Liu and Zhang Boundary Value Problems (2020) 2020:133 @ BOU nda ry Va I ue PrOblem S
https://doi.org/10.1186/513661-020-01421-5 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Ground state and nodal solutions for critical
Kirchhoff-Schrédinger—Poisson systems with
an asymptotically 3-linear growth
nonlinearity

Chungen Liu'" and Hua-Bo Zhang'

“Correspondence:

liucg@nankai.edu.cn Abstract

' Department of Mathematics, . . . .

Guangzhou University, Guangzhou, In this paper, we consider the existence of a least energy nodal solution and a ground
Guangdong 510006, People’s state solution, energy doubling property and asymptotic behavior of solutions of the
Republic of China following critical problem:

~(a+0b f3 IVUPP ) AU+ VU +Adu = |u|*u +kf(u), xeR?,
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1 Introduction and main results
Our goal of this paper is to consider the existence of nodal solution and ground state
solution of the following Kirchhoff—Schrédinger—Poisson system:

—(@+Db o5 IVul?dx) Au+ V(x)u + rdu = f (x,u), x€R?,
_A¢ = u2’ X € Rg,

where V(x) is a smooth function and b > 0,A > 0. When a = 1, b = 0, Kirchhoff—
Schrédinger—Poisson equation reduces to the undermentioned Schrodinger—Poisson sys-

tem

—Au+ V(X)u + Adu=f(xu), xeR3

(1.1)
-A¢ =12, xeR3,
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System (1.1) is derived from the time-varying Schréodinger equation, which describes the
interaction of quantum (non-relativistic) particles with the electromagnetic field gener-
ated by motion. On the other hand, recently a great attention has been given to the so-
called Kirchhoff equations

—<a+b/ |Vu|2dx)Au =f(x, u), (1.2)
o)

where 2 C RY is a bounded domain or £2 =RY, a > 0, b > 0 and u satisfies some bound-
ary conditions. Problem (1.2) is related to the stationary analogue of the Kirchhoff—
Schrodinger type equation

un—<a+b/|vm%m>Au=f@Mx (1.3)
2

which was introduced by Kirchhoff [6] as a generalization of the well-known D’Alembert

wave equation

?u (po E /i
g _ (P, =
Pae h 2L J,

for free vibration of elastic strings. The Kirchhoff’s model takes into account the length

u
0x

2
dx) =f(x, u), (1.4)

variation of the string produced by the transverse vibration, so the nonlocal term ap-
pears. For more mathematical and physical background on Schrédinger—Poisson systems
or Kirchhoff-type problems, we refer the readers to [1, 2, 13] and the references therein.

The appearance of nonlocal term not only makes it playing an important role in many
physical applications, but also brings some difficulties and challenges in mathematical
analysis. This fact makes the study of Kirchhoff—Schrédinger—Poisson system or similar
problems particularly interesting. A lot of interesting results on the existence of nonlo-
cal problems were obtained recently in, for example, [4, 5, 7-9, 11, 13-17, 21, 25, 27-29]
and the cited references. We especially refer to the paper [10] for the existence of ground
state positive solutions of Kirchhoff-Schrédinger-type equations with singular exponen-
tial nonlinearities in RV,

In the past few years, many researchers began to search for nodal solutions to Kirchhoff-
Schrodinger-type equations or similar problems and got some interesting results. Zhong
and Tang [28] considered the following subcritical Schrodinger—Poisson system:

—Au+ V(xX)u + kpu = |u*u + Af(u), xeR3, L5)
—AG =12, x e R?, '
where the nonlinearity f(x) satisfies 3-linear growth condition at infinity and linear growth
at zero. With the help of the nodal Nehari manifold, they studied the existence and asymp-
totic behavior of least energy nodal solution to system (1.5).
Wang [18] studied the existence of a least energy sign-changing solution for the follow-
ing Kirchhoff-type equation:

—(a+b [, |Vul®dx)Au = lul*u + Af (x,u), x€ 2,
u:O, X € 89,

(1.6)
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where 2 C R? isa bounded domain, A,a, b > 0 are fixed parameters. f(x, -) is continuously
differentiable for a.e. x € £2. By using the constraint variational method and the degree
theory, he got the existence of a least energy nodal solution to the Kirchhoff-type equation.

Wang, Zhang, and Guan [20] studied the following Schrédinger—Poisson system with
critical growth:

—Au+ V(xX)u + rpu = |ulu+ uf(u), xeR3,
~A¢ =u?, x € R3,

where u, A > 0, f € C}(R,R). They got the existence and asymptotic behavior of a least
energy sign-changing solution to the above system.

Motivated by the above references, in this paper, we study the existence of both ground
state and least energy nodal solution for the following critical Kirchhoff-Schrédinger—

Poisson system with asymptotically 3-linear growth nonlinearity:

—(a+Db [os IVul® dx) Au+ V(x)u + rdu = |u|*u + kf (u), x€R?,

(1.7)
“A¢p =1, x € R?,

where a, b, k, ) are positive real numbers. Similar to [22], we suppose that V € C(R3, R*)
and satisfies that E << [#(R?) (compact embedding) for 2 < p < 6, and E «— L%(R®) is

continuous, where E is a Hilbert space defined by

HNR3) = {u € HY(R®) : u(x) = u(|x])}, if V() is a constant,
{u € D2(R3): [o3 V(x)u* dx < o0}, if V(x) is not a constant

E=

with the inner product defined by

(u,v) = /1;3 (aVu Vv + V(x)uv) dx, Vu,veE
and the norm || - ||

llu))? = /}1{3 (61|Vu|2 + V(x)uz) dx.

As for the function f, we assume f € C(R, R) and satisfies the following hypotheses:

(f1) f(&)-t>0fort+#0;
(f2) limmooft(—;f) =1 and% <1forallteR\ {0};
() % is an increasing function in (o0, 0) and (0, +00).

Remark 1.1 We note that under conditions (f;)—(f3), it is easy to see

lim'@ =

Hm— 0. (1.8)

The function f(¢) = % is an example satisfying all conditions (f;)—(f3).
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It is well known that the equation —A¢ = u? can be solved as

2
du(x) = i/ u—(y)dy. (1.9)

4 Jr3 |x—y|

So system (1.7) is merely a single equation on u:
—(a + b/ |Vu|2dx>Au + V(@) u + Ay = |ul*u + kf(u), xe R3. (1.10)
R3

Based on the results above, the energy functional associated with system (1.7) and so with
(1.10) is defined by

1 b >
],f(u) = —/ (aqu|2 + V(x)uz) dx + —( |Vu|2dx>
2 R3 4- R3
A 2 1 6
+ = ouu dx—k | F(u)dx—— |u|® dx
4 R3 R3 6 R3

for any u € E. Moreover, under our conditions, ],f’ (u) belongs to C!(E,R), and the Fréchet
derivative of ],f is

by’ = . 2 .
((]k) (u),v)- /RB(aVu Vv + V(x)uv) a’x+b(/RS |[Vu| dx) (/RN Vu Vvdx>

+A/ ¢uuvdx—k/ f(u)vdx—/ lu|*uv dx
R3 R3 R3

for any u,v e E.
As it is well known, if u € E is a solution of system (1.7) and u® #0, then u is a nodal

solution of system (1.7), where
u* = max{u(x),0}, u~ = min{u(x),0}.

