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1 Introduction

The Kirchhoff equation belongs to the famous wave equation’s models describing the
transverse vibration of a string fixed in its ends. It has been introduced in 1876 by Kirch-
hoff [8] and it is more general than the D’Alembert equation. In one dimensional space it

takes the following form:
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where the function u(x, t) is the vertical displacement at the space coordinate x, varying
in the segment [0, L] and over time ¢ > 0, p is the mass density, / is the area of the cross
section of the string, Py is the initial tension on the string, L is the length of the string and

E is the Young modulus of the material. The nonlinear coefficient
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is obtained by the variation of the tension during the deformation of the string. When we
do not have an initial tension (i.e. Py = 0), we call that a degenerate case as opposed to the
non-degenerate case.

In this paper, we are interested in studying, in A = §2 x (0,00), the following coupled

viscoelastic Kirchhoff system:

o) sty = M(IVul|?) A — Auyy + fot hi(t — ) Au(s) ds — wy Aus(x,t — T(2) + f1(u, V)
=0 in £ x]0,+o0],
[vel've = M(IVVII2) AV — Avy + fot hy(t — s)Av(s) ds — o Ave(x, £ — T(8)) + fo(u,v)
=0 in £ x]0,+00], (1.2)
u(x,t) =v(x,£)=0 on I" x ]0,+00],
(u(x,0), v(x,0)) = (o (%), vo(x)), (4(x, 0), v4(,0)) = (u1(x), v1(x)) in £2,
(we(x, ¢ — 7(0)), ve(ox, £ = 7(0))) = (folx, £ — 7(0)), go(%, £ — 7(0)))  in £2 x 0, 7(0)[,

in which £2 is an # dimensional bounded domain of R” and we have a smooth boundary
I', 1 >0, uy and py are positive real constants, /#; and /4, are positive functions with ex-
ponential decay, and () is a positive time varying delay. In addition the initial condition
(¢40, Vo, U1, v1, /0, go) Will be specified in their function space later. M is a smooth function
defined by

M: R, —R,,

re— M(r)=a+ br?,

with a,b >0, and y > 1. fi and f; are two functions taking a particular form that we will
make precise later.

The problem (1.2) is a description of axially moving viscoelastic strings composed of
two different materials (like the wires of electricity) that are nonhomogeneous and which
will be of influence on its moving, specially on the acceleration. From the mathematical
point of view, this influence is represented by |w,|'w”, where |w;| is the material density,
varying the velocity. A lot of work has been published with this term, for example see [11]
and [14], where we find different results about the global existence and nonexistence of
solutions and the decay of energy.

In recent years, the study of wave equations with delay has become an active area and
with different forms of delay (constant [7], switching [5], varying in time [12], distributed
[6]). The delay appears in modeling of a lot of domains, like the physical, chemical, biolog-
ical and engineering domains. It is introduced when we have a time lag between an action
on a system and a response of the system to this action. Furthermore, a delay can be small
enough in feedback yet can destabilize a system [10], or improve the performance of the
system [17].

In the absence of delay, Cavalcanti et al. [3] studied the following viscoelastic wave equa-

tions with strong damping:

t
Iutllun—Au+/ hi(t —s)Au(s)ds — uAu(x,t) =0, in £2 x ]0, +ool.
0
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They used the Fadeo—Galerkin method to prove the global existence of a solution; also an
explicit decay rate of the energy has been given provided m > 0.

In the other hand, in the same case and for / = 0, Raslan et al. [16] and El-Sayed et al.
[4] have studied coupled equal width wave equations with strong damping, as they were
looking for the new exact solution.

The problem treated in [2] has the following form:
Uy — Au+ pio ()@ (ut(x, t)) + ugo(t)gz(ut(x,t - ‘L'(t))) =0, in £ x]0,+00[.

Under the assumptions set on g1, g, 0 and 7, the authors have gotten the global existence
of a solution and the decay rate of the energy.

Recently, Mezouar and Boulaaras [13] have studied the viscoelastic non-degenerate
Kirchhoff equation with varying delay term in the internal feedback.

In the present paper, we extend our recently published paper in [13] for a coupled system
(1.2). The famous technique of using the presence of a delay in the PDE problem is to set a
new variable defined by a velocity dependent on the delay, which will give us a new prob-
lem equivalent to our studied problem; but the last one is a coupled system without delay.
After this, we can prove the existence of global solutions in suitable Sobolev spaces by
combining the energy method with the Fadeo—Galerkin procedure and under the choice
of a suitable Lyapunov functional, we establish an exponential decay result.

The outline of the paper is as follows: In the second section, some hypotheses related to
the problem are given and we state our main result. Then in the third section, the global
existence of weak solutions is proven. Finally, in the fourth section, we give the uniform

energy decay.

1.1 Preliminaries and assumptions

Similar to that [12], we present the new variables

Zl(xrp’t):ut(xrt_pf(t))ﬁ xeg,pe(0:1)7t>0,
and

z(x, 0, t) = vt( - ,or(t)), x€2,0e(0,1),t>0.
Then we have

/ sy O .
T(t)zy (%, p, t) + (1 - pT (t))a—zl(x,p, t)=0, in £ x (0,1) x (0, +00). (1.3)
0

In the same way, we have

T(t)zy(x, p,t) + (1 - ,ot/(t))%zz(x,p, )=0, in £ x(0,1) x (0,+00). (1.4)
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Therefore, problem (1.2) is equivalent to

|t e — M| Vie||?) At — Angyy + fot hy(t —s)Au(s)ds — 1 Azy(x,1,8) + fi(u,v) =0
in £ x ]0, +o0],

[vel've = M(I|IVVII2)Av — Avy + fot hy(t — 8)Av(s) ds — uaAzy(x, 1, ) + fo(u,v) = 0
in 2 x 10, +o0],

()2} (x, p,8) + (1 - pr/(t))%zl(x,p, t)=0, in £ x (0,1) x (0, +00), (L5)

T(t)zy(x, 0,8) + (1 - ,or/(t))%zg(x, 0,£)=0, in £ x (0,1) x (0, +00),

u(x, t) =v(x,t) =0, ondR2 x [0,00][,

(z1(%,0,2),z2(%,0,2)) = (ue(x, t), ve(x,¢)), on §2 x ]0,00],

(u(x,0),v(x,0)) = (uo(x), vo(x)),  (ue(x,0),2(,0)) = (w1 (%), v1(x)), in£2,

(z1(%, p,0),22(%, p, 0)) = (fo(x, —p7(0)), go(%, ~p7(0))), in £2 x ]0, 1[.

Throughout this work and for simplifying our formulas, we will adopt the notation z;, u
and v instead of z;(x, p, t), u(x, t) and v(x, t), except if that makes things inconvenient.

In order to demonstrate the main result in this paper, a few assumptions are needed.

(A-1) Consider that 0 </ < y verifies

< ﬁ in the case n > 2,

AN

<00 in the case n < 2.

