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1 Introduction
Fractional differential equations are important since their nonlocal property is suitable
to characterize memory phenomena in economic, control, and material sciences. For the
basic theory of fractional calculus and fractional differential equations we refer to [1—
9]. Various types of fractional derivative and integral operator were studied: Riemann—
Liouville, Caputo, Hadamard, Erdelyi—Kober, Griitnwald—Letnikov, Marchaud and Riesz
are just a few examples. Hilfer [10] proposed a generalized Riemann-Liouville (R-L) frac-
tional derivative, the so called Hilfer fractional derivative (HFD), which composites R-L
fractional derivative and Caputo fractional derivative. HFD is performed, for example,
in the theoretical simulation of dielectric relaxation in glass forming materials. Sousa
and Oliveira [11] proposed the ¥ -HFD and established i -Hilfer fractional differential
equations. The fundamental discussion about existence and uniqueness of the solution
of a nonlinear fractional-order differential equation involving y-HFD along with differ-
ent types of initial conditions have been investigated in [12-18]. Asawasamrit et al. [19]
studied the nonlocal boundary value problems for fractional-order differential equations
with HFD subject to nonlocal integral boundary conditions. In [20], Saengthong et al. con-
sidered the existence results for Hilfer—-Hadamard sequential fractional differential equa-
tions with two point boundary conditions. The study of a boundary value problem for
fractional-order ¥ -HFD was done by Harikrishnan et al. [21]. There has been published
some significant work about the nonlinear boundary value problems for HED, out of which
we mention only a few that are relating to this article; see [22-24].

The note by Langevin [25] on Brownian motion had a permanent impact on scientific
research and is still often cited. The Langevin equation is an effective tool of mathemati-
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cal physics, which can describe processes as regards time evolution of the velocity of the
Brownian motion [26—-28]. Among the applications of the Langevin equation, one can use
modeling gait variability [29], financial markets [30] and described anomalous diffusion
[31]. The existence and stability results for Langevin equations with HFD was considered
in [32]. Several articles including a number of fractional derivatives have been considered
by authors and researchers in the fractional Langevin equation, for instance [33-35]. Re-
cently, three-point boundary value problems for Langevin equation with Hilfer fractional
derivative were studied in [36].

In this paper, we consider a boundary value problem of Langevin fractional differential
equations with y-HFD and nonlocal integral boundary conditions, given by

DAV (DR )x(t) = f(£,2(),  te]:=[a,b], (1.1)
x@)=0,  xb) =) rl"Vxr), (1.2)
i=1

where D%fiV i = 1,2 is the ¥ -HFD of order x;, 0< x; < 1 and type ;, 0 < B <1,i=1,2,
l<i1+x2<2keR,a>0,f:] x R— Risa continuous function, I%V is 1/ -Riemann—
Liouville fractional integral of order §; >0, A; € R, i=1,2,...,mand0<a <7< 7y <---<
T <.

We prove two existence results by using Krasnosel'skii’s fixed point theorem and the
Leray—Schauder nonlinear alternative and one existence and uniqueness result via the Ba-
nach contraction mapping principle. The main results are presented in Sect. 3. Examples
illustrating the main results are also constructed. In Sect. 2 we recall some preliminary

facts which are needed in the following.

2 Preliminaries
We need some basic definitions and properties of fractional calculus that are used in this
article. Let C = C(J,R) be the Banach space of all continuous functions from J into R with
the norm ||x|| := sup{|x(¢)| : t € J}.

Let ¥ € C}(J,R) be an increasing function with v'(£) #0 for all ¢ € /.

Definition 2.1 ([11]) Let x >0 (x € R), f € L;(J,R). Then the 1-R-L fractional integral
of a function f with respect to ¢ is defined by

1

. 1 [t _
PO = i [ WO -v6) 6 ds
T'(x) Ja
Definition 2.2 ([11]) Letn—1< x <n € Nandf € C"(J,R). Then the y-HFD DXV (.) of
a function f of order x and type 0 < B <1, is defined by

DXvﬂ;Wf(t) :[ﬂ(n—x);lﬁ( 1 d

) E)nﬂl’ﬁ)‘”‘”‘”f<t>.

