Yao et al. Boundary Value Problems (2018) 2018:172 @ Boundary Value PrOblemS
https://doi.org/10.1186/513661-018-1092-x a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Periodic boundary value problems for two
classes of nonlinear fractional differential
equations

Wenjuan Yao', Zhichang Guo' and Jiebao Sun'’

“Correspondence:
sunjiebao@hitedu.cn Abstract

' Department of Mathematics, B ) h incid d h btai | h . f
Harbin Institute of Technology, y using the coincigence egree theorem, we obtain a new result on the existence o

Harbin, China solutions for a class of fractional differential equations with periodic boundary value
conditions, where a certain nonlinear growth condition of the nonlinearity needs to
be satisfied. Furthermore, we study another class of differential equations of fractional
order with periodic boundary conditions at resonance. A new result on the existence
of positive solutions is presented by use of a Leggett—Williams norm-type theorem for
coincidences. Two examples are given to illustrate the main result at the end of this
paper.

Keywords: Fractional differential equations; Periodic boundary value problem;
Existence; Coincidence degree; Positive solution

1 Introduction

Fractional calculus is the emerging mathematical field which is devoted to studying
convolution-type pseudo-differential operators, specifically integrals and derivatives of
any arbitrary real or complex order. In recent years, the fractional calculus has been con-
sidered as the best tool for the generalization of fractional differential equations. It has be-
come more and more important in many fields of science and engineering, such as chem-
istry, biology, electricity, control theory, and image processing (see [1-4]). In addition, a
considerable amount of progress has recently been made in the study of fractional calcu-
lus, and a number of results on this subject have been now achieved. For readers new to
this subject, we cite a few proper ones of the books, and a comprehensive treatment of
this subject and its applications can be found in [5-8].

In the past few decades, boundary value problems of fractional order involving a variety
of boundary conditions have been studied by several researchers. We refer the readers to
[9-15] and the references cited therein. Moreover,the existence of solutions to the frac-
tional differential equations with anti-periodic boundary value conditions has been stud-
ied by many authors (see [16—21]). But the periodic boundary value problems for nonlin-
ear fractional differential equations are seldom considered. Recently, the existence of so-
lutions to nonlinear integer order periodic boundary value problems has been discussed
in many articles (see [22—25]). Here, we point out that a few authors have recently con-
sidered fractional problems. In these formulations, the first order derivatives are replaced
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by fractional derivatives, which causes many difficulties in solving the resulting problems.
In [26], Chen and Liu investigated the existence of solutions for the following periodic
boundary value problem:

x"(t) = f(¢,%(¢), DG, x(t)), te[0,1],
x(0) = x(1), Dj,x(0) = D§. x(1),

where 0 < o < 2 is a real number, D, is a Caputo fractional derivative, and f : [0, 1] x R? —
R is continuous.

In [27], Hu and Zhang gained the existence of positive solutions of fractional differential
equation with periodic boundary value conditions of the form:

Diu(t) =f(t,u(t), tel0,1],
u(0) = u(1), u'(0) = u'(1), u"(0) = u"(1),

where 2 < o < 3 is areal number, D§, is a Caputo fractional derivative, and f : [0,1] x R —
R is continuous.

Motivated by the work mentioned previously, this paper investigates the existence of
solutions for two kinds of periodic boundary value problems (PBVP for short) of nonlinear
fractional differential equations. The first one is described in the following form:

Db, (p()D&x(0)) = f(t,x(£), D& x(2)), t€[0,T),
x(0)=x(T),  D%x(0) = D%x(T),

1)

where 0 <, 8 <1, D§, is the Caputo fractional derivative, f : [0, T] x R? — R is continu-
ous, p(t) € C1[0, T], p(0) = p(T), and there exists a positive constant M such that p(t) > M
forall t € [0, T7].

