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1 Introduction and main results
We study the existence, nonexistence and asymptotic behaviour of ground state solution

of the coupled Schrédinger system

(=AYu+aju =fi(u) + b(x)|u|T2ulv|? + ov  inRN,
(~AYV+av=f0) + bx)|ulfv)92v+ A inRY, (1.1)
u,v e H¥(RYN),

where a; > 0, i = 1,2, X € (—/a1a,,0) U (0, /@a,), 0 <s <1, N > 2s, 2* = % and
2 < 2q < p < 2*. (=A)* stands for fractional Laplacian, see [1, 2]. The coupled Schrédinger
system arises from Hartree—Fock theory in Bose—Einstein condensates and nonlinear op-
tics, among other physical problems [3, 4].

Solutions with both nontrivial components (u,v), u,v # 0 are called nontrivial solu-
tions. Solutions with both positive components are called positive solutions (u, v), u,v > 0.
A nontrivial solution is called a ground state solution if its energy is minimum among all
nontrivial solutions.

As is well known, there are nonlinear and linear forms of coupling terms for coupled
Schrodinger systems. When A = 0, Egs. (1.1) reduce to a Schrédinger system with nonlin-
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ear couplings. In [5], the authors studied a Schrodinger system with nonlinear couplings

(~AYu+u=ul? +blupvPHu  inRY,
(=AYv+a®v= (/2 + byl ulP )y  inRY, (1.2)

u,v e H(RY),

where a > 0 and 2 < 2p + 2 < 2*. In the autonomous case, they proved that if b > 0 is
large enough, Egs. (1.2) have a positive ground state solution with both nontrivial com-
ponents. Similar systems were also studied in [6-9]. When b(x) = 0, Egs. (1.1) reduce to a
Schrodinger system with linear couplings. In [10], the authors studied a Schrodinger sys-
tem with linear couplings. Applying the classical Nehari manifold approach, they proved
the existence of ground state solution and multiplicity results. For the other works about
linearly coupled system, we refer the readers to [11, 12] and the references therein. When
Ab(x) #0, Egs. (1.1) are a Schrodinger system with linear and nonlinear couplings. There
are few papers concerning this class of system. The authors in [13—-15] proved the exis-
tence results of (1.1) with f,(u) = f,(u) = 4>, ¢ = 2 and b(x) = b. To the best of our knowl-
edge, there is almost no research concerning the system with general nonlinearities.
When A = 0 and b(x) = 0, Egs. (1.1) reduce to two scalar equations. The Schrodinger
equation with different potentials and nonlinearities is actively studied, see for instance
[16-21]. We just mention some results about asymptotic behaviour of ground state solu-
tion. Guo and Mederski in [16] studied a Schrodinger equation with sum of periodic and

inverse-square potentials as follows:

W

-Au+ (V(x) - W

)u =f(x,u),

where V(x) is periodic. The superlinear and subcritical term f satisfies a weak mono-
tonicity condition. They proved the existence of ground state solution and the asymp-
totic behaviour of ground state solution in the limit © — 0. Later in [17, Theorem 1.3],
Bieganowski studied the Schrodinger equation

(=AY u+ V(x)u =f(x, u) — K(x)|u|7u,

where 2 < g < p < 2* and the potential functions V(x) and K(x) are Z~ -periodic. The au-
thor studied the asymptotic behaviour of ground state solution as K (x) — 0 in L>°(RY) by
using variational methods.

In the presence of general nonlinearities, periodic potentials and nonlinear couplings,
we study the asymptotic behaviour of ground state solutions of (1.1) in the limit b(x) — 0
in L®(RY). We assume that

(B) 0 < b(x) € L°(RN) is ZN -periodic.

The nonlinearities f;, i = 1,2, satisfy:

(F1) f; € CY(R) and there exist ¢;, ¢y > 0 such that

[fi/(u)| < c1(1 + Iulp‘z) and [ﬁ(u)| < 62(1 + Iulp‘l) for all u e R.

(Fy) limy, o % = 0, fi(~1) = —f;(u) for all u € R.

ul
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(F3) 1imyy- 400 % — +00, where Fi(u) = [, fi(s) ds.
fi(u)

Jua| 2471
To study asymptotic behaviour of ground state solution of (1.1), we introduce the fol-

(F4,) U=

is nondecreasing on (—o0,0) U (0, +00).

lowing condition from [17]:
(F5) There existd >0 and 2 < ¢ < p such that

fi)u - 2F;(u) > d|ul".

We state our main results in what follows.

Theorem 1.1 Suppose that (F1)—(F4) and (B) are satisfied.
(i) Then Egs. (1.1) have a ground state solution w, where

u>0 and v<O0 as —/aja; <A <0,
u>0 and v>0 as 0 < A < Jaia,.

w = (u,v

(ii) Moreover, (Fs) holds, every function in the sequence (b,) satisfies (B) and b, — 0 in
L®RN) as n — +00. I (uy, vy,) is a ground state solution of (1.1) with b(x) = b,(x),
then there is a sequence (z,) C ZN such that

(4n(- +20) V(- + 24)) = (w,v)  strongly in E,
where (u,v) is a ground state solution of (1.1) with b(x) = 0.

In Theorem 1.1, since we are concerned with (1.1) involving general nonlinearities and
nonlinear couplings, moreover f] and f; are independent with each other, the problem be-
comes complicated in applying variational methods. To prove the existence of ground state
solution of (1.1), we find a Palais—Smale sequence on Nehari manifold and use concentra-
tion compactness argument to deal with the lack of compactness of the sequence in RN,
The proof of (ii) is mainly based on the Nehari manifold method and takes inspiration from
[17]. By concentration compactness argument and periodicity of energy functional, we
find that there exists a sequence (z,) C Z" such that the weak limit of (u,,(- + z,,), V(- + 2,.))
is nontrivial and is a ground state solution of (1.1) with b(x) = 0. Then, a further evaluation
of the least energy functional allows us to get the convergence in (ii).

