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1 Introduction
The steady compressible isentropic magnetohydrodynamic equations in 3D can be de-
scribed as follows:

div(pv) =0, (1.1)
—puAv—aVdivy +div(pv ® v) + VP = (V x B) x B + pF, (1.2)
Vx(WVxB)-V x (vxB)=0, (1.3)
divB = 0. (1.4)

Here p denotes the density, v = (v, v5,v3) the velocity and P = ap” the pressure of the fluid
with a a constant; as we will study the strong solutions to system (1.1)—(1.4), without loss of
generality, we will assume a = y =1 in the following, B = (B;, By, B3) is the magnetic field,
1 >0, ii >0 are the first and second viscosity constants, v > 0 is the magnetic diffusion
coefficient, F = (Fy, F», F3) the external force.

In this paper, we will study the simplified model of system (1.1)—(1.4) in 2D and consider
the compressible perturbation of a uniform flow in the domain £2 = [0,1] x [0, 1]. More-
over, as the velocity of the basic flow under consideration can be any non-zero constant,
there will be an inflow (v - n < 0) and outflow (v - n > 0) part on the boundary, where n is
the outer normal vector to the boundary. More precisely, we will denote

Iin={x1=0,0<x, <1},
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I ={x1=1,0<x <1},

In={0=<x1<1Lx=0U{0<x <1x=1}.

Using the mass equation (1.1) and the divergence-free condition (1.4) of the magnetic

field, the complete boundary value problem we consider will be as follows:

div(pv) =0, (1.5)
—pAvy — 101 divv + pv - v + 01P = —B,(0,By — 3,B1) + pFy, (1.6)
—wAVy — 105 diVV + pV - Vo + 0oP = B1(01.By — 3,B1) + pF>, (1.7)
—VAB; — 0,(11By —,B1) =0, (1.8)
—VABy + 3;(11By —v2B1) =0, (1.9)
divB = 0. (1.10)
p=po onli, (1.11)
v=vy on [}, U gy, (1.12)
v-n=curlv=0 on Iy, (1.13)
B=B; onas, (1.14)

where vo = (v§,v3) and By = (B}, B).

Before stating the main result, we will briefly review some related work. In one space
dimension, for the initial-boundary value problem with general large initial data for com-
pressible magnetohydrodynamic equations one may refer to [1, 16]. In [10] Kawashima
proved the global existence of strong solutions for general electromagnetic fluid equations
in two dimension when the initial date are small perturbations of given constant state. In
[11], the authors proved that there exist classical solutions global in time and they also ob-
tained the optimal decay rate for three-dimensional compressible MHD equations when
the initial data are small perturbations of given constant state. For the low Mach limit or
the vanishing viscous limit for MHD equations in different cases refer to [2, 6, 8, 9]. In [5,
7], the authors considered the global weak solutions and large-time behavior of solutions
to the three-dimensional compressible MHD equations with general large initial data. In
the case of a steady flow, the author in [18] proved the global existence of weak solutions
to steady compressible isentropic MHD equations with large force. In [17], the authors
proved that there exist strong solutions to steady compressible MHD equations with ho-
mogeneous boundary condition and a small force. To the best of the author’s knowledge,
there is no result dealing with the nonhomogeneous boundary value problem as regards
steady compressible MHD equations. However, there are a lot of studies on the inhomo-
geneous boundary value problems to the steady compressible Navier—Stokes equations
[4, 12-15]. In this paper we will study the nonhomogeneous boundary value problem for
steady compressible MHD equations in two dimensions.

