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1 Introduction
In this article, we discuss the following functional boundary-value problems at resonance
on the half-line with dimKerZ = 1:

P (x) = f(%, 0(x), ¢ (x),..., 0" D(x)), x € [0, +00),
¢9(0) =0, " V(+00)=0, 1<i<n-3, (1.1)
Ii(p(x) =0, Ta(p(x)) =0,

where n > 3,1,y : C"1[0, +00) — R are two linear bounded functionals with resonance
condition I'; (1)Ty(x"2) — I’y (1)IM (x"2) = 0.

In the last few years, considerable motivation has been provided to the subject of differ-
ential equations on the finite interval with specific boundary conditions and resonance
scenarios (see [1-6] and the references cited therein). Very recently, the attention has
shifted to problems on the infinite interval with linear functional conditions. There are
a few papers to investigate the functional boundary value problems on the finite interval
(see [7-11]). For example, in [8], Kosmatov and Jiang investigated second order functional

problems with resonance of dimension one

x'(t) =f(t,x(t),x'(2)), O0<t<],
I'i(x) =0, [y(x) =0,
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which improves the results of [6] and [7] in that respect as well and generalizes a number
of recent works about two-point, three-point, multi-point, and integral boundary value
problems. In addition, it clearly can also be used for higher order problems with functional
conditions.

Higher order boundary value problems for ordinary differential equations arise naturally
in technical applications [12-23]. For example, in [22], the authors discussed some higher

order boundary value problems at resonance with integral boundary conditions:

x(t) = f(t,x), %' (t), ..., D(t)) +e(t), O0<t<l,
x"=1(0) = ax(§), x/(0) =x"(0) = --- = x"2(0) = 0, x(1) = fol x(s) dg(s).

As far as we know, this is the first paper to study the higher order functional boundary

value problems at resonance on the half-line.

2 Preliminaries

We give some theoretical foundations which will be used in what follows.

Definition 2.1 Let X, Y be real Banach spaces, L : domL C X — Y be a linear operator.
L is said to be the Fredholm operator of index zero provided that:

(i) ImL is a closed subset of Y;

(ii) dimKerL = codimImL < +o0.

LetP: X — X, Q: Y — Y be continuous projectors such that ImP = Ker L, Ker Q =Im L,
X=KerL@®KerP,and Y =ImL @ Im Q. It follows that L|gom ;nkerp : domL N KerP — Im L
is reversible. We denote the inverse of the mapping L|4omnkerp by Kp. Let © be an open
bounded subset of X such that domL N Q2 # ¢. The mapping N : X — Y will be called
L-compact on Q if QN (L) is bounded and Kp(I — Q)N : Q — X is compact.

Theorem 2.2 (see [24] Mawhin continuation theorem) LetL:domL C X — Y be a Fred-
holm operator of index zero and N : X — Y be L-compact on Q. Assume that the following
conditions are satisfied:
(i) Lx # ANx for every (x,A) € [(dom L \ KerL) N 9%2] x (0,1);
(i) Nx¢ImL forevery x € KerL N aQ;
(iti) deg(QN|kerr, 2 NKerL,0) #0, where Q:Y — Y is a continuous projection such
that Im L = Ker Q.

Then the equation Lx = Nx has at least one solution in domL N Q.

Lemma 2.3 (see [25]) Assume that V C X (X appearing in this article) is bounded. V is
compact if{% : ¢ € V} is equicontinuous on [0, T], VT < 0o, and equiconvergent at infin-

ity.

In this paper, we will always suppose that the following condition holds:

(H1) Let f:[0,+00) x R” — R be continuous. For any constant r > 0, there exists
hy(x) € L[0, +00) such that |f(x,€y1,€*ya, ..., y,)| < h(x), x € [0,+00), |yi| <,
i=12,...,n.
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3 Main results _
Let X = {p : ¢ € C"[0,+00),5UP,[0,400) “”(g,fx)' < 00,0P(0) = 0,i = 1,2,...,n — 3,j

0,1,2,...,n — 1} with the norm |¢| = max{||§||oo,i =0,1,2,...,n — 1}, where [¢]loo

SUP,c0.+00) [#(¥)], and Y = L[0, +00) with the norm [[ully = [y [u(x)| dx.
It is easy to prove that (X, || - ||) and (Y, | - ||l1) are Banach spaces.
We define an operator L as follows:

Lo(x) = 9" (x)

with domZ = {p € X : ™ (x) € Y, 0" D (+00) = 0,T1(p(x)) = 0, T2(p(x)) = 0}.
An operator N : X — Y is defined as follows:

(Np)(x) =f (%, 0(x), ¢ ®),...,0" D(x), ¢eX,xel0,+00).