We also study the existence and nonexistence of ground state solution of (1.1) in the
presence of non-periodic couplings. In what follows b(x) satisfies:

(B1) 0 <b(x) € L°(RN) and b(x) = bper (%) + bioc(x), where 0 < bper(x) € L°(RN) is ZN -

periodic and by, (x) € L*°(RN) N L% (RN) satisfies 1imjy|— 0o bioc(x) = 0.

Theorem 1.2 Suppose that (F1)—(F4) and (B1) are satisfied.
(i) If bioc(x) > 0 for a.e. x € RN and bio(x) > 0 on a positive measure set, then (1.1) has a

ground state solution w, where

u>0 and v<0 as—/aia;<i<0,
u>0 and v>0 asO0<Ai< . /aa,.

w = (u,v)
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(ii) If bioc(x) < 0 for a.e. x € RN and boc(x) < 0 on a positive measure set, then (1.1) has

no ground state solution.

In Theorem 1.2, b(x) is non-periodic, which brings some difficulties to prove that the
weak limit of the obtained PS sequence is nontrivial since the translation of energy func-
tional is not invariant. By comparing its least energy with that in the periodic case, we
can deduce that the weak limit is nontrivial. Finally, with concentration compactness ar-
gument and direct energy estimation, the existence and nonexistence results are proved
under suitable assumptions on the sign of by, (x).

The paper is organized in the following way. In Sect. 2 we present several technical re-
sults which will be used throughout this paper. In Sect. 3 we study PS sequences on Nehari
manifold. We prove Theorem 1.1 in Sect. 4 and Theorem 1.2 in Sect. 5.

2 Preliminaries
We denote the Hilbert space E := H*(RY) x H*(RN) endowed with the norm (see [1])

lloll? := |, v)II* = lull* + |[vI|*, where

2
] 1= ) +a,|u|2-/f Jul) = )" ddy+/ ailuf? d,
RN JRN RN

|x y|N+2s

| - |, stands for the norm of IP(RYN) and |(-, MNp=(- Iﬁ + |- Ig)é stands for the norm of
LP(RN) x LP(RN). It is well known that weak solutions of (1.1) are critical points of func-
tional J(w) = J(u,v):E— R

J(w):= T (u,v)
=1||w||2—kf uvdx—/ Fl(u)dx—/ Fy(v)dx
2 RN RN RN
—l/ b(x)|u|?|v|? dx. (2.1)
q JrRN
Denote

1
T(w) ::/ Fl(u)dx+/ Fz(v)dx+—/ b(x)|u|?|v|? dx,
RN RN q JRN
and Nehari manifold

N = {a)eE\{0,0}:j/(a))a)=0},
c:= inf{j(a)) :w € E\{0,0}, T (w)w = 0}.

Assumptions (F;) and (F4) imply that

fi()u =2q \ fz(q )1 271 g > 2g J;(I )1 2471 ds = 2qF;(u). (2.2)

The following lemma is standard and follows from (F;)—(F).
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Lemma 2.1 For ¢ > 0, there exists C, > 0 such that
[fiwu| + |Fiw)| < elul® + Celul.
We need several lemmas for our proof.

Lemma 2.2 For A € (—/aias, \Jaa3) \ {0}, there holds

(1—L)nwnzsnwn2—zxf uvdxs(1+ IA) >||w||2. 2.3)
Jaiay RN A airas

Proof Since A € (—./a1ay, \/a1a3) \ {0}, then 0 < \/% <1and

2]
—ZA/ uvdxz—ZlM/ |ul|v|dx = -2 Jairaz|u||v) dx
RN RN A/ a1az JrN
A A
1A aru® + ayv dx > —L llwl|®. (2.4)

> _
- JVaiaz JrN N aran

It follows that [|w||* — 2A [y uvdx > (1 - L) ||\ w||2. The proof of ||w||* — 21 S uvdx <

[A] 2 e
1+ W)Hw” is analogous. O

Lemma 2.3 Suppose that (F)—(Fy) are satisfied and a potential function b(x) satisfies (B)
or (By), one has B := inf ¢ ||| > 0.

Proof Let w, € N be such that ||w,| — 0, then

2] ) 2 2 /
1- || < lloall” = 2A UV, dx
( T lwall” < llwnll o
:/ ﬁ(un)undx+/ fz(vn)vndx+2/ b(x)u ||Vl du,
RN RN RN

which implies that
2 2 2 2 2
lwall? < Clellunll® + ellvall® + Cellnll? + Cellvall? + 11,117 + v ]1*7)

for a constant C > 0. Let ¢ > 0 be such that 1 — ¢C > 0, then

Celllanll? + 1vall?) + Netall*7 + (vl
112

1-eC<C

llwn

< C[Ce(llnll?™ + 1V llP72) + Nl 2772 + (v ]I*27*] — O.
It is a contradiction. Hence inf,czr ||| > O. O

Lemma 2.4 Suppose that (F1)—(F4) are satisfied, and a potential function b(x) satisfies (B)
or (By), then:

(A1) There exists r > 0 such that a := inf|, -, J () > J(0) = 0;

(A2) Forany w € E\ {(0,0)}, there exists t > 0 such that J (tw) < 0;
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(A3) Forte (0,00)\ {1} and w € N, there holds

£2-1_,
o(t) := TI (w)w —L(tw) + T(w) < 0;

(A4) Forany w € E\ {(0,0)}, there exists a unique number t > 0 such that tw € N and
J (tw) = max,o J (rw).

Proof (A;) Applying the fractional Sobolev embedding theorem [1] and Lemma 2.1, there
exists C > 0 such that

f Fiw) dx < C(ellull® + . lull?).
RN
Holder’s inequality implies that
fN BENl?|v)? dx < [bluolul?, VI3, < C(I1 + [v)).
R

Let r,C; > 0 for ||w|| < r and r be sufficiently small, we have

1
/ Fl(u)dx+/ Fz(v)dx+—/ b(x)|u|?|v|?dx
RN RN q JrRN
< Cle1 + &)llwl* + C(Cy, + Coy) @l + 2C||w]|*
1 [A| , 1 |A] 2
<-(1- <—(1- .
<3 ( )= o)

For |w|| = r, it suffices to show that

Y 9
j(w)z4<1 W)r > 0.