Lemma 2.1 ([11]) Iff € C"[a,b],n-1< x <nand 0 < B <1, then

(W) YD) =f(6)- )

k=1

WO=v@"™ it j1-prix

)34
F()/—k+1) fW f(a)x
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d n-k
where  f"f(¢) = (w/l(t) E) f@t) and y=yx+Bm-x).

@) DIV f(@) = £

Next, we derive an equivalent fractional integral equation for a linear variant of the
boundary value problem (1.1)—(1.2).

Lemma 2.2 Leta>0,0< ;<L yi=x;i+Bi(1-x),i=12,1< 1+ x2<2,and h €
C([a, b],R). Then the function x is a solution of the boundary value problem:

DxubLy (sz,ﬂz;'// + k)x(t) = h(t), (2.1)
xa)=0,  x(b) =) MIVx(x), (2.2)
i-1
if and only if

; ; (W (@) -y (@)rret | & )
_ Jxitxsv _ 2y X1+ X2+85Y .
x(t) = VX2V (t) — kY x(t) + N [ E», AKX h(t;)

— kD a V() — P () 4 /<1X2”/’x(b):|, (2.3)

i=1

where it is assumed that

(W (z) - Y (@) 72 20,

W) - p@yet
- 2 Torrats)

- (1 + x2) )/1+X2+5)

i=1

Proof Applying the 1-R-L fractional integral of order x; to both sides of (2.1) and using
Lemma 2.1 we obtain

DBV x(8) + kx(t) = Y h(e) + (&) -v@)"™, (2.4)

Co
I'(n)
where ¢ is an arbitrary constant and y; = x1 + f1(1 — x1)-

Applying the 1-R-L fractional integral of order x, to both sides of (2.4), we obtain

p(z;lkpxz,ﬂz;wx(t) _ 1X1+XZ;wh(t) — kY 5 (2)

yi+x2-1
oy O v@) (2.5)

Applying Lemma 2.1 to (2.5), we get

— [X1txev _x2v ‘o _ yi+x2-1
x(t) = IVTXBY () — kI* x(t)+F(y1+X2)(1ﬁ(t) v (a))

(W (6) - y(@)™". (2.6)

(4]
+
I'(y2)
Using x(a) = 0 in (2.6), we obtain ¢; = 0, and hence we get

Co

_ TX1HXBY _ 2Y
x(t) = X2V (t) — k7Y x(t) + F(J/1+X2)(W(

£) - ¥(a)) (2.7)
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Next, by combining the second condition x(b) = > ", A% x(1;) of (2.2) with (2.7), we
obtain

1|y iz S Sisr W W
c=— {Z MDY () — kS 0D (1) = PV (b) + KPPV k(D) |

i=1 i=1

Substituting ¢, in (2.7) we get (2.3).

We can easily prove the converse by direct computation. The proofis completed. [

Fixed point theorems play a major role in establishing the existence theory for the prob-

lem (1.1)—(1.2). We collect here some well-known fixed point theorems used in this paper.

Lemma 2.3 (Banach contraction principle [37]) Let D be a non-empty closed subset of a
Banach space E. Then any contraction mapping T from D into itself has a unique fixed
point.

Lemma 2.4 (Krasnosel'skii’s fixed point theorem [38]) Let M be a closed, bounded,
convex, and non-empty subset of a Banach space. Let A, B be the operators such that
(i) Ax + By € M whenever x, y € M; (ii) A is compact and continuous; (iii) B is contraction
mapping. Then there exists z € M such that z = Az + bz.

Lemma 2.5 (Leray—Schauder nonlinear alternative [39]) Let E be a Banach space, C a
closed, convex subset of E, U an open subset of C and 0 € U. Suppose that D: U — C is a
continuous, compact (that is, D(U) is a relatively compact subset of C) map. Then either
(i) D has a fixed point in U, or
(ii) thereis a x € 0U (the boundary of U in C) and v € (0,1) with x = vD(x).