So, problem (1.1) becomes Ly = Ng.
For convenience, we denote
(H,) The linear functionals I';,T'y : X — R satisfy ['y(1) = b, Ty(x"2) = a, I'1(1) = ab,
1 (x"2) = aa, (T —alL)(x"e™) #0, where a® + b* #0, a,a,b € R.
(H3) The functionals I';, T’y : X — R are linear continuous with the respective norms S,
B2, thatis, [Ti(@)| < Billell, i=1,2.

Lemma 3.1 There must exist g € Y such that

(T —arz)</0 k(x, y)g(y) dy) =1,

where
xn—l
-7, 0<x<y<+o0;
ky)=1 U (3.1)
S 0<y<x<+o0.
-1’ =)=

Proof Since we just need to find a specific g satisfying the equation, in particular, let x =
x"e™ € X, h(x) = (x"e*)" € Y, x € [0, +00), we have

x e ~ +00 xn—l
[ w-yrrar- [ noray

x(”‘l)(+oo)xn71 ~ )((”‘2)(0)96,172
(n—-1)! (n-2)!

+00 1
| ko ay= s

=x(x) —x(0) -

= x(x).

Now, considering condition (H>), take

h(y)
(1 —al)(f,™ kx, 7)x" (y) dy)”

gly) =

thus,

r( [ ke dy) -1 o
0
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Lemma 3.2 L is a Fredholm operator of index zero.

Proof From ¢ (x) = u(x) and ¢?(0) =0, 1 < i < n — 3, we have

L 71 ") .y ¢"200)
=— -y d 0 " ", 3.2
o) = s [ o dy g0+ £ Bt 2)
Now we will give Ker L and Im L.
Taking ¢ € domL with Ly = 0, we obtain ¢(x) = ¢(0) + "’i:ll))(?)x"‘l + “’(:22))(?)x”‘2. This,
together with ¢~V (+00) = 0, I'; (¢(x)) = 0 and T'y(¢(x)) = 0, implies that
(n-2)
" 0) L
1) = e(0)I' (1) + 2 I(x"?) =0,
(n-2)
B " 20) | o
2(08) =021 + & 8w ) -0
Based on condition (H,), we have
o(x) = c(a - bx”_Z), ceR.
So,
KerL = {c(a - bx”’z)la2 +b? #0,ce ]R}, dimKerZ = 1.
In order to prove
[o¢]
ImL = {u eY: (I' —och)(/ k(x,y)u(y)dy) = 0}. (3.3)
0

To see this, let us suppose that u € Im L, then there exists ¢ € dom L such that u = Ly € Y.
From (3.1) and ¢V (+00) = 0, we have

1
T (m=1)

1
(n—1)!

(%) /0 (=3 uly) dy -

9" 2(0) ,,
s .
(n—-2)!

/wo " u(y)dy
0
+¢(0) + (3.4)
It follows from I'; (¢(x)) = 0, [y (¢(x)) = 0, and (H>) that
(T, - oze)(/ k(x, y)u(y) dy) =0.
0
That is,

ImL C {u ceY: (I —aF2)</OOOk(x,y)u(y)dy> =0}.

fue{ueY: (I —alL)(f, kx,y)u(y)dy) =0}, take

ax™ 2 +b

o) == ra( [T k) + [ ks )
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In view of (H,), it is easy to deduce that Ly = 9" (x) = u(x), 9?(0) =0, 1 <i<n-3,
9" D(+00) = 0, and T'y(p(x)) = 0, i = 1,2. That is, u € ImL, i..,

