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1 Introduction
Let £2 be a bounded domain in R” (# > 3) with smooth boundary, we consider the long-

time behavior of the solutions for the following nonclassical reaction—diffusion equation:

ur—e(t)Auy — Au+f(u)=g(x) in £ x (r,00),
u=0 on 32 x (t,00), (1.1)

ulx,7) = U, x € £,

where £ > 7, T € R is the initial time, g(x) € H1(£2) is an external force term, £(¢) € C!(R)

is a decreasing bounded function satisfying

lim ¢(¢) =0, (1.2)

t—>+00

and there exists L > 0 such that
sup(|8(t)| + |s/(t)|) <L. (1.3)
teR
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For the nonlinear term f € C(R, R), similar to that in [3, 20, 24], we make the following

classical assumptions:

f'(u)>-l, VueR, (1.4)
and

—co+alul’ <fu <co+clul’, p=2, (1.5)

for some positive constants ¢, c1, ¢3.
Let F(u) = fouf(r) dr, then there are constants ¢; > 0 (i = 0, 1,2) such that

—Co+C|ul? < F(u) <o+ c|ul’, VueR. (1.6)

For Eq. (1.1), when &(¢) > 0 is a constant, the existence and long-time behavior of
solutions have been extensively studied by several authors; see, e.g., [1, 4, 5, 23, 25—
27, 29, 30, 32]. In [4, 5, 29], the authors main considered the existence of solutions for
this type of equations. In [1, 23, 25-27, 30], the authors main considered the existence of
the global attractors (see [23, 25-27]) and the pullback (or the uniform) attractors (see
(1, 23, 30]) in H}(£2) (or HY(RYN)). In particular, in [32], we obtained the existence of
the pullback attractors in Cp1 (g (rather than in H}(£2)) for the nonclassical reaction—
diffusion equations with delays.

When &(£) = 0, Eq. (1.1) becomes the classical reaction—diffusion equation. The exis-
tence and the long-time behavior of solutions have also been extensively investigated by
several authors; see, e.g., [2,11,12,17,21,28,31].In [2, 11, 12, 28], the authors mainly con-
sidered the existence (or the blowup), uniqueness and the long-time decay of the solutions
for the semilinear parabolic equation [11, 12], the nonlinear parabolic equation [2] and the
coupled parabolic systems [28]. In [17, 21, 31], the authors have proved the existence of
the global attractors in L7(£2), H} (£2), L*72(£2), H*(£2) (see [31]) and the existence of the
pullback attractors in L?(£2) and H} (£2) (see [17] and [21], respectively).

When &(t) € C1(R) satisfies (1.2)—(1.3), the long-time behavior of solutions for Eq. (1.1)
has been considered by some researchers; see, e.g., [16, 18]. In [16], the authors have
proved the existence of the time-dependent global attractors in H; with the nonlinear-
ity f satisfying |f”(u)| < c(1 + |u|) (see Theorem 3.4 in [16] for details). Furthermore, in
[18], the authors have considered the case of the nonlinearity f satisfying the critical ex-
ponent growth and proved the existence of the time-dependent global attractors in H,
(see Theorem 3.3 in [18] for details).

In this paper, we consider Eq. (1.1) with the nonlinearity f satisfying polynomial growth
of arbitrary p — 1 (p > 2) order, which makes that the Sobolev compact embedding is
no longer valid and brings more difficulty for verifying the corresponding asymptotic
compactness of the solutions process {U(t,7)};>.. In order to overcome the difficulty
mentioned above, we verify the existence of the time-dependent global attractors A
in H, for the process {U(¢,T)};>. by applying the contractive function methods as in
[6, 13, 14, 19, 22, 27] (see Theorem 3.8).
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2 Preliminaries
In this section, we firstly review briefly some notations, basic definitions and results about
processes on time-dependent spaces (see [7-9, 19] for details).

