Wang et al. Boundary Value Problems (2019) 2019:165 @ Boundary Value PrOblemS
https://doi.org/10.1186/513661-019-1283-0 a SpringerOpen Journal

RESEARCH Open Access
()]

Discontinuous generalized
double-almost-periodic functions on
almost-complete-closed time scales

Chao Wang' @, Ravi P Agarwal®?, Donal O'Regan® and Rathinasamy Sakthivel®

“Correspondence:
chaowang@ynu.edu.cn Abstract

'Department of Mathematics, In thi . q h fal | | dti |
Yunnan University, Kunming, n this paper, we introduce the concept of almost-complete-closed time scales

Yunnan, China (ACCTS) that allows independent variables of functions to possess almost-periodicity
Full list of author information is under translations. For this new type of time scale, a class of piecewise functions with
available at the end of the article T .

double-almost-periodicity is proposed and studied. Based on these, concepts of
weighted pseudo-double-almost-periodic functions (WPDAP) in Banach spaces and a
translation-almost-closed set are introduced. Further, we prove that the function
space WPDAP, affiliated to WPDAP is a translation-almost-closed set. Then, by
introducing the concept of almost-uniform convergence for piecewise functions on
ACCTS and using measure theory on time scales, some composition theorems of
WPDAP and the completeness of the function space are proved.

MSC: 26E70; 43A60

Keywords: Time scales; Double-almost-periodic functions; Weighted
pseudo-double-almost-periodic; Completeness

1 Introduction

The theory of time scales was initiated by Hilger in 1988 [1] to unify continuous and dis-
crete analysis, especially to combine different types of equations in hybrid domains such
asT=R,T=¢g":={g":teN;forqg> 1},T:q_Z::qZU{O},T:hNandT:Nz,etC.Many
works have been done in this research field (see [2—11]).

In 1927, H. Bohr developed a theory of almost-periodic functions and systems, based
on this theory, almost-periodic phenomena were considered under the background of dy-
namic equations (see [12—15]). Since then, several different types of generalized almost-
periodic functions and their related generalizations were introduced and studied and were
applied to investigate the dynamical behavior of solutions with the properties of these
functions (see [16—23]). Moreover, some important properties such as completeness of the
function spaces and their invariance with respect to weights were established and proved
(see [24-26]). Particularly, to unify the discussion of hybrid domains, the related problems
of dynamic equations on time scales have been studied (see [27-31]). However, these re-
sults are based on the complete-closedness of time scales.

As is well known that most of time scales are almost-complete-closed rather than
complete-closed, which will lead to the fuzziness of time scales, i.e., a time scale may
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approximate itself under a translation, but it will never coincide with itself. Many natu-
ral phenomena are in such a time variable structure, for instance, the time intervals of a
round for a celestial body motion, the time intervals of recurrence of a tidal flood, etc. This
phenomenon will cause a time approximation when almost-periodic problems are con-
sidered (see [32—34]). Hence, it is necessary to introduce and study functions on “almost-
complete-closed” time scales.

Motivated by the above, in this paper, we conduct the further discussion of the al-
most-complete-closed time scales, based on this, we obtain some significant properties of
weighted pseudo-double-almost-periodic functions in a Banach space and establish some
composition theorems.

The organization of this paper is as follows. In Sect. 2, we collect some preliminary re-
sults concerning the theory of time scales and introduce the concept of almost-complete-
closed time scales (ACCTS). Also some basic properties of ACCTS are obtained and some
examples are given. In Sect. 3, we introduce the concept of almost-uniform convergence
of piecewise functions on ACCTS. Then we define piecewise-continuous almost-periodic
functions with double periodicity. Based on this, the concepts of weighted pseudo-double-
almost-periodic functions (WPDAP) in Banach spaces and a translation-almost-closed set
are introduced. Further, we prove that the function space WPDAP,, affiliated to WPDAP
is a translation-almost-closed set. Then, by introducing the concept of almost-uniform
convergence for piecewise functions on ACCTS and using measure theory on time scales,
some composition theorems of WPDAP and the completeness of the function space are
proved.

2 Almost-complete-closed time scales (ACCTS)

Before introducing the concept of almost-complete-closed time scales, the new concept
of periodic time scales from [11] will be renamed as “complete-closed time scales” (CCTS)
here.

Definition 2.1 ([11]) We say T is called a complete-closed time scale (CCTS) if

My:={r eR:T* C T} ¢ {{0},9}. (2.1)

We say I, is the complete-closedness translation number set of CCTS. Furthermore, we
can describe it in detail as follows:
(a) ifforanyp > 0, there exists a number P > p and P € ITy, we say T is a positive-direction
CCTS;
(b) if for any g < 0, there exists a number Q < g and Q € Iy, we say T is a negative-
direction CCTS.
(¢) if £t € Iy, we say T is a bi-direction CCTS;
(d) we say T is an oriented-direction CCTS if T is a positive-direction CCTS or a
negative-direction CCTS.

Example 2.1 Consider the following oriented-direction CCTS:

Ty = U[k(“+b):k(‘l+b) +al, a,b>0,a+b>0,
k=0

T, = Jlk(a+b),k(a+b)+a], ab=<0,a+b<0.
k=0
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One can observe that T; is a positive-direction CCTS and T, is a negative-direction
CCTS with translation number a + b, but they are not invariant under translations of time
scales (i.e., periodic time scales) in the sense of Definition 1.1 from [10] because inf T} =

sup Ty = 0.

Remark 2.1 In fact, from [11], one can observe that CCTS can include the concept of

periodic time scales which were first proposed by Kaufmann and Raffoul.

Remark 2.2 From Definition 2.1, if T is a complete-closed time scale, i.e., there exists some
T # 0 such that T* C T (i.e,, (T*)"* € T°7), then one has T C T 7, i.e, TNT™* =T, and

vice versa.

According to Remark 2.2, one can obtain the following equivalent definition of CCTS
immediately.

Definition 2.2 We say T is called a complete-closed time scale (CCTS) if
My:={r eR:T"NT=T} ¢ {{0},0}. (2.2)

We say I is the complete-closedness translation number set of CCTS.

Let I[T:={r e R: T, #0} #{0}, where T, =TNT*, T :=T+t ={t+7t:Vt e T}.
In the following, we provide a lemma to guarantee that one can abstract a complete-
closed time scale from an arbitrary time scale T.

Lemma 2.1 Let [T € IT and IT ¢ {{0}, @} be closed with respect to additive operation. If
MNeeis Te € {{0}, 8}, then (), T is a complete-closed time scale.

Proof We consider the following family of sets € = {(), , T- : A C I1}. Let Meeq T := To.
Obviously, Ty # @ implies that Ty is the minimal element in the family of sets C, and for
any 7p € 1, we obtain

o) () - () ()

rell rell tell
- (ﬂ T,) N (ﬂ T”’O> N, (2.3)
refl refl

Since (ﬁ ,+) is closed with respect to additive operation, then +7:= {t+1:VTt €
[T} C I1. Hence, we obtain (1), 5 T™*% = MNeefivrg T 2Neeir TP D Nyei Tr- Obviously,
one can also observe that T® > T, O (), T, so it follows from (2.3) that To N Ty’ =
M, Tz = To, which implies that (), .5 T- is a complete-closed time scale according to
Definition 2.2. This completes the proof. d

From Lemma 2.1, we obtain the following corollary directly.