Note that, since system (1.7) involved pure critical nonlinearity |u|*x, it will prevent us
from using the standard arguments as in [3, 12, 19, 22]. Hence, we need to show some
techniques to overcome the lack of compactness in E < L°(R3).

The main results can be stated as follows.

Theorem 1.1 Suppose that (fi)—(f3) are satisfied. Then there exists k* > 0 such that, for
all k > k*, system (1.7) has a least energy nodal solution uy,, which has precisely two nodal

domains.

Remark 1.2 The least energy nodal solution u; is a solution of (1.7) satisfying

J(up) = inf J2(u),
ueMZ

where M,’i is defined by (2.1) in the next section. We recall that the nodal of a continuous
function u : R®* — R is the surface #71(0). Every connected component of R3 \ #71(0) is

called a nodal domain.
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Theorem 1.2 Suppose that (f;)—(f3) are satisfied. Then there exists k** > 0 such that, for
all k > k**, the ¢* > 0 is achieved and

JR(up) > 2¢*,

where ¢* = infuele, ],’f(u), ./\/,f’ ={u € H\{0}] ((],f)’(u), u) = 0}, and uy, is the least energy nodal
solution obtained in Theorem 1.1. In particular, c* > 0 is achieved either by a positive or a
negative function v, which is a ground state solution of system (1.7).

Theorem 1.3 Suppose that (fi)—(f3) are satisfied. Then there exists kK*** > 0 such that, for
all k > k**, for any least energy nodal solution sequence {u;,} with b, — 0 as n — oo,
there exists a subsequence, still denoted by {uy,}, such that u;,, converges to uy weakly in E
as n — 0o, where uy is a least energy nodal solution of the following problem:

—alAu+ V(X)u + Apu = |ul*u + kf (), x <R3, w.11)
—Ap =1, x e R3, '
Comparing with the literature works, the above three results can be regarded as a gen-
eralization of those in [12, 19, 20]. As for Kirchhoff-Schrodinger—Poisson equation, to
the best of our knowledge, few results involved the existence and asymptotic behavior of
ground state nodal solutions in case of critical growth. It is worth noting that the Brower
degree method used in [20, 23] is strictly dependent on the nonlinearity f € C'(R,R), so
we have to find new ways to solve our model where we only allow f € C(R,R). On the
other hand, in our modeling, both of the nonlocal terms [i5 |Vu|* dx and ¢u appear, we
need to overcome the difficulties caused by the nonlocal terms under a uniform variational
framework. It is also due to the lack of compactness embedded in full space that we can-
not use the method in [18]. Thankfully, after appropriate modifications, the deformation
lemma used in [12] can be applied to get the existence of a least energy nodal solution of
the Kirchhoff-Schrédinger—Poisson system.

2 Some technical lemmas

To fix some notations, the letter C, C; will be repeatedly used to denote various positive

constants whose exact values are irrelevant. | - |, denote the norm in L?(R?) for p > 1.
We first list some properties of ¢, for our use, one can find the details in [14, 26].

Proposition 2.1 For any u € E, we have
(i) there exists C > 0 such that

f puutdx < Cllul|* YueE;
]R3
(i) ¢, >0,VucE;

(i) ¢pp = 2y, Yt >0 and u € E;
(iv) ifu, — u in E, then ¢, — ¢, in DV*(R®) and

/ u, ufl dx — / uu? dx.
R3 R3
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For fixed u € E with u* # 0, the function ¥, : [0,00) x [0,00) — R and the mapping
W, : [0,00) x [0,00) — R? are well defined by

Vuls,t) = J{ (su” + tu”),
W, (s, t) = (((],f)/(szf + tu’),m"),((],l(’)/(sz,t+ + tu‘), tu’)),

and
M} ={ueE u*#0and ((],f)/(u), ut)= <(],f)/(u),u’) =0}. (2.1)

Lemma 2.1 Assume that (f;)—(f;) are satisfied, if u € E with u™ #0, then yr, has the fol-
lowing properties:
(i) The pair (s,t) is a critical point of Y, with s,t >0 < su* + tu™ € MY,
(ii) The function v, has a unique critical point (s, t,) on (0,00) x (0,00), which is also
the unique maximum point of Y, on [0,00) x [0, 00); Furthermore, if
(Y (), u™) <0, then 0<s,, t, < 1.

Proof (i) By the definition of v, we have that

V(s 1) = (a‘”“ %)

ds ' dt
= (%((]}:)/(sbﬁ + tuf),su’f), %((]/f)/(su’“ + L‘u),tu)).

From the definition, item (i) is obvious.

(ii) It is easy to see
((],'(’)/(su+ + tu’),su*)
2
=52||u+ ”2 +bs4(/ |Vu+’2dx) +bs2t2</ |Vu+’2dx> </ |Vu_|2dx>
R3 R3 R3
+S4)»f ¢,4+|u+’2dx+s2t2)»[ ¢M—|u+|2dx—s6/ ‘u+|6dx
R3 R3 R3
- k/ f(su”)su+ dx (2.2)
R3
and
((],](’)/(su+ + tu_), tu‘)
2
= t2||u_H2 + bt4</ ’Vu"zdx)
R3
+b52t2/ |Vu+‘2dx/ |Vu_‘2dx+t4)»/ ¢u—’u_|2dx
R3 R3 R3

+52t2A/ ¢u+|u_|2dx—t6/ |u‘|6dx—k/ f(tu_)tu_dx. (2.3)
R3 R3 R3
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From (f;) and (f2), for any ¢ > 0, there is C, > 0 satisfying
[f(@)| <eltl + Cele|* (2.4)
for all £ € R. From the Sobolev embedding theorem it follows that
(U2) (su* + tu”), su”)
> 2wt | = [ |ut|Cdx- kes2f 2 dx - kCgsq/ o |® dx
R3 R3 R3
=5 ut [P = Cus®lut | — ke Cos”Ju* | KC. Cas” | u* |

> (1 - keCy)s? Hu* ”2 — Cys® H ut ||6 — kCys® ”u* HS

By choosing ¢ > 0 such that (1 — ke Cy) > 0, we can infer that

((],](’)/(su+ + tu_),su+) >0
for 0 <s « 1 and all £ > 0. Similarly, there holds

((],f’)/(su+ + tu‘), tu‘) >0
for 0 < £ < 1 and all s > 0. Hence, there exists §; > 0 such that

(U8) (31w + tu), 81u%) >0, ((F) (su* + 817),8107) > 0 (2.5)
for all s > 0, £ > 0. It is worth noting that assumption (f;) implies

F(t)=0, teR. (2.6)
Thus, choosing s = 85 > 81, it follows that, for ¢ € [§1,85] and &5 > 1,

(0 (5u* + 1), 8hu*)
< (8)" et * + b33 ae |+ b(85) [ |

+ (8;)%/ By u*|2dx+ (8;)41/ ¢u—|u+|2dx—(8§)6/ |u*|6dx
R3 R3 R3
0.