(Ay) Forany w € E'\ {(0,0)} and ¢ > 0, by using Fatou’s lemma and (F3), we have

Fi(¢ Fy(t Fi(¢ F(t
lim / 1(u)u2+ 2 V)Vzde/ lim ( 1(u)u2+ 2 V)v2>dx—> +00,
R

t—>+00 Jp3  t2u? 22 3 t—>+00\  £2y? t2y2

which implies that

J<tw)/t2=§<nwn2—zx / uvdx)— / Al + B©)
RN RN t

2g-2
-— b(x)|ul?|v|?dx — —o0 ast— +00.
q JRN

Hence J (tw) — —o0 as t — +00.
(A3) Forw € N and ¢ > 0, let

2

o) = T () - T(tw) + o),

Page 6 of 24
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obviously, ¢'(¢) = tZ'(w)w — Z'(tw)w. It follows from Lemma 2.3 that
T (w)w = ||w||2—2A/ uvdx > (1— ﬁ)llwllz > 0.
RN Vai1az

We have

RN

—</ fl(tu)udx+/ fz(tv)vdx+2t2q‘1/ b(x)lulqlvlqu).
RN ]RN ]RN

In view of (F,), if £ < 1, then

tT (w)w — T (tw)w = t(/ fiw)udx + / fHvdx + 2/ b(x)|u|q|v|qu)
RN RN

@' (t) = tT'(w)w - T (tw)w

S 21 (/RNfl(u)udx " /RNfz(v)vdx - /RN ﬁt(zi]'f)lu dx - fiﬁf{”ﬁ) dx > 0.

RN

While for ¢ > 1, we have ¢'(¢t) = tZ'(w)w — Z'(tw)w < 0. Hence ¢(t) < ¢(1) = 0 for ¢t €
(0,+00) \ {1}.

(A4) In view of (A1) and (A,), for any w € E \ {(0,0)}, there exists a maximum point fy,ax
of t — J (tw) such that J’ (tmax@)w = 0 and tmaxw € N.

Forany w € A and ¢ € (0, +00) \ {1}, we have

2-1
2

J(tw) =T (0) + (J(tw) -J(w) J’(w)w> =J (o) +¢(t) < T (o). O

Lemma 2.5 7 is coercive on N, i.e. there is a sequence (w,) C N such that J(w,) — +00

as ||wy|| — +oo.

Proof Let (w,) C N be asequence such that ||w,| — +00 as n — +00. From (2.2), we find

1 1 1
j(wn) = j(wn) - 2_qu7/(wn)wn = <§ - 2_q> <”wn”2 -2X AN UpVy dx)

S (2o L) (- A l|n|I*
- —— - wyl||® — +00.
“\2 24q Jaia, O

The Nehari manifold N has the following properties.

Proposition 2.6
(i) N CE isa Cl-manifold;
(i) w is a nonzero free critical point of J if and only if w is a critical point of J
constrained on N
(ili) If (wy) is a (PS) sequence for J |, then w, is a (PS) sequence for J .

Proof (i) For € N/, we denote
S(ur V) = j/(u’ V)(M! V)
= ||(u,v)||2—2A/uvdx—/ﬁ(u)udx

—/fz(v)vdx—2/b(x)|u|q|v|qu.
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Let ¢i(s) := £ for s > 0. In view of (E,), we have % >0,i.e.f/(s)s%7! - (2g—1)fi(s)s*17> >

= 21 s =
0 for s > 0, which implies

fi(s)s —f/(s)s* < —(2q - 2)fi(s)s for s> 0.

Assume s < 0, then —s > 0 and —f;(—s)s — f/(=s)s> < (2q — 2)fi(~s)s for s < 0, in view of (F,),
we find

Si(s)s —f,',(S)S2 <—(2g -2)fi(s)s fors<0.

It is clear that
£ (u,v)(u,v) = 2] (u, ) |* - 42 / uvdx — / i) + £ () dox
—/fz(v)v+f2/(v)v2dx—4q/b(x)|u|q|v|qu
= / fi(w)u - f(w)u dx + / HWy () dx
—(2q—2)2/b(x)|u|q|vlqu
< —(2q—2)<ff1(u)u +f2(v)vdx+2[b(x)|u|q|v|qu>

= —(2q—2)(”(u,v) ”2 —2k/uvdx>.

It follows from Lemma 2.3 that
2 [A] 2
(u,v) —Zk/uvdx > (1 - —) lo|l” >0,
] M

then
E(u,v)(u,v) < -(2q - 2)(||(u, V) ||2 -2\ / uvdx) <0. (2.5)

Hence N C E is a C'-manifold.

(ii) If @ # (0,0) is a critical point of 7, then J'(w) = 0 and w € M. If € N is a critical
point of J on N, by applying the Lagrange multiplier theorem, one has J'(w) = §¢'(w)
and J'(w)w = 8&'(w)w for § € R. From (2.5) we deduce that § = 0 and J'(w) = 0.

(iii) Let (w,) C NV be a (PS) sequence of 7|7, then

1 1 2 LY PR 2
J(%)Z(z 2q)(nwnn 2A/unvndx)z(2 2q)(1 m)nwnn,

which implies (w,) is bounded in E. For some §, € R, we have

o(1) = jllN(wn) = j/(wn) - Sn%_/(a)n)’ (2.6)

thus §,.&" (w,)w, +o(1) = J'(w,)w, = 0. From (2.5) we deduce that §,, — 0. In view of (2.6),
we get J'(w,) — 0. O
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3 Palais-Smale sequences on Nehari manifold
In this section, f; satisfies (F;)—(F4), a potential function b(x) satisfies (B) or (Bj).

Lemma 3.1 There exists a bounded sequence (u,,v,) C N such that J(u,,v,) — c and

T (tp,v) = 0as n — +00.

