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We study the coupled Choquard type system with lower critical exponents

AU+ A X)u = g (g *Iul Nl U+ Bl >|<|v| |u|N u xeRN
AV 00V = (ol « v WY+ Bl e lu )Ty, xeRY,
uveH®RY,

where N > 3, w1, i, B> 0, and A;(x), Ao (x) are nonnegative functions. The existence
of at least one positive ground state of this system is proved under certain
assumptions on Ay, A;.
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1 Introduction
In this paper, we consider the following coupled nonlinear equations of Choquard type:

—Au+ (0w = pa Ly * ] )l 8+ B(L # v N )| ul ¥, x e RY,
—AV+ M)y = ol # V] M)Wy B % [u) )Ny, xeRN,  (L1)
u,v e H'(RN),

where N > 3,a € (0,N), i1, 2,8 >0, N]\’;"‘ is the lower critical exponent due to the Hardy—
Littlewood—Sobolev inequality (see [9, Theorem 3.1]), I, : RN \ {0} — R defined by

r(*5%)
20 (%) N

is the Riesz potential, and A;(x) and A,(x) are nonnegative functions. Elliptic equations
of this type have wide application in physical problems, such as in Hartree—Fock theory
[8, 10, 12] and in nonlinear optics [13, 14]. The readers can refer to [2, 18, 19] for more
physical backgrounds.
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Mathematically, Choquard type equations have received considerable attention in the
past few years, see [1, 3-5, 7, 8, 11, 15-17] and the reference therein for scale equations.
There are also some results concerned with solutions of a nonlinearly coupled Choquard

system. In [21], Wang and Shi proved the existence of positive solutions of

—Au+diu= iy *uPu+ By * vy, xeRN,
—AV+ v = oIy * [V2)v+ By * |ul?)v, xRN, (1.2)
u,ve H'(RN),

for A1,y >0and B8 € (-00, xo) U(min{kzu,k%v}, +00), where A = Ap/A; and yxo > 0 depends
on (41, i, A. Particularly, when A; = A, > 0, they showed that system (1.2) has a positive
ground state (Wkowo, VIowo), where (ko, ly) is the solution of

k+Bl=1,
M1 B (1.3)
wal + Bk =1,
and wy is a positive ground state of
—Au+Mu= (Ia*|u|2)u, xeRN,ueHl(]RN). (1.4)

In [22], Wang and Yang established the existence and nonexistence of normalized solu-
tions of system (1.2) with trapping potentials. In [20], Wang obtained the multiplicity of
nontrivial solutions of a nonlinearly coupled Choquard system with general subcritical
exponents and perturbations.

For a Choquard system with upper critical exponents, You, Wang, and Zhao [25, 26]

derived the existence of a positive ground state of the following system:

N+a a+2 N+a a+2
—Au+ hu = pr Ly * || N2 uN2 + B, * |[v|N2)ul2, xeQ,
N +2 N+a +2
—AV+ Ay = oIy * [VIND)WND + B(I, * |u| N2 )Wi2, xeQ, (1.5)

u,v € H)(RQ),

where N > 5, Q is a bounded smooth domain in RY, —A;(R) < A1, A5 < 0, and A1(S2) rep-
resents the first eigenvalue of —A on  with the Dirichlet boundary condition. More pre-
cisely, they obtained that system (1.5) has a positive ground state if

:3 € (_B!O) U (Or minf{us, MZ}) U (max{ul, w2}, +OO) fora =N -4,

B e (—oo,O)U(]‘i‘[L_z2 max {1, s}, +00) for a € (O, N — 4).

For the special case —A1(2) < A1 = X3 < 0, they proved that system (1.5) has a positive
ground state (\/;w*, \/Zw*) if

B € (0, min{uq, wo}) U (max{ui, 2}, +00) fora =N —4,
B € (£ max{uy, py}, +00) fora € (O,N - 4),
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where w* is a positive ground state of
N+ay  a+2 1
—Au+Mu= (IO, * |u|N72)uN72, u € Hy(2), (1.6)
and k, [ is a solution of

a+2 a+4-N N+a
Wik N=2 + Bk2WN-2) [20N-2) = ],
a+2 N+a  a+4—N
lem + ﬂkZ(N—Z)ZZ(N—Z) = 1, (17)

k,1>0,
satisfying
k= min{k|(k, [) solves (1.7)}.