3 Main results
In this section, we investigate the existence and uniqueness of solution for the boundary
value problem (1.1)—(1.2).

By Lemma 2.2 we define an operator N : C — C by

(Nx)( ) [t wf(t x(t)) k%% ‘/’x(t)

WO - ya)ynret| Sy tSiy
lIXl 21045 i f
AT (y1 + x2) |:121:}\ £ (5 ()

-k Z M2 (1)) = POV £ (b, x(D)) + /d“”/’x(b)], te]. (3.1)

i=1
For the sake of brevity, we set

(Y (b) — Yr(a))1tx2 . (Y (b) — Y (a))r1+xe-t
C(x1+x2+1) [AIT (1 + x2)

V(@) = Y@ (y(b) - (a)) 0
[ZI/\I O+ x2+8i+1) FOa+x2+1) }

Q) =

(3.2)
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and

Gy - k| PO =@y b - y@ye!
o C(xa+1) AT (1 + x2)

(3.3)

n ) - @) () - @)
X[;'A"' Fha++D) ' TOa+l) “

3.1 Existence results
We prove our first existence result for the boundary value problem (1.1)—(1.2) by using

Krasnosel'skii’s fixed point theorem [38].

Theorem 3.1 Assume that:
(H1) f:] x R — R is a continuous function such that |f(t,x(t))| < ¢(£), V(t,x) €] x R,
with ¢ € C(J,R).
(H2) Q2 <1, where Q, is given by (3.3).
Then there exists at least one solution for the boundary value problem (1.1)-(1.2) on J.

Proof We will show that the operator N defined by (3.1) satisfies the assumptions of
Krasnosel'skii’s fixed point theorem. We split the operator A into the sum of two op-
erators \V; and N, on the closed ball B, = {x € C: ||lx|| < p} with p > (|l¢lI€21)/(1 - 2,),
sup,e; ¢(t) = ll¢ll, where

(Y (@®) - y@)rre!

_ TX1HXBY
(Nx)(8) = 2V f (8, x(2)) + ATOL+ 70)

x |:Z )»iIX”X“‘s“l'f(r,-,x(ri)) —IX‘+X2;‘/'f(b,x(b)):|, tej, (3.4)

i=1

and

(@) - @)t
+

(N2x)(2) = kI (1) AT (1 + x2)

X [—/(Zkil’(2+‘si;'/’x(ri) + klxz‘wx(b)i|, te]. (3.5)

i=1

For any x,y € BB,, we have

[N120)(2) + (N2 (0]

(W (t) — Y (a))rrret
[AIT (1 + x2)

te]

< sup{[“”x2 [f(t,x(t))| + |k |V |y(t)’ +
x |:Z |A; [ +H2+0sv V(Tiyx(fi)” 4 Xy V(b,x(b)”

i=1

1LY a2 |y()| + el \y(b)y] }

i=1
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_ oy | GO =@ @ ®) —v@yr
< IF'(x1+x2+1) IAIT(n + x0)

Z' l(lﬁ T;) — Y (a))atretdi . (Y (b) — Y (a))r+r
TTO0 + xa+ 8+ 1) T+ x2+1)

+
C(x2+1) [AIT (y1 + 12)

Z' I — Y (a))r2* s (¥ (b) - ¥ (a)*
! 1"()(2+6 +1) I'(x2 +1)

< lloll1+p2 < p,

(Wb -y @) (Wb -yt
+ [y Ikl

and hence || Nix + Nay|| < p, which implies that NVix + ANy € B,. By using (H2) it is easy
to prove that NV, is a contraction mapping.

The operator NV is continuous, since f is continuous. It is uniformly bounded on B, as
IVl < Qillell. (3.6)

Now, we prove that the operator NV} is compact. Setting sup; ¢/ B, f (&,%)] =f <00, we
obtain
|(N1)(82) — (Nax)(81)|
_ 7
(X1 + x2)

. / YO W) - w) T ds

[ O - ve) = - w6 e - we) e as

| W) =y @) - (g (t) - yla)ne?