(A-2) Asregards the relaxation functions 4; : R, — R, we see that they are bounded C*

functions such that
[ee]
u—/ hi(s)ds >k >0.
0
We assume also that there exist some positive constants ¢; verifying
h(t) < —Lihi(t)

fori=1,2.
(A-3) We have T € C%([0, T), [t0, T1]) a positive function, where

'(t)<d<1, Vtel0,T].

(A-4) fi(u,v) = av + by |v|7 Y ulP~ u and fo(u,v) = au + by|ulP* |v|71y where o > 0, by =

1
i

(p+1)p+q), by =(q+1)(p+q) such that p and g are conjugate (i.e. 1% +
Pqg<y — % and satisfy

2<pq< ﬁ ifﬂ>2,

+00 ifn<2.
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The energy related to the system solution of (1.5) is defined as follows:

1 I+ + b + +
E(¢) = m(nutnlj +vell3) + m(”Vu”Z(V D4 [ Wy]2rD)
1 ¢ s 1 t 2
+=(a-| m@)ds)|Vull>+={a- [ ha(s)ds |||V
2 0 2 0
1
+ E(IIVMII2 + [ Vvel?)

1
+ 500 Vi@ + 20 V(O + E7(0) /0 (1921 + [V22]2) dp
+a/ uvdx+(p+q)/ || v 7 dx, (1.6)
2 2

where £ is a positive constant such that

max {1, 1o}

20-d) <& (1.7)

and
! 2
(h; ow)(t) = / hi(t —s) ||w(~,t) —-w(-,s) || ds, fori=1,2.
0

Lemma 1.1 (Sobolev—Poincaré’s inequality) Let g be a number with

2<g<+oo (mn=1,2) or 2<q=<2n/(n-2) (n=>3).
Then there exists a constant C; = Cy(§2, q) such that

lully < GillVuly foru e Hy($2).

We present the following lemma.

Lemma 1.2 [15] For h, ¢ C'-real functions, we have

d t
g[(how)(t) - ( fo (s) ds) ||go||2}

=?- 2/9 /: h(t —s)p(s)p:(t)dsdx Yt > 0. (1.8)

Lemma 1.3 Let (1,v,21,25) be a solution of the problem (1.5). Then the energy functional
defined by (1.6) satisfies

E0) <-B(|Vale L) + | Vax 1,0|?) + A1Vl + [ Vve]1?)

+ 2 (0¥a)0 + (15099) 0], 19)

where h =& + 5, B =£(1 - d) — § and u = max{u1, s} are positive.

Page 5 of 28
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Proof After the multiplication of the first equation in (1.5) by u; followed by integration
of the result by parts over §2, we get

d 142 b ) 1 1
Vul 2" & Za|Vul? + 2|V, |
dt|: lleell s + 2+ 1) IVul| 2 V]| 2|| |

_/ /thl(t—s)Vu(s)Vu[(t)dsdx
2Jo

+M1f Vu,;Vzi(x, 1,t)dx+a/
I?)

vy dx + by / |7 ulP uw, dx = 0. (1.10)
fo) 2

Using (1.8) and (1.10) leads to

d b
dt[ el 73 + o 5!l Ve ul 20D 4 ( /hl(s)ds>||Vu||2

1 1
+ illwtll2 + E(hlr)Vu)(t)]

1 1
+ Ehl(t)”VMllz - 5(h/IOVu)(t) + Ml/ Vu,Vzi(x,1,t) dx
2

+oz/ vutdx+b1/ VT ulPtuw, dx = 0. (1.11)
2 2

Similarly by multiplying the second equation in (1.5) by v;, integrating over §2 and using

integration by parts, we get

d v 1552 + b ”W'|2<y+1)+1 a- / thz(s)ds [V|?
et 05 2 0

1 1
+ §||VVt||2 + §(h20Vv)(t)]

1 1
+ Elfzz(t)IIWH2 - E(h/zon)(t) + ,le/ Vv Vzy(x, 1,t)dx+ot/ uv; dx
2 2

+b2/ [P Y v|9 vy, dx = 0. (1.12)
fo)

Multiplying the third equation in (1.5) by £ Az; and integrating the result over £2 x (0, 1),

we obtain

1
0

Sr(t)/ / Z1Az1dpdx = -§ (1-p7'(0)) —z1Az1dp dx.
2 Jo ap

2x(0,1)

Consequently,

(Sr(t/ IVl dp) e Ol[r OV - pr <t>)—|vZ1|2}dpdx

e / (1=p7@)IV21l?) dp

=e[IVil? -6 (1-7'@®) | Va1, 0)|*]: (1.13)

Page 6 of 28
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Similarly we get

d 1

E(‘ft(” /0 ||sz||2dp> =&[IVnl? - (1 -7 )| Vaalx 1L,0)]] (1.14)
Combining (1.11)—(1.14), taking the derivation of energy leads to

E @) =&[IVuel? + 199> = (1= @) (| Var (e L) + | Vaalx, 1,0 )]

B %[hmt)nwnz + (D) VvI*]

+ %[(h/loVu)(t) + (o Vv)(@®)] - Ml/ Vu(x, )Vzi(x,1,t) dx
7

—,uz/ Vve(x, t)Vzo(x, 1,8) dx
17

From (A3), we find the following bound:

E@t) < (5(1 d) ——)f ’Vzl x,1, t| dx — (5(1 d) ——)/ ’Vzg x,1, t| dx

. %hl(t) Vi) + (g N _) Vi@ - —hz(t)||Vv(t)||

(s . _> [ouO ]+ S[(h094)0 + (15099) 0] (L.15)
Using (1.7), we complete the proof of the lemma. O

2 Global existence
Theorem 2.1 Let (uo,vo) € (H*($2) N HJ(£2))%, (u1,v1) € (Hy(2))* and (fo, &) € (Hy($2,
HY(0,1)))? satisfy the compatibility condition

(ﬁ)(" O):gO('r 0)) = (ulf V1)~

Assume that (A1)—(A3) hold. Then the problem (1.2) admits a weak solution such that
u,v € L™(0,00; H*(2) NHY($2)), uz, v € L%(0, 00; HY (£2)), and uy, vy € L*(0, 00, H}(£2)).