2.1 Notations

Let {X;};cr be a family of normed spaces, we introduce the R-ball of X, as
B(R) = {z € X; : |zllx, < R}.
For any given € > 0, the e-neighborhood of a set B C X; is defined as

05B) = JlyeXe:llx-ylx, <€} = J{x+Bue)}.

xeB xeB

We denote the Hausdorff semidistance of two (nonempty) sets B, C C X; by
8:(B,C) = sup inf ||x — y||x,.
xeB YEC
Moreover, we introduce the time-dependent space H; endowed with the norms
2 2 2
el = lully + (O Vulls,
where || - ||, denotes the usual norm in L2(£2).

2.2 Some concepts
In this subsection, we give some concepts about the time-dependent global attractors.

Definition 2.1 Let {X;},cr be a family of normed spaces. A process is a two-parameter
family of mappings U(¢, 7) : X; — X}, t > 1, T € R with properties

(i) U(z,7)=1d is the identity operator on X;, T € R;

(it) U(t,s)U(s,t)=U(t, 1), Vt=s>1, T €R.

Definition 2.2 A family C= {C}}ter of bounded sets C; C X is called uniformly bounded
if there exists a constant R > 0 such that C; C B;(R) for all £ € R.

Definition 2.3 A family B = {B,}scr is called pullback absorbing if it is uniformly bounded
and for every R > 0, there exists a constant ¢y = £y(¢t,R) < ¢ such that U(t, t)B.(R) C B, for
all T < ¢.

The process {U(¢t, 7)}:>. is called dissipative whenever it admits a pullback absorbing
family.

Definition 2.4 A time-dependent absorbing set for the process {U(¢, 7)}:> is a uniformly
bounded family B = {B,}ser with the following property: for every R > 0 there exists a
to = tp(R) > 0 such that

U, 7)B,(R) CB; forallt <t—tg.
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Definition 2.5 The process {U(¢,T)}: is said to be pullback asymptotically compact if
for any ¢ € R, any bounded sequence {x,}°; C X;, and any sequence {7,}:°; with 7, —
—00 as n — 00, the sequence {U(¢, T,)x, )52, is precompact in {X;};cr.
Definition 2.6 The time-dependent global attractor for the process {U(¢,7)};>. is the
smallest family A= {A;}ser such that
(i) A is compact in Xy;
(if) A is invariant, i.e., uit)A, = AVt >rt;
(iii) Ais pullback attracting, i.e., it is uniformly bounded and the limit

lim St(U(t, T)C-[, A[) =0
T—>-00

holds for every uniformly bounded family C = {C;},cr and every fixed ¢ € R.

Remark 2.7 The attracting property can be equivalently stated in terms of pullback ab-
sorbing: a (uniformly bounded) family IC = {K;};cr is called pullback attracting if for any
€ > 0 the family {Of (K})};cr is pullback absorbing.

Similarly to Theorem 4.2 in [8], we have the following theorem.

Theorem 2.8 The time-dependent global attractor A exists and it is unique if and only if
the process {U(t, T)}s>: is asymptotically compact, namely, the set

K= {IC = {K¢}ier : Ky C Xy is compact , K is pullback attmcting}
is not empty.

2.3 Some results
In order to obtain the time-dependent global attractors of Eq. (1.1), we need the following
definitions and conclusions, which are similar to those in [6, 13, 14, 19, 22, 27].

Definition 2.9 Let {X,};cr be a family of Banach spaces and C= {Ct}ter be a family of uni-
formly bounded subset of {X;},cr. We call a function ¥.(:, ), defined on {X;};er X {X;}ier,
a contractive function on C; x C; if for fixed t € R and any sequence {x,}%; C C;, there
is a subsequence {x,, }72; C {%,};2, such that

lim lim ¥f(x,,%,) =0 forallt> <.
—00

k—o0l

We denote the set of all contractive functions on C; x C; by Contr(C;).

Theorem 2.10 Let {U(t, 7)}:>. be a process on Banach spaces {X;}icr and have a pullback
absorbingsetB = {B;}icr. Moreover, assume that, for any € > 0, there exist Ty = 1o(€) < t and
L () € C(Byy) such that
|tz To)x - ULt to)yHX[ <e+yl(xy), Vxy€By,

forany t € R. Then {U(t, T)}i>: is pullback asymptotically compact in {X;}er.
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Proof We need to prove that, for any {x,}5°, C B;, and any 7, = —00 as n — 00,
the sequence {LI (t, t,,)xn} is precompact in {X;};cg.