{u eY:(I' —al"z)</ook(x,y)u(y)dy> = 0} CImlL.
0

Combining the above, we obtain (3.3).
Define Q: Y — Y by

Qu=(T1 - an)(/O ke(x, y)u(y) dy>g(x),

where g(x) is introduced in Lemma 3.1.
Clearly, KerQ =ImL, ImQ = {u|u = cg(x),x > 0,c € R}, and Q: Y — Y is a linear pro-
jector. In fact, for u € Y, we have

oo

(QUu)() = (1 - ) ( | ko dy) (I - al) ( | ke dy)g(x) - Qu.
Foru € Y, we have u = (1 — Qu) + Qu, Qu e ImQ, (I — Q)u € Ker Q = Im L. So, we obtain
Y =ImQ + ImL. Take up € Im Q means that u, can be written uy = cg(x), ¢ € R. At the
same time, by uy € ImL and Lemma 3.1, we get ¢ = 0. This implies that #o = 0. Thus, ¥ =
ImQ@®ImL and dimKer L = codimIm L < +oo. Observing that Im L is a closed subspace of
Y; L is a Fredholm operator of index zero. O

Define P: X — X as

(n-2)
(Pe)(x) = — (w(O)—M

= — a—bx"?), eX.
a? + b? (n—2)! >( ) ¢
Clearly, P: X — X is a linear continuous projector and Im P = {u|u(x) = c(a — bx""%),x >
0,c e R} =KerL. Thus, X =ImP @ Ker P = Ker L ® KerP.
Define Kp : Im L — dom L N Ker P by

ax"?+b

(Kpu)(x) = —W

I (/Ock(x,y)u(y) dy) + /ook(x,y)u(y) dy, uelmlL.
0 0

By simple calculations, for ¢ € dom L N Ker P,

ax"?+b

(KpLp)g = =—3—>-T> ( fo k(x )™ (y) dy) + /0 k(x, 7)™ () dy

(p(n—Z) (O)xn—Z
(n-2)! )

a xn—2

+b
= —Wrz (‘/’(x) - ¢(0) -
g0(;«1—2)(0)xn—2
(n=2)!
n-2

~ ax"2+b ap2(0) P2 (0)x"2
=p(x) - W <—b¢’(0) - W) - (0) - W

1 by 2(0) ne
= go(x) - m <ﬂ(ﬂ(0) - W) (LZ — bx 2)

+ @) —9(0) -
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= ¢(x) — Pp(x) = ¢(x)

and (LpKp)u = u, Yu € ImL. So, Kp = (Lp)™!, where Lp = L|gomnkerp : domL N Ker P —
ImL.

Define the linear isomorphism J : Ker L — Im Q as J(c(a — bx""%)) = ¢g(x), ¢ € R, where
g(x) is also introduced in Lemma 3.1.

The next lemma provides norm estimates needed for the following result.

Lemma 3.3 Foru €Y, ||Kpu| < Bllu|ly, where

5 (1 , Ualtn=2)1+ |b|>ﬁ2>'

a’ + b?

Proof Observe that due to |2 (¢(x))| < B2lle¢ll,

r, ( /O " ke yuly) dy)‘ s /O " kG y)uly) dyH

n-1

< ; * _ n-1 _ © X
<t oty [ - [T )|

1 00 e ~ 00 4n-1 H
bl [ G- [ dy

[e%e) xn—l
Sﬂz/o m”@)

xn—l

< ﬂz/o ‘MO’)WJ/HM

< Ballulls.

Then

n—2 b 00 o]
1Kl = H—”’;—Zrz( /0 ks, )u(y) dy) . /0 k(x,)u(y) dy”

+b
< |F2(f° ke, y)u(y) dy)| Hax"‘z +bH + /ook(x,y)u()/) dy
- a? + b? 0
(lal(n —2)! +|b|)
=< Wﬂzllulll + [lull1
al(n=2)!'+|b
- <1+ %m)nunl - Blul. o

Lemma 3.4 N is L-compact on Q if domL N Q # @, where Q is a bounded open subset
of X.

Proof For convenience, denote M, := fo+°° |l (y)| dy.
We will prove that QN : X — Y is continuous and bounded.
Since Q C X is bounded, for ¢ € R, there exists a constant 7 > 0 such that ||| < 7.

dx

IQN¢ll1 =/0 ’(Fl —och)(/(; k(x,y)Nw(y)dy)g(x)

Page 6 of 15
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=

(T - al"z)(/o k(x, y)No(y) dy) "/0 |g(x)| dx

S(ﬁ1+|0l|/32)/0 k(x,y)Nw(y)dyH /0 |g(x)| dx.