Proof 1t follows from Lemma 2.3 and Lemma 2.5 that J is bounded from below on . By

using Ekeland’s variational principle [22], there exists a sequence (u,,v,) C A such that

Ttvn) < inf T () +
X " (3.1)
T @) = T (1, ) = — |y — v, —v)|  for any (u,v) € .

Hence J (uy, v,) — infar J (4, v) = c as n — +o0. It follows that

1 1 1
c+—= j(umVn) = (_ - _) (”wnllz _Z)qunvn dx)
n 2 2q
1 1 A
> (5 - 2—) (1 - )Ilwnllz, (32)
q aa;

and

lwall* < C. (3.3)
For a fixed (y,z) € E and ||(y,2)|| < 1, we denote

Gu(s,8) = T (thy + Sy + tthy, vy + SZ + tV) (U + SY + LUy, Vyy + SZ + EVy). (3.4)

Obviously, G,(0,0) = J'(uy, v,)(4y, vy) = 0. In view of (2.5), we have

aG, )
W(O’ 0) = &"(ty, Vi) (s i) < 0.

By implicit function theorem, there exist C* functions t,(s) : (=8,,8,) — R such that £,,(0) =
0 and

G, (s, t,,(s)) =0 forse (=8,,68,). (3.5)

Differentiating G,(s, t,(s)) in s at s = 0, we have

0

G, 3G, o
5 (0,0) + 7(0, 0),(0) = 0. (3.6)
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Combining Lemma 2.3 and (2.5), we get

0
a

G, ,
P (0, O)‘ = |$ (Vi) (U Vn)!
> (2q - 2)(” (unyVn)HZ - 21 / UnVy dx)

i ) [A] 2

It is clear that

3G, ,
‘ 3 (0,0)‘ = |’§ (MmVn)(y,Z)|
s
< 2|((@nr Vi), (3,2))] +2‘k/unzdx +2‘A/vnydx
+ /fl(un)ydx + /fl’(un)unydx
o| [hmzan] | [ fozas

+Zq/b(x)lunlq’1|vn|q|y|dx+Zq/b(x)lun|q|v,,|q’l|z| dx.

By using Holder’s inequality, embedding theorem and (3.3), we find

<.

2|((un,vn),(y,z)>| +2‘A/unzdx +2‘A/vnydx

In view of (F;), Lemma 2.1 and (3.3), we have

+

[ty

/f{(un)unydx

+ + <GC,.

/fZ(Vn)Z dx /fz/(vn)vnz dx

Moreover, we deduce that
2% / D)l v, )y] i + 2 / D) 11917, 2]
- -1
< 2q1Bloc 12 Wl 1¥12g + 241Bloc 162y 1Vl 12120 < Ca.

It follows from (3.8)—(3.11) that

0G,
’ (0’ 0)‘ =< CAL'
as
Combining (3.6), (3.7) and (3.12), we get

|£,(0)] < Cs.

(3.7)

(3.8)

(3.9

(3.10)

(3.11)

(3.12)

(3.13)

Page 10 of 24
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Denote

()_/: E)H,S = S()/, z) + £ (8) Uy Vi),

(3.14)
()/, Z)n,s = (un: Vn) + ()—/’ 2)14,3-
From (3.4) and (3.5), we find (y, 2),.s € N for s € (=8,,8,). It follows from (3.1) that
1, __
’j(y; Z)n,s - j(”nr Vn)| f ; || ()/, Z)n,s ” . (315)
Applying Taylor’s expansion on the left-hand side of (3.15), we get
j()& Z)n,s - j(um Vn) = j,(un: Vn)@; E)n,s + r(n, S)
= 5T (tn, Vi) (,2) + 1(n, 5), (3.16)

where r(n,s) = o(||(3,2) ;) as |s| = 0. Combining (3.3), (3.13), (3.14) and £,(0) = 0, we find

1G22l _

lim sup Cs, (3.17)

Is|—0 s

where Cg is independent of #. It follows that r(n,s) = o(|s|) as |s] = 0. From (3.15), (3.16)
and (3.17), we get

, C
T (1t v) (9, 2)| < 76 (3.18)
Hence J' (4, v,) — 0 as n — +00. d
From (iii) of Proposition 2.6 and Lemma 3.1, we get that (w,) is bounded in E and
J'(w,) — 0. Hence there exists a subsequence of (w,) such that (u,,v,) — (1, vo) in E.
Then we have the following result.

Lemma 3.2 Suppose w, — wq in E and J'(w,) — 0, then J'(wy) = 0.

Proof Forany ¢ = (p,¥), ¢, ¥ € C3°(RY), we have

T @n)b = (Gt vy (00 9)) 2 f e dx— A f Vg da
RN ]RN
- [ ptwdpds— [ poawas— [ s ieods
RN RN RN
- / B(X) [Vl T2V, |1n| T . (3.19)
]RN
Up to a subsequence, we have

(thns V) = (o, v0) in L (RN) x Lf (RN) for 1 <t <25,

(4, Vi) — (g, vo) for a.e. x € RN,
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The weak convergence w, — wq implies that ((u,, v,,), (¢, ¥)) = ((u0, vo), (@, ¥)), f]RN U, X
Y dx — [on uoy dx and [pn ve@ dx — [on vop dx.

Let K C RN be a compact set containing supports of ¢, ¥, then (u,, v,,) — (1o, o) in
LY(K) x LY(K) for 1 < t < 2*. By [23, Theorem 4.9], there exist lx (x) € L*4(K) and m(x) €
L*(K) such that |u,(x)| < lx(x) and |v,(x)| < mx(x) for a.e. x € K. Let hy(x) := Ix(x) +
my(x) for x € K, then g (x) € L?4(K) and

|un ()|, [va®)| < hx(x) forae.xeK.

Hence b(x)|u, |7 2u,|v, |19 < b(x)h?fl lp| for a.e. x € K, and

[ b o1 < bl ok
K

Applying Lebesgue’s dominated convergence theorem, we deduce that

f bttt vl it — / b o 1o vo 7 dix.
K K

By similar arguments as above and Lemma 2.1, we deduce

fK Filun)o dx — fK filu)pdx and fK Bl dx— /K Aoy dx.
It follows from (3.19) that

j/(um V)@, ¥r) — \7/(”0:1/0)(% ).
Hence J'(ug,vo) = 0. O
We introduce the vanishing lemma from [24].