In the current paper, we study the nonlinearly coupled system (1.1) with lower critical
exponents. Since system (1.1) with positive constant potentials has no nontrivial solution
in H := HY(RY) x H'(RN) by the Pohozaev identity, we assume that A;, A, are functions
dependent on x € RN, We aim to prove the existence of positive ground states of system
(1.1). Furthermore, for the case A1 (x) = A»(x) := A(x), we will introduce an approach which
is different with [21, 25, 26] to prove that system (1.1) has a positive ground state of the

form (kw, Ilw), where w is a positive ground state of
—Au+ Mx)u = (I, * |u|%)|u|%’1u, xeRN,ue H'(RY). (1.8)

For this purpose, we assume that
(C1) Ai(x) >0 forallx € RN, A;(x) € L°(RN) and limjy— 00 Ai(¥) = 1,i = 1,2;
. . 2 - .
(C2) liminfy—oo(1 — A;(x))|x|> > 1\2(1(\?11?), i=1,2.
Note that under assumptions (C1) and (C2), the scale equation

—Au+ Ai(x)u = ui(la * |u|%)|u|%‘lu, xeRN ue HI(IRN),i =1,2, (1.9)

has a ground state w;, i = 1,2 (see [16, Theorem 3,Theorem 6]). Moreover, we may assume
that w; is positive since |w;] is also a ground state of (1.9). Clearly, system (1.1) has a trivial
solution (0, 0) and two semi-trivial solutions (w1, 0) and (0, w,) for all 8 € R. Here we deal
with the nontrivial solution, that is, a solution (z, v) of (1.1) with u % 0 and v # 0. Denote
Jgn -dx by [ - for simplicity, and define the functional I : H — R corresponding to system
(1.1) by

1
I(u,v) = E/ IVl + M (0)u? + |V + A (x)v?

N

/ (o 1 ) 5 e (Ey 1015 ] 5
- *x \U 174 + * |V Vv
2(N+a) M1\l M2 \ly

+2,3(1a*|u|%)|v|%>.
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Set

M= {(u,v) €H,u,v#0,

N+a

N+a N+a N+a
/|Vz4|2+xl(ac)uz=fm(1mu|T)|u|T o B(0 % ) Y5

N+o N+ao N+a N+o
/IVVIZ + Ao (¥)V? =/M2(1a # [V N )N+ B(L ok |ul N[N }
It is obvious that if (&, v) is a solution of system (1.1), then (&, v) € M. Define
B =infI(x,v).
M

A solution (u,v) of system (1.1) is called a positive solution if # > 0, v > 0 and a ground
state if I(u, v) = B. We first show that B is attained by some positive ground state of system
(1.1) in the case when A1(x) = A (x) := A(x).

Theorem 1.1 Assume that (C1) and (C2) hold. If 11 (x) = Ay(x) := A(x), then (ty,s,W, tymw)
is a positive ground state of system (1.1) for all B > 0, where w is a positive ground state
of (1.8), tm = (o + ,BSMTW)‘%, and s, > 0 is a minimum point of a function g(s) : R* — R
defined by

1+s?
2(N+a) Nie . N °

gls) =
(o +pas™ N +2Bs N )Na

(1.10)

Remark 1.2 1If we apply a method as in the proof of [25, Theorem 1.3] and [26, Theo-
rem 1.3] to our case, we can prove that system (1.1) has a ground state of the form (kw, Iw)
only if 8 > & max{u1, i42}. In the current paper, we use an alternative approach inspired
by [24], which is based on studying the minimum point of g(s), and we show that system
(1.1) possesses a ground state of this form for all 8 > 0.

Remark 1.3 The method we adopted in the proof of Theorem 1.1 is also valid for the upper
critical system (1.5). As we mentioned previously, system (1.5) has a ground state of the
form (kw*,Iw*) if N > 5, —11(R2) < A1 = A3 <0, and

a+2

B € (35 max{u1, 1o}, +00) for o € (0,N —4),

B € (0, min{w1, uz}) U (max{py, ua}, +o0) fora =N -4,

(see [25, Theorem 1.3] and [26, Theorem 1.3]). However, we can prove that under the same
assumptions on Ay, Ay, N, system (1.5) has a ground state in the same form if

B € (0, +00) for a € (O,N - 4),
B € (max{ui, uz}, +o0) fora =N -4

(see Theorem A.1 in Appendix). Although our approach can only deal with the case 8 >
max{u, uo} for « = N — 4, in the case @ € (0, N — 4), the existence of a ground state of
(kw*, Iw*) type is obtained for all g > 0.
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Next, for any A1 (x), A2(x) satisfying (C1) and (C2), we have the following result.