+00 (i)
It is not difficult to verify that sup, (o, wa < IS INoO)|dy, i =
0,1,2,...,n-1.

By condition (H;), we have

+oo (3 k(x, 9)No(y) dy)?|
/ k(x,y)Nw(y)dyH= sup Jo YNobIdy
0 x€[0,+00) e

< / INo(O)|dy < / h () dy = M,.
0 0

So, QN : X — Y isbounded. By (H;) and the Lebesgue dominated convergence theorem,
we see that QN : X — Y is continuous.

Now, we will prove that Kp(I - Q)N : Q — X is compact.

Kp(I - QNo(x)
er

ax"?+b

1 +00
g (fo k(x, y)(I = QN¢(y) dy)

. Jo ™ k(x0T = QNo(y) dy'
er

Ba

T a?+b?

b +00
< M(%ﬁz + 1) <1 +(Br+ Ialﬁz)/o lg@)| dx) < +00,

‘ (Kp(I - QNg (%))’
e

Jo " kx,y)(I - QNg(y) dy ‘
er

ax™ 2 +b
——||U-QNe], +

aln-2)x"3 1

_ r, ( /0 k(x,y)(I - QNo(y) dy)

er a? + b?

. (Jo " k(x9)I = QN (y) dy)
e
a(n —2)x"3
e

Ba

T a’+b?

/0 k(x, y)I = QN¢(y) dy H

+

/O k(e )(I - QNp() dyH

_2 +00
§Mr<%ﬁ2+l><l+(ﬁl+la|ﬂz)/o |g(x)|dx><+oo.

Similarly, {{€2CNO (oo g € Qi =2,3,...,m— 1}, ie, Kp(I - QN : Q@ — X s
bounded.
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Secondly, for ¢ € Q,0<x1 <xy < T < +00,

Kp(I = QNg(x2)  Kp(l - QNg(x1)
ex2 eX1

ax,"2+b 1

102 (/0 k(x, y)I = QNo(y) dy>

e a’+b?

N I k(x2,9)I = QN (y) dy
&2

ax"2+b 1 +00
* 1ex1 mr2(_/o ko, y)(I ~ Q)Nw()/)dy>
_ Jo " k(x,9)U — QNg(y) dy
e

A, (ax"%+b axy"?+b
a? + b?

e*1 ex2
| k(x0,9)  Kk(x1,)
+/0 jjzy B 21}} M(I‘Q)Nﬁl’()/)dﬂdy,
‘ (Kol — QNg) (x)) (Kol - QNg) (x1)
en o

a(n—2)x," To(fy " k(x,9)I - QNg(y) dy)
ex2 a’ + b?
N (Jo ™ k(x9)UI = QN@(») @) |xs,
or2
, - 221" Ta(fy ™ k(x,3)I - QNo(y) dy)
e a’+b?
B (fy ™ k(% 9)(I = QN@(y) dy)' |-,
s
- a(n—2)A, (x1”‘3 x2"‘3)

a’+ b?

exl e
(o k@)U - QN9 () dy) s,
e ’

(fo " kx,)U — QN@») ) |x-x,
er2

+

where

Define F;(x) = f0+°° k(x,9) I — Q)N¢()dy, x € (0,T), T < co. Obviously,

Fi(x2) B Fi(x1)
ex2 e*1

/+°° (k(xz,w  k(x1,9)
0 ex2 e¥1

)(1— QIN¢(y)dy

<

/ " (x’f‘l —@ - A ()
0

e*1(n—1)! e®2(n—1)! >(1_Q)N¢(Y)dy’

ra( [ kot - o0 )| < mpa(1+ s o) [ eiar) -4,
° 0

Page 8 of 15
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+

x2 xg—l _ (xz _y)n—l x,i,_l
/x1 ( e2(n-1)!  ei(n- 1)!)(1‘ QWso(y)dy’

+00 x'i’—l xg—l (I )N )d
./T (exl(n—l)! _exz(n_l)!> - QNog(y y},
Fi(x2) _ Fi(x1)

+

er2 exl
Bl T V. il Bk
= fo ( e1in-2)!  e2(n-2) >(1‘Q)N¢@)dy‘
x2 xg—Z _ (xz _y)n—z xil_z
' /xl ( e2(m-2) e"l(n—2)!>(1_Q)N‘p(y)dJ"

