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1 Introduction

In recent years, more experiments and theories show that many abnormal phenomena
that occur in engineering and applied sciences can be described by fractional calculus, and
fractional differential equations have been proved to be valuable tools in various science
fields, such as physics, biological engineering, mechanics, artificial intelligence, chemistry
engineering, etc. (see [1-5]). In [5], Zhang and Tian investigated the following fractional

differential system with two nonlinear terms:

D x(¢) +f(t,x(t),Dg+x(t)) +g(tx@) =0, te(0,1),n-1<v<m
x9=0, i=0,1,2,3,...,n-2;
D§+x(l) = k(x(1)),

where n > 3,1 <y <B<n-2,f:[0,1] x [0,00) x [0,00) — [0,00) is continuous,
£:[0,1] x [0,00) — [0, 00) is continuous, and & : [0, 00) — [0, 00) is continuous. By means
of the sum-type mixed monotone operator fixed point theorems, a unique positive so-
lution was obtained, and the authors constructed two monotone iterative sequences to
approximate the unique positive solution.

In addition, in order to describe a physical process model with discontinuous jumps or

mutations in disease prevention and control, earthquake and shock absorption systems,
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and other aspects of research, many researchers have investigated the impulsive problems,
see [6—12]. Moreover, in recent years, optimal control problem to all kinds of differential
equations has attracted many researchers. For a small sample of such work, readers can re-
fer to [13-16]. In [14], Zhang and Yamazaki investigated a class of second order impulsive

differential equations given by

—x"(8) = a@)f (&, x(t),x(t)) + u(t), te0,1)/{t1,t2...,tu}
Ax|p—y = Le(x(tr),x(t)), k=1,2,...m,
x(0) = by, x/(0) = b.

By employing a fixed point theorem of ¢-concave-convex mixed monotone operator, ex-
istence and uniqueness of positive solutions to the initial value problem were obtained.
In addition, the authors investigated the control problem of positive solutions and proved
the existence-stability of an optimal control.

In [16], Benchohra investigated the following Caputo fractional differential equations

with impulsive terms:

CDry(t)=f(t,y), te]=[0,T),t#t
Ay|t=tk = Ik(x(tk’)), k= 1,2,...m,

¥(0) = yo,

where €D is the standard Caputo fractional derivative, f:] x E— Eis a given function,
Iy:E— E,k=1,2,...,m,and yy € E. By using Monch’s fixed point theorem and the tech-
nique of measures of noncompactness, the existence of solutions for a class of initial value
problems was investigated in an abstract Banach space.

Inspired by the above literature, in the article, we are devoted to studying the existence-
uniqueness and optimal control of positive solutions to impulsive fractional order differ-

ential equations with control term as follows:

—gD[:x(t) =f(t,x(t),x(t)) + ut), O<a <1,
(IP;u) § Axlpy, = L(x(t), x(t)), k=1,2,...m, (L.1)

x(o) = X0,

where D% denotes the standard Caputo fractional derivative of order &, J = [0,1], t €
0, 1)/{t1,t2,...,tm}, R =[0,00], f: C[J] x R* x R*] — R™. u is a given function on [0, 1]
and x9 > 0,0<t; <fp <+ <ty <1, Ax|s—y is a jump of x(¢) at ¢ = tx and Ax|,—, = x(t]) -
x(;), where x(¢{) is the right limit and x(#;) is the left limit of x(¢) at £ = . Also, Iy €
C[R" x R*",R*],k =1,2,...m. In addition, let Jy = [0,t1],/1 = (t1,%],...,J1 = (tm-1,tm], and
J =T\ {t1, tas.. . tw}

Problem (OP). Find an optimal control u* € Uy, such that 7 (u*) = inf,ey,, 7 (). Here,

Uy is a control Banach space defined by

Uy ={uel*0,1)|-M=<u<0ae.te01]}, (1.2)
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where M is a positive constant and 7 (z) is the cost functional. Set

1 1
7 () ;:%/0 |(x—xd)(t)|2dt+x(1)+%/0 u(o)|” dt, (1.3)

where u € Uy, is a control function, x is a positive solution to (IP; ), and x, is the given
desired target profiles in L2(0, 1).