Theorem 1.4 Assume that (C1) and (C2) hold. Then system (1.1) has a positive ground
state for all B > 0.

In the proof of Theorem 1.4, we need to give an accurate estimate of the least energy so
as to overcome the lack of compactness and show that both components of the solution
we obtained are nontrivial. For this purpose, some results of equation (1.9) will be used.

Denote the functional associated with (1.9) by

1 N N+a N+a
Ii(u) = 3 / IVuul® + di(o)u® — mﬂi/(la *|ul N )|u| N,

and set
N = {u e H'(RN) \ {0}|(} (w), u) = 0}, Bi:ijr\lffli(u), i=1,2.

Then, from [16, Theorem 3,Theorem 6] and some calculation, we see that B; is attained

and
o _MSNHV
Bi<—% g, 111
oW ra) (111)
where
2
Si= inf f . s (1.12)
WHLENNO) (f (7, % 1] )] W) i
By [9, Theorem 3.1], S; has a unique minimizer
N
a 2
U@ =Cl ———= | . 1.13
(x) <a2+|x—b|2> (1.13)
We should also study the minimizing problem
= inf ((/(u + Vv )
(u,v)el
uz#0,v#£0
N+a N+a N+a
/((fm(fa*mw)mw+m(1a*|v|w) (114)

N
Nia Nia | Nt
e 2Bl # 1) 5 )y % ) ))

where L = L2(RN) x L2(RN). Problem (1.14) can be seen as an extension of the classical
problem (1.12). By a similar approach as in the proof of Theorem 1.1, we obtain the fol-

lowing result.



Wu Boundary Value Problems (2021) 2021:13 Page 6 of 19

Theorem 1.5 If 8 > 0, then Sy = g(s,,)S1, and (s, U, U,) is a solution of (1.14), where g(s)
is defined in (1.10) and s, is a minimum point of g(s). If B < 0, then

N N

So= (11 + 1) VS
and S is not attained.

Theorem 1.5 not only plays an important role in the proof of Theorem 1.4, but also

extends the classical results of [9, Theorem 3.1].

2 Proof of Theorem 1.1

In order to prove Theorem 1.1, we study the minimizing problem

A= (1an <(/|Vu|2+k(x)u + V]2 + A(x)v >

uz£0,v£0

/((/m(la*m%)m% + (L V] ¥ ) [y 'R
N
N+a N+a | N+
+2B(Iy * lul N )|v|'N ) >)

Up to multiplication by a scalar, we know that a minimizer of A is a ground state of system
(1.1) for Aq(x) = Az(x) := A(x). Set

v 2 A 2
A= inf /] ”' * (x)” . @2.1)

weHN ENNO) ([ (I, * |u] N ) u] N ) Nia

Letting w be a solution of (1.8), we know that A; is attained by w. By studying a function
g:R* > R defined by

1+s2

g(s) = 2(N+a) +o
(ot s N +2Bs N )N

’

we are able to obtain the relationship between A and A; and show that A is attained.
Lemma 2.1 If B > 0, then there is s,, > 0 such that g(s,,) = mins- g(s).

Proof By simple calculation, we have

20 a=N N+a
/(s) = 2s(pa —puasN —Bs N+ s N)
2(N+a) N+a  2N+a °

(M2 +p1s™ N +2fs N ) Nea

Let /(s) = uo — ,ulszﬁa - ﬁs% + ﬂs%. If B > 0, then h(s) - —oo0 as s — 0, and k(s) — +00
as s — +00. Thus, there exists s,,, > 0 such that /(s,,) = 0 and g(s,,) = mingso g(s). O

Lemma 2.2 Assume that (C1) and (C2) hold. If 8 > 0, then A = g(s;,)A1.
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Proof We follow a similar approach as in [6, Theorem 1.1] and [24, Lemma 2.1] to prove
this Lemma. For any z € H(RN) \ {0}, we set (4, V) := (5.2, 2). Then it follows that

(1+52) [IVz]* + Mx)Z?
2(N+a) N+a

, (2.2)
Nia +o
(2 + asm ™ +2B5,Y ) [ % 2] N )z ) Nva

A<

which indicates
A < g(smAr. (23)