Corollary 2.1 Let [T C IT and the pair (f[, +) be an Abelian group. If (), .5 T+ ¢ {{0}, 7},
then (,c5 T+ is a bi-direction CCTS.
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Example2.2 Let T = {-2k,2k+1,k € NJU{%,2, - n € Z*}. For this time scale, we obtain
IT* = {ITy, [Ty, [Ty, I[1,} C IT, where

- ~ 2 3 n
T, = {2 ) Zr i e ) Z+ )
1=1{2k k € Z} I, { 3T ne }

M3={2k,keZ}, M={2kkeZ}.

We calculate that

ﬂ T, = <m "Jl‘,) N (m 'Jl‘,) ={-2k,keN}N{2k+1,ke N} =0,
'L'Gﬁl T€ﬁ4

‘L'Eﬁg

and I, is not closed with respect to additive operation. Hence, IT;, IT, does not satisfy
Lemma 2.1. Further,

Ty:= [ ] Te = (~2kk € N} ¢ {{0}, 4},
‘L’EI:[3
Tao:= [ ] Te = (2k + 1,k e N} ¢ {{0},4},

161:14

and ﬁg and I, are closed with respect to additive operation, and according to Lemma 2.1,
we obtain (), .7, Tr and (), .z, T+ are CCTS. In fact, through calculation, for any 73 € i,

tell3 telly

and 14 € I3, one can easily obtain that T2 € Ty, and Ty C Ta,.

Example 2.3 Let T = (2" [2k, 2k +1)) U {2n+ 1+ 22, n € Z*} U (2n + 7=, n € Z7}. For
this time scale, we obtain IT* = {ﬁl, ﬁz, ﬁg} C IT, where

ﬁlz{2/<,k€Z}, ﬁ2:{—21’l—1— " ,HEZ+},
n+1

~ n
HgZ{—2l/l—
l1-n

M E Z_}.
We calculate that

() T = ) [2k2k+1] ¢ {{0},4},

reﬁl k=—00

and [T, is an Abelian group. According to Corollary 2.1, (Meer, T is a bi-direction CCTS.
In fact, through calculation, we see that [, g, T: is actually a bi-direction CCTS.

Let T be a number and A¢ be a subset of R, A denotes the closure of the set A, and we
set the time scales:

Ti=|Jls ), T =T+r={t+7:VteT):=|Jof, 6]

iel iel

Ul 1) =Tz,

iel
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and define the distance between two time scales, T\A¢ and T, by

d(T\A:,T7) = max{sup|6zir —of |, sup|Bf - B} }, (2.4)
iel iel

where I is an infinite index set while

T
o

::inf{aeszlai—M} and ﬂf::inf{ﬁe’ﬂ‘r:wi—m},
af =infla e T\A? : |of —«|} and B :=inf{B € T\AZ: |8} - B]|}.

Definition 2.3 ([33]) We say that T is an almost-complete-closed time scale (ACCTS) if
for any given &; > 0, there exist a constant /(¢1) > 0 such that each interval of length /(1)
contains a 7(e;) and sets A% such that

d(T\A?,T7) < &1
i.e., for any &; > 0, the following set
E(T,&1} = {r € T :d(T\A7,T") < &1} := IT,,

is relatively dense in 7. Here, 7 is called the &;-translation number of T, /(¢;) is called
the inclusion length of E{T, ¢;}, and E{T, &;} the ¢;-translation set of T, A%! is called the
e1-improper set of T, R(r,61):=TN (UTEHgl T-7\A%}) the &;-main region of T, where
AL = (A1) :={a -1 :a € AZ'}. Furthermore, we can describe it in detail as follows:
(a) if for any p > 0, there exists a number P > p and 7 € E{T, &1} N (P, +00), then we say
T is a positive-direction ACCTS;
(b) if for any g < 0, there exists a number Q < g and t € E{T, &1} N (o0, Q), then we say
T is a negative-direction ACCTS;
(c) forany p >0, g <0, there exist numbers Q< ¢, P> p and £t € E{T, &1} N ((—00, Q) U
(P, +00)), then we say T is a bi-direction ACCTS;
(d) we say T is an oriented-direction ACCTS if T is a positive-direction ACCTS or a
negative-direction ACCTS.

Remark 2.3 Definition 2.3 generalizes Definition 2.1. In fact, if we let & — 0 in Defini-
tion 2.3, then there exists A(T) = T\T" such that d(T\Ag, T?) = 0, which implies that T* C T.
In fact, one can observe that if T = T%, then the 0-improper set Ag =, i.e, T is a bi-
direction CCTS; if T® C T, then Ag =T\T* #4, i.e., T is an oriented-direction CCTS.

Next, we provide some sufficient and necessary conditions to guarantee that a time scale
is bi-direction CCTS or ACCTS.

Lemma 2.2 A time scale is a bi-direction CCTS if and only if there exists a 0-improper set
A? such that A = §.

Proof If T is a bi-direction CCTS, then there exists a set Iy={r e R:T"UT* C T} #{0},
soT®* C T.Forany ¢ € T,wehavet—t € T~" C T, thus, t € T?, so we obtain T € T*. Hence,
T = T". From Definition 2.3, we can take the 0-improper set A? = T\T* = ¢.
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Changing-periodictime scales

|

Time scales with bounded graininess function

| |

ACCTS ——————— CCTS

] |

Almost periodic time scales | Periodic time scales

| Where A ——> B denotes A includesB |

Figure 1 A new inclusion relation of time scales. New inclusion relationship among time scales

From Definition 2.3, if the O-improper set of T is empty, i.e., A? = ¢4, then d(T,T") = 0
with v # 0, which implies that T = T?, so forany £ € T, we have t + t € T* =T, i.e., £ € T7,
thus, T € T*. Furthermore, foranyt € T-", wehavet+t € T=T",sot € T,ie, T " CT.
Hence, T = T, i.e., T is a bi-direction CCTS. This completes the proof. O

Lemma 2.3 A time scale is an almost-periodic time scale if and only if there exists ¢-
improper set AS such that ua(AS) <e.

Proof Assume that there exists the e-improper set of T such that 14 (A%) < ¢, and we can
take A% = T\T", then it follows from d(T\A%,T") < ¢ that d(T, T*) = max{d(T\A%,T"),
ua(A%)} < g, ie., T is an almost-periodic time scale.

If T is an almost-periodic time scale, for any t € IT;, let A2 = T\T?, and we can obtain
na(A?) <d(T,T7) < . This completes the proof. a

Lemma 2.4 A time scale is an oriented-direction ACCTS if and only if there exists a ¢-
improper set AS such that A (AS) > 0.

Proof If a time scale is ACCTS, from Definition 2.3, we can obtain that pa(A%) > 0. By
Lemma 2.2, one can take A% = fJ such that 11 (A%) = 0 if and only if T is bi-direction CCTS.
Hence, there exists an e-improper set A2 such that pua(A%) > 0 if a time scale is ACCTS.
If there exists an e-improper set A2 such that pa(A%) > 0, according to Definition 2.3, T
is an oriented-direction ACCTS. This completes the proof. O

Remark 2.4 From the types of time scales introduced in the literature [11], we provide a
new inclusion relation of time scales (see Fig. 1).

3 Weighted piecewise pseudo-double-almost-periodic functions
Throughout this paper, by using the same notations and definitions in Sect. 3 in [33], we
will establish some fundamental results of WPDAP and WPDAP,,.

In what follows, we shall assume that T is an almost-complete-closed time scale and
denote by X a Banach space; let B be the set consisting of all sequences {f}xez such
that 6 = infiez (ki1 — tk) > 0. For {¢c}kez € B, let BPC,4(T, X) be the space formed by all
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bounded rd-piecewise continuous functions ¢ : T — X such that ¢(-) is continuous at ¢
for any ¢ {tx}rez and ¢(&) = o(t;) for all k € Z; let §2 be a set of X and BPC,4(T x £2,X)
be the space formed by all bounded piecewise continuous functions ¢ : T x £2 — X such
that for any x € £2, ¢(-,x) € BPC,4(T, X) and for any ¢ € T, ¢(t, -) is continuous at x € £2.