To the best of our knowledge, there are few studies that consider the existence-
uniqueness and optimal control of positive solutions to Caputo fractional differential
equations with impulsive terms. Therefore, in the sense of minimum function, it is par-
ticularly important to study this kind of equation by nonlinear theory, which enriches
and extends the existing body of literature. The main characteristic features presented
in this article are as follows. Firstly, the equations in this paper are the generalization of
the equations studied in [16], where Ix (x(¢x), x(¢x)) = L (x(tx)), f (£, x(2), x(¢)) = f (¢, %(¢)), and
u(t) = 0. Secondly, in our work, the nonlinear term is mixed monotone, so by means of
the fixed point theorem of ¢-concave-convex mixed monotone operator, we can show the
existence and uniqueness of positive solution. Here, we should point out that the condi-
tions showed in this paper are weaker than the conditions in [7], in which the operator
is completely continuous. Finally, comparing with [15], the optimal control problems in
differential equations of integer order are extended to the fractional differential equa-
tions; comparing with [5] and [14], in this paper, we consider the fractional differential
equations with impulsive terms and control terms. As we all know, in many applications,
lots of systems with short-term perturbations are often described by impulsive fractional
differential equations, and in the existing literature, there is no paper studying a similar
optimal control problem for fractional differential equations with impulsive term. So our
study is new and significant.

The structure of this paper is as follows. In Sect. 2, we briefly review some definitions,
concepts, notations, and lemmas in a Banach space partially ordered by cone Pj. In Sect. 3,
the existence and uniqueness of positive solutions are investigated. In Sect. 4, we study the
optimal control problems to fractional differential equations involving impulsive terms
(1.1). Finally, in Sect. 5, we show a specific example to illustrate our main results.

2 Preliminaries
Suppose that P is a nonempty closed convex set and P C E, P is called a cone if it satisfies
the following conditions:

() xeP, A >0=>AxeP;

(L) xeP,~xeP=x=0.

In addition, (£, || - ||) is a real Banach space which is partially ordered by a cone P C E,
that is, y — x € P implies that x < y. If x <y and x # y, then we denote x <y or y > x. We
denote the zero element of E by 6. For all x,y € E, if there exists M >0 such that§ <x <y
implies ||x|| < |ly||, the cone P is called normal; in this case M is the infimum of such a
constant, it is called normality constant of P.

Furthermore, for given Vi > 6, set P, = {x € E | x ~ h}, in which ~ is an equivalence
relation, i.e., for all x, ¥ € E, x ~ y means that there exist > > 0 and p > 0 such that Ax >y >
.

Throughout this paper, let PC[J,R] := {x|x : ] — R, x(t) be a continuous function at ¢ #
tx and left continuous at ¢ = #, x(¢}) exists, k = 1,2,...,m}. Then we can easily find that
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PC[J,R] is a Banach space and the norm [|x||,. = sup,; [x|. Set H := L*(J) with the usual

Hilbert structure, in addition, || - || is the norm in H.

Definition 2.1 ([8]) The fractional integral of « order for a functionf is defined as follows:

mmhﬁﬁﬁmmﬂmm,am,

provided that such an integral exists.

Definition 2.2 ([8]) The Caputo fractional derivative of « order for a function f is defined

as follows:
gmmﬁﬁ%afuﬁwHM@@ n o] + 1,
- 0

where [«] denotes the integer part of the real number «.

Definition 2.3 ([5]) A: P x P — P is said to be a mixed monotone operator if A(x,y) is
increasing in x and decreasing in y, i.e., u1 < up and v1 > v, imply A(uy,v1) < A(us, v2). An

element x € P is called a fixed point of A if A(x,x) = x.

Definition 2.4 ([13]) A: P x P — P is said to be a ¢-concave-convex operator if there
exists ¢(¢) € (¢, 1] such that A(tu, t'v) > ¢(t)A(u,v) for any u,v € Pand ¢ € (0, 1).