Notation: Let K C RN be an open set, 1 < p < 0o, we denote by L7(K) the Lebesgue space
equipped with the norm || - ||z2@) = || - llop,x; by W*#(K), s € R (see [3]) the Sobolev space
equipped with the norm || - ||, by | - |5, the Sobolev norm on the boundary, when p = 2,
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we also denote by H* the Sobolev space. Besides, the set & is defined by
g = {u = (u1,uy) € H(2),u=00n Iy U Tyyu-n=0on ]"0}.
Let Uy = (1,0), By = (1,0). We define
Mo = [vo = Upla-1/pp;riyUrewe + 100 = Ll piry, + 1Bo = Bola-1ppiae + IIEllze. (1.15)
Moreover, we assume that 19 satisfies the following compatibility conditions:
3x,5(0,0) = 0, v5(0, 1) = 3, v5(1,0) = 05, (1,1) = 0 (1.16)
The main result is the following.

Theorem 1.1 Let M, defined in (1.15) be small enough, 2 < p < 0o, v} satisfy the com-
patibility conditions (1.16), then system (1.5)—(1.14) admits a unique solution (v, p,B) €
WP x WP x W2P satisfying

lv—Uollzpe + 10 =g + 1B =Bollzpe < CMo, (1.17)

here C is a constant depending on p.

The proof of Theorem 1.1 basically relies on the energy estimate and L” estimate of the
linearized system to system (1.5)—(1.14). As the compressible condition results in the loss
of regularity in the mass equation (the term v- Vp), it seems hard to obtain the strong solu-
tions to both the linear and the nonlinear system directly by using the fixed point theories.
To overcome this problem, we will prove the existence of a weak solution to the linear sys-
tem by taking the limit of a sequence of viscous solutions to an approximate system, and
to the nonlinear system by proving that the sequence of solutions to the linear system is a
Cauchy sequence in H'(£2) x L2(£2) x H'(£2). In the case of the inhomogeneous bound-
ary conditions, the total mass of the fluid is unknown, i.e. the L! norm of the density is
unknown, thus we cannot obtain the L? norm of the density by the classical method of
energy from the momentum equations. To overcome this, we will introduce a transfor-
mation to “straighten” the stream line. Compared with [4], here we have to take more care
of the terms including B after the transformation in the process of energy estimate. Then,
by the L” estimate of linearized system, we find that the weak solutions are also the strong
solutions. Finally, we point out that our method failed in the case of the Dirichlet bound-
ary condition of v on the rigid wall (/) as one needs more dedicated estimates of p and v

around the corners.

2 The linearized system
In this section we will study a linearized system satisfied by the the perturbation. First,
we will homogenize the boundary condition of the linearized system. By the theory of

elliptic partial differential equations of second order, we can find v = (vy, V5), B = (By,B,)
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satisfying
v=vo—-Uy on U gy, v-n=curlv=0 on [y,
Vll2p2 < Clp)Mo, (2.1)
B=Bo-By ond®2,  [Blape <Cp)M,

In fact, we can consider the following boundary problem:

Au=f in$2,

u=¢y only, (2.2)

u=¢@y onli,

U=@out 0N oy,
and by the theory of elliptic equations ([3]), we have the following.

Lemma 2.1 Let 1 < p < oo, f € LP(R2), po € W>ZVP(IY), gin € W2ZVP(I), @out €
W22 VP (T ), be given such that ¢o(0,0) = ¢in(0,0), 90(0, 1) = ¢in(0,1), 9o(1,0) = @out(1,0),
©o(1,1) = ¢in(1, 1), then there exists a unique solution u € WP (Q2) satisfying the boundary
problem (2.2) and the following estimate holds:

lllopme < Cll@oll22-1mry + 1@inll22-prn + 1Poull22-1piroe + IIf llpe2)s (2.3)
where C is a constant depending on p.

Remark 2.2 If we replace the Dirichlet boundary condition u = ¢y € WV on I}
in (2.2) by the Neumann boundary condition d,u = ¢y € Ww1-1pr on [, and if p>2,
also assuming the compatibility conditions ¢y(0,0) = —3,,¢in(0,0), (0, 1) = 8,,¢in(0, 1),
©0(1,0) = =0y, @out(1,0), 0o(1,1) = 3y, Pout(1, 1), then (2.3) also holds with ||@gll2-1/p, re-
placed by [|@o|l1-1/p,,- Consequently, we can find functions v = (v1, ¥2), B-= (BI,BZ) satisfy-
ing (2.1).