Proof As in the previous assumptions in [2] for the initial conditions g, vy € H?(£2) N
H(2), u1,v1 € H)(£2), ﬁ),go € H}(£2,H'(0,1)) and the basic functions, we introduce the

approximate solutions (uf, V¥, 2, 25), k = 1,2,3,..., in the form
k
Ko=) diew, =) prew,

k k
A=) K, An=) e,

Jj=1 Jj=1

Page 7 of 28
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where @, b*, o and d* (j = 1,2,...,k) are determined by the following ordinary differ-
ential equations:

(k)P uk, wh) + M| Vik(£)|12)(Vik, Viv) + (Vb Vi)
—fo Iy (t = 8)(Vuk(s), Vw) ds + 1, (VZX(, 1)), VW) + (f (¥, %), W) = 0,
1<j<k,
(WK1, W) + M| VVE ()| 2) (WK, Vi) + (WK, Vi) (2.1)
- fo ha(t - 5)(VVK(s), VW) ds + pa(VZE (-, 1)), VW) + (f(uk, vF), W) = 0,
1<j<k,

z’l‘(x, 0,t) = (x, t), zz(x,O t) =v K(x, t),

k

uk(0) = uf = Z(uo, W)W — uo,  in H*(22) N Hy(£2) as k — +00, (2.2)
j=1
k
(0) =vf = Z(vo,u/’)u/ —vp, inH*(2)NHi($2) as k — +00, (2.3)
-1
k
uk(0) = ut = Z(ul,u/)m/ — uy, inHy(2)ask— +oo, (2.4)
=1
k
vf(O):vll‘:Z(vl,u/)u/—)Vh inHé(.Q)ask—> +00. (2.5)
j=1
Also

(r(t)atzl+(1 pr’(t)) zl,¢1) 0, 1<j<k

(2.6)
()54 + 1= pT'(8)5;25,¢)) =0, <j<k
2X(p,0) = Z(fo, )¢ — fo, inH(2,H(0,1)) as k — +00. (2.7)
k . .
2(p,0) = Z(go,d)’)q&/ — go, inHy(£2,H'(0,1)) as k — +oo. (2.8)
j=1
Noting that 5 ) 2(“1) % = 1, by applying the generalized Holder inequality, we find

I
2(+1)
|Mt’ ”tt'W/ f |” ’ ”ttW/ dx < (/Q‘”ﬂzml) dx) Hull(fHZ(lJrl)”WfHZ’

Since (A1) holds, according to the Sobolev embedding the nonlinear terms (|u’§ |lu’t‘t, w))
and (V¥ w;) in (2.1) make sense (see [2]).

A. First estimate.

Since the sequences u§, V&, uX, VX, z5(p,0) and z5(p,0) converge and from Lemma 1.3

with employing Gronwall’s lemma, we find C; > 0 independent of k such that

E*@t) + B /0 (| V&A@ 1,9)|* + | V@ 1,9)|) ds < C, (2.9)
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where

(Va7 + [ )

1 i I
IACE m(””lg ”13 ” k”lﬁ)

2(y +1)

1 ¢ 1 ¢
+—<a—/0 h1(s)ds>HVuk||2+§<a—/0 hg(s)ais)HVka2

o (v [P+ vl

N

l\)|>—‘

[(h1 oVu )(t) + (hz 0 Vvk)(t)]

MI»—!

1
+ET(D) /0 (| V2@ p,0) | + | VZ & 0, 0D dp

+ oz/ WKdx+ (p+ q)/ ’uk’p+1|vk‘q+l dx.
I?) 2
Noting (A1) and the estimate (2.9) yields

uk, X are bounded in L{> (0, 00, Hy (£2)),

k k =)
u;,v, areboundedin L},

(0,00, Hy(£2)),

z]f(x, 0,1), zlz((x, p,t) are bounded in Ly;, (O, 00, L} (O, 1,H3(.Q))).

B. The second estimate.

(2.10)
(2.11)

(2.12)

By multiplying the first side of equation (respectively, the second equation) in (2.1) by

a/;; (respectively, by b];l;), by summing j from 1 to k, then

Jo b1k )2 dx + [, M| Vb |12) Vil Vb, dx + || Vil ||
=f0 hy(t =) [, Vu*(s) Vi (¢) dxds
-u1 [y Vuk V(K (x,1,1)) dx - fgﬁ(uk,v")uﬁ(t) dx,
Jo WEIWA 2 dx + [, MOIVVEII2) VAV dix + || VYK |12
= [y ha(t—s) [, VYK () VA (¢) dxds
— iy [ VVEV(25(x, 1,0) dx — [, fo(uk, V)W (2) dix.

Differentiating (2.6) with respect to t, we get

7(t) 1 d k 7(t) 9% Kk
(v 54+ Torm) 3t2 Zt atapzl"f’/) »

) () k _
@) e T=pr' @) WZ2 WZZ"V) =

Multiplying the first equation by Cik (respectively the second equation by dék), summing

over j from 1 to k, we have

1 t 1d
L) 122k + 3 2 (0 1 201 + 3 51524017 =
1 t) 1d
MGG 1212 + 5 5 (8 1 A1) + 3 a5 1245017 =

(2.13)

Page 9 of 28
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Integrating over (0, 1) with respect to p, we obtain

1
3 o (8 522 do + 35y ;j: > dp)
+ %”%zlf(x, 1, t)”z - _”utt(xr )”2 = (2.14)
. .
3 o (i) 51 dp + 55 (fy j}; |522511% dp)
+ 312250 L, - 5 Ivi(x D)% =
Summing (2.13), (2.14) and as M(r) > a, we get
S 1V 0l 2 e 4 V|2 4 34 s | 2212 dp) + L1 2k (1, )1
<-a [, Vu*Vul, dx + %Huft(x, DI* -3 fo —(lfp(fz(t)))/ll%zlfllzdp
+ [y m(t-s fQ Vuk(s)Vuk (t) dxds — ju1 [, Vuk V2K (x, 1,0) dx
- uk, VYR (¢) dx,
INACRSTIC o015
Jo Vi IVttlzdx+ IVAI2+ 24 (), - pt/u 12 Ilzdp) + 5122501, 0]
<_af_Q Vkav’t‘tdx+§||vlt‘t(x, )”2__ ( 1 PT )/Hatzk”zdp
+f0 hy(t - s) [ V() VA (&) dxcds — s [, VVEVZS(x, 1,8) dx
- f_sz(u Kyvk (t) dx.
We estimate the right hand side of (2.15) as follows:
From the integration by parts, we have
/fl V) ul(¢)dx = Ol/ Viuk dx - b1/ |Vk|qul kP luku]t‘tdx.
Using the inequality ab < %az + %bz and Sobolev—Poincaré inequalities, we obtain
/vkut = S (5] + [k ]) = (IIVVkII + | vuf[l). (2.16)

On the other hand, by recalling (A-4) and Lemma 1.1 and using Young’s inequality, we get

[

(q+1) 1
<5 1A e Sl

0 / AP s [ e L
2 Jo 8n /o 2

1 2 1
1 | e U B EA

_ 2w’ 2
< D1 e v Ay S ot S v 217)
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Hence from summing (2.16) and (2.17) we deduce that

2
sa(IIVVfllz +[va])

‘ /fl ut[(t )dx| <

|Q|qT q+1q||v k||4(q+1

2,

blcsf”2
* 8n [

Similarly
k  k Cszfx 12 )
- [ At AW s < SE P+ Vi)
b2_’7 |Q|"2;p1 CHoH P |k ||4(p+1)p

b b,C?
= HV"HZ‘I 22S||W§||2o

Also by Young’s inequality, we get

2
| [ aVu*Vuk dx| < n||Vuk|* + “—n IVuk|?,
| [ aVV Vv dx| < nl|VVE 1% + ||Vv"||2.