In the following, we will show that {U(t, 7,,)x,,};°; has a convergent subsequence via diag-
onal methods.

Taking €,, > 0 with €,, > 0 as m — oo.

Then, for €; > 0, by the assumptions, there exist 7o = 7o(€1) < £ and 1//£0(-, e C(BTO) such
that

| U@ w0)x - Ut w0y, < e+ Vi @), ¥xy€ By, (2.1)

for any ¢ € R, where wﬁo depends on 1.
Since t, — —00, without loss of generality, we assume that 7, < 7 such that U(zo, t,)x, €
B, for each n € N. Set y,, = U(79, T,,)%,, then from (2.1) we have
| Ut T)x = Ut Tt |, = U2, 70) U (20, )% = U, T0)U (0, Tn)om | .,
= | U w)y, - Ut w)ym| y,
<€+ Wﬁo (Yn’ym)' (22)

By the definition of C(BTO) and wﬁo € C(Bm), we know that {y,}52, have a subsequence
)22 such that

hm hm lﬁm (ynk,ynl )< (2.3)

k—o0l

Similarly to [13, 22, 27], we have

Jim sopltre i) o, - e D

< lim suplim supHL[(t a0 )x(l) U(t r,(,l )

k_MX)LIEN -0 Mheq /" Mg nl ”Xt

+limsuplimsup | U (2, 7)) )& — U (2, 7))ty

ni nj ”Xt
—00 l—o00

<€ + lim suplimsup W:O (ynk ,ynl ) +e+ l1m hm wfo (ynk,ynl)
k=00 geN  I>00 4

which, combining with (2.2) and (2.3), implies that

dim supllL(6zy )y, - U], < der

Therefore, there exists a K; € N such that

11m sup||L[(t T, ) (1) L[(t r“)

k—o00 geN

||X <5¢, forallk,[>K;.
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By induction, we can obtain that, for each m > 1, there exists a subsequence {U(,
(WHU) m”)}k Lof {U(t, r,ig”))qu’:)};gl and certain Kj,,; such that

lim sup” LI(t r(’"+1))x5,']:’+1) - U(t r("‘+1))x(’”+1) th <5¢,,41, forallk,lI>K,.1.

k— o0 qeN ny

Now, we consider the diagonal subsequence {u(e, 'an )x,,k J22;- Since for each m € N,
{u(e, t,,k )x,,k 1%, is a subsequence of {LI(z, r,,k )x,, )},?OI, then

khm sup|| u(t, r(k)) k) L[(t T\ ) 9 HX <6e,,, forallk,!>max{m,K,),
—00 4N

which combining with €,, — 0 as m — oo, implies that {U(¢, rnk))x(k)}k | is a Cauchy se-
quence in {X;};cr. This shows that {U(¢, 7,)x,}5; is precompact in {X;};er. O

Similarly to Theorem 3.3 in [19], we have the following conclusion, which will be used
to verify the existence of the time-dependent global attractor.

Theorem 2.11 Let {U(t, T)}:>. be a process on Banach space {X;}ier, then {U(t, )} has
a time-dependent global attractor in {X,;},er if the following conditions hold:

(i) {U(t,7)}=r has a pullback absorbing set B = {B,}er in {X;}er;

(i) {U(t,T)}esr is pullback asymptotically compact in B = {B,};er.

3 Time-dependent global attractors
In this section, we will establish the existence of the time-dependent global attractors.

3.1 Existence and uniqueness of solutions
In this subsection, we consider the well-posedness of the solutions for Eq. (1.1) with (1.4)—
(1.5). At first, we define the weak solutions as follows.