Definition 3.1 ([33]) We say ¢ : T — X is rd-piecewise continuous with respect to a se-
quence {t;} C T which satisfy & < tx.1, k € Z, if ¢(t) is continuous on [tk, tx.1)T and rd-
continuous on T\{#}. Further, [#, tx.1)T are called intervals of continuity of the function

@(2).

Similarly, one can define a class of /d-piecewise continuous functions. For convenience,
we denote the space of all rd-piecewise continuous functions PC,;(T, X) and PC; (T, X) :=
{flr@e) of € PCra(T, X))}

Now, we introduce some definitions which will be used to introduce the concept
of weighted piecewise pseudo-double-almost-periodic functions on ACCTS. Let B¢ =
{t, e} C e} it € Rr(T,8)s the <ty o0 € Zylimy, o ty, 0 = OO},

Definition 3.2 ([33]) Let {t .} € B°, i € Z. We say {t;q,e} is a e-derived sequence of {f, .}

where t;w = by e — Uer i,j €.

Definition 3.3 ([33]) For any &, > &1 > 0, let I C I, be a set of real numbers and
{ti,e ) € B We say {£]

ke » I € Z is equipotentially double-almost-periodic on an

almost-complete-closed time scale T if for r € I', there exists at least one integer g such
that

|L‘Zir€l - r} <&, forallieZ.

In the following, we introduce the concept of piecewise continuous double-almost-
periodic functions on ACCTS:

Definition 3.4 ([33]) Let T be an almost-complete-closed time scale and assume that
{tx,e,} € B! satisfying the &,-derived sequence {t;qm}’ i,j € Z, is equipotentially almost-
periodic. We call a function ¢ € PC}(T,R") double-almost-periodic if:
(i) for any e > 0, there is a positive number § = §(¢) such that if the points ¢’ and ¢”
belong to the same interval of continuity and ¢/, t” € Ry(t,1)\B, |t —¢"| < §, then
o) — () <&
(ii) forany ey > &1 > 0, there is a relatively dense set I of e;-almost-periods such that if
T e’ CI,,,then |lp(t+ 1) — p(t)|| < & for all £ € Ry (7, &1) which satisfy the
condition |t — £y, ¢, | > €2, i € Z.

We denote by DAP(T, X) the space of all rd-piecewise double-almost-periodic func-
tions. Obviously, for any fixed ¢ > 0, the space DAP*(T, X) := {f|zy(r.s) : f € DAP(T,X)}
endowed with norm ¢ ||: = sup,cz, ;¢ |9(?)|| for any ¢ € DAP*(T, X) is a Banach space.
We also denote by UPC(T, X) the space of all functions ¢ € PC,;(T, X) such that ¢ satis-
fies the condition (i) in Definition 3.4 and UPC*(T, X) := {f| gy, :f € UPC(T, X)}. Now
BPC,4(T,X) denotes the space of all bounded rd-piecewise functions and BPC; (T, X) :=
(e -f € BPCa(T, X)),
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Similarly, we can also introduce the concept of uniformly piecewise double-almost-

periodic functions on almost-complete-closed time scales as follows:

Definition 3.5 ([33]) Let T be an almost-complete-closed time scale and assume that
{t,e,} € B! satisfying the &;-derived sequence {t{q,e1 }, i,j € Z, is equipotentially double-
almost-periodic. We call a function f € PC;(T x £2,X) rd-piecewise double-almost-
periodic in ¢ uniformly in x € £2 if:
(i) for each compact set K C £2, {f(-,x) : x € K} is uniformly bounded;
(ii) for any & > 0, there is a positive number § = §(¢) such that if the points ¢’ and ¢”
belong to the same interval of continuity and ¢',¢" € Rr(t, 1)\ B, |’ — ¢’ <6,
then ||f(t,x) —f(t",x)| < ¢ for all x € K;;
(ili) for any &3 > €1 > 0, there is relative dense set I of &;-almost-periods such that if
v el CII,then ||f(t + t,x) —f(t,x)|| < &y for all £ € Rr(7,€1), ¥ € K, which
satisfy the condition [t — t, ¢, | > &2, i € Z.

Now, let U be the set of all functions p : T — (0, 00) which are positive and locally A-
integrable over T and let U* := {p| g () : p € U}. For a given 11,15 € R1(7,8), 13 > 11, we
set

r2

m(r1, 1 B) = / B(s)As (3.1)

1
for each p € U*. Let D, :=ry —r; and [Igo ={p e U* :limp,_, oo m(r1, 72, p) = 00},

u:, = {,5 € I:IgO :p(s)#O0forallse (t—6,t+8)rp(r,) where t € Ry(t,¢),8 > 0},

U = {,56 UE. : jisbounded and  inf )ﬁ(s)>0}.

seRT (1,

It is clear that for any ¢ > 0, Uy C UZ, C U°. Now, for p € UZ,, by (3.1), we define

1 2
WPDAP;(T, p) := {¢> € BPCy(T,X): lim ——— f [¢(s)] a(s)As = o}.
Dr—o00 m(ry, 3, P) r
Similarly, we define

WPDAP;(T x X, 5)

1 "
= {fp € BPC,(T x £2,X): lim —/ [®(s,%)] 5(s)As =0
Dy—o0 WI(V1,1"2,,0) r

uniformly with respect to x € K, where K is an arbitrary

compact subset of £2 }

We are now ready to introduce the sets WPDAP*(T, p) and WPDAP*(T x X, p) of
weighted pseudo-double-almost-periodic functions on ACCTS:

WPDAP(T, §) = {f = g + ¢ € PC,(T,X) : g € DAP*(T, X) and ¢ € WPDAP}(T, 5)},

Page 8 of 22
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WPDAP*(T x X, p) = {f =g + ¢ € PC;,(T x X,X) : g € DAP*(T x X,X)

and ¢ € WPDAP{(T x X, p)}.

Theorem 3.1 For any r € I1; and a set {t,} :== A* C [ty — r,ty + r)1, where ty € T, there
exists C1(A*), Co(A*) > 0 such that

Ci(A%) Z o) < Z pt) < Cy(A%) Z (),

tI'E[to—r,t0+r‘)T tje[to—r,t0+r)11' tjE[to—r,toJrV)T

where () = inf(() : t € [t} t01)r) and 3(5) = suplp() : t € [, tr1)r).

Proof Since p: T — (0,00) is locally A-integrable over T, then there exists a partition A*
as follows

to—ri=t1<bh<---<l1<ty,:=t+r

such that

( Yooy - Y ﬁ(ti))(ti+1_t1’)<8(A*)'

tjE[t()—r,t0+r)11‘ tjE[to—V,t0+r)T
Denote §(A*) := inf(¢,1 — ¢;), then
= ~ e(A*)
Z o(t) - Z B(t;) < m,
tiE[t()—r,t()+V)T tiE[to—r,toJrr)T

which implies that

the[to—r,t0+r)11‘ ﬁ(t]) Zt,e[to —rto+r)T
~ < b
the[tg—r,tgﬂ‘)qr B(t/) Zt/ elto-rto+r)T ( )

so, obviously, we have

> cttontorny P(B) o
G (A*) “1< tielto-rto+1)T ~ <1+ 8(A*) _ _ Cz(A*).
Ztie[to—r,toJrr)T B(tl) Ztie[to—r,toJrr)T B(tj)
This completes the proof. O

Definition 3.6 In Theorem 3.1, the finite set A* is said to be a discretization partition of
m(r, p,tp) and Zt;&[to—r,to+r)qr o(t) and Zf/ clto—r,to+r)e P(4) are called the equivalent discrete
weights under the discretization partition A*.