Lemma 2.1 ([17]) Let P be a normal cone of a real Banach space E. Also, let A : P x P — P
be a mixed monotone operator. Assume that

(A1) there exists h € P with h # 0 such that A(h, h) € Py;

(A2) A:P x P — Pisag-concave-convex operator for any u,v € P.
Then operator A has a unique fixed point x* in Py. Moreover, for any initial xo,y0 € Py,

constructing successively the sequences
Xn = AXu1,Yn-1)» Yn=AWn-1,%0-1), n=12,...,
we have ||x, — x*|| — 0 and ||y, —x*|| — 0 as n — oo.

3 Initial value problem

In this section, we show the existence-uniqueness of the positive solution to (OP; u) by ap-
plying a fixed point theorem of mixed monotone operator (Lemma 2.1). Throughout this
section, let P = {u € PC[J,R]; u(t) > 0,Vt € J}. Obviously, P is a normal cone in PC[J, R];

moreover, the normality constant of Pis 1.

Definition 3.1 ([14]) Letv € H and M be a given constant. Then a function # € PC[J,R]N
C'[J, R] is called a solution to (OP;v) on J if it satisfies (1.1).

Lemma 3.1 Assume that f:] x R* x R* — R is continuous and u € H. So, x € PC[J,R] N
C[J',R] is a solution to (IP;u) on ] if and only if x € PC[], R] is the solution to the following
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integral equation:

%(0) - 7 Jo =92 [f (s, %(5), (5)) + u(s)ds, ¢t € Jo;
x(0) = w55 Jo (£ = )7 [f (5,%(5), %(5)) + we(s)] s + I (x(t1), x(£1)),
x(t) = tej; 3.1)
x%(0) = w55 Jo (£ = )7 [f (5,%(5), %(5)) + u(s)) dis
+ D 0cer (8, x(86)),  t € Tk

Proof If t € Jy, we take « times integral for the first equation on both sides of (1.1) at the
same time, then the following contents can be obtained:

t
I S D a(t) = L[ X (1) = / X () dt,
0

- /0 &' (@) dt = oI7 [f (t, (), %(2)) + u(?)])

1

= — ' _ a1
- F(Ol)/o (t = 9)* ' [f (5, %(5),x(5)) + u(s)]) ds.

Then

x(t) = x(0) — ﬁ /0 (t - 97 [f (s,%(5), %(s)) + u(s)] ds.

If t € J1, integrating on both sides of the first equation of (1.1), we have

1 t
oI SDYx(t) = oI* [f (£ %(2), x(2)) + u(t)] = ) /(; (t —9)* M [f (s, %(5),x(5)) + u(s)] ds.
Since x(£) has a break point ¢ = ¢; within (0, ¢), we get
—oI*§ DYx(t) = —oI% oI X/ (£) = —/0 x'(s)ds = —/0 x'(s)ds — /tl x'(s)ds

and

—x(tl_) +x(0) — x(¢) + x(tf) = oIf‘[f(s,x(s),x(s)) + u(s)]

—L ' _ a-1
= F(a)/o (t = 97 [f (s,%(s), %(5)) + u(s)] ds.

Furthermore, we obtain

x(t) =x(0) + I; (x(tl),x(tl)) - ﬁ /o (¢ —s)*1 [f(s,x(s),x(s)) + u(s)] ds.

Similarly, if ¢ € Jx, we have
t

oI*SDYx(t) = oI% o[} X (t) = / x'(s)ds
0
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51 15} t
:/ x/(s)ds+/ x’(s)ds+~~~+/ x'(s)ds
0 5] 73

:x(tl_) —x(0) +x(t2_) —x(tf) ++x(2) —x(t,j),—/(;tx/(s) ds
=ol} [f(t,x(t),x(t)) + u(t)]

L /t(t—s)"“l[f(s x(s) x(s)) + u(s)] ds

T Jo o

and
_[x(tl_) —x(0) +x(t5) —x(t{) ++x(2) —x(t;)]
= ﬁ /Ot(t = 8)* 7 [f (5,(5), %(5)) + u(s)] ds
Finally, we get

x(t) = x(0) + (x(t)) —x(67)) + (x(83) = %(85)) + -~ + (x(85) - x(5c))
1 t
T T@ Jo

