7s 9(To) + I y(0),5(8),  t €.

Conversely, let x € E; be a solution of the integral equation (8). Regarding the continuity
of the function #’f; and Lemma 2.1, we deduce that x is the solution of the BVP (7).

We will prove the existence result for the BVP (7). This result is based on Theo-
rem 2.1. O

Theorem 3.1 Let the conditions of Lemma 3.1 be satisfied and there exist constants K, L >
0, such that t‘s[fl(t,yl,zl) -t y2,22)| < K|y1 —y2l + L|z1 — 22, for any yi,zi € R, i = 1,2,
t € Jo. and the inequality

2Ty = Tpo) N T} 8 - T} ( (Te = To_1)™ L) <l )
(1 =8I (ue) [(ue +1)
holds.
Then the BVP (7) possesses at least one solution in E,.
Proof We construct the operators
Wi, Wy E;, — E,
as follows:
Wiy() = (T = Te1) ' (£ - Tz—l)I;ftlJ/(Tz), Way(t) = 1;31)’(73), (10)
where

¥(&) =fi(ts=(Te = Te) (2 - Tzfl)fs%_ly(Tz) + I;E_Iy(f),y(t))¢ te.

It follows from the properties of fractional integrals and from the continuity of the func-
tion £’f; that the operators Wi, W5 : E; — E, defined in (10) are well defined.
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Let
2 (Ty=Ty_1)"
C(ug+1)
Ry > ,
= UTg=To )N (T}8-TE2) (o (Ty=Tp 1)t
1- (=)en @K + L)
where

S* =suplfi(£,0,0)|.

tejy

We consider the set
Br, = {y € Evlyllg, < Re}.

Clearly Bg, is nonempty, closed, convex and bounded.

Now, we demonstrate that W7, W, satisfy the assumption of Theorem 2.1. We shall prove
it in four phases.

STEP 1: Claim: W, (Bg,) + Wa(Bg,) < (Bg,).

For y € Bg,, we have

|(Wip)(®) + (Wap)(®)]
(Te = Too1) Mt~ Toy) [T

- I (uee) Toy

+ I;’Zi_ly(s),y(s)) | ds

(Te ="M fi(s, ~(Te = To1) (s — Tef1)17u~ﬁ+_1y(Tz)

t
_ o)1 _ _ -1(._ Uy
+ T() TH(t ) A (s, —(Te = Ter) (s Tffl)ng_ly(Tl)

+ I;é_ly(s),y(s)) | ds

2 Te
_ o)1 _ _ 1 e
< INOD) TH(T@ $)“Hfi (s, ~(Te = Tp-1) ™' (s Te‘l)[TLly(Té)
+ [;fily(s)’y(s)) | ds
< 2 T, (T )M{-l (T T, )—l( T )Iug (T )
- F(I/lg) Toq e=$ V‘l(s’_ ¢ — 4e-1 S—1ypq Téll-y /)
+ 17 5(5),5(5)) ~£i(5,0,0)| ds
2 /Tz T ) llf( )| d
* —8)" s,0,0)| ds
L(ue) Jr !
T,
< 2 / £ (Te —s)uz715*5(1(|_(Te _ T(Z 1)71(S— T(Z 1)1,4[ y(Te) +]W y(s)|
T T Jr, - SV T
Zf*(Tg — Tﬁ—l)u['
L dsy 2 =0
+L|y(s)|) ds + e ]
2Ty = Tpy) ! /Tz i )
<= =7 K|I% y(T,) + It L d
< T (u) THS ( ’THJ’( ) + THy(s)|+ ly(s)|) ds

2f*(Ty — Ty)™
F(Ltg + 1)

Page 7 of 16
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- 2Ty — Toq)*et 2f*(Ty — Tga)™

