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1 Introduction
We propose and study a predator—prey cross-diffusion system with the Beddington—
DeAngelis and Tanner functional response

S —diAu—dyAv=ula-u- 50z, x€Q,t>0,
%+d3Au—d4AV:v(b—ﬁ), x€eQ,t>0, (L1)
o _ v _ g x€dQ,t>0,

v — v
u(x,0) = ug(x) >0, v(x,0) =vo(x) > (#£)0, x€,

where a, b, a, 8, y are positive constants. Here u and v stand for the population densities
of the prey and predator, respectively. The bounded domain Q2 € R” (n > 1) possesses a
smooth boundary d€2; v is the outward directional derivative normal to 9<2. The diffu-
sion rates are described by d; > 0, d2 > 0, d3 > 0 and dy > 0; a and b are the death rate
of the predator and the intrinsic growth rate of the prey, respectively. The smooth func-
tions u#o and vy on 2 represent the initial population densities of prey and predator. The
corresponding ordinary differential system (ODS) of (1.1) is performed as

du v

L -ula-u-—2—),

j‘i ( ) l+au+;3v) (1.2)
@ =vb-0)
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which was introduced by Luo [1] in recent years, and the globally asymptotical stability
of (1.2) has been discussed by constructing a feasible Lyapunov function. Recently, with
rapid development of biotechnology, we need to accurately illustrate the interaction be-
tween prey and predator in a real ecological environment such as hare and lynx, sparrow
hawk and sparrow, spider mite and mite, and so on. Such interesting natural phenomena
as the existence and global stability of interior periodic solutions and the global stability of
reaction—diffusion system have been described by this ODE model [1] or the correspond-
ing PDE system [2]. By utilizing the iteration method, Liu and Li [2] proved the globally
asymptotic stability of the corresponding parabolic PDE system.

The impact of prey-taxis leads to the linear cross-diffusion in model (1.1), which means
that the prey attraction to the predator may give rise to the migration of predator following
the gradient of the density function of prey. By utilizing —d3 Au to describe this impact we
will incorporate d Av into the first equation of system (1.1) to indicate the repelling effect
from predator to prey. The message about the location of predator can guide the prey

escape from them (see [3-5]).

uv
l+au+pv

dington [6] and DeAngelis et al. [7] and intensively investigated by many researchers in

The Beddington—DeAngelis functional response was firstly discovered by Bed-
mathematics, ecology, and biology (see [1, 2, 8, 9]). This functional response, in the de-
nominator, includes an additional term Bv compared with Holling-II functional response.
This term illustrates the interaction effect among predators and provides a more general
situation to describe the interaction between prey and predator.

As far as we can survey, this is the first paper studying the steady state for a predator—
prey cross-diffusion system with the Beddington—DeAngelis and Tanner functional re-

sponse. For notational simplicity, we introduce some notations used in the rest of this

paper.

Notation

(1) We denote the eigenvalues sequence by 0 = Ag < A; <--- < Ar <--- for the elliptic
operator A on 2 with homogeneous Neumann boundary condition;

(2) The multiplicity of the eigenvalue A is denoted by M;;

(3) The corresponding normalized eigenfunctions of Ax are represented by the set
{Ey:1<j< M}

(4) A=CHQ)® CH(R), where C}(Q) £ {® € CH(Q): % =0on dQ2};

(5) D=D,®D,, where D, £ {® € C}(Q): ® <ain Q} and
D,2{(de CHQ): ® <aby in Q};

6) Q=S®S,whereS2{d e Cl}(ﬁ) :d(x) > 0,x€ QY

(7) D'=DnNQ.

The rest part of this paper is organized as follows. In Sect. 2, we provide the study of the
local stability of semitrivial or interior equilibrium of model (1.1). In Sect. 3, by utilizing
the fixed point index theory we investigate the existence of the nonconstant positive steady
state of system (1.1). Finally, in Sect. 4, we offer some conclusions on our main theoretical

results.
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2 Local stability
It is obvious via a direct calculation that model (1.1) possesses one semitrivial equilibrium
(a,0) and one unique interior equilibrium (x*, v*), where

. lac—1+by(ap-1)+ VIaa =1 +by(ap - 1)]? +4a(a + bBy)
= 2a +bBy) ’

v =byu*.