We have

t
/hl(t—s)/ Vuk(s)Vu’t‘t(t)dxds
0 o)

t 2
Sn”VuftH2+i/ </ hl(t—s)Vuk(s)ds> dx
4n Ja\Jo

1 t t
5n||w§||2+5/0 hl(s)dsfgfo Iy (t - s)| Vi (s)|” ds dix

_ t
2, k/ Iy (¢ - 8)|| Vi (s) | s
an Jo

_ ¢
<l Vil + P [ i as
4n 0

=n| Vg

Similarly
t
hy(t —s) / Vvk(s)Vv/t‘t(t) dxds
0 2

_ t
S ey R ACTRE

and

1 [, VUl V2i(x, 1,8) dx| < nu2 || Vuk | + ﬁ IVZK(x, 1,1)]%,
| o VVEVZS(x,1,8) dxl < nu3 | Vvgll? + £V 25(x, 1, 8)]1%

2
Vi |7 P v |

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

Page 11 of 28
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Taking into account (2.18)—(2.23) into (2.15) yields

f9|u||un|2dx+||wt,||2 LSy 251 L2 dp) + LI 22k 1, 0))1
< (2 +2) + SV 2
2 c2 b 1 4g+1
IV AV + Vi) + 5212177 G vk e
2
b ¥ 2 b2
+ A I Vuk + 2 Vg |
t
+ L IVA@ LY + E(a-Km0) ||wk(s)||2ds—— o (Z9) 122012 dp,
Jo WA R dx + VWA 1% + 1400 295122512 dp) + S 225(x, 1, )12
c? 2
< (n(u% +2) + )V
2 c2 b 2L a(pe1
a ||ka||2 SV + Vb ]?) + 2121 % CHPr P | vk op

b byC2

+ ZCS VAP 4 255wk 2
—||VZ (%1, z:)||2 & (a=K)hy(0) [5 11V (s)II ds
2 0 1;(; 2” dp.

By using (A3) and taking the first estimate (2.9) into account, we infer

f9|uk|l|u§|2dx+< — (2 +2) + ) vk 2
2dt fo lpr )” ||2d,0)
FLILA LI < Gt £ a- k) (O)CT

Jo |v§ f|v§|2dx+ (1= (13 +2) + %) v 2

2d fo T pr t)” 251> dp)
%ll A L)1 < Co + —(ﬂ k2)hy(0)C1 T,

(2.24)

where C, is a positive constant that depends on 1, «, a, Cs, |$2|, by, by, p, q, C; fori=1,2.
Integrating (2.24) over (0,t) we obtain

Il |uf|l|u§|2dxdt+ (1= (e +2) + L) 193k (s)12 ds

+fo 20N a2 dp+ 4 [y 1421, t)||2dt< (Co+ (a—m©O)C T)T,
Jo Jo W1 |v§|2dxdt+< (3 +2) + L)) [ vk ()2 ds
o mhEIEANRdp + 3 [y 122, 1,t)||2dt < (Co + E(a-Khy(0)C T)T.

For a suitable 7 > 0 such that 1 — (n(u? +2) + 1+b @eb)CE ~—£=s) >0 for i = 1,2, we obtain the second

estimate

[ 9o + |9l

! t 3 * |l
. / ™0 ()9 « &
o 1—pt/(t)\| 0t Bt
We observe from the estimate (2.9) and (2.25) that there exist subsequences (") of (u*)
and (") of (V*) such that

2
) dp < Cs. (2.25)

(#",v") = (u,v) weakly star in L°(0, T, Hy(£2)), (2.26)
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(u;”,vf") — (us,v¢) weakly star in L™ (0, T, H(}(.Q)), (2.27)
(s}, V) = (uy,v)  weakly inL?(0, T, Hy(R2)), (2.28)
(27, 2]") = (z1,22) weakly star in L (0, T, Hy (£2,L%(0,1))), (2.29)

0 0 d 0
(—z{”, —zE”) — <azl, &Z2> weakly star in L>(0, T, L*(£2 x (0,1))). (2.30)

In the following, we will treat the nonlinear term. From the first estimate (2.9) and

Lemma 1.1, we deduce

I L k2
” |l/§| ult(”Lz(O,T,Lz(.Q) :_/0 “”f “;ui) dt

T
< 2 / v P ae < c,,
0

where C4 depends only on C;, Cy, T, .
On the other hand, from the Aubin—-Lions theorem (see Lions [9]), we deduce that there
exists a subsequence of (™), still denoted by (&), such that

u]' —u, strongly in L*(0, T, L*(£2)), (2.31)

which implies

u]' — u, almost everywhere in A. (2.32)
Hence
’u;”|lu;" — |ug)'u, almost everywhere in A4, (2.33)

where A = 2 x (0, T). Thus, using (2.31), (2.33) and the Lions lemma, we derive

’u;” ‘luf’ — luy|'u; weakly in L? (0, T, Lz(.Q)); (2.34)
similarly
|V§”|lv;” — v|'v, weaklyin L? (0, T,LZ(SZ)) (2.35)

and
(2,25") = (z1,22)  strongly in L*(0, T, L*(£2)),

which implies (2, z}") — (21,22) almost everywhere in A.

The sequences (1) and (V") satisfy

fi(w™ V") > fi(w,v) strongly in L®(0, T, L*(£2)) (2.36)
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and
H(u",v") = fo(u,v) strongly in L*(0, T, L*(£2)); (2.37)
we have
U (") i) | = /Q A7 b Ptk = e Pl .
As we add and subtract [v¥|7*!|u|Pu to the previous formula, we obtain
[i(w",v") - filww)|* < fg e e R o [l e 1
52[/9|Vk|2(q“)llukl" “ ulPul” d

+/ | 20| |oF |77 - |v|q+1|2dx:|. (2.38)
2
We use the following elementary inequalities:

|lal* - |bI*| < Cla - bl(Jal*" +|b/),
|lal*a — |b*b| < Cla-bl(jal* + |bI"),

and
(a+b)?< 2(612 + b2),
for some constant C, Vk > 1 and Va, b € R. Hence (2.38) becomes

UG =it <ac] [ 1470 = a7 1)
2

+/ |u|2(”+1)|vk —v|2(|vk|2q + |v|2’1) dx]. (2.39)
Q

The typical term in the above formula can be estimated as follows.
L

Noting that 5~ + 5

; + % =1, by applying the generalized Holder inequality, we find

/ ‘Vk‘2(q+1)‘uk _ u|2’uk|2pdx
Q

1 1 1
< </ |Vk|4(q+1) dx) i (/ !uk - u|4qu) . </ |Mk|4p2 dx> 2,;‘ (2.40)
o) fo) 2

Recalling (A4), Lemma 1.1 and (2.9), we get

[V a7 < €9 - ) (2.41)
2
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Hence (2.39) yields
I an) | = LI - ) o [V 64 —0) 2a)

As (u™), (v™) are Cauchy sequences in L>(0, T, H}(§2)) (we prove it as in [1]) then we
deduce (2.36). Similarly we get the convergence (2.37).