T n-2 n-2
*1 x5
! /xz (e"l(n—z)! - exz(n—z)z)(l‘Q)Nw(y)dy‘

n—2 n—2
X1 *y

+ /T (e"l(n—z)] - exz(n_z)!)(l— Q)N(P()/)dy‘,

By the uniform continuity of {%_j, j=1,2,3,...,n} in [0, T] and the absolute continuity of

. _ () — . . . .
the integral, we see that {M 19 €Q,i=0,1,...,n—1} is equicontinuous on [0, T,

VT < oo. Thirdly, for ¢ > 0, there exists a constant 77 > 0 such that if x > 71, then

xn—Z

er

a’ + b? 1 a>+b?
< &, —< e.
6|alA, e*  6|blA,

For ¢ > 0, there exists a constant T5 > 0 such that if x > T5, then

k(x,y) xt Ba
< < ——¢.
e* (n-1)e* 6A,

Take T = max{Ty, T»}, for ¢ € Q, T < X1 < Xy, we have

(Kp(I = QNg(x2)  (Kp(I — Q)N (x1)
52 el

ax,"2+b 1

_7—&(/0 k(x2, )T — Q)N o(y) dy)

e a? + b?

" f0+00 k(ery)([_ Q)NQD()/) dy
ex2

ax"%2+b

1 +00
T mmn (] e ovvors)

T kLU - QN () dy‘
ex1
Ar

ax"%  ax,"? b b
< — + — - —
T a’+b? e ex2 el en

T k(xy,)  k(x1,9)
i

ex2 e¥l

A, a + b? a’ + b? A, B e e s
= 2|al € +2|b| e)+2— < —+—+—
a’+b? 6lalA, 6|b|A, B 64, 3 33

‘!(1— QNo ()| dy

=é.
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For ¢ > 0, there exists a constant 73 > 0 such that if x > T3, then

xn—S

er

a’ + b?
<—¢.
4la|(n-2)A,

For ¢ > 0, there exists a constant Ty > 0 such that if x > T}, then

ok(x, _
o) K2 B
< < —E€.
e | S (m-2)e " 4a4,

Take T* = max{Ts, T4}, for ¢ € Q, T* < x1 < x5, we have

(Kp(I - QNg)' (x2)  (Kp(I — Q)Ng)'(x1)

o2 e
| atn=2" Talfy™ Kyl - QNp() dy)
- e a? + b?
Lo KD |,y (I - QNo(y) dy
ex2
s a(n—2)x" 7 Ta( [y k(x,9)(I - QNe(y) dy)
el a’ +b?
oo ey (I~ QN(y) dy
_ -
- ain—2)A, ("3 xS
| a*+b? el ex?
+00 ak;x,y) |x=x2 Bkgx,y) |x=x1
; fo B (- QNG ()| dy
2al(n-2)A, a*+b? A, By e &
E4+2——¢e=—+—-=¢.
210> Aal(n-2A, B 4A, 2 2

For the above two arguments, take 7' = max{T, T*}, we hold that {(Kp(I - Q)N P)V:¢e
Q,i = 0,1} is equiconvergent for any xy,x, > T. Similarly, {(Kp(I - QN¢)? : ¢ € Q,i =
2,3,...,n—1} is also equiconvergent at infinity. Therefore, by the Ascoli—Arzela theorem,
Kp(I - QN : Q — X is compact and QN(2) is bounded, i.e., N is L-compact.

Theorem 3.5 Assume that (H1)—(Hs) with b # 0 and the following conditions hold:
(Hy) There exist functions r,q; € L[0, +00) with (|| Kp| + 1412l )% gl < 1 such that

b](n-2)!

3092 y)| <Y qi@e™|yil +r(x),

i=1

where x € [0,+00), y; € R.

(Hs) There exists a constant M > 0 such that if |p"=?(x)| > M for all x € [0, +00), then

(Fl - O[FZ) (‘/(; k(x’y)f(yf <p()/), <ﬂ’()’), (0”(.)/)’ e (p(n—l)(y)) dy) 7!0

Page 10 of 15
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(He) There is a constant ag > 0 such that if |c| > ag either

cl (/+<>0 k(x, )N (c(a - by"?)) dy) <0 (3.5)
0

or
T (/+00 k(x, )N (c(a - by"?)) dy) > 0. (3.6)
0

Then boundary value problem (1.1) has at least one solution.
The following results will play a very important role in our subsequent analysis.
Lemma 3.6 The set
Q1 ={p edomL\KerL: Ly =Ny, € [0,1]}
is bounded if (H,)—(Hs) are satisfied.