Nowlet vy =147, + V1, Vo =Vg + ¥, p =1+ p, By =1+ By + By, By = By + By, V = (V1, W),
B = (B), By), then the system satisfied by (v, p, B) can be written as
01p+(V+V)-Vi+divv=R(¥,p) in £,
11 — wAV — i divv + 015 = Ki(¥, 5,B) in £2,
91Vy — WAV — 102 divV + 32p — (81By — 32B1) = K»(v, p,B)  in £2,
—VAB; — 8,8, + 927, = H1(V,p,B) in £2,
—VAB, + 8By — 917y = Hy(¥v, 5,B)  in 2 (2.4)
v=0 onlj,U gy,
v-n=curlv=0 on Iy,
B=0 onds,

p=po—1 onlj,



Zhou Boundary Value Problems (2018) 2018:185 Page 5of 16

where K = (K1, K3), H = (H7, H,) and

R, p) = —divy — pdiv(y +¥),

Ki(¥,5,B) = (p + 1)F; + u AV + 19 divv
—(P+1)V+v+UY) -V —(p+1)(V+V)- Vi
— poyvy — (By + By)[81(By + By) — 32(By + B)],

KoV, p,B) = (p + 1)Fy + APy + 10, divv (2.5)
—(P+1D)V+V+UY) -V —(p+1)(V+V)- Vi
— poyvy + (By + By)[01(By + Bo) — 92(By + B1)],

Hi(¥,p,B) = wABy — 3By + 273 — 32[(By + Ba) (¥ + 1) — (B + B1) (V2 + 1),

Hy(¥,p,B) = wWABy + 91By — 3193 + 1 [(By + Ba) (¥ + 1) — (By + B1) (7 + 12)].

The corresponding linearized system to system (2.4) can be written as

dhp+v-Vp+divv=f 1in £, (2.6)
v — uAvy — oy divv+d1p=g; in £2, (2.7)
01y — WAV — 105 divV + 930 — (01By — 32B1) =& in £2, (2.8)
—VABy — 03By + vy =l in 2, (2.9)
—VABy + 01By — 01V = hy  in £2, (2.10)
p=00 onli, (2.11)
v=0 on iUy, (2.12)
v-n=curlv=0 on Iy, (2.13)
B=0 onas2, (2.14)

where f € WYP(£2), g = (g1,2), h = (h1, hy) € [P (2),V € W?P(2), 09 € WP(I},) are given
functions satisfying v - n = curlv = 0 on I and ||[V]l2 5, sufficiently small.

As the term V - Vp will result in a loss of regularity in W1#(£2) in the right side of (2.6),
it seems hard to obtain the strong solutions to the system (2.6)—(2.14) directly by the con-
traction mapping principle. Instead, we will first prove the weak solvability of the system
(2.6)—(2.14).

Definition 2.3 If (v, p, B) € H'(2) x L*(£2) x H!(2) satisfies

1 - /F 00(s)w(0,s) ds + /Q[a) divv - pdiw—p div(a)@)] dx = /_wa dx, (2.15)
for Vo € C1(2) satistying o|r,,, = 0;

2) /Q[Ehv - @ — (01By — 0,B1)wy — p div w] dx

+/ [qu:Vw+ﬂdivvdivw]dx:/ gw dx, (2.16)
2 2
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for Vo = (w1, @) € &;

(3) v/ VBl~V¢dx+/ [—8232+82V2]¢dx:/ hi¢dx,
@ @ e (2.17)

V/ VBZ . V¢dx+/ [8132 - 81v2]¢dx=/ h2¢dx,
2 2 2

for V¢ € H}(£2),
then we call (v, p, B) a weak solution to the system (2.6)—(2.14)

2.1 Solutions to the linearized system

In this section, we will first prove the weak solvability of the system (2.6)—(2.14), then
by the theory of elliptic systems and the method of proving the L? estimate of steady
compressible Navier—Stokes system in [4], we can find that the weak solutions (v, p,B) €
W?2P x WP x W2P, The main result reads as follows.