Lemma 3.3 ([24, Lemma 2.4]) Assume that {uy} is a bounded sequence in H*(RN), which

satisfies

sup / lug|> dx — 0. (3.20)
B(z,1)

zeRN

2N
N-2s°

Then uy — 0 strongly in L"(RN) for every 2 <r <

Lemma 3.4 Assume that {w,)} is a PS sequence constrained on N, which satisfies

sup / lwa|?dx — 0, (3.21)
B(z,1)

zeRN

then ||w,| — 0.
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Proof Combining Lemma 3.3 and (3.21), we get u,,v, — 0 in L"(RY) for 2 < r < 2*. For
w, C N, we have

|A]

1-—— Mwul? < o 2—2)»/ UV, dx
< m)” nll” < ol L

= / filu)u, + fo(vy)v, dx + 2/ b(x)|u,|?|v, |1 dx. (3.22)
RN RN
It is clear that

Silwn)u, dx

RN

2
< 5|Mn|2 + CE|Mn|§~
Let ¢ — 0, we have | fRNfl(un)un dx| — 0. Moreover,

[ bttt s < bl vlf, —
R
It follows from (3.22) that ||w,| — O. a

4 Ground states of a Schrodinger system with periodic couplings
We prove (i) and (ii) of Theorem 1.1 in Sects. 4.1-4.2, respectively.

4.1 Existence
Step 1: We find (uo, vo) € E such that J'(u,vo) = 0.

In view of Lemma 3.1, there exists a bounded (PS).-sequence of 7 constrained on N,
i.e. a sequence w, C N such that J(w,) — c and (J|n) (w,) — 0. It follows from (iii) of
Proposition 2.6 that J'(w,,) — 0. In view of Lemma 3.2, up to a subsequence, then

(s, Vi) = (uo,v0) inE,
(s V) = (o, v0) in Lf (RY) x Lf (RN) for 1 << 2%,
(U, V) = (10, v0) for a.e. x € RN,

and J(ug, vo) = 0.

Step 2: We check whether (ug,vo) # (0,0).
Suppose

sup / |wa | dx — 0.
B(z,1)

zeRN

It follows from Lemma 3.4 that ||(z,,v,)|| — 0. We get a contradiction with respect to
Lemma 2.3. By Lions’ lemma [25] there exists (y,) C RY such that

liminf/ lun|?dx>8 or 1iminf/ [vu|2dx > 8.
B(yn,1) B(yn,1)

n—00 n—00

We assume, without loss of generality, that

n—00

lirninf/ |2 dx > 6.
B(yn,1)
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For each y, € RN, we will find z, € ZN such that B(y,,1) C B(z,, 1 + +/N), then

liminf/ |u,,|2dleiminf/ 4,2 dx > 8.
n— 00 B(Zn,1+\/ﬁ) n—0o0 B(yn,l)

Since J and N are invariant under translations of the form w — w(- — k) with k € Z¥,
we may assume that (z,) is bounded in ZV. It is clear that ug # 0 by u,, — ug in L} (RY).
Hence wg = (19, vo) # (0,0), (40, vo) € N and J (ug, vo) = c.

Step 3: We find (v, V') such that J'(v/,v') =0 and J(u',V') = ¢, where u' >0 and v' <0 as

A€ (—/a1a2,0), u' >0and vV >0as ) € (0, Jaias).
Applying Fatou’s lemma, we get

¢ = liminf J (u,,v,)

n—00

n—00

:liminf/ %fl(u,,)un — Fi(u,)
Sy~ Ealv) dx+ (1 _ é) / b ||yl dx

> / %fl(uo)uo — Fi(uo) + %fz(Vo)Vo — Fy(vo) dx

+ <1 - é) /b(x)|u0|q|v0|qu

= j(u(): VO)'

From the above computations, we find that J (1o, vo) = c. Hence (19, vo) # (0,0) is a ground
state solution of (1.1).

Case 1. € (- /a1a,,0).
It is clear that ||(|uo], —|vo|)|l < ||(u0,vo)||. By (As) of Lemma 2.4, there exists ¢ > 0 such
that (t|ug|, —t|vo]) € N and J (t|uol, —t|vo|) > ¢, then

¢ < J (tluol, —tlvol) < T (tuo, tvo) < T (o, vo) = c.

Let (/,V) := (tluo|, —t|vol), ¥’ > 0 and v' < 0, we get that («',v') is a ground state solution
of (1.1) by (ii) of Proposition 2.6. It follows from (1.1) that

AV +aru =fi(u) + b(x)‘u’|q_2u”v"q +A/ >0
and
APV +a =f(V) + b(x)|u/|q|v/’q_2v/ +au <0.
In view of (1.1), if &’ = 0, then v' = 0. Hence ,v' # 0 by (&', V') # (0, 0). Applying the strong
maximum principle [26] to each equality of (1.1), we get that (&/,v'), ¥’ >0and v' <0 is a
ground state solution of (1.1).
Case 2. » € (0, Jaias).

There exists ¢’ > 0 such that (¢'|ug|,t'|vo|) € N and J (¢'|uo|, t'|vo|) > c. We deduce that

¢ < T ('|uol, ' vol) < T (¢'uo, t'vo) < T (0, v0) = c.

Page 14 of 24
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By similar arguments in Case 1, we get that (/,v'), ' > 0 and v/ > 0 is a ground state

solution of (1.1). This completes the proof of (i) of Theorem 1.1.

4.2 Asymptotic behaviour of ground states as b, — 0 in L>°(RN)

Denote
1 .
Gi(u) := Efi(u)u -Fu), i=1,2.

From (2.2), it suffices to show that G;(#) > 0. The following version of Brezis—Lieb lemma

[16] is crucial to proving the asymptotic behaviour of ground states.