=x(0) + I (x(t1), x(t1)) + Lo (x(t2) ), %(t2) + - - - + L (%), %(t))

(£ -s)*t [f(s,x(s),x(s)) + u(s)] ds

oa— 1
F( )/ (t—3s) f(s x(s), x(s)) +u(s)]

=x(0) - m/ (t =9 [ (s,x(5),x(5)) + u(s)] ds + Z T ((t0), %(8) ).
O<ty<t

Then we know that (3.1) is equivalent to (1.1).
Now, we prove that (3.1) meets the differential system (1.1).
If t € Jo, let £ = 0, by (3.1) we get x(0) = xo.
If £ € J1, taking derivative on both sides of (3.1), we have

Cpia(e) = S {xo + I (%), %(81)) — ﬁ /o (t = 9)* ' [f (s, %(5),x(5)) + u(s)] } ds
=SD%% + DI (x(t1), (1))
o— 1
o) F( ) / (t =) [f (s,(5), %(5)) + u(s)] ds
= —f (&%), x(2)) — u(?).

In the first type of (3.1), let t — t], we have

x(t) = x(0) - ﬁ fo 1 (& - 5)" 7 [f (s, %(s), %(5)) + u(s)] ds

In the second type of (3.1), let t — £}, we have

x(t}) = %(0) — ﬁ /O 1 (=) [ (5, %(), %(5)) + uls)] ds + L (x(11), x(11)),
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and then we know
L (x(tl),x(tl)) = x(tf) - x(tl_).

So it is easy to know, when ¢ € /1, (3.1) meets all kinds of (1.1). Likewise, if ¢ € Ji, (3.1)
meets all kinds of (1.1) too, i.e., (3.1) and (1.1) are completely equivalent. It constitutes a
proof. d

For convenience, set A : PC[J,R] x PC[J,R] — PC[],R] by

A0 = (0) - —— /0 (=51 [ (5,1(5),9(5)) +u(s)] ds+ 3 Te(a(e),y(80)). (3:2)

r(@) octra
Theorem 3.1 Assume that M >0 and
(H1) f:]XR* X R* — R forallt €] and x,y € R*, f(t,x,y) is monotone decreasing in x
foreacht € ] andy € R* and is monotone increasing in y for each t € ] and x € R*;
furthermore, f(t, %, 1)<O0forallt e];
(Hy) foreach k=1,2,...,m,I € C[R* x R*], and I > 0, Ii(x,y) is monotone increasing
in x for each y € R* and is monotone decreasing in y for each x € R*;

(H3) forally €(0,1) and x,y € R*, there exists ¢1(y) € (y,1] such that

fltyey™y) <o) txy)

forally €(0,1),Vx,y € R*, and k =1,2,...,m, there exists pz(y) € (y, 1] such that

L(yxy™'y) = 20k, ).

Then, for all u € H with —M < u(t) <0, the problem (OP; u) has a unique positive solution
x* € Dy, where h(t) = 3+ ﬁ fot(t—s)"“1 dsand Py ={ueP|u~h).

Proof From (3.2), (H;), and (H,), we have (A(x,))(t) > 0 for Vx,y € P, thatis, A : P x P —
P. Also, the operator A : P x P — P is a mixed monotone operator. Now, we show that
A is a p-concave-convex operator. Put ¢(y) = min{¢p;(y), ¢2(y)}, where y € (0, 1). Since
01(y) € (y,1] and ¢,(y) € (y, 1], it is easy to see that y < ¢(y) < 1. Hence, from (H;)-
(H3) and u(¢) <0, for Vy € (0,1) and x,y € P, we obtain

@) =0 - —— [ (£ — 5D =
Al )0 =50~ 5o [ €9 [1lsyat0) 7 y(9) + 9] s

+ Z Ie(y (&), y 1y (t)

o<ty <t

> X — g?((;/)) /0 t(t =)D [f (s,x(5), (s)) + u(s)] ds

+oa(y) D Te(w(te), y(t))