Theorem 2.4 Assume that oo € WY (I7,), f € WHP(2), h, g € LF(2), V € W*P(R2) satis-
Sying Vv -n=0o0n 382 and ||V|2p0 small enough, then system (2.6)—(2.14) admits a strong
solution (v, p, B) with the following estimate:

olpe + IVllape + IBlape < C(loolipn, + Iflipe + I8l + hlrw), (2.18)
here C is a constant depending on i, i1, v and p.

In the case of the inhomogeneous boundary conditions on I, and Iy, the total mass
of the fluid is unknown, i.e. the L' norm of the density is unknown, thus we cannot obtain
the L? norm of the density by the classical method of energy from the momentum equa-
tions. Instead, we will get the L? norm of p from the mass equation by using the following
transformation I7 : 2 — £2 to “straighten” the stream line:

X1 = X1,
1 _1 % P _ (2.19)
Xy =F+ fo 15 (5,%2(5,%2)) ds,
and obviously one has
9(x1,%2) N
H ey § Y (7 TP (2.20)
3(x1,%2) 1502

Then direct computation shows that in the new coordinate system, system (2.6)—(2.14) is

transformed to the following system:

1 ~
010 +divv = —f+f(v) in £2, (2.21)
1+ V1
vi — nAvy — o divv—g1(v) +91p=g+&1(p) in £, (2.22)

811/2 - ,bLAVg - /182 divv - (8132 - 82B1) —§2(V) + E)zp =g +§2(p,B) in .Q, (223)

—VAB; — 3By + 1y (B) + dyvy = Iy + Iy (v)  in £2, (2.24)
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—VABy + 91By + hy(B) — d1vo = by + o (v)  in 2
p=00 on [,

v=0 on I}, U Iy,

v-n=curlv=0 on Iy,

B=0 onas2,

where g = (1,22), & = (€1,8) and

~ 1 89_62 1 a9_52

=0 V1| ———— -1 )03, v2 +
f(V) 1 +1A/1 3361 =1 (1 + IA/l 8x2 ) 272 v
N 0%
gl(p):_a‘)_czpa_xly

0x 9% 9%
&(p,B) = —%p(ﬁ - 1) 20 By (a_” - 1) i

8x2 3_961

- 0X> - 0% _ 0
gi(v) = —35c2V18— -2(u+ M)axla’czvla—xl — Oz, V1 I://LAxe ti

X1

ox Xy 0X
_ll|:8x1xzv2<£_l)+a§2‘/ e 356 Vor——

25— + 0
axz 3361 3362

NS 9%\ )
(o2 () ]

- 0Xo 0%y _ L 0%
(V) =g — 0z, Vo — — 2U053, Vo —— — Oz, Vo [ LA + il—5

8x1 axl

1 0%\, e, PR0R
— ] Ogzvi| — =1 + 02 vi— — + Oz, V1 ——
H1 %Y1\ Ba, 2V g 0y 2 gxi0,,

_ 2 - 2
() coem[(3) )

0x2

~ 89_62 _ 2
hl(B) = _zvaa_qa_czBl a_xl - Vaa_cZBl Axxz -V [(8—> + (

X1

0
— —1)03,Bo,
+<8x2 > w2

) 0% _ 0% \?
hz(B) = _2])85615‘2323_961 - Va,'cszAxxz - \)|:<a—xl> +
e
— 03, By,
+8x1 272
A e
v)=—( =2 -1)o,v,
1(v) (8x2 ) 2 V2
X2
hz(V) = - 8;; V.

2

) - 1]3,%231
2

) - 1] 92, B,

(2.25)
(2.26)
(2.27)
(2.28)

(2.29)

Now the problem of the existence of solutions to the system (2.6)—(2.14) is equivalent

to the problem of the solvability of system (2.21)—(2.29).