We discuss the local stability of the semitrivial equilibrium (a,0) and the interior equi-
librium (u*,v*) of system (1.1) as follows.

Lemma 2.1
(1) When a < b, (a,0) is unstable.

(2) When T@ipy ez <4+b and a > (@ bpy) 2

(ue*,v*) is locally asymptotically stable.

(3) Whena+b< %‘W, then the interior equilibrium (u*,v*) is unstable.

then the interior equilibrium
Proof Ata constant solution E* = (i, v), the linearized issue of model (1.1) can be proposed

by
. v(1+Bv) u(l+ou)
% _r u(t) _ dq dy Au + a—2u- (I+autpv)? (1+otu++/3v)2 u(t)
g w(t) —ds di) \ Av 2 b— % vit) ]

yu

S

For notational simplicity, we denote

2
V 2v
— b__

v(1+Bv) u(l+au)
(FM(M! V) Fv(”; V)) a-2u- (I+au+pv)?  (+ou+pv)?
yu

yu

In view of Theorem 5.1.1 of [10], it is obvious that E* = (u, v) is locally asymptotically stable
when all the eigenvalues of the operator £ possess negative real parts. On the contrary,
E* = (u,v) is unstable. Thus the stability of the equilibrium is based on the study of the
characteristic equation

det(ul — J;) = u? — trace Jiu + detJ; = 0.
Here traceJ; = —A;(d1 + da) + F,(u,v) + G,(u,v) and det]; = (didy + dod3)A? — [d1G,(u,v) —

dy G (u,v) + d3F,(u,v) + dyF, (u, v)|A; + F (1, v) G, (1, v) — F, (14, V) G, (11, v).
(1) When E* = (a,0), we get

_u —_ a
,0) = l+aa |
J(a,0) (0 b )

If b > a, then for i = 0, we obtain trace J; = —a + b > 0. Therefore (a,0) is unstable.




Luo Boundary Value Problems (2021) 20214

(2) When E* = (u*,v*), we have

byu*[1+Qa+bBy)u*] uw*(1+au™)
J(u*,v*) = (_” T s bBy _[1+(a+bﬁy)u*]2> s (F « B )

by b G: G

Here —a < F¥ < byﬁ?gﬁ‘;ﬁﬁ f])zu*], ~— <F¥ <0, G >0, G: <0. Together with the hy-

pothesis of (2), we can observe that

byu*[1+ Qa + bBy)u*] B

F 4G =
w S = T By )]

d<0,

and then
traceJ; = —(dq + da)A; — (F;k + Gj) <0.

In view of the hypothesis of (2), we can observe that

P yu 1+ a + bBy)u*] P’ yur(1 +au*)
1+ (o +bBy)u*]? * [1+ (o +bBy)u*]?

b yu*(a + bBy)u*

T+ @by

FiG:—F'G.=ab-

We can find a sufficiently large eigenvalue d, to guarantee that

det],- = —(d1d4 + dgdg))\,lz + (—dl G: + de;; - dth — d4F:;))x,

+FiGE—F'G} > 0.

Thus the interior equilibrium (u*, v*) is locally asymptotically stable.

by u*[1+Q2a+bBy)u*] .
(3) Whena + b < @b We obtain

~ byu*[1+ a + bBy)u*]
traceJ; = —a + 0+ @t bp)w? —-d>0.

Therefore (u*,v*) is unstable. This ends the proof of the lemma. O

3 Nonconstant positive steady states
In this section, we offer a rigorous study of interior solutions of the corresponding strongly
coupled elliptic model

—dlAu—dgAV=u(a—u—m), x€Q,t>0,
dsAu —dsAv=v(b- L), x€Q,t>0,

yu (3.1)
g—’j:g—Z:O, x€0,t>0,

u(x,0) = uo(x) >0, v(x,0) = 1v9(x) > (#) 0, x€Q.