O<tg<t

> (YA, y)(1), Vte],

that is, A(yx, ¥ 19)(t) > ¢(y)A(x,)(t) for Vx,y € Pand y € (0,1).
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Let h(t) :=
h(t) <5 +

fo(t—s)"‘ Yds=1+
Vte] Set

Vt € J. Then we can easily obtain that %

1
2 F(ot+1)’
1

oz+1

in| —f tl 1 1 inl—r( ¢ 1 1 1
rn=mm|—f\L-,-+t——=~ || ro=min|—f|t,=+ ——, = | |,
' 2°2  T(a+1) 27 e 2 T(+1) 2

then 0 <r; < ry. Furthermore, from —M < u <0, it is easy to know that

Al h)(E) = x0 / (£ =811 [f (5, (), h(s) + uls) | ds + Y Te((ta), h(t0))

o<ty <t
ol 11 1
= r( 7 Jo ¢ [ (’E’TW)W]
> X0 + F’;;)/O (t—9)*"tds
2N + 1)
> m(xo +r)h(t)

= rSh(t)r vt E]:

2 (a+1)
2+ (a+1)

where r3 = (x0 + r1). Furthermore,

Al h)(®) = xo — ﬁ /0 (6 =) [f (5 h(s), () + us) ] ds + > L(hta), hte)

O<ty<t

1ot 1 11
Sxo+m/(t—S) |:—f($,§+m,§>)i|dS

al 1 1
)/(t s+ ) (5 Fla+1) 2)

O<ty<t

ol 1 11
°*m/“ s) ds+Mh(t)+Z (2 * Tl 2)

O<tg<1

1 11
h(t) + Mh(t I T+l
<o +rah(t) + ()+0§] k( "Ta+1) 2)

<2(x0+r2 + M+ Z Ik<; X 1+ 5 2))h(t)

O<ty<1

=r4h(t), Vte],

where 74 = 2(xo + 12 + M+ Y o 4 In(5 + ﬁ, ).
From the above, we know that r3sh < A(h, h) < ryh, that is, A(h, h) € Py,. Therefore, by
employing Lemma 2.1, the equation x = A(x,x) has a unique positive solution in B, for

(IP; u) on J. The proof is complete. O

Corollary 3.1 Suppose that
(HY) f:] X R" — (-00,0] forall t € ] and x € R*. Also, f(t,x) is nondecreasing in x for
each t € ] and x € R*. Moreover, f(t, %) <Oforallte];
(H}) foreachk=1,2,...,m,I : R* — R*, Ii(x) is nondecreasing in x;
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(H3) forally €(0,1) and Vx € R*, there exists ¢1(y) € (v, 1] such that

St yx) <oi(y)f(t,%);

forally €(0,1),x € R, and ¥k = 1,2,...,m, there exists p2(y) € (v, 1] such that

Ii(yx) = @2 (y M ().

Then, for Vu € H with —M < u(t) < 0, the following optimal control system

~$Dix(t) = f(t,x(2)) + u(t), te(0,1)/{ti,ta....tm},
(UPv;u) | Axliey = L(x(8)), k=1,2,...m
x(o) = X0,

has a unique positive solution x* € Py, on J, where h(t) = % % fo(t 5)*1ds.

4 Optimal control problem (OP)
In this section, in order to investigate the optimal control problem (OP) to (IP;u), we
assume that the following additional conditions hold:

(Hs) There exist two constants Cy > 0 and Ci > 0 such that

[f(s,u,u) —f(s,v,v)’ <Cslu-v|, Vse],u,veR";

|Ik(u,u) —Ik(v,v)| <Cilu-v| Vu,veR' Vk=1,2,...,m
(Hs) x4 is a given desired target profile in H.

Lemma 4.1 Let {u,} C H, ®:H — C[J,R] be an integral operator defined by
(P2)(t) := e )/ (t—9)*12(s)ds, VzeHandte]. (4.1)

Suppose that there exists u,, — u weakly n — oo for u € H. Then we have ®u, — ®u in
ClJ,R] as n — oo.

Proof Because of u,, — u weakly in H, it is easy to see that, for V¢ € J,

Ddu,(t) = ﬁ /Ot(t—s)"’ Y, (s) ds — m/ (& = 9)*Luls) ds = Du(?).