Let (u,,v,) € H be a minimizing sequence of A, and set §, = t,u,, where

N+a

N+a
S e || N )| N

N N N
(f([a [V N ) vl N >2(N+a)

Then we have

/(Ia 16, :/(Ia* ol R o 5 (2.4)

From (2.4) and the property of the Riesz potential that I, = Iz * I, we obtain

/(Ia 6] N ) vl

- [t #1605 (g 1l )

) (/V% ) Ién|¥|2>z(/|1% * "’"|%}2>2 (2.5)
) (/([“*E”lw)'gﬂl\v)z(/(IQ*IVHIW)WMW)z

N+a N+a
= (Ioz*|Vn| N )|Vn| N

By (2.4) and (2.5), we have
A+o(1)

= </ |V, + M)z + | Vv, | + k(x)vf,)
N+a N+a N+a N+a
AW R [ e e (A e T

N
Nia Nia | Nt
+2/3(Ia* I )|Vn| N
7,2 [IVEN? + Mx)EX + [ |Vl + A(x)V?
2(N+a) Nia

- _Nia N+a N
(2 + 174 N + 287, N )f(la*|$n| NO)|E,| N )N

=g(7,")A1 = glsm)As.

v

Combining (2.3) with (2.6), we conclude that A = g(s,,)A;. O
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Proof of Theorem 1.1 From the proof of Lemma 2.1, we see that there exists s, > 0 such
that /4(s,,) = 0, that is,

-N N+a

o — msm —Bsa} 4 Ps,N =0, (2.7)
From (2.7), we get
2(N+a) N+a a-N 9 N+a
Pism Y+ Bsu = (ulsm +Bsu" ) =57 (12 + Bsu® ).
Then it follows
2(N+a) N+a N+a 2(N+a) N+a N+a

to+ masm ™ +2Bsm = o+ Bset + (asm ™+ Bsu ) = (1+5%) (u2 + Bsu' ),

which yields

1+s? (1+52)Na
g(sm) = 2(N+a) = = N+a . (28)

N+a

Nia p
(2 + Hism ™ +2Bs, )N+ (Mz + sl )N

N+a
Let t,, = (1 + Bs,¥ )‘%, then ¢,,(s,w, w) is a positive solution of system (1.1). Moreover,
by (2.7), (2.8), and Lemma 2.2, we have

B < I(tm(smw,w)) = 1+S /|VW|2+Ax)w

2(N )
@ N Mo
=m(1+8 )(//L2+,BS ) Al
o Nia
:m(g(sm)Al)
— o AM
2N +a)

On the other hand, V(u,v) € M, we have

o N+a
IM,V=7 Vul? + 2x)u? + |V + M) > s
(w,7) o [ 19 a9 e = A
which indicates that B > NW)ANW Thus, B = mANJa = I(t,8,uW, t,,w), that is,
(tnSmw, tw) is a positive ground state of system (1.1). O

3 Proof of Theorem 1.5
In this section, we prove Theorem 1.5, which is essential in the proof of Theorem 1.4.
Recalling the definition of U, we have the following lemma.

Lemma 3.1 If 8 >0, then Sy = g(s,,)S1, and Sy is attained by (s, Uy, U).

Proof By a similar approach as that in Lemma 2.2, we see that Sy = g(s,,)S1. Then the

conclusion follows from

(1 +s;) [ 1L

= Si.
Z(N_wt) Nio N+a N+a N g(sm) 1
((/'L2+MlsmN +2:3SWIN )f(la*|u*|T)|u*|T)m O
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Lemma 3.2 If 8 <0, then Sp = (1, v + oy )Nw S1, and Sy is not attained

_N _N
Proof Denote (uo, vy) := (1q ™ Uy (%), ity ™ Uy (x + €1)), where e = (1,0,...,0) € RY. Then
Nia
N —0 in L% (RN) asy — +00. Taking account of the fact that I, * |uo| ¥ € LN- (RN)
we have

. N+a N+a
lim | (I, * o] ¥ )|vy| ¥ =0.
y—+00

Then, for |y| sufficiently large,
So < </ ug + V;)
Nia Nia Nia Nia
/((/M(Ia*luol N ) ol N+ pa (I * [v,] ) [y

N
N+a N+a Nva
+2B(La o] N ) |vy| N

_N _N 9
(1 + 1y ) [ U
N

_N N+o¢ Ot
41y ) [ Uy # UL KU R

((uy

+o(1))
By letting y — +00, we get

So < (uy G + iy )N“’Sl

On the other hand, since 8 < 0, we know that

f u® +v?
So > inf

(u,v)elL

u#0,v#0

N
(f 1T |ul Nl "+ ol x v V)] N ) W
N
1“+M2 fl,[
N+a
((M1“+M2 )f(I | UL| N U, |

)N-HX
_N _N

= (u ® +u23)ﬁ51.