Lemma 3.1 Let ¢ € BPC;}(T,X). Then, ¢ € WPDAP! (T, ) where fp € Uz} if and only if
forevery e3> €1 >0,

1
lim 4/ 5(0)AL =0,
Dy=00 m(r1,72,0) Ity 1y ey @)

anerl,rz,ez(d)) = {t € [rlrrZ]RT(r,sl) : ||¢(t)|| = 82}'
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Proof (a) Necessity. For contradiction, suppose that there exist £J > £ > 0 such that

lim —/ o)At #0.
Dr—oo m(ry, 12, ) 0@ 7

172,65

Then, there exists § > 0 such that

1 -
— T e f p()At >4,
m(rl » Ty :p) Myth,r;lz'g(z)(dﬁ

11

n 25 ny OIS W) 0
where 1! < [r, 1:=n1, 1y > |ry"] :=myand ry’ <ry?, ry',ry’ € Ry(t, €)).

Thus, we have

m(,l i / o) 56

1 -
= — (Ol EORY
m(rl ,7'2 110) M ny ny 0((75)
R
1 -

o i = ||¢(S) ”P(S)AS
m(ry', 75", p) r172) g 0,00y M1 12 0(9)

1

|#@s)| a(s)As

S —
- ny iy ~
”1(7'1 ,7"2 »P) M ny ny 0(¢)
g ey

80
2
il ni ny ~ ( )AS > 825
m(rl ,rz ’p) M ny ny 0(¢)
g ey

and this contradicts the assumption.

(b) Sufficiency. Let M := sup,c g, (1,0 [9(£)]| < 00. Assume that

1

lim —— pOAL=0.
Dy—00 m(h, 7y, P) Mrl,rz,sz (#)

Then, for every &; > &1 > 0, there exists rp > 0 such that for every D, > ro,

1

~ &2
- - pE)AL < —.
m(rlr ry, /0) Mrl,r2,92(¢) M

Now, we have

1 2 )
i | ool

1
([ leelaeas
m(rl, 1y, 10) Myl,r2,£2(¢)

uwmwmAQ

gl
["1)72].RT(I,91)\MV1,VZ,82 ()
M

(11,725 0) Sy, ey (9)

IA

p(t)At

&2

———Tf A(5)As < 265,
(1,72, 0) Jiryms) gy e.er)\ M g 0 @)

+
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Therefore, it follows that

. 1 .
lim —— Hq&(s) ||,0(s)As =0,
Dy—00 Vl’l(rl,rZ’p) [71’72]5\"]1*(1,61)
that is, » € WPDAP;! (T, ). This completes the proof. O

From the proof of Lemma 3.1, the following corollary is immediate.

Corollary 3.1 Let ¢ € BPC.L(T,X). Then, ¢ € WPDAP!(T, p) where p € U if and only
if for every g3 > 1 > 0,

_ M, =0,
Drinoo I’l’l(l"}, s, /3) J22N ( r1,r2,62 (¢))

d}’ld Mrl,r2,82(¢) = {t € [rl’rZ]ﬁT(T,sl) : ”(»b(t)” > 82}'

Lemma 3.2 Let T be an almost-complete-closed time scale. Then, WPDAP(T, p) is a
translation-almost-closed set of BPC: (T, X) if p € U%, i.e., p(t+5) := O, € WPDAP(T, p),
te Rr(r,e),sell, if p e Uf,.

Proof For ¢ € WPDAP! (T, p), &2 > &1 >0, 11,72 € R1(7,€1), we have

r1r282(9¢)— t€[r,nls Rr(.e1) ||0(t)H>82}

t € [r, 2] Ry(eer) ||¢ (t+59) ” >82}

{
{
{teln+sm+slayee :[o0] = e}
{te[rl)rZ =RT 7,61) ||¢(t)||>82}

where 71,7, € Rr(t,61) and 74 < 1y +sand 7y > 3 +s. Let Dy := 75 — 71, s0 D, — +00 implies

D; — +o0.

Hence, it follows that

1 1
o R\ M .60 (Os S — M, 5y 60 (05
Wl(rl,rz,ﬁ) MA( 15725 2( ¢)) m(71,7'2,,0) MA( 1,72, 2( ¢))
m(r1,72, 0) 1
- - V“A(Mrwz,sz@)).

= om(ry, vy, p) m(F1, 7o P)

Since ¢ € WPDAP;! (T, p), from Lemma 3.1, we have

1 (M (¢)) >0, D
— 717 — 0, — 00.
”Z(;l’ ;2! 15) Ha e !

Further, limp, _, o ZE: 1 gg =1, and thus

1

s Mo (059)) > 0. Dy = 0.

Again, using Lemma 3.1, one finds 6,¢ € WPDAP,! (T, p). This completes the proof.  [J
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Let T,P € B¢ and let 5.(T U P) : B° — B be a map such that the set s.(7 U P) forms
a strictly increasing sequence for any fixed ¢ > 0. Let D C Rr(t, ¢), and we introduce the
notations D = {t +& : t € D}, Fs(D) = DN D*. We denote by @ = (p(¢), T) the element from
the space PC; (T, X) x 8%, and for every sequence of real numbers {s,,}, n = 1,2,... with
an(;;, we consider the sets {¢(t + s,,), T~} C PC;, xB°, where T~ = {ty, —s,:i € Z,n =
L2,...).

Next, we introduce the convergent form of piecewise functions on almost-complete-
closed time scales:

Definition 3.7 (Almost-uniform convergence for piecewise functions) Let T be an
almost-complete-closed time scale. The sequence {$,,}, ¢, = (¢,(£), Ty,) € PCL(T, X) x B¢
is almost-convergent to &, ¢ =(0@),T), (), T) € PCf;,('I[‘, X) x B! if and only if for any

&y > &1 > 0 there exists 7¢ > 0 such that # > ny implies

AT, Ty <es  |oa) —0®)] <&
uniformly for ¢ € Ry (t, £1)\Fe, (s, (T, U T)), here d(-,-) is an arbitrary distance in 5°1.

Remark 3.1 The convergence described by Definition 3.7 is a distinct convergence form on
ACCTS, which will contribute to studying approximation of functions under the time scale
that is almost the same as each other under translations. Traditionally, researchers analyze
functions on complete-closed time scales, which provides no difficulties in introducing
and studying functions, especially for some important and basic functions like almost-
periodic functions, almost-automorphic functions, and so on, because such functions are
defined by their translations on the domain and their domain is at least a complete-closed
time scale. However, in the Introduction part of this paper and recent works [32-34],
ACCTS are a class of necessary and important time variable forms that exist. Obviously,
if we let & — 0 in Definition 3.7, then one can easily obtain the convergence form for

piecewise functions on CCTS.

In view of Definition 3.7, we now introduce the second definition of piecewise continu-

ous double-almost-periodic functions on ACCTS:

Definition 3.8 Let T be an almost-complete-closed time scale. The function ¢ € PC; (T,
X) is said to be rd-piecewise continuous double-almost-periodic with respect to a se-
quence from the set T € B¢ if for every sequence of real numbers {s),} C IT, there exists a
} such that the limit set Ty of {T~"\A_;, }
exists and Gans is uniformly convergent on PC,;(Ty, X) x By, where B := T N B.

/
subsequence {s,}, s, =, and a sequence {A

—Sp

From Definition 3.8, two lemmas below are immediate:

Lemma 3.3 Let ¢ € DAP*(T, X), then for any ¢ > 0, the almost-range of ¢, p(R1(z,¢)), is

a relatively compact subset of X.