Moreover,

L ' _ )1 _ ‘ _ -1
F(a)/(t )" u,(s)ds /0(1: $)* u,(s)ds

|un||H a1 _ a—1 (t_f)a>
< F( ) </|(t s) —) ]|d3|+ - .

|(Dus,)(£) — (Pus,)(7)| =
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Since (t—s)*! —(t —s)*! — 0 and % — 0ast— 7, weget
|(d>un)(t) - (d>u,,)(r)| —0 asn— oo.

It shows that {®u,} C C[J,R] is equicontinuous, u, — u weakly as n — oo. Finally, by

means of the Ascoli—Arzela theorem, it is easy to see that Lemma 4.1 holds. 0
Lemma 4.2 Suppose that (Hy)—(Hs) hold. Let {u,} C Uy and u € Uy. Assume u, — u

weakly in H. Then, for the (OP; u,) problems, the unique positive solution x,, on ] converges
to one x of (OP; u). That is, for the Banach space PC[], R], we have

X, —> X dasn—> 0. (4.2)

Proof Obviously, x, is a solution of (OP; u,,) if and only if

xu(t) = X0 — ﬁ /0 (t = )7 (5,%u(5), xu(5)) ds

L ft(t—s)“_lun(s) ds + Z I (% (8), %u(80)),  VEE].
0

F(Ol) O<tg<t

Lett €]y =[0,41] CJ, we get

1 ! a-1 ' a-1
|x,,(t) - x(t)| < ) ‘/o (t = 5)*7f (5, %(5), %u(s)) ds — /0 (t —5)*7'f (s, x(s), x(s)) ds

+ ﬁ /Ot(t —8)* Yu,(s)ds — /Ot(t —8)* Yu(s)ds

SF(a)/o“ 9% [x,(9) ~ #(9)] ds + |(Qu) (1) — (Qu) (1)

PGt -5t
=< /0 W |xn(S) —x(S)| ds + || Qu, — Q””C[],R]; Yt € Jo.

By using the Gronwall inequalities, we have

Cf(t—s)a_l

't
|2, () = 2(2)| < € T D, - Dullcym

CrT®
< el ||®u, — Dullcy,r

and

t Cf(t _S)ot—l CfT"‘ t Cf(t _S)ot—l
T s (t) - x(8)| ds < eT@ || du, — @ e A A
/0 (0~ (0] ds < e o M||CU,R]/0 o

< q r‘C(f D "(D - o “
ellat 174 u
= 1_,( 1) n Cl,R]

= Nol|Pu, — ullcyr, Yi€lon=12,....
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Hence,

! rc(f t;) ” ” ” ”
ellat du du + | Pu du
F( 1) n ClJ,R] n C[J,R]

| () — x(8)] <

=N ||Pu, — Pullcyr, VYEe€l,n=12,....
Moreover, from (H,), we obtain

ln(£]) = 2(¢7) | = [wu(tr) + I (xa(81)) = 2(t1) = I (x(20)) |
< |xa(tr) = x(t1)] + |11 (wa(51)) = 1y (x(21)) |
<1+ C)|au(tr) —x(t1)|
<1+ C)N1l|Du, — Pullcyr

= N{||®u, - ullcyr, Vn=12,...,

and for Vt € 1 = (t1,1,], we get

| (£) — x(8)]
|f0(t—s)"‘ Lf (s, %(s) x,,(s))ds—fo(t 8% (s, x(5), x(s)) ds|
I (cr)
1 a—1 a-1
+ @] €9 wwm—/u 95 () ds| + |1 (1a(0) — 1 (x(0))]

ﬁ%j = 9 a(s) = x(5)| s+ |(Qun)(8) - (Qu)(D)| + Can(tr) — (1)

IA

/ F() Ixn(S) x(s)| ds + (1 + CLN) | Quy — Quill ey

< No||Pu, — Pullcyr + (1 + CIN) || Pu, — Dullcy r)-

Taking N> = Ny + 1 + C1N; > 0 such that |x,(t) — 2(t)| < Na||Pu,, — Pullcyr), VE € J1,n =
1,2,.... Also, from (H,), we get

[#a(£5) = 2(85)] = Ju(82) = 2(82) | + o (3 (82)) = o ((22)|

< (1+ G)|xulta) - x(t2)| < Njl| Py — Putllcypryy 1=1,2,..
Repeat this process until there exist two positive constants Ny > 0, N, > 0 such that

’xn(t) _x(t)| = Nk“q)u}’l - (DM”C[],R]; vVt E]k—l!k = ]-y 2,...,7)’1 + 11

lea(t7) = x(£0)| < Nill®uy — Putllcyryy m=12,....