Lemma 4.1 (Brezis—Lieb lemma) Assume that (F1)—(F4) are satisfied, let {u,} be a

bounded sequence such that u,, — u weakly in H*(RN). Then

lim [Gi(u,,) - Gi(u, - u)] dx = / Gi(u)dx, i=1,2. (4.1)

n—o00 JpN RN

Proof It is clear that

1
d
/ [Gi(un) — Gi(uy — u)] dx = / / —Gi(uy — u + tu) dt dx
RN RN Jo dt
1
= / / gi(u, — u + tu)udx dt, (4.2)
0 JRN
where g(u) := £ G;(u), and gi(u) = 3f/(w)u — (). From (F}), we find
[fl-'(u,, —u+tu)(u, —u+ tu)| < cl(lu,, —u+tu| + |u, —u+ tul"_l).

Since (u, — u + tu) is bounded in H*(RN), by using Holder’s inequality, (F;) and Lemma 2.1,

we get f]RN gi(u, — u + tu)udx is bounded. For every ¢ > 0, there is o > 0 such that

/ |g,-(u,, —u+ tu)u| dx<e
2

for any n € N and every measurable subset 2 C RY such that |2| < o. Thus (g;(u, — u +
tu)u) is uniformly integrable. Moreover, for any ¢ > 0, there exists a measurable subset

£ C RYN of finite measure |§2| < +oo such that, for any n > 1,
/ |gi(u,,—u+tu)u|dx<8.
RN\Q2

Hence (gi(u, — u + tu)u) is tight over RY. Since g;(u, — u + tu)u — gi(tu)u a.e. in RY, in

view of the Vitali convergence theorem, g;(tu)u is integrable and

/ gi(u, —u+tu)udx — / gi(tw)udx asn— +oo.
RN RN
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From (4.2), we deduce

1
A;{N [Gi(un) -Gi(u, - u)] dx — /0 /RNgi(tu)u dxdt

:/ Gi(u)dx asn— +oo.
RN

This completes the proof of Lemma 4.1. g

We denote that 7, is the corresponding functional of (1.1) with b(x) = b,(x), Jy is the
corresponding functional of (1.1) with b(x) = 0. V,, and N are well defined in a similar

way. Denote
¢, :=infJ, and ¢ :=infJp.
n N, n 0 No 0

From (i) of Theorem 1.1, there exist w, € N, such that J,(w,) = ¢, and wy € Ny such that

Jo(wy) = ¢p. We need several lemmas for the proof.

Lemma 4.2 Suppose that (F)—(Fy) and (B) are satisfied, then w,, is bounded in E. More-

over, one has

lim ¢, = lim inf 7, = inf Jy = ¢p.
n n—)ooj\/n% Noj() 0

n—00

Proof Let t,, > 0 be such that ¢,w, € Ny, we have

2q
ty
60 = Tolwn) = Toltnton) = Toltuan) — 2 / ) 16 9|7
q JRrRN
2q

Ly
>C—— bn(x)lun|q|vn|qu~ (4.3)
q JrN

Let £, > 0 be such that #,wg € NV, then

2q

Ln
co = Jo(wo) = To(tnwo) = Tn(ty@0) + r f b (%) uo|?|vo|? dx
RN

2q
>cu+ —— | bu()luolIvol? dx. (4.4)
q JrN

Combining (4.3) and (4.4), we have

12q
n

Cn=Cp—— bn(x)|M0|q|V0|qu
q JrN

2q
<c=c,+ = by (%) [tV ! dx. (4.5)
q JRrN
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Since t,w, € Ny, we have

. ll® = 21 /N tﬁunvn dx — /Nfl (b)) tuthy + fo(tuVn)tyv, dx
R R

- 2/ b, (xX) |t ||ty va|? dx = 0.
RN

Suppose t, — +00, in view of (F3) and (2.2), we get that

Si@art)tuttn + fo(tu Vi) tavy
RN t

dx

0= ||a)y,||2—2k/ UV, dx —
RN

_2tiq72/ by (%) |14V, | T dix
RN

A 2qF;(t, + 2gF>(t,v,
<(1+ [A] ||wn||2_/ q 1(Enttn) q 2 (tuVn) dx
A ara; RN 2

- 21fﬁ‘1’_2 /N b, ()| uy|? v, dx — —o0.
R

It is a contradiction. Hence () is bounded. It follows from (2.2) and (4.4) that

1
Co=Cyh= jn(wn) = jn(a)n) - Zﬂ(wn)wn

T ZAf wirnde) = (- ) (1- L )jw, 2 @)
A A Wy - nVn jutl A A - Wyl .
“\2 29q RN 2 2q Jaias

Hence w,, is bounded in E, then

/an(x)|un|q|vn|qu = |bn|oo|un|gq|vn|gq — 0 asn— +00.
R

In view of (4.5), we deduce that ¢, — ¢y as n — +0o. This completes the proof of

Lemma 4.2.

Lemma 4.3 For each ground state solution w, of J,, there exist o # (0,0) and (z,) C ZN

such that w,(- + z,) = w in E. Moreover, w is a ground state solution of J, i.e. Jy(w) =0

and Jy(w) = cy.

Proof In view of Lemma 4.2, w, is bounded in E. Suppose

sup / lw, | dx — 0.
B(z,1)

zeRN

Applying similar arguments in Lemma 3.4, we get ||w,| — 0. Since

”wn”2_2)‘-‘/ l/anndxf (1+ \/&)HwnHZ%O,
RN aa

Page 17 of 24
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we have

1
lim sup J,,(w,) :limsup[ (||a),,||2 —2A/ Uy Vy dx)
RN

n—>+00 n—+oo [ 2

1
_/ Fl(un)"'FZ(Vn)dx__/ bn(x)|un|qlvn|qui|
RN q JRN

= limsup[—/ Fi(u,) + Fz(v,,)dx] <0.
RN

n—+00

On the other hand, from (A7) and (44) in Lemma 2.4, we have

Jn(w,,)zjn(r- n >2a>0.
o

It is a contradiction. By Lions’ lemma [25] there exists (y,) C RN such that

n—00 n—0o0

liminf/ lun?dx>8 or liminf/ [vu|2dx > 8.
B(yn,1) Blyn,1)
We assume, without loss of generality, that

liminf/ || dx > 6.
B(yn,1)

n—00

For each y, € RN, we will find z, € ZN such that B(y,,1) C B(z,, 1 + +/N), then

liminf/ |u,,|2dleiminf/ |, |2 dx > 8.
"0 JB(zn,14v/N) "2 JByu1)

Let @, := w,(- + zy), Uy := u,(- + z,) and v, := v,,(- + z,,), up to a subsequence, there exists
w € E such that

w, —~w IinkE,

@n— o inL{ (RY) x L

(]RN) forte [1,2*),

op— » ae xeRY.