By multiplying (2.1) and (2.6) by 6(¢) € D(0, T') and by integrating over (0, T), it follows
that

—1 Jo (k@)1 @), w)o @) dt + [, MV @2 (Vaik (), VW) () de
[ (Vuk, vwhoydt - [ [ (e - s)(Vuk(s), Vw)o(e) ds dt
i fOT(VZk(~ 1), Vw)o(t)dt + [ (b, v%), w)o(e) dt = 0,
—11 Jo (VF@IVE@, who (@) de + [ MUV @IV (8), Vw)o () dt
+f0 (WK, vw)o(t dt—fo fo hy(t = 8)(VV(s), V)0 (8) ds dt
+ o [ (VZS D), whe @) dt + [ (b, v9), w)e () dt = o,
Jo Jo Jor @825+ (1 - pr' () Z2)¢0(t) dxdp dt =0,
foT fol Jor@®2z+(1- pr’(t))%zé)ﬂ@(t) dxdpdt =0,

(2.43)

forallj=1,...,k
The convergence of (2.26)—(2.30), (2.35), (2.34), (2.36) and (2.37) is sufficient to pass to
the limit in (2.43). This completes the proof of the theorem. O

3 Exponential decay rate
In order to make precise the asymptotic behavior of our solutions, we introduce some

functionality to determine a suitable Lyapunov functional equivalent to E.

Theorem 3.1 Assume that (A1)—(A3) hold. Then for every to > O there exist positive con-
stants K and ¢’ such that the energy defined by (1.6) obeys the following decay:

E(t) <Ke™', Vt>t,. (3.1)

Lemma 3.2 Along a solution of the problem (1.5) the functional
1
1) =(t) / 2P (Va1 |® + 1 V2a)|?) dp (3:2)
0
satisfies the following estimates:
1
1(8)| < L0, (33)

1
I'(t) < —2z(p)e>" / (IVz11? + 1V2211%) dp + [V uel)? + [ Vvl
0

(1= (|Vax 10| + |Varlx 1,0)|). (3.4)
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Proof (ii) A direct derivation of (3.2) gives

1
1) = /0 [ |V |2 + V22 ]?) + 1(0)e O (| V2, |* + | V2| )] do

Recalling (1.3)—(1.4)

1
1@ - /O [r/ 200 (V21 | + | V2 l)

(e 0P (1— pr (t))%(nwln% ||Vz2||2)]d

T
= fo [%(62’(‘”(1 ~ 7 ©p)(IVal? + 1 V21%)

—2t()e D (| Vz | + ||sz||2)} d
— IVl + Vvl = e O (1 =/ (0)) (| Varx, 1,0 + | Vaalx, 1,0)|%) - 210

Because the exponential function e2°*® decreases on (0,1) x (7o, 1) and from (A3), we
get the results of this lemma. O

Lemma 3.3 Along a solution of the problem (1.5) the functional

o(t) = I 1/(Iutllutu+lvtllvtv)dx+/ VutVudx+/ Vv.Vvdx
2 I?)

verifies the estimates

1 1 ¢+ ! !
lp(0)] < m( laac 235 + Ivellz3) + < 172 ¢? . 2 (IVul™** +1Vv)*?)
1
+ i(llvmll2 +1Vvel?) (3.5)
and
1
¢'(0) < 7 (leI33 + Ivellz3)

+ <n(a—k+ 1) -k + (hl ;l” +a)Cs2)(|IVu||2 + Vvl

1
+ %[(hloVu)(t) + (h0VV)(2) ] H Vzi(x,1,t) H + —2H Vzy(x, 1, t)H
+ I Vael” + [ Vve | (3.6)

Proof (i) Applying Young’s inequality, Sobolev—Poincaré’s inequality and L*? < L2, we
find

l+2 (l + 1)_1 1+2

1+2 (l ) 1+2 _” t”[
w2 T

lp(0)] < ﬁn i3 +

+—Vu 2+—VL¢2+—VV 2+—Vv2
2|| ell 2|| l 2|| el 2|| l

Page 16 of 28
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1
w2 D)7, 142 142
_l 2|| ugllis + ) ——c. | Vul| " + || velliis +

1 1
+—Vu 24 2\ Vul? + 2|V 2+—Vv2
IVaell”+ SVl + S Vel 2|| I

~
+‘r—t
[\]

1+2

+ - (IVal? + 19w ).

l\Jl’—‘

(i) Taking a direct derivation of (3.2) and replacing |u;|'us, |v¢|'v; from the first and

seconde equations of (1.5) give

/ 1 , 1
¢(t)=H—I/Q(Iutllut)udx+l+—1/9|ut|’*2dx

1 Y. 1 !
t dx+ —— 24
I+ (|Vt|Vt)V X l+1_/_(;|Vt| X

ttVudx+/ VutVutdx+/ Vv”Vde+/
2 17 I?)

1
[lutl un]udx + i1

I
\

—/ Augudx + ||Vut||2 —/ Avyudx + ||Vvt||2
I} 2
1

— Avy]vdx+ |V + | Vv ?

(I+1)
I+

1
= 7 (leliZ3 + vel23) + / [—ﬁ(u,mM(nwnZ)Au
2

t
—/ hi(t —s)Au(s)ds + 11 Az (x, 1, t):|udx
0

+/ |:—f2(u,v)+M(||Vv||2)Av—/thz(t—s)Av(s)ds+M2Azz(x,1,t)]vdx
2 0

2 2
+HIVu|” + [ Vvl

1
"I (el + Mvelli3) = MVl ?) 1 Ve

2

1
1+2 !
llaeell s +/ [|Vt| Vtt]de+ flvell
Q I+1

1
Ci+2 ” VVH 1+2

((+1)1 c
(laaell23 + Ivel23) + (—cﬁ*2+5 (IVal ™2+ Vv )

Vv Vv, dx

1+2
1+2

1+2 1+2 1 !
=7 (”ut”l:z + ”Vt”[:z) / [|ut| U — Autt]de"'/ [|Vt| Vi
+1 Q Q

t
+/ Vu(t)/ hl(t—s)Vu(s)dsdx—pcl/ Vzi(x,1,t)Vudx
fo) 0 2

—M(||Vv||2)||Vv||2+/QVV(t)/Othz(t—s)Vv(s)dsdx

s / Vol 1,0 Vvda + | Vitg|2 + [ Vel
2

—(b1+b2)/ |v|q+1|u|p*1dx—2a/ uvdx.
fo) 2

As M(r) > a and making use of Young’s inequality we obtain

¢M§H1

t
(s I533 + 1vell13) — all Vaull® + / Vul(t) / hi(t — 8)Vu(s) ds dx
2 0

Page 17 of 28
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M2 2
+ o [Vae Lo+l vul?
n
t
—a||Vv|? +/ Vv(t)/ hy(t —s)V(s)dsdx
fo) 0
M2 2
+ 4—; V22, 1,0 + 0l VI? + [ Vase |1 + ([ Vv
— (b1 +b2)f |v|q+1|u|p+1dx—2a/ uvdx. (3.8)
2 fo)
By use of Young’s inequality, the third term in the right side is estimated as follows:
t t
/ Vu(t)/ hl(t—s)Vu(s)dsde/ h(t—s)/ |Vu(t)(Vu(s)—Vu(t))|dde
o) 0 0 2
t
+| Vu(t)||2/ hy(t - s) ds
0
9 t
<+ )| Vu®)] / In(s)ds
0
1 [t 2
+ — / hi(t-s) ”Vu(s) — Vu(t)) ” ds
4n Jo
1
< (1 +n)a-b)|Vu@|* + H(lqlow)(t).