Finally, set N = max{Ny,N{,Ny,N3,...,N,;,N,,, N1} Then we have ||x, —x|pc < N ||Du,—
dullcyrpn=1,2,.... From u, — u weakly as 1 — 0o, we can know that ®u,, — ®u in

C[J,R] as n — oc. Hence, we obtain x,, — x as n — oo in PC[/,R]. O
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Theorem 4.1 Assume that (Hy)—(Hs) hold, so the optimal control problem (OP) to (IP; u)
has at least one optimal control u* € Uy such that ww(u*) = inf, ey, 70 (1), where Uy is a
control functions space defined by (1.2), 7 (-) is a cost functional given in (1.3).

Proof Let {u,} C Uy be a minimizing sequence, we have lim,,_, o 7 (1,,) = inf,ep4,, 7 (14).
Since {u,} is a bounded consequence in H, there exist a subsequence {rn;} C {n} and u* €
U such that ny — oo and u,, — u* weakly in the space H as k — o0c. In addition, set x,,,
to be the unique positive solution to (IP; #,,) onJ. Then, from Lemma 4.2, we get x,, — x
as k — oo in PC[J, R]. For (IP; u), x is a unique positive solution. Finally, by employing the
weak lower semicontinuity of H-norm, it is obvious that

Jim 7 (ae,) = uie%”(”) > 7 (u*),
that is, u™ € U, is an optimal control to (OP). (|

For convenience, we give the following condition:
(H,) There exist two constants Cy > 0 and Cy > 0 such that

[f(s,u) —f(s,v)| <Crlu—v|, Vse],u,veR";

ylk(u) —Ik(v)| <Ciu-v|, VYu,veR' Vk=1,2,...,m.

Corollary 4.1 Suppose that conditions (H})—(Hy) and (Hs) hold, so (IP1;u) has at least
one optimal control u* € Uy such that inf,eyy,, (1) = w(u*), where Uy is the control space
given by (1.2), 7 (+) is a cost function defined by (1.3).

5 Application
In this section, in order to verify the validity of our conclusions, we investigate a specific
initial value problem of fractional order impulsive differential systems as follows:

SDEx(t) = 2[(1 +x(®)3 + (L+x(e) 4]+ ut), te(01),41
UP;u) ) Axl,y = (1 +2(3)2 + (1 +a(3) (5.1)
x(0)=1

Conclusion: There exists a unique positive solution to fractional order impulsive differ-
ential equation initial value problem (5.1), and the unique positive solution is continuously
differentiable on [0, 1) U (1, 1]. In addition, the impulsive initial value problem (5.1) has at

least one optimal control.

Proof Let ] =[0,1],4 = %,f(t,x,y) = fle,y) = -2(1 + x(t))% -2(1 +y(t))’%. Evidently, the
two-variable function f(x,y) is decreasing in x and increasing in y, respectively. Setting
L(x,y)=(1+ x(t))% +(1+ x(t))‘%:, we know that I; (x,y) is increasing in x for y > 0 and is
decreasing in y for x > 0.

Set p(y) = y%, y €(0,1), then

Flyxy™y) =20+ yx)? —2(1+yy)* <) (%)) ¥xy=0,
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1 1
L(yxy™y)=Q+yx)2+Q+yy) t>9()i(xy) Vry>0.

It is easy to see that (H;), (H3), and (H3) hold. Hence, for each u € H with —M < u(t) <0,
Theorem 3.1 implies that there exists a unique positive solution on J, where M > 0 is a
given constant. In addition, let C; = C; = 1. Then we can conclude that (H4) holds. Finally,
by means of Theorem 4.1, for each desired target profile x, in H, the (OP) to (5.1) has at
least one optimal control. d
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