[AIT(y1 + x2)
o) = (@) et (Y (B) — Y (a)) 12
X|:Z|)Lilf C(x1+ x2+8i+1) * C(xi+x2+1) :|
f

X1+x2
< m[z(tﬁ(h) -y ()

# (W) = (@) = (w(e) - v (@) ]

L W) = (@) - () - y@)n et
IAIT (1 + x2)

x |:Z Mill—((l/f(l'i) — (@)t (g (b) — r(a) e j|’

+
F(x1+ x2+8i+1) F(xi+x2+1)

which tends to zero as t; — t; — 0, independently of x € B5,. Thus, A is equicontinuous
and hence N is relatively compact on B,,. By the Arzeld—Ascoli theorem, NV is compact
on B,. It follows by Krasnosel'skii’s fixed point theorem (Lemma 2.4) that the problem
(1.1)—(1.2) has at least one solution on J. The proof is complete. a
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Example 3.1 Consider the boundary value problem of the Langevin equation with the
¥ -HFD of the form

1
. . 1 2e2~t t 1 15
¢ (priey L)y 22 (0L ) 10, [15] (3.7)
12 2+ 15\ 1+ %)) " 3 2’2

1 5\ 1 1 3\ 3
xl=)=0  x2)=Zr2x1) + =13 2 ) + 213 (2). (3.8)
2 2)73 2 2)75

Here 1 =1/2, x2=3/4,81=1/3,8,=1/2,k=1/12,a=1/2,b=5/2,m= 3,8, =1/2,8, =
3/2,83=5/2,11=1,71=3/2, 13 =2, A1 = 1/3, Ao = 1/2, A3 = 3/5 and ¥ (¢) = €’. We see that
X1+ x2 = 5/4 € (1,2]. Using the given data, we get y; = 2/3, y» =7/8, |A| &~ 17.47973707,
Q1 ~24.38179472 and 2, ~ 0.9594635717.

Observe that €25 < 1 and we obtain

1
2e37t 1
lf(t,x)‘ == il + =
26+ 15\ 1 + || 3

Thus all the assumptions of Theorem 3.1 are satisfied. Therefore by its conclusion, the
boundary value problem (3.7)—(3.8) has at least one solution on [1/2,5/2].

Our next existence result is based on the Leray—Schauder nonlinear alternative
(Lemma 2.5).

i

1
D2

- 2e37t 1 5(0)
— + = ¢().
—2t+15 3

Theorem 3.2 Suppose that (H2) holds. In addition we assume that:
(H3) [f(t,%)] < p(0)o(|x]) for each (¢,x) € ] x R where ¢ : [0,00) — (0,00) is a
continuous nondecresing function and p € C(J,R*).
(H4) There exists a constant M > 0, such that

(1-Q)M

SM)Ipl2: (3.9)

’

where Q1, Qg are given by (3.2) and (3.3), respectively.
Then there exists at least one solution for the boundary value problem (1.1)—(1.2) on J.

Proof We will prove that the operator N defined by (3.1) satisfies the hypothesis of the
Leray—Schauder nonlinear alternative. For this purpose, we first establish that operator A/
maps bounded sets (balls) into a bounded set in C. Let B, = {x € C : ||x|| < r} be a bounded
ball with radius r in C. Then, for ¢ € J, we have

|(WVx)(@)| < sup{[x”xz;‘/’ If (&%) | + k1172 |x(2)]
te]

W) -y @) | & "
A\t [ (T
TTATh+ 02) [2' | o)

KD AP ()| + P22 [ (b, x(b)) | + 1K1 [x(b) q }

i=1

b) - 1+x2 b) — 1+x2-1
snpnd)(nxn){(‘”” Y@y (o) -y @)

+
C(xi+x2+1) [AIT (y1 + x2)

Page 7 of 12
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(W () — Y (@) a2t (y(b) — yr(a))X1tre
Zl | +
TTO0+ o+ 8+ 1) T+ x2+1)