=
Analogously, one can show that

((],'(’)/(su’r +tu”), tu)

<l |+ bt [P+ 056 furt o |

+t4A/ ¢u—|u_|2dx+sztzk/ ¢u+|u_|2dx—t6/ |u_|6dx.
R3 R3 R3
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Choosing 85 > 85, > 1, we deduce
((],'(’)/(SZL{* + tu’),&zu’r) <0, <(],f)/(su+ + (SZM’),SZM’) <0 (2.7)

for all s, t € [81,62].

From (2.5) and (2.7), the assumptions of Miranda’s theorem (see Lemma 2.4 in [7]) are
satisfied. Thus there is (s,,£,) € (0,00) x (0,00) satisfying W, (s, t,) = (0,0). So s,u* +
t,u- € /\/l,lj.

Now we turn to proving that the pair (s,,£,) is unique. We first suppose that u € ./\/lf,
thus

2
”u*||2+b(/ ’Vu+|2dx) +b/ |Vu+|2dx-/ ’Vu“zdx+)»/ ¢u+|u+|2dx
R3 R3 R3 R3
+A/ ¢u—‘u+‘2dx:/ |u+|6dx+/<f S )u" dx (2.8)
R3 R3 R3

and

2
i oo [ v Pae) b [ (9P [ [vuPasen [ ol as
R3 R3 R3 R3
+A/ Gy u’}zdxzf |u’|6dx+k/ f(u’)u’dx. (2.9)
R3 R3 R3

We will show that the pair (s,, t,) = (1,1) is the unique one such that s,u* + t,u” € /\/li.

Let (so, £o) be a pair of numbers such that sou* + tou~ € /\/l,’i with 0 < sg < £y. We have

2
sg”u+||2+bsg(f ]Vu+|2dx) v [ [vaPaxe [ |V Pax
R3 R3 R3
+S§Af ¢u+|u+’2dx+sét§)»/ ¢u—|u+|2dx
R3 R3
:sg/ ‘u+|6dx+k/ S (sou™)sou* dx (2.10)
R3 R3
and
2
tg||uy|2+btg(/ \w|2dx) vy [ [ a- [ vl as
R3 R3 R3
+t§k/ ¢u—|u’|2dx+sgt§)»f G || dx
R3 R3
=tg/ }u’|6dx+k/ S (tou™ ) tou™ dx. (2.11)
R3 R3

By comparing (2.9) and (2.11), we deduce

—n2 2
||M2|| +b</ |Vu‘|2dx) +b/ |Vu+|2dx~/ |Vu_|2dx
£ R3 R3 R3

+)L/ ¢M—‘u_|2dx+)\/ Ou+
R3 R3

u"zdx
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> té/ |u_|6dx +k Stow) (u‘)4dx. (2.12)
R3 w3 | (bou)?

Combining (2.9) with (2.12), one has that

1 Fltow)  fu)], s
(5_1)” > (&- / | dx k/RS[(tOM_)B i} (u_)3j|(u) dx.

By using assumption (f3), we get £y < 1. Analogously, from (2.8), (2.10), and 0 < 5o < to,

1 . . Slsou™) f)], .
(%_1) o= 63 [Pk [ o ae

By using assumption (f3), we get so > 1. Consequently, so = o = 1.

In the case u ¢ /\/lz, we suppose that there are (s1,£), (s2,£) such that
U =s1u" +tiu” € ./\/l,li, Uy =sout +thu € ./\/li.

Thus,

S t S t
Uy = 2 siut + 2 hu = 2 ul + 2 ufeMZ.
$1 h S1 4]

According to u; € /\/li and the fact of the previous case, one has that

2 b
s1 h

Thus s; = 83, £ = t5. Therefore (s,,£,) is the unique critical point of ¥, in (0, 00) x (0, 00).
In the following, we show that the critical point (s,,t,) of ¥, is its unique maximum
point on [0, +00) x [0, +00). By definition

wu(s,t)—— * 2 bs' (/ |Vu | dx) +— / Gy |u” | dx——/ |u | dx
—/ F(su )dx+—||u ||+—</ |Vur| dx) +— / bu-|u | dx
R3
6
_%/3|u+|6dx—/ F(tu dx+—k/ G- |u | dx

$2t2 2 _p2
+—A/ Gur u'| dx-/ |Vu~|" dx.
R3

Now (2.6) implies that

u|d

lim (s, t) = —

|(s,£)]—00

By contradiction, we suppose that the boundary point (0, fy) is a maximum point of v,
with £y > 0. By direct computation, it follows that

2
(Yu)i(s,to) = s||u* ||2 +bs® </H;3|Vu*|2dx> +astg</ﬂ;3|Vu*|2dx> </Rs|Vu_|2dx)

Page 9 of 28
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12 St(z) 12
u|dx+—k ¢u+u|dx
2 R3

+s3/\/ Gur
R3
+ﬁ)»/ 1) |u+|2dx—s5/ |u+|6dx—/f(su+)u+dx
-
2 R3 R3 R3

>0

when s < 1. It follows that v, is an increasing function with respect to s when s <« 1, which
is a contradiction. Analogously, v, cannot achieve its global maximum on the boundary
point (s,0) with s > 0.

In the remainder of our proof, we will prove that 0 < s,, £, < 1 when ((],f)’(u), ut) <0.
Suppose s, > ¢, > 0. One has

2
sg||u+||2+bsg<f |Vu+|2dx> vost [ v as: [ [vuPas
R3 R3 R3
+sik/ ¢,4+|u*|2dx+s§k/ ¢>u—|u+|2dx
R3 R3

2
Zsi”u*”z+bs§<'/Ra‘Vu+|2dx> + bsit? /RS‘VM+’2dx./RS‘Vu‘|2dx
+S§)\./ﬂ;3¢M+‘u+|2dx+silﬁ)\\/ﬁ@¢u-|u+‘2dx
:sﬁ/ |u+|6dx+k/ S (suu®)suu* dx. (2.13)
R3 R3

In view of ((],f)/(u), u*) <0, one has that
2
||u*||2+b(/ |Vu*|2dx) +b/ {Vu*|2dx-/ |Vu’|2dx+k/ ¢u+|u*|2dx
R3 R3 R3 R3

+AAS¢M_yu+y2dx§fRS|u+|6dx+k/RBf(u+)u+dx. (2.14)

By comparing (2.13) and (2.14), it follows that

1 + + (u +) ( +) +
(g _1> ”M HZZ (Si—l) /Rs‘u |6oz'x+kv/RS [](Cszulf)g —j((ulf)g}(u )4dx.