Ty
(2] 175 yHEl+L||y||E[)/ s ds +

- I (ue) -1 T [(ue +1)
2Ty = To_q) (T8 - T18 Ty — Tpq)™ 2f*(Ty = Ty_q)™
S(13 )" (T, i 21<(£ r-1) +LR¢+f(€ ()
(1 =8)T () T(ue +1) I(ue +1)
SRfi

which means that W;(Bg,) + Wa(Bg,) < Bg,.
STEP 2: Claim: W is continuous.
We presume that the sequence (y,) converges to y in E; and ¢ € J;. Then

[(W1y)(8) = (Way)(2)|

(Ty = To-1) Mt = Tomn)
- I (ue)

Ty
X / (Te = )" fi(s, ~(Te = Tee) (s - TZ—I)I;E lyn(Te) + 1;? l)’n(S),yn(S))
. g g

(s, ~(Te = Ty ™ s = Tl 9T+ 15 3(6),56)| ds

- (Ty = To-1) Mt = Ton)
- I (ue)

Ty
[ KT T = Tl (T - (T0)

-1

1 (7a(6) = 9(9)| + L] () - 56)])

_ up—1 Ty
< (T - Tpa) /
T,

T () s (K|I;§,1 (yu(Te) = (1))

HI75 () = y6)| + L] (7() = 5(6)) )

T, -T, ug—1 " Iy
w(21<||1il(y,,—y)||£[ + Ly —y||5[)/ s ds

INE) Toy
(Ty—Toq)e N (T} 2 - T (Te — To_)™
< 2K L = s
= (1-8)T (r) T HF)n=dle

i.e., we obtain
|(Wry) = (W) ”Ez —0 asun— oo.

Ergo, the operator W1 is a continuous on E,.

STEP 3: W is compact

Now, we will show that W;(Bg,) is relatively compact, meaning that W; is compact.
Clearly W1(Bg,) is uniformly bounded because by Step 1, we have W1(Bg,) = {W1(y):y €
Bg,} C W1(Bg,) + Wa(Bg,) S (Bg,) thus for each y € Bg, we have ||[W1(y)|lz, < R, which
means that W;(Bg,) is bounded. It remains to show that W;(Bg,) is equicontinuous.

For t1,t, € Ji,t1 <t and y € Bg,, we have

|(W1y)(82) — (Wiy)(t1)]

Page 8 of 16
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T, T) Mt - To) [T
- [ T [ e o T T o= T )
(Te = Tea) (= Tin)
I (ue)

+ [;3713’(5)'3’(5)) ds +

Ty
x / (Ty =) i, ~(Te = Tee) ™ (s = Te)gi y(T2) + I y(s),y(s)) ds
Teq - -

B -1
- (Ty — Ty-1)

) (b2 = Tet) = (11 = Temn))

Ty
x / (Te =) "HAi(s, ~(Te = Tea) s = Te-)Izs 9(To) +175 ¥(5),5(5)) | ds
Te-1 o .

_ ul—z
- (Ty — Tp-1)

< (i) ((t2 = Too1) = (01 = Te-))

Ty
X /T fi(s, =(Te = Teer) (s - TZ—I)I;E_ly(TZ) +I§‘~j+_1y(S),y(S)) ~f1(s,0,0)| ds
(Ty — Tyq)"e™?
N7

_ up—2
- (Te = Te-1)
INEZ7)

Ty
((ta = Too1) = (61 = Tin)) / Ifi(s,0,0)| ds
Ty
((t2 = Toe1) = (01 = Ten))

Ty
X ] s (K|~(T¢y = Tem) (s - TZ—I)I;E 1J’(Te) +1;z+ 1J’(S)| +L|y(s)])) ds
Te1 - -

STy = Tpq) et
+ —_—
INEZ)
- (Ty = Tpq)“e™?
INEZ)

((t2 = Toe1) = (51 = Ten))
((t2 = Teer) = (1 = Teon))
Ty
X /T 578 (K|I;§,1y(n) + I;ﬁtly(s)| +L|y(s)])) ds

* _ ug-1
JM((Q = Te1) = (6 = Te-1))

I (u1e)
p %((m ~ T - (= Te) K15y, +Liylg,) /Ti s ds
+f*(T51:(—1"Sl)W‘1((t2 = Ti1) = (t1 = Ter))
N
y (zK% +L> Il
+JW@;(—ZZ;1)W((,:2 = Ty1) = (01 = Ter))
[T (o

(T - TZI)W_I]
ST ey
INE)

Page 9 of 16
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x ((t2 = Too1) = (51 = Te-1)).