F(x2+1) [AIT (y1 + 12)

Y(@)e (Y (b) - Y (a)®
[ZI/\I Foars+D) " oo+ “

= lIpllo(Ilxl) €2 + llx]122,

(Wb -y @) Wb -yt
+ [lxll k|

and consequently
INx[l < llplle(r)Q1 + Q. (3.10)

Next, we will show that /' maps bounded sets into equicontinuous sets of C. Let t;, t, € J
with #; < £, and x € B,. Then we have

|(NV2)(82) = Vo) (t1)]

lpllv(r)
TTOn+ e+ D)

+| (¥t -y @) = (p (1) - ¥ (@) ]
L W) - @)y - (y(0) -y @) et

[2(1ﬁ(t2) -¥ (ﬁ))xm(2

AT (1 + x2)
(W (1) — Y (@) s+ (W (b) - Y (a))a+r2
[;IA iplly (r) T Ipll(r) TG0 }
|kl (W (t2) — Y@+ — (1) — (@) +7e!
T e W) ) AT+ 10)

(W () -y (@) (y(b) - y(a)r
|:ZMI I +8;+1) * I +1) j|r.

As t; — £y, the right hand side of the above inequality tends to zero independently of x €
B,. The set N'B, is equicontinuous. Thus, we have proved that /B3, is relatively compact.
By the Arzeld—Ascoli theorem, A\ is completely continuous.

Finally, we show that the set of all solutions to equations x = /A x is bounded for w €
(0,1). Following the computation in the first step, we obtain

lx@)| < o (Ilxll) Il + I%l1R, ¢ € [a,b],

which yields

(1= S2)lxl
o(lxDllpl€2y —

According to (H4), there exists M > 0 satisfying ||x|| # M. Introduce the set

U={xeC(U,R): x|l <M}, (3.11)

Page 8 of 12
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and notice that I — C is continuous and completely continuous. From the choice of U/
there is no x € U, such that x = w/N'x for some w € (0,1). As a result of the nonlinear
alternative of the Leray—Schauder type (Theorem 2.5) we deduce that A/ has a fixed point
x € U, which is a solution of the boundary value problem (1.1)—(1.2). This completes the
proof. d

Example 3.2 Consider the boundary value problem of the Langevin equation with the
¥-HFD of the form

D<D . lis)xm

1 1 15
=—— (£ + —e®O L) re| 2,2, (3.12)
3¢ + 1049 2 2 3’3
1 5\ 1.3 2\ 2 4 3 5 4
x( =) =0 xf2)=ZrFleety( Z) 4 ZyTiosty(1) 4 ZpFioety ) (3.13)
3 3)75 3)75 5 3

Here x1 =2/3, xo =4/5, B1 =4/5, B2 =2/3, k=1/18,a=1/3, b =5/3, m = 3, 8; = 3/7,
8, =4/7,85=5/7,11=2/3, 15 =1, 13 =4/3, Ay = 1/5, Ay = 2/5, A3 = 3/5 and ¥ (¢) = logt.
Observe that x; + 2 = 22/15 € (1,2].

With these values we found y; = y, = 14/15, |A| & 0.2902990904, ©2; ~ 14.08506960
and 2, ~ 0.9144444033 < 1. Notice that

3 1 1
ftx)| = |7——= "+ Ce y =
3t +1049 2 2

3 2
<|—- 1):=p(t ,
= (3t ¥ 1049>(x +1) =P
which fulfills the hypothesis (H3) with ||p|| < 1/350 and ¢(M) = M? + 1. Also (H4) is sat-
isfied for M € (0.7025154750, 1.423456188). Hence by Theorem 3.2, the problem (3.12)—
(3.13) has at least one solution on [1/3,5/3].

3.2 Uniqueness result
We shall use the Banach contraction mapping principle to prove the uniqueness of the
solutions of the boundary value problem (1.1)—(1.2).