It implies s, < 1. Therefore 0 <s,, £, < 1. O

Lemma 2.2 [fu e M©, then tu ¢ ./\/lffor every t >0, t # 1. More precisely,

((]f)/(tu),tui) >0 forte(0,1),
((],f)/(tu),tui) <0 fore>1.

Proof From (2.2) and u € M?, we have that
((],'(’)/(tu),tu") =2 (1-2)||u? ||2 +t*(1-2%) / |u+|6dx
R3

+ kt* /]1;3 <f(u*) —f();Z+))u+ dx.
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According to (f3), when 0 < £ < 1,
(U2) (tw), tu*) > 0,
while in the case £> 1,
(U2) (tw), tu*) < 0.
Similarly, it is easy to get
(U8 (tw),tw™) >0 forte(0,1),  ((?)(tw),tu”) <0 fort>1.
The proof is complete. O

k _ - b
Lemma 2.3 Let ) = 1nfu€M£ Ji (), then we have that

lim c’; =0.

k—o00

Proof For any u € M?, we can deduce

2
]+ b(/ |Vui|2dx) v [ Vi as [ G Pave [ o lutP s
R3 R3 R3 R3
+A/ ¢u¢|ui|2dx=k‘/ f(ui)uidx+/ |ui|6dx.
R3 R3 R3
Hence, in view of (2.4), it follows that
”uiuz < k/ f(ui)uidx+ / |ui‘6dx
R3 R3
< keC; ||ui ||2 +kC, Hui ||5 +C3 Hui H6.
Therefore, we have that
1- /<8C1)||ui ||2 < kC, ||ui ||5 +C3 ||ujE ||6.
We now choose ¢ small enough such that (1 — keC;) > 0, so there is p > 0 such that
|u*] = 0 (2.15)

for all u € ./\/lf. For any u € M,lz, in view of the definition of MZ, ((],f)’(u), u) = 0. From
assumption (f3), we have

f@)t—4F(t) >0, (2.16)

and f(£)t — 4F(¢) is increasing in (0, +00) and decreasing in (—o0,0). Hence, one gets

720 =200 - 5(02) )
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1 , 1 6 k/
=- — — —4F
2+ fRs'“' dx+ o R3[f(u)u (u)] dx

2
= —lull

N

for any u € M?.

From the above discussion, we can see that c’; =inf,_ Mb ],'(’ (u) is well defined.

Let u € E with u® # 0 be fixed. According to Lemma 2.1, for each k > 0, there exist
Sk, tx > 0 such that s;u* + {u™ € Mf. Hence, by (2.6), the Sobolev embedding theorem
and Proposition 2.1, we have

0<c= inf J(u) <J{(sku" +txu")
ueMi

2
%”sku+ + teu” ||2 + Z(‘/RJV(Skqu + tku)|2dx)

A 12
+ —/ P |Sku™ + tu” | dx
4 R3

IA

‘ 4

i +|2 i -2 4.+ (|4 a4y -
[t |™+ 2w ||” + Gl | + Ce |
2 2
for some constants C > 0. We now define

@, = {(s tx) € [0,00) x [0,00) : Wy, (i, %) = (0,0),k > 0}.
Hence we have that

si/ |u+|6dx+t,f/ |u‘|6dx

R3 R3
< 52f ’u* ’6dx + t,f f ’u“6 dx + k/ f(sku")ssz dx + k/ f(tku_)tku_ dx
R3 R3 R3 R3

2
= ||seut + teu ||2 + b(/ |V (sku” + tku‘)|2dx> + A/ Pt +tu |Sktt” + tku‘|2dx
R3 R3
"

< st "+ [P+ Csillur | + e

It follows that @, is a bounded set. We suppose that k, — oo as n — oo. For (sk,, &,) € P,
there exist so and £, such that

(Sknr tkn) - (SOr tO)

as n — oo (in the subsequence sense). We suppose that so > 0 or ¢y > 0. Thanks to si, u™ +
L, U~ € /\/l];”, we get

2
2™ + t, 1™ Hz + b(/ |V (k1" + tknu_)‘zdx>
R3
+ )‘/ ¢sknu*+tknu’ ’Sk,, ut+ tknll_yzdx
R3

= / ’Skn ut + tknu_|6dx + k,,/ f(Sknu+ + tknu_)(sknu+ + tknu_) dx. (2.17)
R3 R3
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According to sg,u*t — sou* and i, u” — tou” in E, ng |V (s, u" + ti,u”) > dx < ||sg,ut +
tr,u” |12, (2.4) and (2.6), so as n — 0o, there holds

/ S (su,u™ + i, ™) (st + tiyu”) doc — | f(sou™ + tou™) (sou™ + tou™) dx > 0.

R3 R3

Because k, — oo as n — oo and {si,u* + tx,u"} is bounded in E, following the Sobolev
embedding theorem, we have a contradiction with equality (2.17). Thus, so = £, = 0, and
s0 limy_, c/; =0. O

Lemma 2.4 There exists k* > 0 such that, for all k > k*, the infimum c’; is achieved.

Proof In view of the definition of c];, we deduce that there exists a sequence {u,,} C M’;
satisfying

lim J%(u,) = ¢~.
Tim J () = ¢

Following from (2.8) and (2.9), {u,,} is bounded in E. So in the subsequence sense, there
exists uy, = u; + u, € E such that u, — u,. Since the embedding E — L (R?) is compact
for p € (2,6), we deduce

u, — up  inLP(R%),Vp € (2,6),

u,(x) = up(x) a.e xR

Then we have

+ + .
u, —~u, inkE,

ur — uzt in Lp(Rs),

uf(x) — uj(x) ae xe€R3.

3
Denote 8 := %, where

2
u
§i= inf — 1T
ueE\{0} (fR3 |u|6 dx)g

The Sobolev embedding theorem insures that 8 > 0. Lemma 2.3 implies that there exists
k* > 0 such that cllj < B for all k > k*. Fix k > k*, in view of Lemma 2.1, we have

JE (stay, + t14,) <R (24)

+

for all s, ¢ € [0, +00). Because u,

— uzt in E, E is a Hilbert space, we can deduce

2

’

o 1¥ = Noay = | = 2(07,065) = o

where we can assume that the sequence {||z |} is convergent, so we have

o N e i U

n—00

lim ” u

n—00

Page 13 of 28
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Obviously, we can let # — oo in both sides of the above equation. On the other hand, by
(2.4) we have

/ F(suf)dx— | F(suj)dx.
R3 R3
Thus, we get

lilniglf],f (suj, + tuy))

2 2
= 5 Jim (Ju; =5+ s )+—nlgngo(||u iy [*+ g )

bs? > b2 2
+ el liminf |Vu;|2dx + — | liminf |Vu;|2dx
4 n— 00 R3 4 n—00 R3
bs*t?
P2 liminf( / |w;|2dx) ~liminf( / |w,;|2dx)
4 n— 00 3 n— 00 3