Page 7 of 16
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Lemma 2.5 Assume that all the conditions in Theorem 2.4 are satisfied, then system
(2.21)—(2.29) admits a weak solution (v, p, B) with the following estimate:

loll2) + IVILze + IBlle
<C(loohair, + Ifl2@) + I8l x-1(2) + IRl -1(2)), (2.30)

where C is a constant depending on u, [i, v and p.

Proof To prove Lemma 2.5, we will first prove by the Leray—Schauder fixed point theorem
the existence of viscous solutions to the following approximate system:

hp—eAp+divv=Ff +f(v) in £2, (2.31)
vi — nAvy — o divv+ @1 (v) + dip =g+ &1(p) in £2, (2.32)

811/2 - ,bLAVg - /182 divv + ng - (3132 - 8231) +§2(V) =g +§2(,0, B) in £2, (233)

—VABy — 03By + 959 + izl(B) =h; + ftl(v) in £2, (2.34)
—VABy + 3By — 81va + 1y (B) = hy + iy (v)  in 2 (2.35)
p=00 onli, (2.36)
g—ﬁ =0 on I, U Ty, (2.37)
v=0 on I}, U 4y, (2.38)
v-n=curlv=0 on [y, (2.39)
B=0 onds2. (2.40)

First we define the map S : u = (41, u,) € HY(£2) — p by letting p = p(u) the solution of
the following boundary problem:

81,0—6A,0:—divu+f+f(u) in £2, (2.41)
p=00 on i, (2.42)
d

P -0 onlyyUT. (2.43)
on

By the theory of elliptic equations, there exists a solution p € H'(£2) N H?(D) satisfying

lolhz < Ce)(lalla + Ifll2 + lpollzn,)s (2.44)

where D C £2 is any subset of §2 away from the corners. Then by the regular result in
Remark 2.2, we have p € H*(£2) and

loll22 < CE)(Ialliz + Ifll2 + lpollizr, )- (2.45)

Next, we define the map A :u = (u;,u,) € H'(22) — B = (By, By) by letting B = B(u) be
the solution to the following system:

—VAB; — 3By + 1y (B) = douy + 1y + () in £2, (2.46)
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—UABQ + 3132 + ;12(3) = 31142 + h2 + l/’\lz(u) in £2, (247)

B=0 onadf. (2.48)

By the theory of elliptic systems, the solution B € H*(D), where D C 2 is any subset of
§2 away from the corners, and the following estimate holds:

IBll12 < C(llullz + Ihl-12). (2.49)

To obtain the H? estimate of B in £2, we perform the transformation 177! : 2 — £ to
system (2.46)—(2.48) to obtain

—VABy = 3By + dotiy + hy + hy(n) in £2, (2.50)
—VABy = By + s + iy + hp(u)  in £2, (2.51)
B=0 ondf. (2.52)

As the right side of (2.50) and (2.51) are all in L2(£2), by Lemma 2.1 and (2.49) we find
that B € H2(£2) and

[Bll22 < C(llull12 + 1] 2). (2.53)

Finally, we define the operator T : u = (i1, u3) € H(2) = v = (v1,15) € H2(£2) by the
following elliptic system:
01v1 — AV — 101 divv + g1 (v) = —0:S1(w) + g1 + 1 (Sl(u)) in £2,
vy — LAYy — i3y divVv + g (V)
= —8251 (ll) + (81/\2(11) — 82A1(u)) + 4> +§2(S1 (u), A(u)) in Q, (254)
v=0 on [, UGy,
v-n=curlv=0 on [y.
Since the term on the right side of (2.54) belongs to L2(£2), like the estimate (2.53), we
first make a change of variables IT™! : 2 — 2, then take the even extension of v; and the

right side of (2.54), the odd extension of v, with respect to the line x, = 0, 1, respectively,
and we find by (2.45) and (2.53) that v € H%(£2) and

IVlla2 < Cle)(llullvz + 112 + Ihllz2 + llgll2)- (2.55)