Therefore,
_N_ _«a
So = (,ul" + [y ")N"“S (3.1)
If Sp is attained by (u, v) with 4 %0, v£ 0, then
Ju?+v?
Nia N+a N+ o N+a Niay N _
(f e ) NO)|ul N + gl [V N )N +2B(I % lu| N )|v| N )N+a
[u*+v2
> Nia Nia N+a N+a | N
(f 1 ] M)l N + po(ly  [v| N )| N ) Nea
_N _N_  _«
= i i),

which contradicts (3.1). Thus, the conclusion holds
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Proof of Theorem 1.5 By Lemmas 3.1 and 3.2, we see that Theorem 1.5 holds. O

4 Proof of Theorem 1.4
In this section, we define

B = inf max I(n(¢)),
rIJEFte[O,)l(] (77( ))

where

I = {n € C([0,1],H)|n(0) = (0,0),1(n(1)) < 0}.
Set

N ={(u,v) € H\ {(0,0)}(I'(,v), (u,v)) = 0}.

By simple calculation and analysis, we see that for any (&,v) # (0,0), there exists £ > 0
such that to(x, v) € N and I(fou, tyv) = max,so I(tu, tv). Then, as in the proof of [23, Theo-
rem 4.2], we know that

B=  inf  maxI(tu,tv) =infI(u,v).
(u,v)eH\(0,0) >0 N

Moreover, since M C A, we have B < 3. We will show that B is attained by some positive
solution (u,v) of system (1.1). To begin with, we give an estimate of the upper bound of B,
which is important in recovering the compactness of the Palais—Smale sequence.

Lemma 4.1 Assume that (C1) and (C2) hold. If B > 0, then

o N+a
B<min{By,By, ——S* }.
2(N +a)
Proof We first show that
o N+a
B<————§,* . 4.1
AN +a)° (4-1)

Recall (s, U, U,) defined in Theorem 1.5, and let ¢ > 0 be the constant such that
t(smU,, U,) € N'. Then, by Theorem 1.5 and direct calculation, we see that

B <I(t(s,Us, U,))

= %ﬁ /(1 + S )IVUL + (M%), + Aa(x)) U2

N 2AN+a) 2(N+a) N+a N .
—— ¢ N + s N +28s N /1 s ULV UL N
2(N +a) (12 + asm Bsm' ) | (Lo % Ul N ) |UL|

) 2772
=St (1+s,)U7
N 2(N+a) 2(N+a) 1\%

SRS SN Y e )/(Ia*|u*|]%)|u*|%
2(N + a)
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1
- EtZ/sfnwu*P + 5, (M) = D) UZ + |VUL + (A2 (x) - 1)U?

N+a

o Nia
< m(g(sm)sl)

- %ﬁ/(l + 52 ) IVUL + 52, (M) = 1) UZ + (hax) = 1)U

o N+a 1
= msoa + 5t2/(1 +50) IVUL* + 52, (M () = 1)U + (Ra(x) = 1)U

Denote ¢;(u) = 3 [ |Vul* + (Ai(x) — D)u?, i = 1,2. To get (4.1), it suffices to show
¢Z(U*) < 07 i= 11 21 (42)

for some b € RN. By the fact that

|2 N-2 1

1+ [%2N*2 4N +1) ) 221 +a2)N’

we obtain

flvu|2=N2(N—2) U |?
* 4(N +1) |2

After a transformation x = b + ay, we have

2. _ NZ(N_Z) 2 . Ciz
a*p(U,) = /(47(]\[ P -a*(1 —)»l(b+ay))) VB dy.

Then from (C2) we see that (4.2) holds for b = 0, and (4.1) follows.
Next, we show B < B;, i = 1,2. Let w; be a positive solution of (1.9) for i = 1,2 and £(t) > 0

such that (+/t(t)wy, Vt(@)Tw;) € V. Then

SIVw1 2 + A @)w? + 22 Vwi]? + Aa(x)w?)