Theorem 3.3 Assume that:
(H5) There exists a positive constant L > 0 such that |f(t,x) — f(t,y)| < L|x —y|, for each
te]andx,yeR.
Then the boundary value problem (1.1)—(1.2) has a unique solution on ], provided that

EQI + Qz < 1, (3.14)

where the constants Q1, Q2 are defined by (3.2) and (3.3) respectively.

Proof We want to prove that the operator N : C — C defined by (3.1) has a fixed point.
This fixed point is then a solution of the problem (1.1)—(1.2). Set sup,; [f(,0)| = K < oo,
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B, ={x€C: || <r}andchooser> (KQ;)/(1-LQ1—-,). Then we will show that N3, C

B,. For any x € B,, we have
|V x)(@)|

< sup{[“*””ﬂ([f(t,x(t)) -f(¢ O)’ + [f(t, 0)‘) + k| Y ’x(t)‘

te]

W () = Y @) | & 5
E AP0V (|f (2, 2(11)) - f (1,0 70
TTTAT G+ ) L1| | (I (mx(a) ~f (20} + |f (. 0])

)| + 2V (£ (b,x(b)) - £ (b,0)| + |£(5,0)])

i=1

+ k|1 |x(b)[| }

1+tX2 _ 1+x2-1
< () + 1) [ QO p @ @B - pla)n
COn+x2+1) AT + x2)

Z i l(lﬁ(fz) Y (@) X+t . (Y (b) — Y (a)) 1+ 2
F(x1+ x2+8:+1) C(xi+x2+1)

i=1

(W (b) - (@) (Y(b) - y(a)r+r!
+ [lxll| k] +
I(x2+1) [AIT (1 + v2)

W (@) - @) () - (@)
[ZIM Foa+8+1) | Tou+D) “)

i=1

<(Lr+K)Q +rQ2 <.

Therefore | Vx| < r which implies that N'B, C B,.
Now for x,y € C, we have

|V x)(8) = Ny)@)
- (Wb) —v@ye (o) -y @yet

+
C(xi+x2+1) [AIT (y1 + x2)

Y@ (b) - pla)e
[Z'“ Coursor D * Tlnrm+D D‘C”x_y”

+
F(x2+1) [AIT (1 + 2)

V(@) - ¥ (@)= (Y (b) - ¥ (a)*
|:ZM| C(x2+8;+1) * I(x2+1) :|})||x—y||

({ WB) -y @) Gb) - p@)ynse
+|k]

= (£21 + Qy)llx - yl.

Therefore [|[(Nx) — (Ny)|| < (L1 + Q)|lx — y||. As L7 + Q5 < 1N is a contraction. By
the Banach contraction mapping principle (Lemma 2.3) we deduce that A has a fixed

Page 10 of 12
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point, which is the unique solution of the boundary value problem (1.1)—(1.2). The proof
is finished. O

Example 3.3 Consider the boundary value problem of the Langevin equation with the
¥-HFD of the form

2
D%’%?tz*l (D?}?”hl + i)x(t) 2 (x &)+ 2|x(t)|) + 41}’ te |:l 5], (3.15)
3
8

Tar+31\ 1+ @) 4’4

1381y 1 +§I%;t2+1x 3 +zlg‘t2+1x(1). (3.16)
8 8

2 4

Here x1 =3/7, xo =5/7, B1 =2/7, B =4/7, k=1/13, a = 1/4, b =5/4, m = 3, §; = 2/3,
8y=4/3,83=5/3,11=1/2, 79 =3/4, 13 =1, A, =3/8, Ay =5/8, A3 = 7/8 and ¥ (t) = £? + 1.
Note that x; + 2 = 8/7 € (1,2].

With these values we found y; = 29/49, y, = 43/49, |A| ~ 0.6572399879, Q; ~
4.725942806 and 2, ~ 0.3825052846 < 1 and £ = 1/8 as

1
[f(t,x) —f(t,y)| < glx—yl, for any x,y € R.

Since £ + 2, ~ 0.9732481354 < 1, by Theorem 3.3, the problem (3.15)—(3.16) has a
unique solution on [1/4,5/4].
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