Similarly

/ V(t) /thz(t —-8)Vu(s)dsdx < (1 + n)(a—-k) ||Vv(t)||2 + i(hgon)(t),
2 0 4n

and from (A4)

by+b
—(b1+b2)/ |v|q+1|u|1”+1dx-2a/ wvdx < <¥
2 2

+ a)cf(nwnz + 1 Vul?).
Thus, (3.6) is valid. a

Lemma 3.4 Along a solution of the problem (1.5) the functional

w(t):ﬁz(mt—%ww)/o hl(t—s)(u(t)—u(s))dsdx+/Q<Avt

|v¢|lv¢) /0 thz(t - 8)(v(t) = v(s)) dsdx

I+1

satisfies the estimates

[y (@) < %(nwtn% IVvell?) + %(a—k)(l
(I+1)!
BT

({+1)t
T Ur2)

(a- k)’cﬁ”) [(r10Vu)(2) + (h20VV)(2)]

(ﬂ _ k)l+2C£+222l+1(” vul|2(1+l) + ” VV||2(1+1))

Page 18 of 28
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(3 + vl2) (39)
[+2
and

I+1)"! 142 14202(1+1) ¢y
1
((l 2 (h1(0)) " "¢;r*2 +by
+

Y'(t) <4 [(ﬂ —k)+

ap
14
+ %bl]M(IIWIIZ)IIVuHZ

2 M(IVull?
+ (25(&—k)2+%)||vu||2+ (M
2 %)

36 2

h1(0) <1 . ({+1)1
45 (I+2)

2
+ (23 L )(a - k))(hloVu)(t)

(h1(0))1c§+2> (H,0Vu)(t)

t
+ (3 -/ B (s) ds) IV |? + 128]| Vzr (x, 1,8) |
0

1 t
e (1 [ s i

(+n 142 14202(1+1) ey
Ty 120 e 2 b=

+8[(u—k)+

4q
C.
+ 5752i|MU|VV||2)||VV||2

2 MOV 2
+ (28(a _ k)2 + %) ||Vv||2 + (M
2 46

2
+ (25 + 3% + “ZCS )(a - k))(h20Vv)(t)

ma() (| (1)
45 < T+ 2)

(120 2 ) (054))
+ (5 ) /0 s (s) dS) Vvl + 138 | V2, 1,0

1 ¢ .
+ m(l_/o ha(s) ds)||vt||f+§, (3.10)

where 8 > 0 and c; is the Sobolev embedding constant.
Proof We have

() = —‘/g Vut/:hl(t—s)(Vu(t) - Vu(s)) dsdx

—/ i|u,|lut/th1(t-s)(u(t)-u(s))dsdx
0

_Ql+1

Page 19 of 28
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—/ Vv, /[hz(t - s)(Vv(t) - Vv(s)) dsdx
2 0

_/Qlilmllw/o hz(f—S)(V(t)—v(s))dsdx,

We use Young’s inequality with the conjugate exponents p’ = and q =1+ 2, then the

second term in the right hand side can be estimated as

‘ / —|ut| ut/ (t—s)(u(t)—u(s))dsdx

5% /;Z(Iutllut)(/Othl(t—s)(u(t)—u(s))ds) dx
S%:;/g\lutllut|ﬂdx+l// ’/thl(t—s)(u(t)—u(s))ds q/dxi|
5% —/ V) dx + — /(/ hi(t - s)|u(t) - u(s)|ds> dx]
< el

1+2
u(t) — u(s)]) ds:| dx. (3.11)

({+1)! ¢ L1
+ ;2 fg[/o (It - ) P (I (£ - 5)) P2

We get by using Holder’s inequality

¢ +1 1 1+2
[ [ [ (h1(t—s))f+2((h1(t—3))l+2’u(t)—u(s)‘)ds:| dx

t L1 ﬁ t N / o
= /_q[(/o ((hl(t—S))m)P ds) (/0 ((h1(t _S)) 2 |u(t) _ u(s)|)q ds> ] dx
t % ‘ I+2 l+2 l+2
hi(t—s)d It — B J P
: /:z[(/o 1{£-9) S) </0 1(£ = 8)[u(t) - u(s)] s) ] x
4 I+1
= (/0 hi(t-s) dS) / hi(t—-s) ”M(t) us) ||l+2

<(a-k)*tc? /0 t Vit =)y (6 = s)|| Vaelt) = Vuls) | | Vule) - Vuals) | ds

.Q

21+2

< (ﬂ _ k)l+1cé+2 (;‘ / 1(t S)” Vu(t) Vu ( )”
+ % /O In(t =) | Vult) - Vuls) ||2ds)
<(a-kHec “ZG / thl(t—s)HZVu(t) |42 ds + %(hIOVu)(t))

<(a-k"! 1*2(22”1@; 0| vu@ | +%(h10Vu)(t)>. (3.12)
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Combining (3.12) with (3.11) we obtain

[t [ -0 - u)dsas

1
1+2
< —u
S LE

((+1)!
1+2

[(a — k)L (22“1(4 — 0| Vu@ |0 + %(hloVu)(t)):|. (3.13)

In the same way, we get
t
‘—/ Vut/ hl(t—s)(Vu(t) - Vu(s)) dsdx
2 0

1 1 t >
§—||Vut||2+—/ (/ hl(t—s)’Vu(t)—Vu(s)|ds> dx

2 2 Je\Jo

1

2

Ve || + %(a —k)(h1oVu)(t). (3.14)

<
Similarly

|~ [ 75 1Velve [y Ba(t = $)(u() = v(s)) ds dx| < 755 lve ]|

+ (“,P; [(a — k)12 (@ — k) || V(D) | 204D + %(h2on)(t))] (3.15)

| = [o Vv fot h(t —s)(Vu(t) — V(s)) dsdx| < 1|Vvl|* + 3 (a — k) (h20Vv)(2).