So T : H' — H! is a compact mapping. Now we turn to the equation v = 6 Tv i.e. v
satisfies the following problem:
vy — Ay — 101 divv + g (v) = o [-0:51(V) + g1 + &1 (S1(v))] in L2, (2.56)
811/2 - ,bLAVg - /182 divv +§2(V)

= a[—ale(v) + (81A2(V) - 32A1(V)) +& +§2 (Sl(V), A(V))] in £2, (257)

Page9of 16
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v=0 on I}, U gy, (2.58)

v-n=curlv=0 on Iy (2.59)

By the Leray—Schauder fixed point theorem, to prove the existence of fixed point to the
system (2.54), one only needs to obtain the uniform-in-o estimate of system (2.56)—(2.59)
in H(£2). To this end, we first multiply p, v, v5, By, By to (2.31), (2.34)—(2.35), (2.56)—
(2.57), respectively, and integrate by parts to obtain

1 1 1
05/ pz(l,xz)dxz—ms/ 00(%2)010(0,%x5) dxy
0 0
+80‘/ |Vp|2dx+/ [M|Vv|2+,&(divv)2]dx
2 2
+O'\)/ |VB|2dx—o/ Vz[ale—azBl]dx
2 2
+Of Bl[—8232+32v2]dx+0/B2[8132—81v2]dx
2 2

1 ~
:o%/ Pg(xz)dx2+a/ {olf +fW)] +vi[g +81(p)] + va[g + 82(0, B)]
0 2

+ By [~/ (B) + Iy + (V)] + Bo[~ha(B) + iy + 1,(v)]} dxc
- /g [1121(vV) + g ()]

I 2 2
< C(llpl2 If 2 + ¥ll2p[ IVl 2l ol + V1T, + IBIT, + IBll1alvii.]

+ lIgllg-1 + Bl 1) (2.60)
Using the boundary condition and the divergence free condition of B, we have

—/ Vz[ale - 8231] dx + / Bl [—3232 + 821/2] dx + / Bz [3132 - 811/2] dx
2 2 2

= / [—818232 + 328132] dx = / (813181 + Bzasz) dx=0. (261)
2 2

To control the term o fol Po(x2)91p(0,%2) dx, on the left side of (2.60), we multiply (2.31)
with 9; p to obtain

/81p(81p—8Ap+divv)
I?)
e (! e (1
- [[@prdse ] [ (@orOmdns ] [ @GP
2 2 0 2 0

1
—E/ (32,00)201962+/ d1pdivv
2 0 o

= /ﬂ Bl,o(f +f(v)) dx, (2.62)

Page 10 of 16
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which implies by Young’s inequality that

1 1
/Ymm%M+sf(mmew»¢m+sf(mm%Lmﬁmz
2 0 0
< C(IvI3, + IIF 1% + ool 12 )- (2.63)

Moreover, since

x1
p(x1,%2) = 0o + / 910(s,x7) ds, (2.64)
0
we have from (2.63)
lollz2 < Claohzr, + VI + If 1172)- (2.65)

Combining (2.60)—(2.65) and the smallness assumption of || V||, ,, we arrive at the following

estimate:

1 1
ff/ p2(1,xz)dxz+w/ (810)%(0, %2) dxy
0 0
1
+o£/ (sz)Z(l,xz)dx2+08/ |Vp|*dx
0 2

+/ [M|Vv|2+,&(divv)2]dx+va/ |VB|* dx
2 2
< C(If1I72 + Igllzs + IIF + leolinr,)- (2.66)
Consequently, we have
IVl < C(Ifll2 + gl + Il + llollz2) (2.67)

and

loll2i2) + Ve[ 01000,)| 2 + VEIVoll2 + V122 + [Bli2e
< C(loohzr, + Ifl2(2) + gl + Il -1), (2.68)
where C is a constant depending on u, [i, v and p.