Hence [[(W1y)(t2) — (Wiy)(t1)llg, = O as [¢, — t1| — 0. It implies that W (Bg,) is equicon-
tinuous.

STEP 4: W, is a strict contraction

For x(t), y(t) € E¢, we obtain

| (Wax)(2) = (Way)(2)|

t
= ‘ @ /;“ (= 9)" " fi(s,~(Te = Ter) (s - T“I)I;ﬁtlx(n) + 1;:;,196(5)’96(3)) ds

t

D) Jr,,

(¢ =5)""fi(s,~(Te = Teea) (s = Te-))lys y(To) + Iy ¥(5),3(5)) ds

(-9 Hfi(s, (T = Toe) s = Tem)Igh a(Te) + I x(s),x(s))
F(”(Z) Te_1 -1 -1

(5o =(Te = Tea) M6 = T 9T + I 5(6),9(5)|ds

=

_ up—1 t
< Tl [ KT = T 5= T i -)(T)

+ (1;&1 (x —y)(s))’ + L|(x —y)(s)|) ds

(Ty = Top)™ [*
=7 Tw) /

(T, T,y ¢
< TedT o (x—y)nEﬁLnx—ynE[)/ s ds
-1

K =T + I =)0+ LG =9)6)]) ds

- INE7) 1

- (Ty—Toy) N T} 2 =T} <(Te —Tp1)™
- (1 =8)T () [(ue +1)

+ L> % = ylg,-

Consequently by (9), the operator W5 is a strict contraction.

Therefore, all conditions of Theorem 2.1 are fulfilled and thus there exists &; € Bg,, such
that Wik, + WhX, = &, which is a solution of the BVP (7). Since Bg, C Ey, the claim of
Theorem 3.1 is proved.

Now, we will prove the existence result for the BVP (1).

Introduce the following assumption:

(H2) Let f; € C(J x % x R, N) and there exists a number § € (0, 1) such that £2f; € C(J x

R x R, N) and there exist constants K, L > 0, such that taLﬁ(t,yl,zl) —filt,y2,22)| <
Kly1 = y2| + L|z1 — z3), for any y1, 92,21,z e Rand t € /. O

Theorem 3.2 Let the conditions (H1), (H2) and inequality (9) be satisfied for all ¢ €
{1,2,...,n}.

Then the problem (1) possesses at least one solution in C(J,R).

Proof Forany ¢ € {1,2,...,n} according to Theorem 3.1 the BVP (7) possesses at least one

solution xy € E,.

Page 10 of 16
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Forany ¢ € {1,2,...,n} we define the function

0: te [01 Té—l]»
X¢ = -
Xe, t€J.

Thus, the function x, € C([0, T,], N) solves the integral equation (6) for ¢ € J, with x,(0) =
0,%¢(T¢) =%e(Ty) = 0.
Then the function

xl(t)r t e]l:
0’ t e]ly
x(t) =1 _
X2, t €]2,
®(t) =1 (11)
0, te [O: Tf—l]’
xn(t) =3
X5 t E]b
is a solution of the BVP (1) in C(J, R). O

4 Ulam-Hyers stability
Theorem 4.1 Let the conditions (H1), (H2) and inequality (9) be satisfied. Then BVP (1)
is (UH) stable.