Proof Take ¢ € 2, then N¢ € Im L, thus we have

(I~ al"z)( fo kG, y)f (1 9) 9’ 0), 0" ), ., 0" V() dy) =0. (3.7)

This, together with (Hs), means that there exists xo € [0, 00) such that |2 (x)| < M.
Since gV (x) = = [/ o () dy + 9V (+00) and 9" (x) = [7 "V (y) dy + 9" (x0),
we get [V (x)| < [Ngll; and

o2 ()]
T <INyl + M. (3.8)

Write ¢(x) = ¢1(x) + @2 (x), where ¢, (x) = (I - P)p(x) € dom L NKer P and ¢;(x) = Pp(x) €
Im P. Then since ¢; (x) = (I — P)¢(x) € dom L N Ker P, we have

@1(x) = KpLpp1(x) = KpLp(I — P)p(x) = KpLpp(x) = AKpN ().
As is the proof of Lemma 3.3,
lloill < IKpIIIN@]l1. (3.9)

Now, @,(x) = Po(x) = c(¢)(a — bx"2), where

b¢<"-2><o>>

1
0= a1 (4000 -7

is introduced for the sake of brevity. Hence

lp" 2 (x)| | = b(n—2)c(p)|
e e*

< INgl+M
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by (3.8). That is,

INolli +M
|c(p)| < B2
Thus,
ey NGl Mo
lall < |clo)| - |a - b < b= 2 (lal +101). (3.10)

By (3.9) and (3.10), [l¢ll < llg1ll + llg2ll < CilIN@lly + C2, where

lal + 15| My

Cr = | Kpl| + 2L S
= e T B2

(lal +121).

Finally, it follows from (H,) that

loll < Cillrlly + G
T 1-C Y gl

Therefore, 2; is bounded. O

Lemma 3.7 The set
Q={p:9pecKerl,Nyp € ImL}
is bounded if (H,)—(H3), (He) hold.

Proof Let ¢ € Q,, then ¢(x) = c(a — bx""%), and N € Im L. So, we can get

(I'; —alx)r (/+°0 k(x,y)f(y, c(a - by"_z), ..., —=bc(n-2), 0) dy) =0.
0

According to (Hs), we have |c| < ay, i.e., ||¢]| < ao(|a] + |b]|(n—2)!). The proof of Lemma 3.7
is completed. O

Lemma 3.8 The set
Q3 ={peKerL: 1o +a(l-2)QNg =0,1€[0,1]}

is bounded if conditions (H1)—(Hs), (He) are satisfied, where ] : Ker L — Im Q is a linear
isomorphism given by J(c(a — bx"2)) = cg(x), c € R and

-1, if(3.5) holds;
o= (3.11)
1,  if(3.6) holds.

Proof Suppose that ¢ € Q3, we have ¢(x) = c(a — bx"2) and

Ac=—a(l-2)T; —aly) </‘+00 k(x,y)f(y, c(a - by"‘z), o, =bc(n -2)), O) dy).
0
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If & = 0, by (Hg), we have |c| < ap. If A =1, then ¢ = 0. If A € (0,1), we suppose |c| > gy,
then

Ac? = —a(1 = A)e(Ty —aly) (fm k(x,y)f (9, ¢(a - by"™?),...,—bc(n - 2)1,0) dy) <0,
0

which contradicts Ac? > 0. So, Lemma 3.8 holds. O
Theorem 3.5 can be proved next.

Proof of Theorem 3.5 Let Q2 be a bounded open subset of X such that {0} U U;;l QcQ.
From Lemma 3.4, we know that N is L-compact on 2. In view of Lemmas 3.6 and 3.7, we
can get:

(i) Lo #ANg for every (¢, 1) € [(dom L \ KerL) N 3d2] x (0, 1);

(i) No ¢ ImL for every ¢ € KerL N <.

At last, we will prove that (iii) of Theorem 2.2 is satisfied.