+—11m1nf/ but |u | dx+—11m1nf/ ¢un u, | dx

n— 00 n—oo

S
=5t (35 49 - tim (1 1S+ 1)

—k | F(sup)dx—k | F(tu,)dx
R3 R3

hmmf/ Out |u | dx +

n—00

hmmf/ bu; |u | dx.

n—00

By using Fatou’s lemma, there holds

52 £2
hmmf]k(su +tu, )>]1<(S”b +tub) + E lim Hu - uj, || + = hm ”u —uy, ||

6

s> . 6 10 . _ _16
"% %“Z—”Z!e-gn@;o\“n-%ls
b §2 6 2 £°
=J(suj + tu) + —A1 — —B1 + —Ay — —B;,
]k(b b)21612262
where
A; = lim Hu* —uj 2, A, = lim ||u‘ —u, HZ,
n— 00 n b n— 00 n b
. __6
Bu= Jim [ il B = JimJu ~ i
From the above fact, one has that
2 6 2 6
S N t t
TR (sujy + tuy) + A1 =Bt A - 2By < & (2.18)

foralls>0,¢>0.

Claim 1. u;f #0. In fact, by contradiction, if u; = 0, we divide it into two cases.

Case 1: B, = 0. In this case, if A; = 0, in view of the fact (2.15), we obtain ||z} || > 0, which
is absurd. If A; >0, we let £ = 0 in (2.18) that %Al < cb for all s > 0, which is false.
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Case 2: By > 0. In this case, by the definition of S, we deduce

_©®? 3( A )
et

On the other hand,

1/ A 3 52 s°
—( 1) =max{—A1——Bl}.
3 (B,)3 520 | 2 6

Thanks to c5 < B, by substituting ¢ = 0 into (2.18), we have that

2 S6

ﬂfr?fgi{%Al—gBl} <cy<p,

which is a contradiction. Thus #, # 0. Similarly, we also get u; # 0. Therefore u:bk #0 as
claimed.

Claim 2. B; = B, = 0. We only prove B; = 0. By contradiction, we suppose that B; > 0.
We have two cases.
Case 1: By > 0. Let s, and £, be the numbers such that

S2 6 S2 S6
—aAl - —ﬂBl = mag({ EAI - —Bl },

Since V¥, is continuous, we have (s,, t,) € [0,s,] x [0, ¢] satisfying

Wu(sm t,) = max %(S» £).

(5,£)€[0,54] x[0,¢p]
Note that if 0 < £ <« 1, we deduce
Vulss0) =P 3 < S (sy) + 2 (t;) < 2 + 165) = .
for all s € [0,s,]. Thus there is £, € [0, ;] such that
Vu(s,0) < Yruls, to)
for all s € [0, s,]. It follows that any point of the form (s,0) with 0 < s < s, is not the max-

imizer of ¥,. Thus, (s4, ) ¢ [0,s,] x {0}. Similarly, it shows that (s,, t,) € {0} x [0,t;]. By
direct computation, we get

2 6

s S
—A;—-—B;>0, 2.19
) 1 6 1> ( )
£2 6
Z A, ——B,>0 2.20
) 2 6 2> ( )

Page 15 of 28
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for all s € (0,s,], t € (0,%,]. Hence there hold

B = ﬁAl - ﬁBl + iAz— iBz

2 6 2 6 "
2 £6 2 6

B = EbA2— gb32+ %Al_ %Bl

for all s € [0,s,], t € [0,£]. In view of (2.18), it follows that
Yu(s, tp) <0, Yu(sqa,t) <0
foralls € [0,s.],t € [0,£]. Thatis, (s, t,) € {s.} x [0,£,] and (s, t,) € x[0,s,] x {£5}. Hence,

we can deduce that (s,, t,) € (0,s,) x (0,£,). By Lemma 2.1, it follows that (s, t,,) is a critical
point of ¥,. Thus, s,u* + t,u” € ./\/12. By (2.18), (2.19), and (2.20), we deduce

2 6 2 6
t
¢ = JF (suuy + tuuy) + EL‘Al - EMBI + E”Az - g”Bz

>],f(suu;; + tuu;)
> ¢k,
It is impossible. The proof of Case 1 is completed.

Case 2: By = 0. From the definition of ],f , it is easy to show that there exists £, € [0, 00)
such that ],f(su;' + tuy) < 0 for all (s, £) € [0,s,] x [£o, 00). Thus, there is (s,,t,) € [0,s,] %
[0, 00) satisfying

ulSusby) = max u(S, £).

Yl ) (5,£)€[0,54] % [0,00) Yuls,t)

We need to prove that (s,, t,) € (0,s,) x (0, 00). Similarly, it is noticed that v, (s, 0) < ¥,,(s, £)
for s € [0,s,] and 0 < ¢t < 1, that is, (s,, t,) € [0,s,] x {0}. Also, for s small enough, we get
Y, (0,8) < Y, (s, t) for t € [0,00), that is, (s,, £,) € {0} x [0,00). We note that

2 6 2
p<lag Sep Ty
=5 1—6 1+2 2

for all ¢ € [0, 00). Thus also from (2.20) and B, = 0, we have v,(s,, ) <0 for all £ € [0, 00).
Hence, (s, t,) ¢ {s.} x [0,00). That s, (s,, ,) is an inner maximizer of v, in [0, s,) x [0, 00).
Sos,u* +t,u" € M,lj. Hence, by using (2.19), we obtain

C 2 6 12 /6
¢y =T (suuy, + tuuy) + EuAl - E”Bl + EuAZ - EMBZ

> T (Suth)y + tutty))

> cf,

which is a contradiction. It is similar for B, = 0. From the above discussion, we know that
Claim 2 is true.

Page 16 of 28
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Claim 3. clb( is achieved. Since uff #0, by Lemma 2.1, there are s, #, > 0 such that 7 :=
Syl + byl € M’;. On the other hand, u,, — u;, inE, then [i5(V(x)u2) dx — [o3(V(¥)u}) dx
and liminf,_, « ||tx]l > |lus ||, sO We get

liminf/ |Vu,,|2dx2/ |Visy|* dx.
R3 R3

n—00

On the other hand, by (2.4), we deduce

lim f(uf)ufdx:f S (up)Fuf dx.
R3

n—00 Jp3

Thanks to Proposition 2.1, we get

n—00

+bliminf</ |Vu;}2dx> Jiminf(f |Vu;|2dx>
H—> 00 ]RS n—00 RS

+lim inf/ Pu, |18} |2 dx— lim [ f(u;)u, dx— lim
R3

|u
n— 00 n—oo 3 n—o0 3

2
((2) (up), ) < liminf | * ||2+b|:liminf( / Vi dx)]
n—o0 RB

:t|6
=< nllff;((]]lz)/(un), uf) =0.