Definition 3.1 A weak solution of Eq. (1.1) is a function u € C([t, T};H;) N L*(z, T

H}($2)) N LP(z, T;LP(82)) for all T > 7, with u(t) = u, and such that, for all ¢ € H}(£2),
it satisfies

—[(u(®), ¢) + e@)(Vu(t), Vo) | + (1 - £'@®)) (Vu(t), Vo) + (f (u(2)), 9)

= (g),9), inD'(z,+00).

Remark 3.2 We notice that, if u(¢) is a weak solution of Eq. (1.1), then it satisfies the energy
equality

|u®]; + @ Vuie)|; + / 2-&0)|Vu@)|sdr+2 / (F (u(r)), u(r) dr
= |uls) ||§ +&(9) Vu(s)Hi +2 /t(g(r), u(r))dr forallt <s<t.

The following theorem gives the existence of the weak solutions, which is similar to that
in [10] and can be obtained by the Faedo—Galerkin methods.

Page 6 of 14
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Theorem 3.3 Let f satisfy (1.4)—(1.5), g € HY(2) and u, € H.. Then, for any T € R
and t > t, there exists a weak solution u(t) to Eq. (1.1), which satisfies u € C([t,t];H,) N
L (7, HY (2)) N LP (7, LP(R2)), u, € L2 (7,6 H,).

Proof Let {wj}j=1 C H(£2) N LP(R2) be a Hilbert basis of L*(£2) such that span{w;};>1 is

dense in H}(£2) N LP(£2). In order to establish the existence of the weak solutions, we need
the approximate system for any m > n seeking u"(t, x) = X", yj(£)w;(x) that satisfies

1@ (1), ) + e@O(Va"™ (1), Vo)l + (1 - £ ) (V" (t), Vey) + (f (@"(2)), )
= (g(x);wj):

m
' = uy,

forae. t>7,1<j<m.

We will provide a priori estimates that show that these solutions are well-defined in the
interval [z,¢] for any ¢ > 7.

Step 1: First a priori estimates. Multiplying each equation in the above system by y,,;(¢),
respectively, and summing from j = 1 to m, we obtain

d
%%(Hﬁ”’(t) |2+ e@|vam@)|3) + (1-€®) | va™ @)

+ (f(lft’”(t)),it’”(t)) = (g(x), itm(t)) < l||g||jZL1_1 + %”Vﬁm(t) ||§, ae t>rt,

where we have used the Holder and Young inequalities.
Furthermore, by (1.5), we know that

C (a0l + @i @) + (126 0) [V O 2 + 200 | @)
<2c0|2|+ gl aet>t.
Integrating it in [z, ¢], we have
i}« @IVl s [ (1-2e0)|varods 2 [ 6] ds
< | @@ +e@)||Va" @) + (2col 21 + llgl% 1)t —7) foralle > z.
Hence,
i@+ cofvan L+ [ varelas e [ o] d
<|@"@)|;+e@)|Va" @) + (2col 21 + llgl% 1)t —7) foralle > z. (3.1)
So, from (3.1), we can get

" is bounded in L®(t, &, H,) N L*(z, & HE(2)) N L7 (1,8 LP(2) (3.2)
0

}mzn

forallt>t.

Page 7 of 14
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Moreover, combining with (1.5) and (3.2), we obtain
{f(itm) }m>n is bounded in L? (7:, t; Lq(.Q)) forallt >,

where g = p/(p - 1).
Then there exist functions & € L™(t,t;H,) N L2 (v, t; Hy ($2)) N LP(z, £ LP(2)) and ¥ €
Li(z,t;L9(£2)) for all £ > 7, and a subsequence such that

" —un weakly-star in L>(z,t; Hy),
"= i weakly in L2(t,t; H) (£2)),
" — weakly in L?(t,t; L?(£2)),

f@™) — x weaklyin L9(z,t; L1(82)).