Lemma 3.4 Iff = g+ ¢ with g € DAP*(T,X), and ¢ € WPDAP(T, p), where p € UZ,, then
&(Rr(z,¢)) Cf(Rr(z,¢)).
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Lemma 3.5 Forany ¢ > 0, one can decompose a weighted piecewise pseudo-double-almost-
periodic function according to DAP® @ WPDAP{ which is unique for any p € US,.

Proof Assume that f = g1 + ¢1 and f = g + ¢2. Then, (g1 — £2) + (¢1 — ¢2) = 0. Since g1 —
g € DAPY(T,X), and ¢1 — ¢ € WPDAP{(T, p), we find that g; — go = 0. Consequently,
@1 — P =0, i.e., 1 = ¢,. This completes the proof. O

Theorem 3.2 For p € U’ , (WPDAP*(T, p), || - |l.) is a Banach space for any ¢ > 0.

Proof Assume that {f,},cn is a Cauchy sequence in WPDAP*(T, p). We can write f,, = g, +
¢, uniquely. Using Lemma 3.4, we have ||g, — g, [l < IIf, —f;ll¢, from which we deduce that
{gn}nen is a Cauchy sequence in DAP(T, X). Hence, ¢, = f,, — g, is a Cauchy sequence in
WPDAP{(T, p). Thus, g, — g € DAP*(T,X), ¢, = ¢ € WPDAP{(T, p), and finally, f, —
g+ ¢ € WPDAP*(T, p). This completes the proof. a

Definition 3.9 Let o1, 0, € UZ,. We say that p; is e-equivalent to p, written as p; ~° pg,
if p1/p € U5,

Theorem 3.3 Let py, pr € US,. If p1 ~° pa, then WPDAP*(T, p;) = WPDAP*(T, p).

Proof Assume that p; ~° p,. Then, there exist a,b > 0 such that ap; < p, < bp;. Thus, for

any 1,72 € Rr(t,¢), we have am(ry, r2, p1) < m(r1, ra, p2) < bm(r1, 12, f1), and

a 1 2 5 1 2 5
o f 698 = —— s / 16(5)] 3a(s) As

<2 [Mlselneas

m(rl,VZlﬁl) 1

This completes the proof. O

Lemma 3.6 If ¢ € DAP(T x X,X) and o € DAP*(T,X), then G(t) := g(-,a()) €
DAP*(T, X).

Proof Let T = {t, .} C B°, b = (g(t,x), T) € DAP*(T x X,X) x 98¢, and from every se-
quence {s,}i°; C I1,, we can extract a subsequence {t,}5°; and a sequence {A_;,} such
that the limit set Ty of {T"™\A_,,} exists and

-1

¢* = (¢"(t,%), T*) = lim 0,4 = lim (g(t + 7,,,x), T"™),

n—00

uniformly exists on PC; (T x X, X) x B¢. Since @ € DAP*(T, X), we can extract {7, } C {7}
such that

lim 0,,¢ = lim (g(t + 1., (¢ +1,)), T”V/')

n—00 n—00

= lim (g(¢ + 7,,2*(2)), T"’/f) = (g*(t, 2" (@), T").

n—00

Hence, G € DAP*(T, X). This completes the proof. d
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Theorem 3.4 Let f = g + ¢ € WPDAP*(T x X,p), where g € DAP*(T x X,X), ¢ €
WPDAP(T x X, p), p € U, and the following conditions hold:
(i) {f(t,x):t € Rr(z,¢),x € K} is bounded for every bounded subset K C §2.
(i) f(t,-), g(t,-) are uniformly continuous in each bounded subset of §2 uniformly in
t e Rr(t,e).
Then, f(-,h(-)) € WPDAP*(T, p) if h € WPDAP*(T, p) and h(Rr(t,¢)) C £2.

Proof Forany &1 >0, we have f = g + ¢, where g € DAP*/(T x X, X) and ¢ € WPDAP{! (T x
X, p) and & = ¢; + ¢, where ¢; € DAP!(T, X) and ¢, € WPDAP;' (T, 5). Hence, the func-
tion f(-, 4(-)) can be decomposed as

F(n0) =g( 01 0) +f (5 h0)) - g(- d1()
=g(7¢’1()) +f(7h()) _f(r¢l()) + ¢(’¢1())

By Lemma 3.6, g(-, $1(-)) € DAP*1(T, X). Now, consider the function
W () i=f(h0) —f (- ().

Clearly, ¥ € BPC;}(T, X). For ¥ to be in WPDAP;! (T, 5), for any &, > &1 > 0, it is sufficient
to show that

1
lim — / p(t)At=0.
Dy=00 (11,72, £) I My, 1y ey (@)

Let K be a bounded subset of 2 such that ¢(Rr(z,81)) € K, ¢1(R1(7,41)) € K. From
(i), f (¢, -) is uniformly continuous in ¢;(R1(7, 1)) uniformly in ¢ € R1(7,€1). Hence, for

a given &y > &1 > 0, there exists 8., > 0 such that y;,y, € K and |ly; — y2|l < 8., implies that

f & 1) —f(&32)|| <2, € Ru(z,e).

Thus, for each t € Rr(7, 1), [|¢2(2)]l < 8, implies that uniformly in ¢ € R1(7, 1),

If (& h(®) - f(£:01®)) | < &2,

where ¢(t) = h(t) — ¢1(¢). For ri,ra € Rr(z,€1), r2 > 11, let My 5., (92) = {t € [ry,

] Rpe) ¢ ll2ll > 86,1}, and we obtain

1
— / o)At
(115725 ) Iy oy ey (W (0)
ol
(11,72, ) Sy, oy (FEHO)-F (101 1))
1
< —Q=
(11,72, P) oty 1 b, (H(0-1(0)
1

(11,72, ) Ity g 50, 620)

p(t)At

pt)At

pt)At.

Page 14 of 22
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Now, since ¢, € WPDAP,! (T, 5), Lemma 3.1 yields that

1 ~
lim ——— ,O(t)At =0,
Dy—o0 m(rl’ r2, p) Mrl,rz,sz (¢2(2))

which confirms that ¥ € WPDAP' (T, ).

Finally, we will show that ¢(:,¢:1(-)) € WPDAP' (T, 5). Note that f = g + ¢ and g(¢,-)
is uniformly continuous in ¢;(R1(7,€1)) uniformly in ¢ € Rr(7,&;). By assumption (ii),
f(t,-) is uniformly continuous in ¢;(R1(t, 1)) uniformly in ¢ € Rr(t,€1), so is ¢. Since
¢1(Rr(7, 1)) is relatively compact in X, for %2 > g1 > 0, there exists ., > 0 such that
¢1(Rr(t,61)) C ULy B, where B? = {x € X: |lx — x| < 8, } for some x € ¢ (R1(7, 1)),
and

| (2, ¢1(0) - p(t,x0)|| < %2 ¢1(t) € B, t € Ru(t,e1). (3.2)

It is easy to see that the set L[,f2 ={t e Ry(r,61): ¢1(t) € Biz} is open and for any ry,7; €
Rr(t,61), we have [r1, o] gy (re) € Upsy US> We define V2 = U2, VE2 = U2\ U u?,

2 <k < m. Then, it is clear that V;? N Vf2 #@ifi#j, 1 <i,j <m. Thus, we have
&
te [rLr)reen : | 0(6 o) | = >

C

[te V| ot d(0) — dtxd)|| + | ot x0) | = &2}

C

C= 1C:s

<{t eV |o(t(®) - ot xe) | > %2}

>
Il

1
£9 &
U {te Ve ol x| = 5})
Now, in view of (3.2), it follows that

{t e Vi2i||o(td1(0) - ptmi) | = %2} =0, k=1,2,...,m.