Let H(p,A) = Mo + a(1 — A)QNg. Noting Q23 C €2, we know H(p,A) # 0 for every ¢ €
92 N Ker L. Thus, by the homotopic property of degree, we have

deg(QN|kerr, 2 NKerL,0) = deg(a/, 2 NKerL,0) #O0.

By Theorem 2.2, the functional boundary value problem (1.1) has at least one solution
in X. The proof of Theorem 3.5 is completed. d

Example Let us consider the following boundary value problem at resonance:

P (x) = f (%, (%), ¢’ (%), 0" (%)),
¢"(+00) =0,

I1(p() = 0(0) + 2¢'(1) = 0,
() = 2¢'(0) + 2¢(1) = 0,

where

fxe),¢'x), 0" (%)

—17x —17x

e *sinp(x) + e 7% (x) + e sing” (x) + e*;  x € [0,A],

_17x —17x

= 1 sgn{e’(x)}[e™""* sgn{p(x)} sinp(x) + e~ ¥ sgn{p” (x)}

x sing”(x) + e™*], x€[A,+00).

Corresponding to problem (1.1), we have that n =3, I'1(1) = 1, I'1(x) = 2, T'x(1) = 2,
"y (x) = 4. By simple calculation, we obtain « = %, a=4,b=2,andKerL = {c(2 -x),c € R}.
It is not difficult to verify that (I'; — aTy)(x3e™) = % #0, (1 —alH)( 0+°° k(x,y)g(y)dy) =1,

1y
where g(y) = 2—. Moreover,

T2 ()| = [2¢/(0) + 20(1)| < 4lel,

thatis, B, = 4, and || K, || = (1 + 425 8,) = 1L,

a’+b?
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Take 4, (x) = 2¢717% + e* + re™ 1%, g;(x) = e71%, i = 1,2,3, r(x) = e™; moreover, (|Kp| +
%) Yo lgill = 2—3 < 1. Obviously, (H;) and (H,) are satisfied.

When A > 0 is fixed, we take M = 3e'’4 > 0. If ¢'(x) > M, then f(x, ¢(x), ¢’ (x), 0" (x)) >
Me 17425 0,x € [0,A],f(x, 0(x), ¢’ (%), 9" (%)) > 0,x € [A, +00), i.e., f(x, 0(x), ¢’ (x), ¢" (%)) >
0, x € [0, +00).

If ¢'(x) < =M, then f(x,¢(x),¢ (x),¢"(x)) <3 — Me™ < 0, x € [0,A], f(x,0(x),¢'(x),
¢©"(x)) <0, x € [A, +00), i.e,, f(x, 9(x), ¢’ (x), " (x)) < 0, x € [0, +00).

For convenience, we denote F(x) = N¢(x). Hence

) 1 _ (a2 o)
(ri=30) ([ kwnroia) - [ =201+ [*-Lrorar 70

provided ¢(x) € dom L \ KerL satisfies |¢’(x)| > M. This means that condition (Hs) is sat-
isfied.
Finally, take ¢ € KerL and ¢(x) = ¢(2 — x); similarly, one can choose ag = 2¢!74 > 0 such

that
C(Fl - %Fz) (/(; k(x,y)N(c(z _y)) dy)
1 _ (a2 0o
= c|:/(; wl\[(c(z —y)) dy + /1 —%N(C(Z —y)) dyi| >0

provided |c| > ap.

Since if A > 1, cN(c(2 - y)) = ce 7V sin(c(2 - y)) + e 17 (=c?) + ce™”? < 2|c| — 2™V = |c|(2 -
lcle™7) <0,y € [0,1], cN(c(2-%)) < |cle™ =217 +|cle™ <0,y € [1,A], and cN(c(2-9)) <
0,y €[A, +0).

Similarly, if A < 1, cN(c(2 - 9)) < |c|(2 = |cle™17) < 0, y € [0,A], and eN(c(2 - )) <0, y €
[A, +00).

So, condition (Hg) holds. It follows from Theorem 3.5 that there must be at least one

solution in X.

4 Conclusion

In this paper, we study the subject of differential equations on the infinite interval with
functional boundary conditions at resonance. As far as we know, the resonance problem is
a difficult subject in the boundary value problem. Therefore, it is more meaningful to study
the high order resonance problem with functional conditions, and it is more difficult and
practical to solve this problem in infinite intervals. In the last section, we use an example
to illustrate the theoretical result we give.
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