Combining (3.13),(3.14) and (3.15), we deduce (i).
(ii) We use the Leibnitz formula and the first and second equations of (1.5) to find

v'(t) = /Q (A — |1l i) /0 thl(t—s)(u(t)—u(s)) dsdx
¥ /9 (Aut - z+11 |ut|lut> ( /0 t(h/l(t—s)(u(t)—u(s)) Iy (2 = s)u(0)) ds) dx
+ /Q (Avie = vel'vie) /0 thg(t—s)(v(t)—v(s)) dsdx
¥ /9 (Avt— li1|vt|lvt) ( /0 t(h’z(t—s)(v(t)—v(s))+h2(t—s)vt(t)) ds> dx

=/f1(u,1/)/ Iy (¢ = ) (u(t) — uls)) ds dx
2 0

+/ M(||Vu||2)Vu(t)/th1(t—s)(Vu(t)—Vu(s)) dsdx
I?) 0
—/ /thl(t—s)Vu(s) ds/thl(t—s)(Vu(t) — Vu(s)) dsdx
2Jo 0
+u1/ Vzl(x,l,t)/thl(t—s)(Vu(t)—Vu(s)) dsdx
2 0

—/ Vut/th/l(t—s)(Vu(t)—Vu(s)) dsdx
2 0



Mezouar and Boulaaras Boundary Value Problems (2020) 2020:90

l+1/ |14 ut/ Kyt - S) u(t) — u(s))dsdx

— 1V / I(s)ds = ||ut||§:§ / hy(s)ds

+/Qf2(u,v)/0 hz(t—s)(u(t)—u(s))dsdx

+/ M(||Vv||2)Vv(t)/thz(t—s)(Vv(t)—Vv(s)) dsdx
2 0

—/ /[hz(t—S)VV(S)dS/thz(t—S)(VV(t)—VV(S)) dsdx
2Jo 0

+u2/ sz(x,l,t)/thz(t—s)(Vv(t)—Vv(s)) dsdx

Q 0

_/ Vvt/th/z(t—s)(Vv(t)—Vv(s)) dsdx
I?) 0

_HLI/ |Vt|ll/t/ Wy (¢ =) (v(t) — v(s)) dsdx

IV / o) ds - Il / Io(s) ds

t
=h+L+L+1+1;5 +16—||Vut||2/ hl(s)ds—ﬁllutlll&/ hi(s)ds
0 + 0

t 1 t
~Vvll? f hy(s) ds — ——||ve[| "2 / hy(s) ds, (3.16)
0 0

I+1

where

I = [, M(I|Vul*)Vu(t) fot hi(t—8)(Vu(t) — Vu(s)) dsdx

[ MOV VIRV [ (e S)(Vv(t) V(s)) ds dx,
L=-[, fo hi(t—s)Vuls dsfo —8)(Vu(t) — Vu(s)) ds dx

— [ Jo ot =) Vu(s)ds f, hz(t —5)(V¥(t) — V(s)) ds dx,
I3 =1 f_Q Vzi(x,1,¢t) fot hi(t —s)(Vu(t) — Vu(s)) dsdx

+ 12 [o Vza(x, 1,¢) fot ho(t = s)(Vv(t) — Vv(s)) ds dx,

and

In=— [, Vg [y Hy(t = )(Vult) — Vu(s)) dsdx
— [ Ve fy Myt = $)(V() - V(s)) ds dx,
Iy = — 75 [o luel'ue [ 1 (8 = 5)(u(t) — u(s)) ds dx
-5 o vel've fot Ky (t - s)(v(t) — v(s)) ds dx,
Is = [ fi(w,v) [y ha(t —s)(u(t) - u(s)) dsdx
+ [ fo(u,v) fot ho(t = 8)(u(t) — u(s)) ds dx.

Next we will estimate I3,..., 1.

Page 22 of 28
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For I, by applying Holder’s and Young’s inequalities, we obtain

|11|5M(||Vu||2)/g‘Vu(t)|(/(; hl(s)ds)2</0 hl(t—s)}Vu(t)—Vu(s)]zds)zdx

+M(||Vv||2)/Q|Vv(t)|(/0 hg(s)ds>2</(; hz(t—s)|VV(t)—VV(S)!st)Zdx

5M(||Vu||2)[5fQ{W(t)f/0 Iy (s) ds dx
+41—5/9/Othl(t—s);w(t)-w(s)yzdsdx}
+M(||Vv||2)[8‘[(l|Vv(t)|2/0 ha(s) ds dx
+41—8/.;2/Othz(t—s)Wv(t)—Vv(s)|2dsdxi|

< M(IVu)?) <8(a — k)| Vu@)|? + %(hloVu)(t))
+ M(IVv]?) (8(11 —R)| V)| + 4—18(h20VV)(t)>. (3.17)

Similarly,

t 2 t 2
|12|§8/Q(/0 hl(t—s)|Vu(s)|ds> dx+%‘/;2(/0 hl(t—s)|Vu(t)—Vu(s)|ds> dx
t 2
+8/9(/0 hz(t—s)|Vv(s)|ds> dx

1
+_
48 J,

¢ 2
< 8/9([0 hl(t—s)(}Vu(s) - Vu(t)| + |Vu(t)f)ds) dx
+ %(/:hl(s) ds) (h10Vu)(t)
t 2
8 hy(t—s)(|Vv(s) =V \% ds) d
+ /.Q(/o o (t s)(| v(s) V(t)| + | v(t)|) s) x
+ 41_8</ hay(s) ds) (ha0Vv)(t)
0
t 2 t
< 26“Vu(t) ||2(/0 hyi(t) ds) dx + (28 + %) (./o hi(s) ds) (h10Vu)(t)
t 2 t
+ 28 HVv(t)||2</0 hy(2) ds) dx + (28 + %) (/0 hy(s) ds) (ha0VV)(2t)

< 28| Vu@)|*(a-k)? + <25 + %) (@—Kk)(oVu)(t) + 28| V(D) | (a - k)

¢ 2
</ hy(t — s)|Vv(t) - Vv(s)| ds) dx
0

+ (23 + %)(a — k)(hy0Vv)(t), (3.18)
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] < 82|V 10| + ud| Vel 1,0)|)

(“)%vww(“

2
2 - / _ _
|I4|§8/Q|Vut| dx+48/9</(; |h1(t s)HVu(t) Vu(s)|ds> dx

2 i ! / _ _ 2
+8/;2|Vvt| dx + /(/ |h2(t S)||Vv(t) Vv(s)|ds) dx
< 8| Vi ||? +—/ (-H\(t-s))d. //( W?dsdx
+8| Vv ® + E/ ds/ / (—H} dsdx

1( ) 1 (3 ) (Hy0Vu) (),

(h20VV)(2), (3.19)

<8IV |* -

(Hy0Vu)(2) + 81| Vv,]|*

and using the fact that / <y

(l 1)_1 + / +
Il < 0 [(m«»)“ / (36 =5) 0~ ts) 3 s

+@@WAGWFWM %ﬁ}

142 1+2
(et lliis + Ivelliis) +

1+2 1+2
(o iy + Naaellit)

IA

I+2

(+1) X / X
+ 1++2 gz[(h (O))“/O(h(t—s))”Vut) Vuls) | ds

+ (y(0)™ fo (—=Hy(t ) ”VV(t)—VV(S)H“zdS}

IA

1
7 (el + ae)
(I+1)7* g2
I+2 °

(l+1) e
[+2 &

2(1+1)