Thus, we obtain

1 N “ 1 s
_r / poar<y — L / A(0)AL.
m(ry, 12, P) M, e @ (0) e~ m(ry,r2, p) M, e @x0)

1,1 ,7 = 1,17 :7

Since ¢ € WPDAP,! (T x X, 5) and
. 1 -
lim —~f o)At =0,
Dr=oo m(ryra, P) Ju, o @)
e, 5

from Lemma 3.1 it follows that

. 1
lim o)At =0.

Dr—00 m(r1, 1, f) fM 2 (010D
r1,re ,7

Hence, ¢(-, ¢1(-)) € WPDAP,! (T, /). This completes the proof. O
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From Theorem 3.4 the following corollary is immediate:

Corollary 3.2 Let f = g + ¢ € WPDAP*(T, p), where p € U,. Assume that f and g
are Lipschitz in x € X uniformly in t € Ry(t,¢). Then, f(-,h(-)) € WPDAP*(T,p) if h €
WPDAP* (T, 5).

Next, we prove the following two lemmas which are useful in establishing our main
results.

Lemma 3.7 Ifo(t) is double-almost-periodic on ACCTS and for any € > 0, inf; tZ,»,s =6, >0,
then {¢(t, )} is a double-almost-periodic sequence for {ty, .} C B°.

Proof For &; >0, we construct a sequence {tl/q,m} C Rr(t,&1) satisfying the condition

t,’(i,a1 =t e if £y, ¢, is a left-scattered point in R1(7, &1), (3.3)
zf,’(i’s1 =ty — 261, if ty e, is aleft-dense point in Ry(7, 1),

where i € Z. For &, > €1 > 0, we choose numbers r € [T, g € Z such that |[(¢£ + 1) —@(?) ] <
& and |tZL‘,81 —r| <v,0<v<eéy, forall |t—tl/q,61| > 89,1t € R1(t,€1),i € Z. Since —v < &
t/
k,

i€

i+q:€1 -

bt — 1 < vinview of (3.3), we find that 0 < 29 — v < i, | —T <28+ <36 Thus,

i1
if ¢/, ¢’ belong to the same interval of continuity with [t' — ¢’| < 3¢, then [|@(¢') — ¢(t")| <
0(3¢g3). Now, assuming that 20(3¢3) + & < &} < 6,,, we find

”(p(tkhq,gl) - (P(tki,el)” = ”(p(tkhqvgl) - gl)(t//(l,’sl + r) “ + ”‘p(tllq,sl + 7‘) - w(t//fi,sl) ”
+ ||(p(t/kiy€1) — @(trer)| < 20(3e2) + &3 < ).
This completes the proof. O

Lemma 3.8 A necessary and sufficient condition for a bounded sequence {a,} to be in
WPDAP(Z, p) is that there exist a uniformly continuous function f € WPDAP(T, p) and
a discretization partition {t,} C Rr(t,¢) such that f(t,) = a,, n € Z, p € Uj.

Proof Necessity. Let 11,7, € Rr(t,¢), 1y > r1, and we partition the interval [r1, 2] g p(z,¢) as
follows:

Ty =11 S (1] =01 <Typg1 <o < Tuyo1 < 1] i= 2 Sy i= 1y
Denote & = max;{rj,; — r;}, and define a function
f@O) =aj+(t-r)a—a), telrrilapce 1 <j<nyje.

It is obviously uniformly continuous on Rr(7,¢). To show f € WPDAP(T, p) it suffice to
note that

! f 1) 5 as

m(rlyr%ﬁ) 1
ny—1

> / e+ - )@ - 0 s) s
j=n1 VI

B 1
m(rl, 1y, ,5)
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-1 V/+1

<1 S (a5 + layn, - anf (s—r, p(s)As)

m(rl,rg,,o) Z( i i1~ 4 i

1 " (letny | + o, 11E2

< —7 &llajllp (t) -2 "> 5

m(l"l,}"z, ) _an / m(rlyr%p)

1 e ety | + ||

< = E|F @] o) + S

Zt}e[’l 2] Ry (c.6) (1) Z (r1,72,0)

1

_ ”225”}, Wl ||an2||+||am||§2_ o e
= = y 2 — /] ’

Z,nznll ) ion ' m(r1,12,p)

where ﬂ:)(tj) =sup{p(t) : t € [1,7j41) Rp(c,0)} aNd P = SUDPte R (7,6) o(8).
Sufficiency. For any ¢,, < t,,, we partition the interval [£,,, £,,] R1(r,¢;) s follows:

by < bny 1 i= 11 <Eppy1 <o <lpyo1 < Ly ] 1= 12 S Ly,

Let 1 > &5 > &1 > 0, there exists a §;, > 0 such that for ¢ € (t; - 8;,, ) Rp(r,e1), j € Z and

n1; <j < mny, we have

[rol50 = a-elf@)lae), m<i<m.

Hence,

[ rolsoa:

>Z/

t,

t|s6)At > Z / [f(t EGXY:

j=n1+1°5-1 j=n1+1
> Z 8e, (1= 2)[f(5) | 5(8)) = 8¢, (1 - £2) Z QI
Jj=n1+1 j=n1+1

which implies that

1 ty )
) f lrolawae

2 8y(1-e0) s Z lF @] @)
"1’ bnys P j=n1+1
> 5,,(1- &) ! CIES)
t€ltny tny | R (r.61) (t )1 ni+l
> 5,,(1- &) ! Z 1£6)]56). (3.4)

Co 2 ettty ey P(B)

j=n1+1

From (3.4) and f € WPDAP,! (T, p), it follows that f(,) = a,, € WPDAP! (Z, p). This com-
pletes the proof. d
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From Lemma 3.8, we have the following result directly:

Theorem 3.5 A necessary and sufficient condition for a bounded sequence {a,} to be in
WPDAP!(Z, p) is that there exist a uniformly continuous function f € WPDAP*(T, p) and
a discretization partition {t,} C Rr(t,¢) such thatf(t,) = a,, n € Z, p € Uj.

Theorem 3.6 Assume that p € U, and the sequence of vector-valued functions {I}kez
is weighted pseudo-almost-periodic, i.e., for any x € 2, {Ix(x), k € Z} is weighted pseudo-
almost-periodic sequence. Suppose that {I(x) : k € Z,x € K} is bounded for every bounded
subset K C §2, Ii(x) is uniformly continuous in x € 2 uniformly in k € Z. If h €
WPDAP*(T, p) N UPC*(T,X) such that h(Rr(t,¢)) C 2, then Li(h(t.)) is weighted

pseudo-double-almost-periodic.

Proof Fix h € WPDAP*(T, 5) N UPC*(T, X). First we will show that A(t,.) is weighted
pseudo-double-almost-periodic. Since / = ¢; + ¢, where ¢; € DAP*(T,X) and ¢, €
WPDAP(T, p), it follows from Lemma 3.7 that the sequence ¢;(¢,) is double-almost-
periodic. To show /h(t, ) is weighted pseudo-double-almost-periodic, we need to show
that ¢, (t,..) € WPDAP(Z, p). From the assumption, /4, ¢; € UPC*(T, X), so is ¢.

Forany t, , t,, € B1, we partition the interval [tkn1 Uiy | R1(z,61)» and we repeat the same
proof process of Sufficiency for Lemma 3.8, so we have ¢, (¢, ¢, ) € WPDAP,! (Z, ). Hence,
h(ty, ) is weighted pseudo-double-almost-periodic.