Proof Lete >0an arbitrary number and the function z(¢) from z € C(J,, i) satisfy inequal-

ity (4).
For any ¢ € {1,2,...,n} we define the functions z;(¢) = z(¢),t € [0,T1] and for £ =
2,3,...,m
0; te [0; Tl—l]!
z(t) =

Z(t), te]f'

For any € € {1,2,...,n} according to equality (5) for ¢ € ] we get

t f—s 1-uy
CD’;(” RAGE / t-9™ 22(s) ds.
o 1, T2 —u)

Taking the (CFI) I;ﬂ of both sides of the inequality (4), we obtain
-1

(Ty = Te-1)7 't = Ty1)
INE7)

‘Z@(t) +

Ty
X j (Te =) fi(s, —(Te = Teer) (s - Tz71)1;£+ 2T+ 1;2; 2e(s),2e(s)) ds
. g

-1
-1

1 t
T(uy) /T“(t —8)“1fi (s, —(Tp = Tee1) (s - Tz-1)1;ﬁ+71Ze(Tz)

+1 ;3712(5 (s),ze(s)) ds
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t _ o1
< E/ (t-ys) s
1, Tl(ue)
(Te — To_1)
(2 +1)

According to Theorem 3.2, BVP (1) has a solution x € C(J, %) defined by x(£) = x,(¢) for
tel,£=1,2,...,n, where

0, tel0,T,4],
Xy = [0, Ty_1] 12)
35[: te]@;

and %y € E, is a solution of (7). According to Lemma 3.1 the integral equation

(Ty = Te1) 7't = Ty1)

)
w0 Fw)
Ty
X / (Te = 9)"fi (s, —(Te = Toer) (s - Te—l)l;ﬁ+ 1354(Te) + 1;§ 154(3)5@(3)) ds
Tp_q a a
t
— )1 (5, (T = Toer) ™ M(s = Too)I™ Fo(T,
T TH(f ) fi(s,~(Te = Tee) (s — Tee) rr Xe(Te)
+175 %i(s),%e(s)) ds (13)
-1
holds.

Lett e J;,£=1,2,...,n. Then by Egs. (12) and (13) we get

|2(t) - x(t))|
= |2(t) — %o (2) |
= |ze() - % (1)

(Ty = To1) ™t = Tpa)

z(t) + ()

Ty
X / (T = )" fi (s, —(Te = Toa) (s - Tl—l)l;g 13513(7"5)
. g

-1

+ ITE_l%g (), %e(s)) ds

e /T (=" fals,~(Te = Te) ™ s = Tzl FolT0)

+ 1;3,1%“ (), %e(s)) ds

(Ty = Tea)™ Mt = Tyn)
[ (ue)

Ty
x [ @ s =T = T - Tt ()
’ :

-1

+ I;Ziilze (5),2(s)) ds — fi (s, —(Te = Te-1) (s - Tz—l)l;;;il%e(Tz)

+ I;+ 362 (S),;Clg(s)) ’ ds

4
-1

Page 12 0f 16
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t
_ el _ _ -1(._ Uy
+ ) T(_l(t ) A (s, —(Te = Ter) (s TE—l)ITzr_lZl(TZ)

+ I;‘zi_lz@ (s),ze(s)) ds
—fi(s,~(Te = Teer) (s - Te—l)l%ilie(Tz) + 1;2135@ (s),%¢(s))| ds

(Te — To_1) . (Ty = Te1) ™'t = Tp1)
(e +1) I (2e0)

Ty
X /T (Ty =) s (K|(Te = Teer) (s - Te—l)(lg‘tl (2e(Te) - %e(T0)))

+ (I;ﬁ*,l (ze(s) = %e(5)))| + L (ze(s) = X)) |) ds
+ 1 t
C(ue) Jr,

+ (IW (zg(s) —355(5)))| +L‘(Z@(S) —%g(s))’) ds

Ty,
(Ty—Te1)“ 2Ty — Typq)“
+
C(ue +1) INEZ)

(t =) s (K|(Ty = Toer) s — Te_l)(lijil (ze(Ty) = %(T0)))

Ty
X /T S| (2T ~FT0)) + (12 (2 ~%(s)