Nita 2(N+a) Nia Nea
(1 +2BT N +pot N ) [(Iy % w1 N )|wy| N

HT)N =

By simple calculation, we get

. t'(1) 2(N + a)
lim =—

T—>0* |t|%‘1r - oy

B.

It follows that

N+

2N o
Hr)=1-—2pB1 N (1 + 0(1)), ast — 0,
27201

and

2(N+Cl) N+a
_ 713'[ N

o)W =1 (1+0(1)), ast— 0.

[2725¢
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Therefore,

B <I(y/t(x)w1,/t(t)Tw1)

o N+a Nia 2(N+a) N+a N+a
) (28 4 e )/(Ia*|wl| ) w5

2(N +«)
(04 N+a N+a
=m/ﬂ1(1¢x*|wl|7)|wl| N
N Nea

Nia N+a Nia N+a
—N+aﬂtN (I * w1l V) [wi| N +o(r X))
<B; for t >0 small enough.
Similarly, we have B < B;. O

Next, we prove a Brezis—Lieb type lemma.

Lemma 4.2 Let {(u,,,v,)} be a bounded sequence in H, and (u,,v,) — (u,v) a.e on RN as

n— o00. Then
Nia N+a Nia N+a Nia Nta
(Ia*|un| N )|Vn| No= (Ia*|un_u| N )|Vn_V N = (Ia*|u| N )|V| N

as n— o0o.
Proof From the Brezis—Lieb lemma [23], we know that
N+a N+a N+a 2N

i) N =ty — ] K || K, in L¥a (RY),

+a

N N+a N+a 2N
Vul N = vy —v| N — |v|'N, ian(RN),
as n — 00. Then, according to the Hardy-Littlewood—Sobolev inequality, we have

N+

N N+ . 2N
L% (Junl N =ty —ul N ) > L *|u| N in LN~ (RV),

N+a

N N 2N
Lo (Il N = v =v| V) = x| N in LN (RY),

as n — 00. Observing that

N+a N+a N+a N+a
(Ia*|un| N )|Vn| N - (Ia*|un_u| N )an_V| N
Nia Nia Nia Nia
= Ia*(|un| N —uy —u| N )(|Vn| N — v, =V N )
N+a N+a N+a
+ Ia*(|Vn| N —|v,—V|' N )|un_u| N
N+a Nia N+a
+ Ia*(|un| N —uy —u| N )|Vn_V| N,

and

N N 2N
lu, —u| N — 0, [y —v| N — 0 in L%+ (RY),

we see that the conclusion holds. O

Page 12 of 19
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Proof of Theorem 1.4 According to the mountain pass theorem [23], we obtain that there
is {(#,,v,)} C N satisfying

I(u,,v,) = B, I (uy,vy) > 0 in H L
It follows that

N
B+o(1) = I(uy, ve) — m(l/(unr Vi)s (U Vn)>

o
= m f |Vi,|? + kl(x)ui + |Vl + Az(x)vfl

for n large enough, which combined with assumption (C1) implies that {(u,,v,)} is

bounded in H. Then we may assume that

(tn,vu) = (w,v) inH,

(V) = ) in L2 (RN) x L2 (RY),

(um Vn) - (M; V) a.e on RN.
N N 2N
Since |u,| N and |v,| N are bounded in LN+ (RN), we have
N N- N N 2N
| N (N, N R in LA (RY).

Using the Hardy-Littlewood—Sobolev inequality, we obtain

Nia N+a N+a N+a 2NN
Iy % |ug| N — I« |u| N, L% vyl N = Lx|v|' N inL¥=a (RY).
Observing that
& _q @ &1 &1, i (RN
|ty | Ny, — |u|N "y, [Val N7V — [Ny lnLloac (]R )’

we have, for any ¢ € C°(RYN),

/(Ia* ol N Y181 N 1,60 — /(Ia sl M) ) X g,

N+a o g N+a o _q
(L 5 [Vl M) Wl N 000 = | (Lo % [V V) VN v,
(4.4)

/(Ia*|un|%)|vn|1%’lvn¢—> /‘([a*lu|%)|v|%flv¢’

/(I“*W”'%)Wﬂ%’_lunﬁb_)/(Ia*lvlj%)WI%‘lurb,

as n — oo. Taking account of I'(u,,v,) — 0, (4.4), and the fact that C°(R") is dense in
HY(RN), we have I'(u,v) = 0. Denote z, = u, — u, w, = vy, — v, then (z,, w,) — (0,0) in H,
(zny 0y) — (0,0)in L2 (RN)x L2 (RN),and (z,,w,) — (0,0) a.e on RN, By (C1), there exists

loc loc
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R > 0 sufficiently large such that