Next, we will show that I (h(¢,,.)) is weighted pseudo-double-almost-periodic. Let

I(t, %) = I,(x) + (¢ - I’n)[ln+1(x) _In(x)]; te [rmrnﬂ](?qr(r,s):knl <n=< knz;n €z,

¢0(t) = h(tn) + (t - Vn)[h(tn+1) - h(tn)]: te [Vn, rn+1]RT(r,s)r kn1 <n= knzy ne Z,

where & is as in Lemma 3.8. Since {I,} is weighted pseudo-almost-periodic sequence and
{h(t,)} is weighted pseudo-double-almost-periodic sequence, by Lemma 3.8 and Theo-
rem 3.5, it follows that I € WPDAP* (T x £2, 5), o € WPDAP*(T, 5). For every ¢ € Rr(t, ¢),
there exists a integer k,,;, <#n < k,, n € Z such that |t —r,| <&, and hence

[1e0)] = [L@] +1e=ral[[ 2 @] + [ L]
<1+ ‘i:)”[n(x)“ +§ HIVI+1(x) H

Since {I,(x) : k,; <n < ky,,,n € Z,x € K} is bounded for every bounded set K € £2, {I(t,x) :
t € Ry(t,¢),x € K} isbounded for every bounded set K C §2. For every x1,x; € §2, we have

||I(t’xl) —I(t,JCg)H =< Hln(xl) —1,,,(962)” + |t_ rn|[||1n+l(xl) _1n+1(x2) ||
+ [ L) = L) | ]
< (L+&)|Iix1) = L) | + & | a1 (1) = Lns1 (x2) ||
From the fact that [;(x) is uniformly continuous in x € £2 uniformly in k € Z, it fol-

lows that I(¢,x) is uniformly continuous in x € £ uniformly in ¢ € R1(7,¢). Thus, by
Theorem 3.4, I(-, @o(-)) € WPDAP*(T, X). Again, using Lemma 3.8 and Theorem 3.5, we
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find that (¢, ., Po(tk,c)) is a weighted pseudo-double-almost-periodic sequence, that is,
Ii(h(ty,)) is weighted pseudo-double-almost-periodic. This completes the proof. d

From Theorem 3.6, the following corollary follows:

Corollary 3.3 Assume that the sequence of vector-valued functions {Ii}icz is weighted
pseudo-almost-periodic, p € Uy, if there is a number L > 0 such that

|1c®) - k)| < Lilx -yl

forallx,y € 2, k € Z, if h e WPDAP*(T, p) N UPC*(T, p) such that h(Rr(z,¢)) C $2, then
Ii(h(t,¢)) is weighted pseudo-double-almost-periodic.

In the following, we show a criterion for a relatively compact set in PC; (T, X).
Let /1o : T — R be a continuous function such that /1y(£) > 1 for all £ € T and /o (£) — 00
as |t| — oo. Then, the space

PC;, (T,X) = {qb € PC:,(T,X): M}i_r)noo ”Z((?)” = 0}

endowed with the norm ||¢)||f70 = SUPycRp(r,e) ”ZZ((?)” is a Banach space, where hy(t) =

hol Ry (v.e)-

Theorem 3.7 A set B C PCj, (T, X) is relatively compact if and only if
(1) limjg—oo ”;Z((tt))” = 0 uniformly for ¢ € B.
(2) B, ={¢(2) : ¢ € B} is relatively compact in X for every t € Rr(t,¢).
(3) The set B is equicontinuous on each interval (ty e, ty;, ) Ry(x,)s i € Z.

Proof Let PCY (T, X) = {¢ € PC%,(T, X) : limy . [|(£)|| = O}. It is clear that PC% (T, X) is
isometrically isomorphic with the space PC}, (T,X). In order to prove Lemma 3.7, we only
need to show that B* C PC?;I8 (T, X) is a relatively compact set if and only if

(@) limy— oo [|f(®)|l = 0 uniformly for f € B*.

(b) By ={f(¢):f € B*} is relatively compact in X for every t € Ry(7,€).

(c) The set B* is equicontinuous on each interval (¢ ¢, tx;,1,6) Ry(r,6) § € Z.

Sufficiency. By (a), for any &, > &1 > 0, there exists ;> > 0 such that

lf O] <e2 12> 8% f € B~ (3.5)

By (c), for the above &, there exists § : 0 < 8, < 872, such that £, € (t,e, ki, .e1) Rp(r,61)
ieZ, |t —t"| <6, implies

lF(¢)=f (") <&z Vf eB™

For the interval [-87%, 872 &y(r,e;), there exists a set

S={s1,82,...,84} C [—STZ,S?]RT(LH), Sj # ke j=1,2,...,q

Page 19 of 22
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such that |f - s;| < §;, and

lf®O-fs)| <e2 j=12,....q.f € B*. (3.6)
For any sequence {fy : k > 1} € B*, by (b), we can extract a subsequence that converges at

each point ¢ € R1(7, &1). Since S is finite, for the above g5 > €1 > 0, there exists #y € N such
that for all n1, n > ny,

fin® = £, <2, teS. (3.7)

Hence, for ¢ € [-872, 8721 &y (z,e1)» Dy (3.6) and (3.7), it follows that

1@ = £ | < [fin@® =Sin (D] + [fin(s) =Sulsp) | + [fo(s) £ (&) | < B

For |¢| > 872, by (3.5), we have

|Vm(t) —f,,(t)|| < 26,.

Thus, {fi : k > 1} is almost-uniformly convergent on Rr(7, &), and hence B* C PCS; (T,
X) is a relatively compact set.

Necessity. Since B* € PCS;1 (T, X) is relatively compact, for any &, > €1 > 0, there exist a
finite number of functions £}, f3,...,f; of B* such that

"f _ﬁ||81 < €2, j: 1’2»'~1mrf eB*. (38)

This finite set of functions fi,f, .. .,fx is equicontinuous, that is, for the above &3 > ¢ > 0,
there exists a number 85* > 0 such that for any ¢, ¢ € (¢, bire1) Ry(re) L € Ly |E —1'| <
85* implies that ||f;(¢) —f;(¢")|| < &2. Now, using (3.8), for any f € B*, we have

(@) =@ = @) =A@+ 5@ =5+ 15E) = ()] < 362,

which shows (c). Since f; € B*, for the above &, > &1 > 0, there exist numbers vfz > 0 such
that

@) <ea 11> v?2j=12,...,m. (3.9)
Let 85 = max{v;?,..., v,7}. Then by (3.8) and (3.9), for any f € B, it follows that

lf@] < lf@ -5 + @] <262, 121> 63,
which shows (). Since B* is relatively compact, for any sequence {f : k > 1} C B*, there
exists a subsequence that converges almost-uniformly on R1(z,¢1). Fix t € Rr(7,€1), in
the sequence {fi(t) : k > 1} C X, there exists a convergent subsequence. Therefore, for

fixed t € Rr(t, 1), the set {f(¢) : f € B*} is relatively compact, which shows (). This com-
pletes the proof. O
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Remark 3.2 The applications of weighted piecewise double-almost-periodic functions on
impulsive evolution equations were investigated in the literature [33]. Moreover, the first
results of some biological dynamic models, economic dynamic models, and neural net-
works with double-almost-periodicity were established in Sect. 4 of [33] and also in [34].

4 Conclusion

This paper introduces the concept of ACCTS and establishes a type of functions with
double-almost-periodicity. Then, by introducing the concept of almost-uniform conver-
gence for piecewise functions on ACCTS and using measure theory on time scales, some
composition theorems of WPDAP and the completeness of the function space are ob-
tained. The basic results established in this paper can be applied to study weighted pseudo-
double-almost-periodic solutions for impulsive dynamic equations or other types of math-
ematical dynamic models in the real world.