Therefore from Lemma 2.2 we have that 0 < s,,, £, < 1. Since u,, € ./\/l],;, Bi =By =0and |«

is lower semicontinuous, it follows that

~ 1 _ o~
ch < JPGR) - Z((Jf)/(u), 1)
s Lo [ o ar
= 4||u|| + 12|u|6 *1 /Rg[f(u)u—lu-"(u)] dx
1 1
- o+ Vi 1) + L (i ¢ iz

* /41 /Rs [f(sub ”Z) (SMbMZ) - 4F(S”buz)] dx

+ IZ_I As [f(x’ Luy uZ) (tub MZ) - 4F(x’ Luy MZ)] dx.

By using 0 < s,,,, tu, <1, f(t)t — 4F(¢) is increasing in (0, +oc0) and decreasing in (—00,0),
we have

1 1 k
&< Ellubll2 + Elublg t /Rg[f(ub)ub — 4F (up) | dx

n— 00

< liminf|:],l<’(u,,) - %((]f)/(un),un)}

= liminf/? (u,)

n— 00
_

Therefore the infimum cf is achieved by u;, = u} + u; € MX. O
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3 The proof of the main results

In this section, we prove the main results. Firstly, we prove Theorem 1.1. In fact, thanks
to Lemma 2.4, we should prove that the minimizer u,, for c’; is indeed a nodal solution of
system (1.7), but ./\/li is not a smooth manifold, we will apply a new method to complete

our certification.
3.1 The proof of Theorem 1.1

Proof Since u; € ./\/l’l; and ],f(u;; +up) = clg, we have ((],f)/(ub), u;) = ((],f)/(ub), u;) = 0. By
Lemma 2.1, for (s,£) € (R, x R,)\(1,1), we have

],f(su,; + tu;) <],l(J (u;; + u;) = c';. (3.1)
If (],f)/(ub) # 0, then there exist § > 0 and 6 > 0 such that

|| (],'(’)/(V) H >0 forall ||v—u,l| <36.
We know by result (2.15), if u € M,li, there exists L > 0 such that ||Lfbt | > L, and we can
assume 68 < L. Let Q := (%, %) X (%, %) and g(s, ) = suj, + tuy, (s, ) € Q. In view of (3.1), it is

easy to see that

—k k
= 1 . 3.2
[ n;gx og<cy (3.2)

Let ¢ := min{(c]g —¢,)/4,08/8} and S; := B(uy,8), according to Lemma 2.3 of [24], there
exists a deformation n € C([0, 1] x E, E) satisfying

@) n(t,v)=vift=0,orve (JP) " ([ch - 26, ¢k +26]) N Ss;

(b) 1L, G4 N Ss) C gD

(c) ],f(r](l,v)) 5],f(v) forall v e E;

(d) ],f(r](~, v)) is nonincreasing for every v € E.

We remind that, for a functional @ : E — R, the level set @* is defined by ®# = {u € E:
@ (u) < p}. Firstly, we need to prove that

(mflxé],f(n(l,g(s, t))) < clg. (3.3)
s,t)e

In fact, it follows from Lemma 2.1 that ]}(’ (g(s,0) < c’l; < cl,; +¢. That is,

gls,t) e (],f)c]’;”.
On the other hand, from (a) and (d), we get

R(@v) <J{(nO) =R (), VveE. (3:4)
For (s,£) € Q, when s #1 or ¢t # 1, according to (3.1) and (3.4),

JE(n(Lgs ) <JE(g(s,0) < cf.
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If s=1and ¢ = 1, that is, g(1, 1) = up, so that it holds g(1,1) € (],'j)cllj” N S5, then by (b)
R(n(Lg1)) <cf-e<c.

Thus (3.3) holds. In the following, we prove that 7(1,2(Q)) N ./\/l’; # &, which contradicts
the definition of c’;. Let ¢(s, t) := n(1,g(s,¢)) and

w(s.) = (101 (0650 015.0)') H108) (0650). (ot50) ).
The claim holds if there exists (s, o) € Q such that ¥ (sg, y) = (0, 0). Since

||g(s, t)— ubH2 = H(s— Duj + (- 1u, ||2
= ls— 17 |°

> |s = 1/%(668)?,

and |s — 1|2(68)? > 46% & s < 2/3 or s > 4/3, using the item (a) above and the range of s,
fors = % and for every t € [ —] we have g(z, t) ¢ Sys. So from (a) we have (p( ,t) = g( ,b).
Thus

1 1 1 1 1 i
W(E’t> =< (]k)( uh+tub) 2 (]k)( ub+tub) tu >
By Lemma 2.2, we know that
1 +
<(]1<)< ub+tub) 2“b>
(1 N1, £2b 12 £2b 412
:<(],f) (§ub),§ub> 2 / ‘Vub’ dx - /JVub’ dx+TA;{3¢u;’ub’ dx
(1 N1,
Z<(]]lz) <§l/lb), Eub>>0>

from which we obtain

<(]k) (lub i tub> ;ub> >0 foreveryte |:% §:| (3.5)

Similarly, for s = % and for every t € [%, %], we have go(%, t) = g(%, t), so that

<(/k) (Sub+tub) ;ub>
:<(;,f)'(§u) ;,> 9t2b/ viglas- [ v dx+—b/ | e

(3 \ 3,
< <(]f) (iub>,5ub><0,
so that

<(fk) < uj + tub) ;uz> <0 foreveryte [%,%} (3.6)

Page 19 of 28
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Similarly, we have
/ 1 1 13
<(],1(’) (su[, + Eu;),iu;>>0 for every s € [5,5], (3.7)
/ 3 3 13
<(],f) <sug + §”b>’§”b><0 for every s € [5,5:| (3.8)

Since ¥ is continuous on Q, according to (3.5)—(3.7), by Miranda’s theorem (Lemma 2.4
[7]1), we have ¥ (s, tp) = 0 for some (so, p) € Q, so n(1,g(s0, %)) = (o, to) € M';. By (3.3), we
have a contradiction. From the above discussion, we conclude that 1, is a nodal solution
for system (1.7).

Finally, we prove that u; has exactly two nodal domains. To this end, we first write 1, as
Up = Uy + Uy +Us
with u; > 0, uy < 0. Set £2; = {x € R3 : u;(x) # 0}. We further assume £2; N §2; =0 for i #},
i,j=1,2,3. Since u,, is a nodal solution, we suppose the nodal domains §2; #, §£2, #?. By
contradiction, we suppose u;, possesses more than two nodal domains, then we have u3 # 0
and so 23 # §. Setting v := u; + uy, we easily see that vE 0. So, there exists a positive pair
(sy,t,) such that
Syl + tyuy € ./\/l];.
Thus,

J2(s,u1 + i) > cf.