-1

+L| (z¢(s) = %¢(s))|) ds

(Te — To_q)

(e +1)
2Ty — Tpq) ™t e ~ ~ Tt
W(M”I%(z@ =% g, + Lz —xe||,5[)/n_ls ds
(Te = Te-) 2(To — Toq) e NT 0 = Tp1 ')

+
C(ue +1) (1-8)T (u)
(Ty = To_1)™ ~ -
X (ZKWHZZ —x¢llg, + Lllze = %ell,
(Te = Te-1)" 2(To = Tpo1)“NT ™ = Toq ™)
+
[(ue +1) (1= 8T (ue)
(Te = Ty)™ ~
2K———— + L -
X ( M + 1) +L )lze = x¢llg,

M + 1z = x|

T +1) M ’

where
2(Ty = Toq) e NT 2 = Ty ™) (Te = To_1)™
= max 2K +L).
£=1,2,..,n (1 =68)T () T(up + 1)
Then
(Te = To_1)
lz =l (1 - ) <

F(ug + 1)
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We obtain, for each ¢ € J,

(Ty — Te1)™

’Z(t) —x(t)‘ < ||z—x|| < mé ‘= CR €.

Therefore, the BVP (1) is (LUH) stable. O

5 Example
Let us consider the following fractional boundary value problem:

“DGIx(t) = —g——"7 . te]=[0,2],
(ee ¥t +462t+1)(1+|x(t)|+|"D(u)it)x(t)|) (14')

x(0) =0, x(2) =0.

Let
et
filty,2) = — , (t,y,2) €[0,2] x [0,+00) x [0, +00).
(ee™ +4e* +1)(1+y +2)
é! te]l = [011]1
u(t) = ; (15)
z, tel:=]12]

Then we have

3ty 2) ~fi(t522)]

et < 1 1 )
. —
(ee{*_‘+4ezf+1) l+y1+z1 l+ya+2

e (ly1 — y2l + |21 — 22)

- 2
(ee™ +4e2 + 1)1 +y1 +z1)(1 + Y2 + 2)
et
= ﬁ—(bfl -»nl+lz —22|)
(ee™ +4e% +1)

1
<— |y - — 7 — 2o].
= @5 ly1 —y2l + ©+5) |z1 — 23|

Hence the condition (H2) holds with § = % and K =L=-L

e+5”
By (15), according to (7) we consider two auxiliary BVPs for Caputo fractional differen-

tial equations of constant order,

3 1
cD()2+‘7C(t) = 2 L3¢ 3 ’ te]lr

(e #1462t +1)(1+|x(8)|+1€D 2 x(t)|) (16)
X0)=0,  x(1)=0

and

9 _
‘Dpx(t) = —4 LA — teh,
(e¢ 17 +4e2t 4 1)(1+]x(8)|+]D5 x(£)]) (]-7)
x(1) =0, x(2) =0.

Page 14 of 16
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Next, we prove that the condition (9) is fulfilled for £ = 1. Indeed,

2(T ' = T )T — To)"1 ! <2K(T1 — To)™“ ) _ 1 < 2 . 1)
(1-8)T(u1) [y +1) C 2e+5r3)\re)
~0.3664 < 1.

Accordingly the condition (9) is achieved. By Theorem 3.1, the problem (16) has a solution
3611 € El.
We prove that the condition (9) is fulfilled for ¢ = 2. Indeed,

AT - T )Ty - T (2K(To =T\ _25-1 1 (2 X
(1-8)I"(u2) < C(uy +1) >_ Ir@)e+5\r(%) ¥ )

~0.2682 < 1.
Thus, the condition (9) is satisfied.

According to Theorem 3.1, the BVP (17) possesses a solution X, € E,.
Then, by Theorem 3.2, the BVP (14) has a solution

351(t)7 te]l;

x(t) =
X2 (t)r te ]2:
where
t )
x(t) = <

%Z(t): t €]2.

According to Theorem 4.1, BVP (14) is (LUH) stable.
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