Acknowledgements
We express sincere thanks to all the reviewers for their insightful comments and valuable suggestions to improve this
manuscript.

Funding

This work is supported by Youth Fund of NSFC (No. 11601470), Tian Yuan Fund of NSFC (No. 11526181), and Dong Lu
Youth Excellent Teachers Development Program of Yunnan University (No. wx069051), IRTSTYN and Joint Key Project of
Yunnan Provincial Science and Technology Department of Yunnan University (No. 2018FY001(-014)).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the manuscript and typed, read and approved the final manuscript.

Author details

'Department of Mathematics, Yunnan University, Kunming, Yunnan, China. 2Department of Mathematics, Texas A&M
University—Kingsville, Kingsville, USA. *Florida Institute of Technology, Melbourne, USA. “School of Mathematics,
Statistics and Applied Mathematics, National University of Ireland, Galway, Ireland. °Department of Mathematics,
Bharathiar University, Coimbatore, India.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 22 May 2019 Accepted: 14 October 2019 Published online: 21 October 2019

References
1. Hilger, S.: Ein Mal3kettenkalkdl mit Anwendung auf Zentrumsmannigfaltigkeiten. PhD thesis, Universitat Wiirzburg
(1988)
2. Agarwal, RP, Bohner, M.: Basic calculus on time scales and some of its applications. Results Math. 35, 3-22 (1999)
3. Agarwal, RP, Bohner, M., O'Regan, D,, Peterson, A.: Dynamic equations on time scales: a survey. J. Comput. Appl.
Math. 141, 1-26 (2002)
4. Bohner, M, Peterson, A.: Dynamic Equations on Time Scales: An Introduction with Applications. Birkhduser Boston,
Boston (2001)
5. Guseinov, G.S.: Integration on time scales. J. Math. Anal. Appl. 285, 107-127 (2003)
6. Erbe, L, Peterson, A, Tisdell, C.C.: Existence of solutions to second-order BVPs on time scales. Appl. Anal. 84,
1069-1078 (2005)
7. Kéré, M., N'Guérékata, G.M.: Almost automorphic dynamic systems on time scales. Panam. Math. J. 28, 19-37 (2018)
8. Hilger, S.: Analysis on measure chains—a unified approach to continuous and discrete calculus. Results Math. 18,
18-56 (1990)
9. Lakshmikantham, V, Sivasudaram, S., Kaymakgalan, B.: Dynamical Systems on Measure Chains. Kluwer Academic,
Boston (1996)
10. Atici, EM,, Biles, D.C.: Further development of stochastic calculus on time scales. Panam. Math. J. 25, 13-24 (2015)
11. Wang, C, Agarwal, R.P, O’ Regan, D.: Periodicity, almost periodicity for time scales and related functions. Nonauton.
Dyn. Syst. 3, 24-41 (2016)



Wang et al. Boundary Value Problems (2019) 2019:165 Page 22 of 22

13.
14.

16.
17.
18.

20.

21

22.

23.
24.

25.

26.

27.

28.

29.

30.

32.

33

34.

Bochner, S.: Beitrdge zur Theorie der fastperiodische Funktionen. I: Funktionen einer Variablen. Math. Ann. 96,
119-147 (1927)

Fink, AM.: Aimost Periodic Differential Equations. Springer, New York (1974)

Blot, J, Cieutat, P, Ezzinbi, K.: New approach for weighted pseudo-almost periodic functions under the light of
measure theory, basic results and applications. Appl. Anal. 92, 493-526 (2013)

Ezzinbi, K., Hachimi, M.A.: Existence of positive almost periodic solutions of functional equations via Hilbert's
protective metric. Nonlinear Anal,, Theory Methods Appl. 26, 1169-1176 (1996)

Zhang, C.: Pseudo almost periodic solutions of some differential equations. J. Math. Anal. Appl. 181, 62-76 (1994)
Zhang, C.: Pseudo almost periodic solutions of some differential equations II. J. Math. Anal. Appl. 192, 543-561 (1995)
Cuevas, C, Sepulveda, A, Soto, H.: Almost periodic and pseudo-almost periodic solutions to fractional differential and
integro-differential equations. Appl. Math. Comput. 218, 1735-1745 (2011)

Chang, Y, Zhao, Z., Nieto, J.J.: Aimost periodic and pseudo almost periodic mild solutions to a partial differential
equation VIA fractional operators. Numer. Funct. Anal. Optim. 32, 1219-1238 (2011)

Ding, H., Nieto, J.J.: A new approach for positive almost periodic solutions to a class of Nicholson’s blowflies model.

J. Comput. Appl. Math. 253, 249-254 (2013)

Wang, C,, Agarwal, R.P: Almost periodic solution for a new type of neutral impulsive stochastic Lasota-Wazewska
timescale model. Appl. Math. Lett. 70, 58-65 (2017)

Diagana, T. Existence of weighted pseudo-almost periodic solutions to some classes of nonautonomous partial
evolution equations. Nonlinear Anal., Theory Methods Appl. 74, 600-615 (2011)

Diagana, T.: Weighted pseudo almost periodic functions and applications. C. R. Math. 343, 643-646 (2006)

Blot, J, Cieutat, P: Completeness of sums of subspaces of bounded functions and applications. Commun. Math. Anal.
19,43-61 (2016)

Zheng, Z, Ding, H.: On completeness of the space of weighted pseudo almost automorphic functions. J. Funct. Anal.
268,3211-3218(2015)

Ding, H., Liang, J,, Xiao, T.: Weighted pseudo almost automorphic functions and WPAA solutions to semilinear
evolution equations. J. Math. Anal. Appl. 409, 409-427 (2014)

Wang, C,, Agarwal, R.P: Uniformly rd-piecewise almost periodic functions with applications to the analysis of
impulsive A-dynamic system on time scales. Appl. Math. Comput. 259, 271-292 (2015)

Wang, C,, Agarwal, R.P: Relatively dense sets, corrected uniformly almost periodic functions on time scales, and
generalizations. Adv. Differ. Equ. 2015, 312 (2015)

Agarwal, RP, O'Regan, D.: Some comments and notes on almost periodic functions and changing-periodic time
scales. Electron. J. Math. Anal. Appl. 6, 125-136 (2018)

N'Guérékata, G.M., Milce, A, Mado, J.C.: Asymptotically almost automorphic functions of order n and applications to
dynamic equations on time scales. Nonlinear Stud. 23, 305-322 (2016)

. Wang, C.: Almost periodic solutions of impulsive BAM neural networks with variable delays on time scales. Commun.

Nonlinear Sci. Numer. Simul. 19, 2828-2842 (2014)

Wang, C,, Agarwal, R.P: Almost periodic dynamics for impulsive delay neural networks of a general type on almost
periodic time scales. Commun. Nonlinear Sci. Numer. Simul. 36, 238-251 (2016)

Wang, C,, Agarwal, RP, O’ Regan, D.: Weighted piecewise pseudo double-almost periodic solution for impulsive
evolution equations. J. Nonlinear Sci. Appl. 10, 3863-3886 (2017)

Wang, C,, Sakthivel, R.: Double almost periodicity for high-order Hopfield neural networks with slight vibration in
time variables. Neurocomputing 282, 1-15 (2018)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Discontinuous generalized double-almost-periodic functions on almost-complete-closed time scales
	Abstract
	MSC
	Keywords

	Introduction
	Almost-complete-closed time scales (ACCTS)
	Weighted piecewise pseudo-double-almost-periodic functions
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