Moreover, using the fact that ((],f)/(ub), u;) = 0, from the definition, we get (U,}(’)/(v), vE) <0.
So, thanks to Lemma 2.1, we have that

(sv,2) € (0,1] x (0, 1].
By direct calculation,
0 ={(J7) (p), u3)

= ||us|? +bf3 |Vu1|2dx-fN |Vius|? dx
R R

2
+b/ |Vu2|2dx-/ |Vu3|2dx+b</ |Vu3|2dx)
R3 RN RN

A
on [ dulusdvs s [ nuldren [ olupds
R3 4' R3 R3
p k
2| |ws|Pdx—— | flus)uzdx
R3 4 R3
=<(],f)/(u3),u3>+bf (|Vu1|2+|Vu2|2)dx.f |Vus|? dx
R3 RN

+A/ ¢u1|u3|2dx+k/ ¢u2|u3|2dx
R3 R3
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<41,f(u3)+b/ |Vu1|2dx-/ |Vu3|2dx+b/ |Vu2|2dx-/ |Vus|* dx
R3 RN R3 RN
o Ry (39)
R3 R3
0 )= [ (9o 4 (VP [ 19l d
R3 RN

+A/ ¢u1|u3|2dx+kf Buy lus|* dx. (3.10)
]R3 ]R3

Then, by using (2.16), we get

1 ,
ch <JR(syur + tyuz) = JR(syuy + tyuz) — 2 UR) Gun + tyaen), sy101 + ty00)

- 2 (lsall + ) + ’4f /R [fsun)svae) ~ 4F(s,0)] i

k S8 t6
” v 4 —4F v —- 6 — 6
+ 4/11&3[f“ uy)(tyuz) (t uz)] dx + B /111{3 lu1|° dx + 12 ./1;{3 |12 |° dx

=<

(T | [t - ar)] s

k 1 1
+ Z/R3[f(u2)u2_4p(u2)]dx+ E/Ra |u1]® dx + ﬁ,/Rs |u|® dx

= JR(uy + uz) — ;L((J,f)/(ul + 1), (U1 + ua)).

S|

Similar to the computation of (3.10), from ((],f)/(ub), up) = 0, there holds

~(UF) (1 + u2), 11 + u)

= (7)) (u3), us) + 2b/3(|w1|2 + |V |*) dx - /3 |Vus|? dx
R R

+ Afg(a»m + Guy) 3 |* dx + A/S Gus (11| + |u2]?) dx. (3.11)
R R
By using (3.9), (3.10), and (3.11), we get

¢ <T0(uy +uz) - i((]]l(])/(ul +Uy), (11 + uz))

1 /7 b
= JR(uy + uz) + (/%) (ub),us)+—/ IVullzdx-/ |Vus|* dx
4 4 R3 ]RN
b A A
+—/ |Vu2|2dx~f |Vu3|2dx+—/ ¢u3|u1|2dx+—/ ¢u3|u2|2dx
4 Jr3 RN 4 Jrs 4 Jgs
b
<1£(u1)+1,i’(uz)+1kb(u3)+—/ (|VM2|2+|VM3|2)dx'/ |V |* da
4 Jgn RN
b
+—/ (IVu1|2+|Vu3|2)dx~/ |V |? dx
4 ]RN ]RN

b
+—f (|Vu1|2+|Vu2|2)dx-/ |Vus|® dx
4 RN RN
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A A
*2 /R3 Gus (lu1]? + |u2|?) dix + 2 /}1{3 Bu vy |43 |* dix
=J{(up) = c}.
So we get u3 = 0 and u;, has exactly two nodal domains. O

3.2 The proof of Theorem 1.2

To prove Theorem 1.2, we should first prove that there exists a ground state solution of
(1.7) for k large enough, and then to prove that the energy of sign-changing solution u, is
strictly larger than twice of that of the ground state solution.

Proof Similar to the proof of Lemma 2.4, we claim that there exists k7 > 0 such that, for
all k > k7, and Vb > 0, there exists v, € J\flf such that ],f(vb) =¢* > 0. We give a brief proof
of this claim.
We first list some results for the Nehari manifold j\flf( . One can prove them by following
the ideas as those in Lemma 2.4.
(i) Ifve /\/f, then],l(’(tv) 5],1(’(1/) forall £ > 0;
(ii) There exists p > 0 such that ||v|| > p for all v € NF;
(ili) There exists M > 0 such that [|v]| <M for all v € N}
According to the definition of ¢*, there is a sequence {v,} C ./\/Z( such that lim,,_, o ]}(’ v,) =
¢*. By property (iii), {v,} is bounded in E. In the subsequence sense, there exists v;, € E such
that v, — v,.

S

2
Il . Similar to the proof of Lemma 2.3,
(3 ul6 dx) 3

there is k* > 0 such that ¢* < § for all k > k*. Therefore, liminf,_, , ],f (tv,) = ],’(’ (tvp) + %A -

6 . .
%B, where A = lim,,_, oo ||V, =V ||%, B = lim,,_, o [V — v |g. From the above fact and property

Denote 8 := %, where § := infycg\ (o)

(i), we have
2t
JR(tvy) + SA-¢B=¢ (3.12)
forall £ > 0.

Firstly, we prove that v, # 0. By contradiction, we suppose v;, = 0.

Case I: B=0.If A = 0, that is, v, — v, in E, then v, € N¥, and so we have ||v,| > p by
property (ii), which contradicts our supposition. If A > 0, %A <c*forall t >0, whichisa
contradiction.

Case 2: B> 0. According to the definition of S, we have that g = % < %(%)%. It is

easy to see that

1A\ 2 £t
= | =7A-—B:=maxy—-A-—By,
3\(B)3 012

so we have that

f< tZA t6B<k p
S PR B

which is a contradiction.
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Secondly, we claim that B = 0. By contradiction, we suppose that B > 0. Firstly, we can
maximize ¥, (£) = ],f(tvb) in [0, 00). Indeed, there exists £, € [0,00) such that ],f(tvb) <0
forall £ € [ty, 00). Let t, be an inner maximizer of v, in [0, 00). /() + B < J¢(tvp) + %A -
~ ~ ~ 6
%B < c* < B implies that ],f(tvb) <0.Sot, <tand %A - %B > 0. Thus from t,v;, € ./\/Z< we
get a contradiction by

tz 6
¢ <Jl(tvp) <JE(tve) + JA-EB=c"

Lastly, we prove that ¢* is achieved by v;. From the above arguments, we have v, # 0
and V:= t,v), € NZ‘. Furthermore, because v, — v;, in E and v, € N, we have that
((],f)’(vb),vb) < 0. Similar to Lemma 2.1, we have 0 < £, < 1. Also as in the proof of

Lemma 2.4, we have

1 1 k

= E”tv‘/b”2 + E|tvvb|2 + 2 /;{3 [f(tvvb)tvvb _4P(tvvb)] dx
1 1 k

< 1l S5ls+ 5 [ [0 - aF )] d

hmnl—1>1£0 |:]]€(Vn) - i((]]l:),(vn)’ Vn>:| = C*.

Therefore, ¢, = 1, and ¢* is achieved by v, € NV, zf .

By standard arguments, the critical points of the functional ,lj on ./\/lf‘ are critical points
of ],f in E, and we obtain (],f ) (vs) = 0, so v, is a positive or negative solution. That is, v}, is
a ground state solution of system (1.7). For all k > k*, and Vb > 0, problem (1.7) has a least

energy nodal solution ;. Let
k** = max{k*,k}}.