However, the PBVP

D} (p(t)D2 x(2)) = h(t), te[0,T],
x(0)=x(T),  D&x(0) = D&x(T),

2)

isnot solvable for each & € C([0, T'], R), and, when solvable, has no unique solution because
x(t) + ¢, Yc € R is a solution together with x(¢). In this case, a trivial necessary condition
for the solvability of PBVP (2) is that

- B [T
-2 /0 (T — )P~ h(s) ds = 0.
Furthermore, we change the range of « and take p(¢) = 1, i.e., consider the following PBVP:

Df. Dg.x(t) = g(t,%(2), DS x(t)), £ €[0,T],
x(0) =x(T), x'(0) =x/(T), D%, x(0) = DY, x(T),

3)

where0< B <1,1<a<2,0+8>2,g:[0,T] x R? — R is continuous. Then the existence
of solutions for this PBVP is obtained under some assumptions of function g.
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This paper is organized as follows. In Sect. 2, we establish an existence theorem of solu-
tions for PBVP (1) under nonlinear growth restriction of f. The key is an analytic technique
from the theory of coincidence degree. In Sect. 3, we obtain the existence of positive so-
lutions of (3) by Theorem 3. Two illustrative examples of nonlinear fractional problems
with periodic boundary conditions are shown in Sect. 4.

2 Existence for PBVP (1)

2.1 Preliminaries

In this subsection, as preliminaries, we firstly present some basic definitions and formula-
tions on fractional calculus. For further background knowledge of fractional calculus, we
refer the readers to [6].

Definition 1 The Riemann-Liouville fractional integral operator of order o > 0 of a func-
tion u : (0, +00) — R is given by

I§ u(t) = ﬁfo (¢ = 8)* Lu(s) ds,

provided that the right-hand side integral is pointwise defined on (0, +00).

Definition 2 The Caputo fractional derivative of order « > 0 of a function u : (0, +o0) — R
is given by

nu(t) _ 1 ‘ n-a-1_ (n)
T _F(n—a)/o (t—s) u(s) ds,

where 7 is the smallest integer greater than or equal to «, provided that the right-hand

d
Dg+ I/l(t) = ]61:0[

side integral is pointwise defined on (0, +00).

Lemma 1 ([7]) The fractional differential equation D, y(t) = 0 has solution y(t) = co+c1t +
et t" ¢ €R,i=0,1,...,n—1, n = [a] + 1. Furthermore, for y € AC"[0, T},

(k)(o)

n—1
(I5.D5,9)(®) = 3(0) = Y 2=t
k=0 ’

and
(D5, 15,5) (1) = y(0).
Lemma 2 ([7]) The relation
1218 f(x) = I97PF ()

is valid in the following case: B >0, o + >0, f(x) € L1(a, b).

Lemma 3 ([28]) Let X, Y be real Banach spaces, L : domL C X — Y be a Fredholm oper-
ator with index zero, and P: X — X, Q:Y — Y be projectors such that

ImP =kerL, kerQ=ImL, X =kerL ®kerP, Y=ImL®dImQ.

It follows that L|gomLkerp : dom L Nker P — Im L is invertible.
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Denote Y = C([0, T],R) with the norm ||y|loo = max;epo,77 [y(£)], X = {x|x,Dg.x € Y} and
Xr = {x € X|x(0) = x(T), D§. x(0) = Dy x(T)}
with the norm ||x||x = max{[|%|loo, [|Dg: %[0 }. It is easy to see that X and X are Banach

spaces.
Define an operator L:domL C X — Y by

Lx = Db, (p(t)D% %), (4)
where

domL = {x € X7| D}, (p(t)Diux) € Y.
Let Ny : X — Y be the Nemytskii operator

Nyx(t) = f (¢, %(2), Dy x(2)),  Vee[0,T]. (5)
Then PBVP (1) is equivalent to the operator equation

Lx=Nrx, xe&domlL.
2.2 Main result
In this subsection, by using the coincidence degree theorem, we establish a new existence
result on PBVP (1) for the nonlinear fractional differential equation under the nonlinear
growth restriction of f.

First, we show some lemmas which will play important roles in the proof of the main

result.