Meanwhile, we will also investigate the nonconstant positive steady states of model (1.1).
The existence of an interior solution of a linear cross-diffusion model has been studied by
utilizing the approach proposed by [11] (upper and lower solutions) and many others.

Page 4 of 11
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Lemma 3.1 Any interior solution (u,v) for system (1.1) fulfills u(x),v(x) < max{a,aby}
in Q.

Proof In view of the equation of u for model (3.1), we obtain

—A(dvu + dyv) = u(a —u- ;) < u(a - u).
1+au+pBv

By the maximum principle proposed by [12] we have u(a — u) > 0. Hence u < a. Together
with the equation for # and the equation for v for system (3.1), we get

2
—A(—dsu + dyv) = v(b - l) <bv- 2.
yu

Applying the maximum principle in [12], we have bv — % > 0. Thus we obtain v < aby.
This ends the proof of the lemma. d

Next, we introduce the compact map CM € C*(Q)® C*(Q) — C(Q) @ C' () as follows:

2 uv

au—u-— 1+au+pv

+cu
CM(u,v) = (DA + )}

2
bv— 2L +cv
yu

Here we can choose a sufficiently large constant ¢ > 0 guaranteeing that the functions

2 uy
au —u l+au+pv

easily observe that system (3.1) is equivalent to (u, v) = CM(u, v), which implies that there

2 . . .
+ cu and bv — h + cv are increasing for u and v, respectively. We can

exists a nonconstant interior solution of system (3.1) representing a nonconstant interior
fixed point of CM in D’. When (a,0) and (u*, v*) exist, we suppose that they stand for an
isolated fixed point of CM. On the contrary, there must exist a nonconstant fixed point in
IntD’ (the interior of D’). Therefore the associate indexes in Q are well defined. Based on
the method introduced by [13], we can directly calculate the fix point index of CM with
respect to Q over IntD'.
byu*[1+Q2a+b, * byu*(a+b * .

Lemma 3.2 U% <a+banda> %, then index o (CM,IntD’) = 1.
Proof We introduce the homotopic map, for n € (0,1), CM,, £ HM € C*(Q) & C*(Q) —
CY(Q) @ C'(Q) by

2 nuv

au—u-— l+au+pv tcu

HM(u,v) = (=DA +cl)™ )
bv— L7 +cv

Utilizing a similar discussion as in Lemma 3.1, we can easily obtain that any interior fixed
point (&, v) for HM fulfills u(x), v(x) < max{a,aby} in Q. Thus we can easily draw a con-
clusion that each fixed point for HM belongs to IntD’. In addition, the corresponding
index of CM,, over the interior of D’ regarding Q is well defined. In view of the homo-
topy invariance theorem, we can obtain that index o (CMy, IntD’) = index o (CM;,IntD’) =
indexs(B, Int D), where

2
B(u,v) = (<DA +cI)™! (““ “ ””).
bv+cv
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Based on the above discussion, we argue that indexs(B,Int D) = 1. To prove this, we pro-

pose the homotopic map

By(u,v) = (DA +cI)™! (n(““ —u?) + cu)

nbv + cv

for n € [0,1]. Then we can directly obtain that indexs(By, Int D) = index s(B;, Int D). Our

concern is the eigenvalue issue
B}(0,0)(®, V)T = p(@, V)T, (d,¥)#(0,0), (32)
for p > 0, where

Bo(0,0) = (DA +cI)™! (C 0) .
0 ¢

The corresponding eigenfunction formulas for & and W can be performed as follows:

oo My oo My
¢ = Z i€y and W= Z Z Y
k=0 j=1 k=0 j=1

where ¢y, 1 € R. We easily rewrite system (3.2) as follows:

> ko Zﬁk [((dirrp +cp = )y + dahrpYii1Ex; = 0,

oS (3.3)
D kz0 2_jm1 [=d3hipdug + (dadip + cp — )Pyl = 0.