We have

liminf/ |2, dx > 8.
=0 JB(0,1++/N)

Hence u #0 and w # (0, 0).
Forany ¢ = (¢, V), ¢, ¥ € CP(RY), it is clear that

0= u7n,(wn)¢( - Zn)

— Ji@n - / bl + 2|0 77 dlx
RN

_/Nbn(x+zn)|ﬁn|q|l7n|q_217nw dx (47)
R

Page 18 of 24
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By using Holder’s inequality, we deduce that
/N by(x + Zn)|ﬁn|q_2ﬂn|17n|q(p dx < |bn|oo|ﬁn|g;1|‘_/n|gq|(p|2q — 0. (4’-8)
R
Combining (4.7) and (4.8), we find that Jj(&,)¢ — 0. It follows from Lemma 3.2 that
Js(@x)p — Ty(w)¢ and Jj(w) = 0.

Since ¢, — ¢, using Fatou’s lemma, we have

¢o = liminf 7,(w,)
n—>+00

=lim igof[/ 2f 1(,) i, — Fr(ity,)
1. _ _ _
¢ SO~ Eai) dx+ (1 - —) / ) bn<x)|un|q|vn|qu]

= lﬂlgw}&fl:\/ﬂ‘y\[ Zfl(un)un Fl Mn) + ZfZ Vn n FZ(Vn dxi|

> [ St - )+ S0 Fa)ds

= Jo(®) = co. (4.9)
Thus w is a ground state solution of J,. This completes the proof of Lemma 4.3. d

Proof of (ii) of Theorem 1.1 We find that

1= Vo, —op
A/ A14)

_n_ 2_2)" _n_ _n_ d
<m0l =2 [ (-G, - v)ds
= T(@n)(0n — @) — (@, &y — ) +A/ u(v, —v)dx
RN
+)»/RN v(it,,—u)dx+/RNﬁ(ﬁ,,)(12y,—u) + ), —v)dx
bn _n q—2—n _n 1 _n_ d
[ B3, 1y -

+ / by () |97 20,8, )9 (0, — v) dix. (4.10)
]RN

Since @, — w in E, we have (»,@, — ®) = 0, A [y u(V, — v)dx — 0 and A [ v(i, —
u) dx — 0. It is suffices to show that

\7 (@) (@0y — @) = j (W), — jy;(wn)w( -z,)=0.

From Lemma 4.1, we get

lim [Gl(it,,) - Gi(t, —u) + Gy(v,) — Ga(v,, — v)] dx = /N Gi(u) + Gy(v)dx. (4.11)

n— o0 RN R
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In view of (4.9), we have

Co = lim / Gl(ljt,,) + Gg(f/,,)dx = /
RN

n—00 R

Gi1(u) + Go(v) dx. (4.12)
N
It follows from (4.11) and (4.12) that

lim Gi(it, — u) + Go(v, —v)dx = 0.

n—>00 JpN

Since G; > 0,i=1,2, then

lim Gi(ty,—u)dx=0 and lim Gy(V, —v)dx=0.
N

n—00 Jp. n—>0o0 JpN
From (Fs), we deduce that
~ ¢ -~ ¢ 2 ~
ity — ul; = lit, —u|" dx < — Gi(ity, —u)dx — 0, (4.13)
RN d RN
and |V, — v|* — 0. By fractional embedding theorem [1], we get that #, and ¥, are bounded

in L"(RN) for 2 < r < 2%, Using (4.13) and the interpolation inequality, we get i, — u and
V, — vin L"(RN) for 2 < r < 2*. For any & > 0, there exists C, > 0 such that

f i) i — ) dx
RN

- - - —1, -
§5|un|2|un_u|2+cs|un|£ ity — ulp.
Let ¢ — 0, we have

— 0.

f o) i — )
RN

Moreover,

_ og-1,- _
=< |bn|oo|un|gq |Vn|gq|un - M|2q — 0.

/ B )i 900|711 — 1)
RN

It follows from (4.10) that ||®, — w|| — 0. This completes the proof of (ii) of Theorem 1.1.
O

5 Ground states of a Schrédinger system with non-periodic couplings
We prove (i) and (ii) of Theorem 1.2 in Sects. 5.1-5.2, respectively. We denote that Jp. is
the corresponding functional of (1.1) with b(x) = bper(%). Nper and cper are well defined in

a similar way.

5.1 Existence

We need the following lemma.

Lemma 5.1 Assume that bi,c(x) > 0 for a.e. x € RN and bio.(x) > 0 on a positive measure

set, then ¢ < Cper.
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Proof From (i) of Theorem 1.1, we find a critical point @’ of Jyer, where

>0 and vV <0 as—./aia;<A<0,

a)/:(u/,l/)
>0 and V>0 asO<A<./ajas,

Tper (V) = cper and Jp’er(u/, V') = 0. We get that [ bioc(x)|u/|9]V/|7dx > 0. Let ¢ > 0 be such
that t(/,v') e NV, then
/ / / / t2q e
c< j(tu ,tv) = jper(tu ,tv) - ; bloc(x)iu | |v | dx

< jper (tl/t,, tV/) < jper(u/) V/) = Cper- (5‘1)
O

Proof of (i) of Theorem 1.2 We divide the proof into three steps. Step 1 and Step 3 are sim-
ilar with those in Sect. 4.1, we omit them here. By similar arguments as Step 1 in Sect. 4.1,
we find (u,,v,) — (19, vo) in E and J'(ug, o) = 0.