Suppose that u, = u* + u~. As in the proof of Lemma 2.1, there exist s,+,%,- € (0,1) such
that

Syru’t e./\ff, LU~ e/\/f.
Hence, by Lemma 2.1, we deduce
* b + b - b + - b (. + -\ _ -k
2c flk(sum )+]k(tu—u )§]k(su+u +ty-u )<],<(u +u )—cb. O

3.3 Proof of Theorem 1.3
At the end of the section, we give an analysis for the behavior of u; as b — 0. We regard
b > 0 as a parameter in equation (1.7).

Proof For any b > 0, let u;, € E be the least energy nodal solution of system (1.7) obtained
in Theorem 1.1. We will complete our proof with the following three assertions. We recall
that u,,, is a least energy nodal solution of system (1.7) with b = b, — 0 as n — oc.
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Claim (a). As n is large enough, {u;,} is bounded in E.
Choose a test function ¢ € C°(R?) with ¢* # 0. From (2.7), for any b € [0, 1], there exists

a pair of positive numbers (ki, k») such that

(02) (k100" + kagp™), k") < O

and

(UF) (k1g* + k™), kagp™) < O

Thus, according to Lemma 2.1(ii), for any b € [0, 1], there is a unique pair s, (), 4(b) €
(0,1] x (0,1] such that

¢ :=s4(b)k19" + ts(b)kap™ € M. (3.13)

Hence, for any b € [0, 1], by using (2.4), we get
_ _ 1 P
TP (up) <JP(@) =12 () - —((],f) @), 9)
1
;L||¢>||2+f[ @5 -5 @)dxs 35 [ rds
1
1”"’” +—/ (C1" + Crg” dx+—/ p1° dx
1
;(k2||¢>*|| ACARE i / (Crka?[¢*|* + Crka?|¢7|) dxc
R3
k 5] 1+]° 5 k26 —16
+1/ (Cok*[6*  + Coko® | [P dx+—/ 6+[° dx Ef 67 |° dx
R3 R3
= C*,

where C* > 0 is a constant independent of b. So, as # is large enough, it follows that

1 7 1
C*+1>Jf (up,) =Jf (up,) - Z((]kn) (t4p,)s p,) = Ellub,, 11>

Therefore, we can deduce Claim (a) from the above inequality.
Claim (b). System (1.11) possesses a nodal solution .

Since {u, } is bounded in E, in the subsequence sense, there exists uy € E such that

up, — Uy Iink,

wp, — g in LP(R?) for p € (2,6),

Up, = Uo a.e.in R3. (3.14)
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Thanks to {u,} being a least energy nodal solution of system (1.7) with b = b,, we have
that

f (aVubn Vv + V(x)ubnv) dx + b, (/ |V, 2 dx) (/ Vuy, - Vvdx)
R3 R3 R3
+A/ Ou, ubnvdx—kf f(ubn)vdx—/ |uhn|4ubnvdx:0 (3.15)
R3S R3 R3

for any v € C>°(R?). Combining (3.14), (3.15) with Claim (a), we have that

[1;{3 (aVuo -Vv+ V(x)uov) dx + A ‘/R3 DuotoV dx

—k/ f(Mo)de—/ luo|*uovdx =0
R3 R3

for any v € C>°(IR®). It implies that # is a weak solution of the Kirchhoff equation (1.11).
We next deduce that u; #0. Since uy,, € ./\/lkn, we have

2
||u;||2+bn</ |wbi|2dx) vbo [ Vi P [ [
R3 " R3 " R3 "

:/ |ujn|6dx+/</ S (0 )it di.
]R3 ]RB

Hence, by using Claim (a) and the continuous embedding E < L°(R?), we have uy, is
bounded in L°(R?), thus there exists k} > 0 such that, for all k > k3, we have that

p< ||ujan2§/ |ufn|6dx+k/ f(ui)uiquﬁZk/ f(u?;)uztndx.
R?’ R3 ]R3

By using (2.4), we have that

0<f f(ug)ug dx.
R3

Since uy is a solution of system (1.11), we have that

||u§H22k/ﬂ@f(x,u§)u§dx+/Rg|u0i|6dxzk/ﬂgaf(u§)uoidx>0,

It implies u # 0.
Claim (c). Problem (1.11) possesses a least energy nodal solution vy.
Similar to the proof of Theorem 1.1, there is k& > 0 such that, for all k > k3, problem

(1.11) possesses a least energy nodal solution vy, where ],?(vo) = cg and (],?)’(vo) =0. Let

k*** = max{k*, k3, k3 }.



Liu and Zhang Boundary Value Problems (2020) 2020:133

According to Lemma 2.1, there exists a positive pair (sp,, tp,) € (0,00) x (0,00) such that
SpuVy + Ly, Vg € MII;«‘ That is,

2
il a5t [ oglil aeast s, [ ol assbust, ([ o] ax)
R R R
+b,,sf,ntzn/ |vV;|2dx./ Vg2 dx
R3 R3
:sﬁn/ |V5|6dx+k/ S (56,3, v dx (3.16)
R3 R3

and

2
thn

2
v5||2+)\t§n/ ¢V6|v5|2dx+ksint§n/ bu v5|2dx+bntgn(/ |Vv5|2dx>
R3 R3 R3
+b,8,8, [ [Vl dv- [ [l as
R3 R3
:tg”/ |V5|6dx+k/ S 6,V ) o, Vo dx. (3.17)
R3 R3

By recalling Claim (a), up to a subsequence, we can deduce s;, — s and £, — to, then it
follows from (3.16) and (3.17) that

sollvell® + ksé/ bus 1V Pdx + xsgt(%/ b Vel
R3 R3
=55 / Vg 1°dx + k/ Sf(sovg)sovydx (3.18)
R3 R3
and
2llv 12 + sk / b Vg2 + A28 f bus Ivi 2
R3 R3
=t / vo|®dx + k f S(&ovy)tovydx. (3.19)
R3 R3
Thanks to vy being a weak solution of problem (1.11), we get
2
v ] +Af ¢V5|v3|2dx+xf o v dix
R3 R3
=/ ‘vS’de+k/ S (vg)v§ dx (3.20)
R3 R3
and
2 _ _
Hvo ” +k/ ¢V6|v0|2dx+A/ ¢V(+)|V0|2dx
R3 R3

:/ |v5|6dx+k/ S (v5)vy dx. (3.21)
R3 R3
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By comparing formulas (3.18)—(3.21), it is obvious that (sg, £p) = (1, 1). Similar to the proof

of Lemma 2.1, we have
J(vo) < JR (o) = nliggo]f”(ubn) < nli)nolof,f” (S5.Vo + o, Vo) = TR (Vo + Vo) = T2 (Vo).

The above inequality implies that u is a least energy nodal solution of problem (1.11). So

far, we have proved Theorem 1.3. O
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