Thus by the Leray—Schauder fixed point theorem, for any given ¢ > 0, there is a sequence
of solutions (po;, ve, Be) € HY(£2) x H'(£2) x H(£2) to the system (2.54). Taking a limit with
respect to &, we obtain p € L2(2), v € 5 and B € H'(£2), such that

pe — p weakly in L*(2);
ve = v weakly in H(2);

B, — B weakly in H'(£2),

and for Vo € H'(2)

1
(eApg, @) = 8/ 010(0,x2)9(0,x2) dx —/ eVp.Vopdx — 0, ase— 0. (2.69)
0 Q
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Thus (p,v,B) € L2(2) x & x H'(£2) is a weak solution to system (2.21)—(2.29) satisfying

loll2@) + IVihze + IBlize < Clooh gz, + If 20y + 841 + Ihll-1). (2-7?])

Taking the transformation IT~! to the system (2.21)—(2.29), we can easily have the fol-

lowing corollary.

Corollary 2.6 Assume that all the conditions in Theorem 2.4 are satisfied, then there exists

a weak solution (v, p, B) to system (2.6)—(2.14), with the following estimate:

loll2e) + IVIL2ze + IBllie

< Clloolizr, + If 22y + I18lla-1(2) + Ihll5-1(2)), (2.71)
where C is a constant depending on |, i, v and p.

Proof of Theorem 2.4 Let (v, p, B) be a weak solution to the system (2.6)—(2.14), then B

satisfies the following elliptic system in the weak sense:

—UABl = 3232 — 821/2 + h1 in Q,
-V ABz = —3132 + 81 Vo + h2 in Q, (272)
B=0 on 0s2.

Asv,B € HY, the right side of equations in system (2.72) are in 2. By Lemma 2.1, we
have B € H?(£2) and

IBll222 < C(IVI 22 + Bllize + Ihll2g))- (2.73)
Then Sobolev imbedding inequality implies that V1 < p < oo,
IBliye < C(Ivlize + IBlize + k). (2.74)

By (2.74) we have 0, By — 0, B, € L?(2). Then the regularity result of the linearized system

of compressible Navier—Stokes system in Theorem 2.5 in [4] implies that

ol + IVl2pe < C(If lupe + 18llxe + IBluye + leolipn,)- (2.75)

Now we back to the system (2.72), the right side of equations in system (2.72) are in L?(S2).
By Lemma 2.1, we have B € W?#(£2) and

IBll2ps2 < C(IVl1 e + IBllipe + Ihlie2)- (2.76)

Finally, estimate (2.18) follows from (2.71), (2.74), (2.75) and (2.76) immediately. O
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3 Proof of Theorem 1.1

In this section, we shall prove the existence of solutions to the nonlinear system (2.4). As
the compressible condition results in a loss of regularity in the mass equation (the term
v - Vp), we will first prove the weak solvability to the nonlinear system from a solution

sequence {(p,, Vi, B,)}52; which are the solutions of the following system:

qo" !+ (VH V) VR 4 divi™! =R(V, 67)  in 2,
W — u AV - fd divv't! + 015" = K (V' 57, B")  in L2,
Iy — AV — Loy divv™! + 355" — (01B5H! — 9,B7)

=K(v",p",B") ing2,
—vAB* — 0B + 9,95 = Hy (V' 5", B") in L2, )
—VAB + 9By - 0195 = Hy(V", 5", B") in £2, ‘
V=0 on@yU Fou,

Ln=curl?"'=0 on I},

‘—,}’H-
B"!'=0 onds,
" =po—1 onTy,
where R, K and H are defined in (2.5) and (v°, p°, B®) = (0,0, 0). By Theorem 2.4, there is
a solution sequence {(v", o, B")} in W2P(2) x WP(2) x W?P(£2) to the system (3.1).

More precisely, one has the following.

Lemma 3.1 Let {(v", p",B")} be the solution sequence to system (3.1), then it is a Cauchy
sequence in H'(2) x L*(22) x HY(2) satisfying

”Vn H2,p;9 + ”pn ”Lp;() + HBH szp;_@ = M(||‘~'||2,p;(2 +1po = Lhipry + ”E”Z,p;ﬂ)r 3.2)
where M > 0 is a constant depending only on p.