(3.3)

Step 2: Uniform estimate for the time derivatives. Multiplying each equation of the ap-

proximate system by y,,.(£) and summing from j = 1 to m, we arrive at
~m\/ 2 ~m\/ 2 1 d ~m 2
[@) @, +e@l(var)y ol + 5 Vi@,
t
+(F@™), @) (0) = (g, (@) @), aet>r.
By the Holder and Young inequalities, we have
~m\/ 2 ~m\/ 2 d ~m 2
[@) @, + 260 (v @, + Z [ va" @],
+ 21 / .F(Ztm(t,x)) dx <|gl3 aet>rt.
dt Jo
Integrating it from 7 to ¢, and from (1.6) we can get
t
[V @], + 2a @@ + / (1@ O, + @[ (va) 1) ds
< 48|92+ |V (@)]; + 28 @ @)} + g3 - o) (34)

forall £ > 7 and any m > n.
Since & = u, for all m > n and " € H}(£2) N LP(£2), by (3.4), we obtain

{@"(t) }mzn is bounded in L*(, £ Hy (2) N L7 (2)) (3.5)
and

{(ﬁ’”)/(t)}mzn is bounded in L%(t, t; H;) (3.6)
for all £ > 7. Then there exist functions i € L™ (t,£; H($2) N LF($2)) and i1, € L*(t,;H,)
for all ¢ > 7, which improve the regularity of & obtained in Step 1.

For any fixed ¢ > 7, since

| (t2) = @™ (01) |5, = " (&) - (1) |5 + e | ViE" (1) - Vi (1)

Page 8 of 14
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2
+&(¢)
2

2

/tz (Vit’”)/(s) ds

5}

/tz (it’"),(s) ds

‘tl

= (” (ﬁm),HiZ(r,t;Lz(Q)) +&(t) ” (V’:‘m)/”;(r,t;ﬂ(m))|t2 —t

= ” (ﬁm)/ Hiz(t,t;’Ht) lt2 — tal, (3.7)

2

for all 3, ¢, € [7,t], from (3.5), (3.6) and (3.7), by the Ascoli—Arzela Theorem, and taking
into account the initial data for all the sequence, we deduce that there is a subsequence
such that

" — i in C([t,tl;Hy) (3.8)

forall £ > 7 and a.e. in £2 x (1,00).

Since f € C(RR, R), we conclude that f (&) — f(&t)a.e. in £2 X (1,00). So, combining with
(3.3) and [15] (Lemma 1.3, p. 12) we obtain x = f(&).

Thus, together with (3.3) and (3.8), by taking the limit in the equations satisfied by {#"}
and, thanks to the fact that span{w;};>1 is dense in H}(£2) N LP(£2), we conclude that i is a
weak solution of Eq. (1.1).

Step 3: Proof of the general statement by density. For each n € N, we define u? =
E/’;l(ur, wj)w;. (Due to the fact that {w;};>1 is a Hilbert basis of L2(£2), it is easy to check
that u? — u, in H,.)

Let also consider a sequence {g"}°; C L*(£2) converging to g € H™1(£2).

Denote by u” the corresponding solution to Eq. (1.1) with g replaced by g” and initial
data u”.

Then, by the energy equality for each u", we have

| @]+ @) Ve @) + 2 / |V (s)|; ds + 2 / (f(u"(s)), u™(s)) ds
= ||u”(r)H§+8(r)||Vu”(r)H§+2/ (¢"(x),u"(s))ds, Vt=t.

Similar to the reasoning process in Step 1, we get

{u"} isbounded in L™(r,H,) NL* (1,5 Hy(2)) N L7 (1,17 (2)) (3.9)
forall t>t.
Now, combining with (1.5) and (3.9), we see that {f(«")} is bounded in L%(z, t; L1(2)) for
all £> 7.

Therefore, there exist functions u € L®(t,;H,) N L*(t,t; H} ($2)) N LP(z,LF(£2)) and
x € Li(t,t;L1(£2)) for all £ > 7, and a subsequence such that

u" —u weakly-star in L*(z, £; H,),
U — u weakly in L2(z,t; H} (£2)), (3.10)
u" —u weakly in L? (7, t; L7 (£2)), .

f@W")— x weaklyin L9(z,t; L1(S2)),

forallt>t.
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Moreover, we may improve some of the above convergence. Taking into account the
energy equality for u” — u™, we have

| @) = u™ @) + £ | V' (£) - V" @0) |3 + f Ve (s) - V™ (s)| dis

< |u"(@) - u"(@)||; + e(0) | Vu' () = Vi (2) | + 21/;t||u"(s) —u"(s)| ds
+g"-g"|at-1), Vi (3.11)
By (3.11), we know that
{u"} isa Cauchy sequence in C([z,¢];H,) N L* (v, £ Hy(82)) forall £ > 7.