As we know, {&: 1 <j < My} in L?(Q) stands for a complete orthonormal basis. By

multiplying the above two equations by ¢; and integrating over 2 we get the equation

didip +cp—c drip iy -0
—d3\ip dahip +cp—c) \ Yy
Therefore
didkp +cp—c darip
det
—dsAxp Ay p +cp—c
= [(dlkk +c)(dyrp +C) + deg)\.i],Oz —c(dih + dari +20)p + ¢

0.

Denoting

A+ \/KZ — 4[(d1 Ak + c)(darg + €) + dord3AZ]c?
pe= 2[(diix + Odahg +0) + dydsr2]

’

Page 6 of 11
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where A = c(dihg + day + 2¢), we have

KB — 4y + il + O

2(d1 Ak + c)(dyri + ¢)
_ clldid + ) + (dahi +€) + [(drhic + ©) — (dahi + )] _ )
) 2(dihg + O dahy + ) -

P+ <

Based on Lemma 13.1 of [14], we get indexs(By,IntD) = 1. Hence indexs(B,IntD) =
indexs(By, Int D) = 1. This finishes the proof of the lemma. a

Lemma 3.3 indexo(CM, (a,0)) = 0.

Proof Denote Q0 = CL(Q) ® S, Wiu0) = CH(Q) @ {0}, and

_ _ a
CM'(a,0) = (<DA + ey (7% "Toaa |,
0 b+c

Set CM'(a,0)(®, ¥)” = (&, ¥)T € Q(y0). Then we get

AAD +dy AV =ad + LV inQ,

l+aa
dzAD —dy, AV = bY in Q, (3.4)
k] oV
=5, =0 on 0.

From the first equation of system (3.4) we have ® = ¥ = 0 in Q. Thus I - CM'(a,0)
represents an invertible matrix on Q). On the other hand, we can easily check that
CM(a,0) possesses property y, which means that for (&, ¥) = (0,1) € Q(,0) \ Wia0) and
s= 3= €(0,1), [(®,¥)" — sCM'(a,0)(®, ¥)"] € Wia0). Hence, applying Lemma 4.1(i) in
[13], we obtain a precise result. This finishes the proof of the lemma. d

Denote

dir-F* dy)-F*
Det()) := det( ! “ 2 ")

—d3)— G dyh -G

= (d1d4 + dzdg))»z - [le: - de; + dgF;k + d4F;]}» + F;:G: - FjGZ

In the rest of the paper, we consider index o (CM, (u*, v*)) in the following three situations:
(1) For all A > 0, Det(A) > 0; (2) There exists, with multiplicity one, precisely a simple in-
terior solution for Det(X) = 0; (3) There exist, with multiplicity one, two interior solutions
for Det(1) = 0. Now we present our main theoretical result.

Theorem 3.1
(1) IfDet(x) >0 forall » > 0, then indexo(CM, (u*,v*)) = 1;
(2) IfDet(x) = 0 has exactly a multiplicity-one simple positive solution \* in an open
interval (A=, Mix41) for some nonnegative integer k*, then

-1, Zio My is odd,

indexo (CM, (u",v")) = 1 Zk* My is even
) k=0 :
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In addition, when leio My is odd, system (3.1) possesses at least one nonconstant
interior solution;
(3) Suppose that Det(L) = 0 has two interior solutions A* and 1* in two open intervals

()‘ki“r)‘ki‘ﬂ) and ()\k;’)\kiul), respectively, where ki > k3 > 0. Then

k*
3 .
-1, Zk:k’{ﬂ My is odd,

indexo (CM, (u*,v*)) = .
( ( )) 1, Zl/?:k;ul My is even.

L. k3 ,
In addition, when Z,f:kim M is odd, system (3.1) possesses at least one nonconstant
interior solution;
by u*[1+Qa+bBy)u*] F_Z 1 /
@by e and 4 € (Ak#> Agx11) for some nonnegative integer

k*. Then there is a constant d), > 0 such that for d), < da,

(4) Suppose that a <

LS My s odd,
indexo (CM, (u*,v")) = 1 g’;;o ﬁk Z :ven
) k=0 /Vtk ’

In addition, when Z]/io My is odd, system (3.1) possesses at least one nonconstant

interior solution.