(1(0))"™" [522 D p0) | Vule)| %(h/loVu)(t)]

2(1+1)

(hz(O))M |:822 Do (0) (K2%0) || 4—1(3(h/20Vv)(t)]

IA

1+2 1+2
r(llutllliz + lluell;f3)

+ (ll++1; 1 é+2(hl( ))l+1 |:822(l+1)h1(0)M(||vu(t) ||2) HVLt(t) ”2
1
- 5(h'10Vu)(t)]

+ (l;—_l—l;*l Cé+2(h2( ))l+1 |:822 (I+1) ]’l M(”VV(t) ”2) ”Vl/(t) ”2

- %(h'ZOVV)(t)}. (3.20)
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For I, we have
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=« /Q v(t) /Ot Iy (¢ = 8) (u(t) — u(s)) dsdx + o /Q u(t) /Ot ha(t = s)(v(t) — v(s)) dsdx

+b1/9 |v|q+1|u|pIM/thl(t—s)(u(t)—u(s))dsdx
0

t
+by / |u|p+1|v|q_1v/ hy(t —s) (v(t) - v(s)) dsdx
2 0
=12+ b1} + b2,

2
0] < % ([Vu@)|* + | Vv@) | + (@ - k) [(noVu)@) + (hoVv)(@)]),

and

t
3| < %/ (It 4 |u|2p)f |1t = $)(u(t) — uls)| dsdx = I + I3,
Q 0

By using the Young and Holder inequalities and Lemma 1.1, we find
1 t
= —/ |v|2<q+1)f |l (t = ) (u(t) - u(s)) | dsdx
2Je 0

1 ‘ >
5§f |v|4<q+1>dx+—/ [/ hl(t—s)|u(t)—u(s)|ds:| dx
2 Jo 88 Jo Lo
4( 1

q+1)
Cg "
= V|4 ¢ o5 (@~ P novi)(©)

4(q+1)

<& 5 M(IIVVIP) I VV]* + %(a ~ k) (h10Vu)(t).

Also by following a similar technique to above, we get

ap
[ 1
|Ig?| < 52 M(IIVMIIQ)IIVMIIZ+g(a—k)(hlovbt)(t).
Hence
4(q+1) 4p

8 )
1] < & 5 M(IIVvIP)IVv)? + CSTM(IIVMIIZ)IIVMIIZ

+ %(a — k)(h10Vu)(t).

Similarly

cf(‘ml) ch(S
|I2] < 5 M(IVul ) IV ul* + TJVI(IIVVIIZ)IIVVII2

+ %(ﬂ — k)(hy0Vv)(t).

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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Summing (3.22), (3.26) and (3.27), we get

iy AP
I < (l’)2 : D) + 52 bl)[\/I(”VMHZ)”Vu”2
C4q5 C4-(q+1)
s s
+<bz 5 +by 5 )1\/I(||VV||2)||VV||2

2
C
“25 (IVul® + [ VV]2).  (3.28)

2
+ (‘chs + %)(a —k)((thu)(t) + (h20VV)(t)) +

Combining (3.16) and (3.17)—(3.28), we complete the proof. O

Proof of Theorem 3.1 Now, for M, &1 > 0, we introduce the following functional:
F(t) = ME(t) +I(t) + ¥ (¢) + e10(8). (3.29)

Firstly we prove that F(t) is equivalent to E(¢); for this we show that F(¢) verified the fol-
lowing boundedness:

K1E(t) < F(t) < ko E(2) (3.30)

for some positive constants ks, k3.
We recall (3.3), (3.5), and (3.9) and, using the fact that / < y, we get

[1(8) + ¥ (8) + e1(2) |
1 1
= (el + velE3) + 25— (19ml) + 19 l)
sic (I+ 1)_1 1+2 20+1 1+2 2(y+1) 2(y+1)
. (7 gy e+ 2" ek ))(nwn +[VY]20)
a-k (l+1)_1 1 142 1
= (1 + 02 (a—k)c, )((hloVu)(t) + (ha0VV)(2)) + EE(t)
< kE(2),

where k > 0 depending the €1, 4, b, [, ¢, ¢, k, &. For the choice of M =k + € with € >0, we
get F(t) ~ E(¢).
By recalling (1.9), (3.4), (3.6), (3.10) and (A2), we deduce that

2
F) < (,ﬁa rel (- den - M,g> ([V21610) >+ [ Vaae, L))

1
—ZT(t)e_z”/ (IVzll® + IV22*) dp
0

_(51|:k—n(a—k+ 1) - (bl ;bz +“)C?i|

({+1)
T+

- (28(a ~k)?*-3 [(a -k) (hacs) 22200 4 w]M0> (IVull® + V%)

1
= 5 o= 1= en) (a3 + 1vell3)
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—(ho =8 =Mx—1—e1)(IVuel* + | Vve]?)
(G ) (e M
2 48 ((+2) c\4n 468

1 ac , /
(26 tagt T)(a k))] ((H0Vu)(0) + (HyoVV)(©)), Vi>1to>0,

where My = max{M|Vul|?, M||Vv|?}, hy = min{fto s)ds, fot hy(s)ds}, hy = min{h; (0),

4(q 1) 4(p+ 4p
h3(0)}, hy = max{/,(0), 12(0)}, = max{b; “ 5’ &by, by 5— + %-by} and ¢ = max{(;,
&}
Let € > 0 be sufficiently small so M is fixed, we take /i — MA — 1 > 1 and § small enough
such that

613=h0—1—81>0 and d4:h0—5—M)\—1—81.
Further, we choose 1 small enough such that

2
ar =28 + 51':_ —(1-d)e® —MB >0,
n

as =& [k—n(a—k+ 1) - <b1 ; 2 +a>c§] —28(a - k)?

_ 8((a k) + (l(; 1;) () 222D 4 w>M0 >0,

and

M h [+1)™1 1 M 1 2
as=— — — 1+(+) W) - = L0 (254 — + %5 ) a-k)) <0
2 46 (I+2) ¢ \4n a5 3 2
Thus

1+2 1+2 2 2
Fl() =~ (Netellzy + vellz2) = as (I Vall® + 1 V1®)

1
et
3l+2
1
-2t(t)e™" f IVl + [ Vzal*) dp
0

+a1 (|| Va1 (x,1,2) H2 + | Vza(x, 1,2) ||2) —as(IVuel* + 1 Vvell?)
+ ag[(h’loVu)(t) + (h’ZOVv)(t)]

< -mE(t) - cE'(t), (3.31)

. -27] .
where m = mln{zeT, 22, a3} and ¢ = mm{%‘, 2, —2as).

Let L(¢) = F(t) + cE(t) ~ E(t). From (3.31), we get
L'(t) = -cL@t), Vt=t, (3.32)
for some ¢’ > 0. A simple integration over (ty, t) yields
L) < L(t)e“ ™), vt >t (3.33)

Thanks to the equivalence between L and E, we obtain (3.1). O
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