Proof Let{(v", p”,B")} be the solution sequence to system (3.1), then Theorem 2.4 implies
that {(v", p",B")} € W?P(£2) x WHP(2) x W>P(£2) and

n+l H

||v”+1 ||2,p;.Q + Hp 1,p;82 + ||B"+1 “2,}7;.(2

< G([RV "), e + K 0" BY) 0
+ |H(V", 0", B") ”p;:z +1po = Lpir;,), (3.3)
where the constant C; = C1 (i, A, p, k).

To prove (3.2), we will use the method of induction.
First of all, let

L= [Villyp0 # 10" 1o + 1B 500
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and
= IVllape + IBllapge + 100 = Lipr,-

When # = 1, since (u®, p° 6°) = (0,0,0), from (3.3) and the definition of R, K, H we ob-
viously have

L, <CT.
Now taking M = 3C;, and assuming that, forany 1 <k <wm,
Ly <MY, (3.4)
then by (3.3), one has

Lun = (RO ") + K (V0" BY)
+ [HE 0B | + 100 Ui,
< Ci(10L +10L, T + )
< C(10M*T? + 10MY? + T); (3.5)

by the smallness assumption of 7", we obtain
Ly <MT, (3.6)

consequently we can obtain (3.2).
Next, straightforward calculation shows that (o"*! — p”,v*1 — v, B"*1 — B") satisfy the
following system:
al (pVHl _ pn) + (vn + ‘~,) . V(anrl _ ,0”) + diV(VnH _vn)
=R(V",p") =R(V'"',p" ) = (v'=v"1) - Vp" ing2,
(v =v)) + o (/o”+1 p") = n AV =v]) = Ady div(v* = v")
=Ky (v',p",B") =K (V' 0", B") in 2,
(5 =) + (0" = ) = 01 (85"~ B5) = (B3~ BY) ] A (5 —v5)
— @3y div(v** —v") = K (v", p", B") = Ko (v, 0", B"!)  in £2,
—VA(B"+1 _Bn) _ 32(B§’+1 Bn) + 82( 7+1 Vg)
=H, (v, p",B") - H;(v""", p"1,B"") in,
—vA(By* —BY) + 91 (By - B) — 01 (v - v5)
— Hg (vn’pn’Bn) —H2 (vn—l,pn—liBn—l) in Q,
pn+1 _ pn)|rin =0,

vn+1 _Vn)

=0
Finurout ’

(
(
(v =v") -, = curl(V"* =v") |, =0,
(

BVHI _ BVI) iaﬂ =0.
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By Corollary 2.6 and (3.2) we can see that

n+1

Iv + 0" = o0 + B B

-V ” 122 ” 1,22

= C[[|Rv".p") =R 0" ) | o + [K( 0" B7) =K p" L B )

+ [H(p", BY) —H( ™ 0" LB ) [ + [ (v =V - V]

< CLn+ Ly + D[V =V g # 07 =" g + B =B 50)
1 _ _ _
= E(an -V IH 120 Hpn -p" 1”2;9 + ”Bn - B 1” 1,2;9)’
consequently we find that {(v", p”, B")} is a Cauchy sequence in H!(£2) x L2(£22) x H'(2). [

Proof of Theorem 1.1 Taking a limit in the solution sequence {(v", p”, B")}, by Lemma 3.1,
there exists a solution (v, p, B) € W2?(2) x W1?(§2) x W2P(£2) to the system (2.4) satis-
fying the estimate (3.2).

On the other hand, assume that (v, p, B) and (¥, ﬁ,ﬁ) are two solutions to the system
(1.5)—(1.14), then similar to Lemma 3.1, we have

Iv=viize + o= Plag + 1B -Bllize

< S(IV=¥lize + 1o = Allze + 1B - Bllize),

N | =

ie. (v,p,B) = (\7,,6,]§). Theorem 1.1 is thus proved. O
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