Proof By applying the elliptic PDE theory and the eigenfunction theory, we prove that
indexo (CM, (u*,v*)) = 1.
(1) First, note that Q<+ = W+ = A and

F* F*
CM/(M*,V*) =(-DA +cl)! € v o).
G, c+G}
Set CM'(u*,v*) (D, W)T = (&, V)T e @(u*,v*). Using the corresponding eigenfunction for-
mulas in Lemma 3.2 for ® and ¥, we get

(mk —Fr —dyiy -F:) <¢k,> 0
d3hx — GZ dghi — ij I//kj
Hence Det(Ay) = (d1d4 + dzdg))\.]% —[d1G} — dy G} + dsF) + duF A + F G} — F} G, > 0 since
Det() > 0. This implies that I — CM'(u*,v*) is an invertible matrix on Q(,+ ,+. Therefore
CM' (u*,v*) does not possess property y on Q.

Now we offer a rigorous proof to guarantee that § = 0. Here § is described in Lemma 4.1

of [13]. For p > 0, we study the eigenvalue issue (CM'(u*,v*) — I)(®, ¥)T = p(®, V)7,
(®, W) #(0,0), which means that for some positive constant p, the model

(p+ 1)(-di AP —dy AW) = (F} — pc)® + F;¥  in Q,
(0 + 1)(dsA® - dyAW) = GED + (GE - pA)¥  in L,
> _ v

2= -0 on 02,
PW #0 in Q,
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has a nontrivial solution if and only if p satisfies the quadratic equation Det(Q(p, A¢)) = 0,
where

DCt(Q(p, )\k)) := det ((p * l)dl)hk tpc— Fu (/0 + l)dz)uk - Fv )

—(p + )dsr - G (p + Ddari + pc— G
= [(dl)nk + C)(d4)xk + C) + dzdg)ni]pz + 2(d1d4 + dzdg,))L/%,O
+ [(—le?: - dgG;: + dgF:,k - d4,F:))\.k + (dl)\k - F:)C

+ (d4)»k - Gj)c]p + Det(Ag).

For A > 0, we obtain Det(Ax) > 0. This implies that Det(Q(p, 1)) = 0 may have either pre-
cisely a multiplicity-two simple interior solution, or two multiplicity-one interior solu-
tions, or no interior solution. Thus we can conclude that for k > 0, the total algebraic
multiplicity for Det(Q(p, Ax)) = 0 equals zero or two, which means that § = 0. Finally, we
obtain that index o (CM, (u*,v*)) = 1.

(2) In view of the assumption introduced by (2), we can observe that for a nonnegative
integer k, Det(Ay) # 0. Clearly, I - CM'(u*, v*) is an invertible matrix on @(m,wy Meanwhile,
we can conclude that CM’(u*,v*) cannot possess property y on Q(,x,+. Next, we focus
on the total algebraic multiplicity § for each eigenvalue of CM’(u*, v*) — I, which is greater
than zero. When Ao = 0 (k = 0), we get Det(Q(p, 0)) = >0 - c(F} + G¥)p + FXG: — F*G! = 0.
By the hypothesis of (2) we get F;G} — F; G}, < 0. Obviously, Det(Q(p,0)) = 0 has exactly
a simple interior solution. Together with 1 < k < k* and the hypothesis in (2), wee get
Det(1x) < 0, and hence Det(Q(p, Ar)) = 0 possesses precisely one positive simple solution.
If k > k* + 1, then Det(Ax) > 0, and hence Det(Q(p, Ar)) = 0 may have either precisely one
multiplicity-two simple interior solution, or two multiplicity-one interior solutions, or no
interior solution. This discussion yields that Ziio M+t =8, where t is an even number or
0. In addition, suppose on the contrary that model (3.1) possesses no nonconstant interior
solution. By Lemma 3.2, Lemma 3.3, and the last discussion we get

1 = indexg (CM, IntD’) = indexg (CM, (a, O)) + inder(CM, (u*,v*))

=0+ (-1)=-1.