Step 2: We check whether (uo, vo) # (0,0).

Similarly, from Step 2 in Sect. 4.1, there exists z, € ZN such that B(y,,1) C B(z,, 1+ +/N)
and

liminf/ |u,,|2dleiminf/ |y | dx > 8. (5.2)
"% JB(zn,1++/N) "0 JBlyu1)

We claim that (z,,) is bounded, and hence uq #0, (¢, vo) € N and J (1o, vo) > c.
We check the claim. Suppose that (z,) is unbounded, then we can choose a subsequence
of (z,,) such that |z,| — 0o as n — oo. Let i, := u, (- + z,,), ¥, := V(- + 2,), up to a subse-

quence, then

(ttn, Va) = (,v) InE,
(itny Vu) = (@,9)  in Li  ((RN) x L (RY) for 1 < ¢ <2%,

(i, V) — (1, V) fora.e.x € RN,

We deduce that

liminf/ |2, dx > &
n—=00 JB(0,1++/N)

by (5.2). We find that iz # O by iz, — #in L2 _(RN), thus & = (i, ¥) # (0,0). Forany ¢ = (¢, ¥/),
@, € CP(RN), we have

0« j/(wn)(p( - Zn)

= TL(@) - / Broc e+ 22) | T2t 7|70 b
RN

- / Bloc (& + 20)iinl 4744270 di. (5.3)
RN
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Let K C RN be a compact set containing supports of ¢, v, then

—_ _2_ —_
/ Bloc (& + 20) il 1n| 7|70
K

r=2q
P

)
< |ﬁn|g—1wn|z|¢|p< / |Droc(x +2,) | P dx) -0 (5.4)
K

as |z,| — 0o. Combining (5.3) and (5.4), we get jp’er(c?)n)qb — 0. It follows from Lemma 3.2
that jp/er(d),,)¢ — jp/er(c?))¢ and jp’er(d)) = 0. Hence (&, V) € Nper and Fper(it, V) > cper. It is
clear that

A2 + @V — 20k, Uy > anit> + ag V2 — 2| A || [V,

_ _ 4] _ -
> dlui + 6121/3, - (61114%[ + ﬂgl/i)
aay
|A] o o
={1- au;, +axv;) > 0.
(1- S @i +ari)

Applying Fatou’s lemma, we find

¢ = liminf J(w,)

n—00

1 1
=liminf| | = - — [un]s2 + [v,,]s2 + / ar || + as|v,|? - 2hu,v, dx
n—00 2 2q

. f ziqfl ()it — F (1) + %]fz(vn)vn _Fy(n) dx]

1 1
= liminf[(— - —> ([ﬁn]f + [7al + / arlitn]® + az|Vul® = 2hik, v, dx)
n— 00 2 Zq
1, _ _ 1. _
+ _fl (Mn)un - Fl (un) + — 2(Vn)vn - FZ(Vn) dx]
2q 2q
(-1 [i)? + [V +fa1|a|2 +an|V|* = 20V dx
—_ 2 2q N S
1, _._ _ 1 _
+ / —fil@)u - Fi1(u) + —fo(V)v — Fo(v) dx
2q 2q
= jper(ilr ‘_}) = Cper- (55)
We get a contradiction with Lemma 5.1. Hence (z,) is bounded. (]

5.2 Nonexistence

Suppose by contradiction that there exists a ground state solution of (1.1), i.e. wy =
(40, v0) # (0,0) such that J(uo,v0) = ¢ and J' (1o, vo) = 0. By using similar arguments as
Step 3 in Sect. 4.1, we find a critical point of 7, where

A |#>0 and Vv <0 as-,/a1a;<X<0,
>0 and V>0 asO<A<./aias,

o' =(u,v

J@,v)=cand J'(/,V) = 0.
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Lemma 5.2 Assume that by,.(x) < 0 for a.e. x € RN and bio.(x) < 0 on a positive measure
set, then ¢ > Cper.

Proof 1t is clear that [ bioc(x)|u'|7|V'|7dx < 0. Let ¢ > 0 be such that (s, V') € Nper, then

2q
Cper < Tper (tu’,tv’) = j(tu’, tv’) + % / bloc(x)|u'|q|v'|qu

< j(tu/, tv/) < j(u’,v’) =c (5.6)
O

Let w € J\/'per be a ground state solution of Jper, i.e. Jper(#, V) = cper and jp/er(u, v) =0.
Denote that @ := (- — y) for y € ZN, we find that @ € N, There exists ¢ > 0 such that
td € N. For any y € Z¥, we have

2q
Cper = jper(a)) = jper(a)) = jper(ta)) = j(t@) + t_ bloc(x)|ﬁ|q|‘_/|qu
q JrN

24
>c+ — bioc(x)|i2]?|v]|? dx. (5.7)
q JrRN

Obviously, fn bioc(®)£%4|1| V|9 dx =[x bioc(x + y)t*|u|?|v| dx. Since Jper is coercive on
Nper and Tper(tw) = Tper(td) < cper, we find that tw is bounded in E. Furthermore, u, v
are bounded in L24(RN) and L”(RN) by embedding theorem. For any 0 < ¢ < 1, we choose
R(e) > 0 such that '[BCR || dx < &%, and choose y(¢) > 0 such that fBR |broc(x + y)|17%1 dx <

_r_
£7-24  then there exist C;, Cy, C3 > 0 such that

/ Broc(x + 9)%4|ul|v|? dix
]RN

<\ boclw + Pttt x| + / Broc(e + )21 |ulv]7 dx
Br B%
r=2q 1
29,1919 pfﬁ, ’ 2q q 2q :
<PNulIVIZ( [ |bocx+)|7 7 dx )+ biocloolvl, | [ 4l dx
Br Bf{
< Cie + Cye < Css, (5.8)

where ¢ is arbitrary. In view of (5.7), let |y| be sufficiently large, we get cyer > c. It is con-
tradictory to Lemma 5.2. This completes the proof of (ii) of Theorem 1.2.
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