Thus, we have u” — u a.e. in £2 x (t,00).

Therefore, as before, combining with (3.10) and [15] (Lemma 1.3, p. 12) we obtain x =
f(u); and from (3.10) we may take the limit in the equations satisfied by #” and conclude
that u is a weak solution of Eq. (1.1). O

For the solutions of Eq. (1.1), the following theorem shows the uniqueness and continuity
with respect to initial data.

Theorem 3.4 Let f satisfy (1.4)—(1.5), g € H1(2) and u, € H., then the weak solution of
Eq. (1.1) is unique. Moreover, for every two solutions u'(t) and u*(t) (with different initial
data), the following Lipschitz continuity holds:

lo®]; + e | Vot)|; < (locl3 + eI Ver [3)e¢?, ve=1,
where w(t) = ul (t) — u?(2).
Proof Let w(t) = u'(t) — u?(¢), then w(t) satisfies the following equation:

w; —e(t)Awy — Aw = f(ul) — fu?) in 2 x (t,00),
w(x,t)=0 on 482 x (t,00), (3.12)

o(x,T)=ul —u?, x€ Q.

Taking the L2-inner product between (3.12) and w, and using (1.4), we have

d /
E(nwn% +e@lIVol3) + (2-'®)IVall3 < 2wl
Then
d 2 2 2 2
a(uwnz +e@®IVol3) < 2((lol} + @) Vall3).
By the Gronwall lemma, it yields

[o@]; +e@] Vo], = (lox [ + eI Vor [3)e,

and the uniqueness holds. d
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Thus, we define the solution processes {U(t, 7)};> in the spaces H, as:
Ut,t): He = Hy, U(t,t)u, = u(t), Vt>rt. (3.13)
Moreover, Theorem 3.4 shows that the process {U(¢, T)};> is Lipschitz in H,;:

|| U(t,T)ul — U(t,7)u < || ul —u? ||,Hre2l(t_”, Vi > 1.

o,

3.2 Time-dependent global attractors
In this subsection, we will verify the existence of the time-dependent global attractors in
‘H, for the process {U(t, T)};>. defined by (3.13).

3.2.1 Time-dependent absorbing sets
In the following, we will obtain the time-dependent global absorbing sets.

Lemma 3.5 Letf satisfy (1.4)—(1.5), g € H1(2) and u, € B.(R) C H.. Then there exists a
Ry > 0 such that the family B= {B:(Ro)}cr is a time-dependent absorbing set for the process
{U(t! t)}tzr

Proof Multiplying (1.1) by u(¢) and integrating over x € £2, we arrive at

1d L,
3 g O+ cCONV) + (1= 50 )Vt + (70,0 = g9,
Thanks to (1.5) and the Holder inequality, we have

d :
E(IIMII% +e@)IVul3) + (1-&'@O)IVully + 2c1llulll < 2¢ol 2] + llg3-1-

Furthermore, by (1.3), we can get
d 2 2 ! 2 2 2
E(llullz +e(0)Vullz) + “—L(MHMHz +e@Vully) < 2¢0l82] + gl
Setting A = min{A;,1} and 8 = ﬁ, we deduce that

d
E(nun% +e®)IVull3) + B(lull3 + @I Vull3) < 2l82] + llgll?,. (3.14)

Multiplying (3.14) by e#* and integrating it in [, ¢], we obtain
([u@]; + e Vu@ ;)"

< (Hu(r)”; + e(r)“Vu(r)”z)eﬁ’ + (2col82] + ||g||]2i,1)/ ePds, Vi>r.