This contradiction tells us that system (3.1) possesses at least one nonconstant interior
solution. The above argument derives the ideal outcome.
(3) The proof of this part is similar to that of part (2), and we omit it.

(4) Due to a < b”ﬁi[(l;g—w, we get F > 0. Let Det()) = 0, which means that

Det(A) = (dids + dad3))* — OA + FGF — FXG = 0, (3.6)
where
O = dl Gj - deZ + dgF: + d4F; (37)

By direct calculation we get that

® ©? — 4(dydy + dads)(F*G* — F*G* *
lim 3% = i OtV M+ dAIEG - FG) Fy
dg— o0 d1—>00 2(d1d4 + d2d3) dl
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O —,/02 —4(dds + dord3)(F*G* — F*G*
lim A* = lim \/ (14+23)(u v v u)

=0.
dg— 00 d1— o0 2(d1d4 + d2d3)

Hence we can find a constant dj, > 0 guaranteeing A¥ > Ag+ and A* < A if d < ds due
to % € (Mg, Lg=41)- Therefore, for a nonnegative integer k, Det(Ax) # 0. We can observe
that / — CM'(u*,v*) is an invertible matrix on Q,+,+). Meanwhile, we can conclude that
CM' (u*,v*) cannot possess property y on Q(,+ ,+. On the other hand, note that Det(1;) < 0
when

di> o o= dzdg)n% + (—dl Gt + de; — dgFj)AlF:Gt — F;FG:
oo Frag —dih2

and Det(Az+) < 0 when

dzdg)ni* + (—dl Gt + de; - dgFj))xk*F: Gt — F:GZ

d4 > 09 =
Fidge — diA2s

We can take a constant dj, > max{oy,03}. We easily verify that for each 1 < k < k%,
Det(Q(p,1x)) = 0 has exactly one simple interior solution due to Det(i) < 0. Mean-
while, together with k > 1 + k* and Det(Ax) > 0, Det(Q(p, 2«)) = 0 has either precisely one
multiplicity-two simple interior solution, or two multiplicity-one interior solutions, or no
interior solution. According to the above discussion, we derive that leio Mi+0=4.1In
addition, suppose on the contrary that model (3.1) possesses no nonconstant interior so-
lution. By Lemmas 3.2 and 3.3 and the last argument we get

1 = index o (CM, IntD’) = indexo (CM, (a,0)) + indexo (CM, (u*,v*))

=0+(-1)=-1.

This contradiction tells us that system (3.1) possesses at least one nonconstant interior
solution. The above argument derives the ideal outcome. This ends the proof of Theo-
rem 3.1. 0
Example 1 Choosinga=2,b=2,a=1, =1, and y = 2, we obtain (u*,v*) = (%@,

1012V85) ~ (1.3062,5.2249). Thus 24 Labb] o 08141 < g+ b =4 and a = 2 >

> . [1+(c+bBy)u*])?
% ~ 0.6017. Therefore system (1.1) possesses at least one nonconstant interior

solution.

4 Conclusion

In this paper, we introduce a complicated predator—prey linear cross-diffusion system
with the Beddington—DeAngelis and Tanner functional response and applied an effec-
tive rigorous approach to obtain the existence of nonconstant positive steady state of the
corresponding system. By considering Det()) in three situations we can easily compute
index Q(CM, (u*,v*)). We proposed some parameter conditions to guarantee the local sta-
bility of the unique interior equilibrium.

It is worth noting that our methods in this paper can be applied to investigation of a
class of nonlinear prey-taxis model with more general functional responses. By utilizing
the fixed point index theory to get the existence of nonconstant interior steady states it
is necessary to provide an a priori estimate and regularity of steady states, which plays an
important role (see [15]).
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