/kl(x)zf, + )»g(x)wi = / zf, + a)ﬁ + / Al(x)zi + Az(x)wf, +0(1)
RN\B(0,R) B(0,R)
= /zﬁ + w2 +o(1).
Denote
1 2, .2 2, .2
J(u,v) = 5 [Vul +u” + |Vv|* +v
N

2N +a) /(MI(I" * |”|%)|”|A% + (Lo Ivl%)lvl’\%

28I, * Jul W) v ).

Combining (4.5) with Lemma 4.2, we have, for n large enough,

(' @ns W), (2s @) = (I’ (tns Vi), Wy via)) = (I’ (), (1, v)) = 0(1)
and

B +0(1) = I(uy, vy) = I, v) + J (24, 0y) + 0(1).
Set

Cp= / IVz,[*+22, D,= / IV, |* + @?.
Then it follows

B=1I(,v) + ——(C, + D,) + o(1).

2(N + )

We will show that u £ 0, v # 0 by excluding the following three cases:
(i) (,v) =(0,0). By (4.8), we know that

C,+D,>0.

Denote

Nia Nia N+a Nia
E,= Hl(la*|zn| N )|Zn| N, F,= ,U«2(Ioz*|Wn| N )|Wn| N
N+a N+a
IfE, — 0, then [(Iy * [w,| N )|z, N — 0. So we have

N+a N+a
/|Vz,,|2+zf,+|Vw,,|2+wfl=/pcl(la*|wn| N )|w,,| N +o(1).

N+a

_Nea S\ N
<mS; N </|Wn|) .

Page 14 of 19
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N+a

- 2, 2 AT
<wuS ¥ </|Vzn| +2z,+ |Vw,| +wn> ,

which implies

2, .2 22wt
/lenl +zZ, + VW, |"+w, > ¢S54 .

Then, by (4.8) and (1.11), we obtain

o c o _NSM
B=1u,v)+ —— +D,)+0(1)> ——u,*S,* >B;,
(u,v) 2(N+Ot)( n ) ( )_2(N+Ol)ﬂl 1 1
which contradicts Lemma 4.1. Similarly, F,, — 0 also leads to a contradiction. Thus, E, > §

and F,, > § for some § > 0 and 7 large enough. Then there exists t, > 0 such that
(],(tnznr tna)n)7 (th}’U tnwn)> = 0

and

](tnzl’ll tnwn)

= max J (8,2, Sywy)
sp=>0

1, 2 2
2(N+a) (49)

Ns, N N+a N+a N+a N+a

T AN+a) (1 (Lo # 12l N )|2nl N + po(Iy * |@n] N )|u] N

28 (I |2al N ) o) W)
o N+o

= 2(N + a)SO

where the last inequality follows by Theorem 1.5. Moreover, by (4.6), we have £, — 1. Then
we have
o N+a

B = 1(u,) + ] ny0n) = J(trms tnon) = 300

’

which also contradicts Lemma 4.1.

(ii) # =0, v £ 0. In this case, it is clear that v is a solution of (1.9) for i = 2. Then, by (4.7),
we have B > I(0,v) > B,, which contradicts Lemma 4.1.

(iii) v = 0, u # 0. By similar arguments as in case (ii), we see that B > B;, which also
contradicts Lemma 4.1.

Thus, we have proved that u £ 0, v # 0, and I'(4,v) = 0. Then I(x,v) > B, which com-
bining with (4.7), (4.8) indicates I(u, v) = B. Hence, (u,v) is a ground state of system (1.1).
Moreover, since I(|u|,|v|]) = B and (|u|, |[v|) € N, we know that (|u|,|v|) is also a ground
state of (1.1). By the strong maximum principle, we have || > 0, |v| > 0. Thus, system (1.1)
has a positive ground state (|u|, |v|). O
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Remark 4.3 Let (u,v) be a solution obtained in Theorem 1.4. Then it is obvious that (i, v) €
M. Moreover, since M € N, we have

B=1I(u,v) <B<I(u,v),

which implies that B = B.

Appendix
Theorem A.1 Assume that N > 5 and —A1(2) <A1 = A < 0. If

,3>0, ae(O,N—‘L),
B >max{u, s}, a=N-4.