T

Therefore,

(Ju)]; + 50| vu@ ) = () + ()| T )e " + 2 (aal21 + )
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1 2
=1+ E(2C0|~Q| +llglif1) = Ro,

provided that ¢ — 7 > ¢, with ¢, = %ln(lluf I3 + &(t)[| Ve |13), from which we obtain the
existence of the time-dependent absorbing set. g

3.2.2 Time-dependent global attractors
At first, we have the following lemma, which is similar to that in [15].

Lemma 3.6 Let f satisfy (1.4)-(1.5), g € H"1(2), u, € H, and {u"(t)}°2, be a sequence of
solutions for Eq. (1.1) with initial data u? € H, (n = 1,2,...), then there exists a subsequence
of {t'(£)}°, that converges strongly in L*(t,t; L*(£2)).

n=1

Proof By (1.5) and Theorem 3.3, we know that there exists a sequence {u"()}°, C
L2(t, T; HY (£2)), {f(u™(£))}°, C Li(x, T;L9($2)). Then, from Eq. (1.1), we obtain 9,u" —
e(0)d: Au" = Au" —f(u") +g(x) € L:(z, T; H () + Li(z, T; L1(R2)) C L*(z, T; H%(£2)). By
the regularization theory for elliptic equations, we know that ,u” € L*(z, T; L*(2)). As in
[15], there exists a subsequence of {u"(£)}5; (still denoted by {#"(£)}52,) that converges
strongly in L2(z, T; L?(£2)). O

Then we have the following theorem, which will obtain the pullback asymptotic com-
pactness for the process {U(¢, T)}:>. defined by (3.13).

Theorem 3.7 Let f satisfy (1.4)—(1.5), g € H1(2) and u, € B, (R) C H., then {U(t,T)}s>-
is pullback asymptotically compact in H,.

Proof Let u/(¢) (i = 1,2) be the solutions corresponding to initial data u’Z e B, (R) C H-,

that is, u/(¢) satisfies the following equation:
ur—e(t)Auy — Au+f(u) =g(x), in 2 x (r,00),
with initial data
u(x,7) = ui, x € 8.
Denoting w(t) = u'(¢) — u?(t), then w(t) satisfies the following equation:
w;—e(®)Aw, - Aw +f(u') —f(4*) =0, in 2 x (r,00), (3.15)
with initial data
ok, 1)=ul —u?, xef.

Multiplying (3.15) by w() and integrating it in §2, then, by (1.4), we obtain

d /
E(nwn% +e@lIVol3) + (2-'®)IValls < 2wl
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By the Poincaré inequality, we have

d
E(Ilwllﬁ +e@)IVal3) + Bi(lol; +e@)IIVol3) < 2l

where 8, =28, B is given by (3.14).
Thanks to the Gronwall lemma, we get

lo@)|; + @] Voo |,

= (Jo + e Voo e 421 [ o©)|2ds, vzt

Setting

Yl u?) =21 / |ao(s)| ds,

combining with Definition 2.9 and Lemma 3.6, we know that ¥£(-,-) is a contractive func-
Iwe 13 +&(2) [ Vwe |13
€

that {U(¢,t)};>. is pullback asymptotically compact in H; by Theorem 2.10. g

tion. Then, for any € > 0 and any fixed t e R, let 7o = £ - 5_11 In , we easily see

Combining with Lemma 3.5 and Theorem 3.7, we have the main result of this paper.

Theorem 3.8 Let f satisfy (1.4)—(1.5), g € H1(2) and u, € B.(R) C H., then {U(t,7)}s>+
possesses a time-dependent global attractor A= {As}ier in Hy; that is, A, is compact, Ais
nonempty, invariant in H, and pullback attracts every bounded subset of H, with respect
to the H,-norm.

Remark 3.9 In Theorem 3.8, we have obtained the time-dependent global attractor A=
{A;}ier in H,. From (1.2) we know that £(¢) — 0 as ¢ — +00, then Eq. (1.1) becomes the
classical reaction—diffusion equation u; — Au+f (1) = g(x). An interesting question is about
the limitation of A; as t — +00, that is, how to describe lim;_, .o A;? We will consider this

problem in our next work.
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