N-2

Then system (1.5) has a positive ground state (s}, w*, w*), where &, = (U2 + BS, N5 ) 202,
sk, is a minimum point of a function I(s) : R* — R defined by

1+s%

I(s) = —

(1s N 4+ 1 +2BsNE ) N5
and w* is a positive ground state of (1.6).
In order to prove Theorem A.1, we define the functional associated with (1.5) by
E(u,v) = % / IVul® + 2 + |V + dpr?
Q

N-2

T (B 1l 8B ) ) N5 g (I 5 [V N5 ) ] A5
2(N+Ol) Q

+ 2B (I * |ul N5 [y V5).
Set H* = Hy(S2) x Hy(£2) and
M*={(u,V)eH*,u,v;éo,
fQW”P”‘luz=/Q“1(1a*|ul%)lul% + B(I # || N5 ) v 5,
_/;2|VV|2+MV2=/QM2(IQ*Ivl%)lvl% +/3(Ia*|u|fv[1‘§)|v|§¥ﬁ_‘§},

and B* = inf r ¢« E(u, v). Set

Ay = inf ((/ [Vu|> + au® + | Vv + )\vz)
(u,v)eH* Q

uz£0,v£0

N+a N+a Nto N+a
S r e 10858 0 35 s (10135 ) 1 53
Q
N-2

Nta N+a N+a
+2,3(Ia>|<|u|N—2)|v|N—2> >)
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and

Ar=  inf JoVul® + haie

weHY @O ( (I % ] N5 ) 4] N5 ) N

By studying the minimum point of /(s) and analyzing as in the proof of Lemma 2.2, we

have the following.

Lemma A.2 Assume that N > 5 and

B>0 fora € (O,N —4),
B > max{uy, 2} fora=N—4.

Then A§ = I(s},)A5, where s, is a minimum point of I(s).

Proof By some calculation, we have

N 20+4 —N+4
, 25y + BSN2 — pysN2 — Bs'N=2 )
l (S) = 2(N+a) N+a | 2(N-2) !
(1SN + py + 2BsN-2) New
Denote

s) M2+53%—M1S%—,38%N_A154 fora € (0,a — 4),
p(s) =
pa =B - (u1 - B)s* fora = N — 4.
If N >5,a € (0,N —4), then p(s) - —o0 as s — 0, and p(s) — +00 as s = +00. So there
) = mingol(s). f N >5,a =N -4, and 8 >

max{i1, 2}, it is clear that p(s) has a zero point s}, > 0 such that I(s},. ) = mins I(s).

min

exists s}, > 0 such that p(s},,) = 0 and I(s],

m m

Then, by a similar argument as in the proof of Lemma 2.2, we see that
Al =1(s},)AT. O

Proof of Theorem A.1 From Lemma A.2, we know that p(s},) = 0. Then it follows that

2(N+a) (N+a) (N+a)

1Sy, NIy Mo +2Bs), N2 = (1 +sfn2) (,uz + ﬁs*mﬂ).

By the definition of I(s), we have

. (1+s5°)
l(Sm) = (N+a) N-2 °
(s + Bs;, 33N
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Nea _ N-2_
Let ¢, = (U + ﬁsfnﬁ) 2+2), then g, (sk,w*, w*) is a positive solution of system (1.5).
Moreover, by Lemma A.2 and direct calculation, we have

B* SE(gm(anw*,w*)) = 23\[712“)(1 +S;2) L|VW*|2 s }L|W*|2
2 A e
= 2:\[7-:,0[)(1 +S;2) (I‘LZ + IBSLJI\\[I—2) o+2 ATI‘;]*'Z
__9*2 ks
2(N +a)

On the other hand, for any (&, v) € M*, by Lemma A.2 again, we have

2 +o
E(u,v) > B* = LA*I(\x[n .
2(N +a)
Thus, ¢,,(s;,w*, w*) is a positive ground state of (1.5). O

Remark A.3 For the case N > 5, « = N — 4, and 0 < 8 < min{uy, 2}, we see from the
proof of Lemma A.2 that there exists s such that p(sp) = 0. Then, arguing as in the proof
of Theorem A.1, we see that (1.5) has a positive solution o(sow*, w*), where ¢o = (g +

N+a (_ N=2_
BsoN-2) 2e+2) However, by our method, we do not know whether this solution is a ground

state or not.
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