Consider PBVP (2) with / € Y such that / = 0, and let x be a solution of PBVP (2). From

Lemma 1, we have

P(ODLx(E) = a+ I h(E) =a+

0 / (t-s)/"'h(s)ds, VaeR, )

which together with the periodic boundary condition x(0) = x(7) implies that

e R Ll

For any fixed [ € Y, define the function G;(a) : R — R by

o1 a+1(s)
Gila) = — /(T { ) }ds. (7)

Then we have the following lemma.
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Lemma 4 The function G,(a) has the following properties:
(i) forany fixedl €Y, the equation

Gi(a)=0 ®)
has a unique solution a(l);

(ii) the functiona:Y — R, defined in (1), is continuous and sends bounded sets into
bounded sets.

Proof (i) By (7), we have
(Gilar) - Gilaa)) (a1 — a2) >0 foray # as,

hence the solution of (8) is unique. To prove the existence, we will show that Cj(a) - a > 0
for |a| sufficiently large. Since

T
/
Ga-a= % (T -5 a;(sgs) -ads
o« a1 a+1s)
ﬁ,/o (T -5 26) -(a+l(s))ds
T
o [T g 819
T | (T —5s) 26) I(s)ds,

then we have

Ga - a>—/ (T —s)*t a+(l§s) ( +l(s))ds

a [T a+l(s)
-\l —/ T-s)%L. ds 9
oy |« e ©)
From the property of p(t), we have
y Y Y
L > M| —— || == (10
Ok pGs) )
for any y € R. Thus, from (9) and (10), we obtain
T
Ga-a> if (T —5)*~! (M~ a+lls) _ ||1||oo> a+l)| (11)
T Jo p(s) p(s)

a+l(t

Since |a| — oo implies that | | = oo uniformly for ¢ € [0, T], we find from (11) that

there exists r > 0 such that
Ga-a>0

for all 2 € R with |a| = r. By an elementary topological degree argument, it follows that
the equation G;(a) = 0 has a solution for each / € Y, which by our previous argument is
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unique. In this way, for any / € Y, we define a function a : Y — R which satisfies

/T(T—s)"‘_l(&+l(s)>ds=0 (12)
0 P(S) '

To prove (ii), let A be a bounded subset of Y and / € A. Then, from (12), we have

T ~
fo (T — 5! (7“(2(:)1 (S))z;(l) ds=0,

and hence

/(T )‘“( )(Jr)l(s))(é(l)+l(s))ds

/ (T - ( )( )( ))l(s)ds (13)

Suppose that {a(/),/ € A} is not bounded. Then, for an arbitrary A > 0, there is / € A with

Il sufficiently large so that

a(l) +1(s)
p(s)

’

uniformly in ¢ € [0, T']. Hence, by using (10) and (13), we find that

T am| @)+ 1) ea]@d + 1) |
A./o( =9 p(s) d</ M == | &
all) + 1)

T
< ||1||oo/0 (T -5

Thus A < ||/l , which is a contradiction. Therefore a sends bounded sets in Y into
bounded sets in R.
Finally, we show the continuity of a. Let {/,,} be a convergent sequencein Y, say [, — [, as

Cpl)

n — oo. Since {a(l,)} is a bounded sequence, any subsequence of it contains a convergent
subsequence denoted by {a(lnj)}. Let a(l,;), as j — oc. By letting j — 0o in

/(T Jo- (a(ln,)+ln,(s))dszo’
(s)

we find that

a+1(s) ~
/(T ( ) )ds‘o’

and hence 4(l) = a , which shows the continuity of .
The proof is complete. O

Leta:Y — R be defined by

a(h) = a(If.h).
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Then, based on Lemma 4, a is a completely continuous mapping. Furthermore, by (6) and
Lemma 1, we obtain that

p
x(t) = x(0) + I%, (W) (14)
Lemma 5 Let L be defined by (4), then
kerL = {xeXlx(t):c,Vte [0, T],CER}, (15)
T
ImL = {ye Y‘/ (T—s)ﬂ-ly(s)ds=o}. (16)
0

Proof By Lemma 1, Vb, ¢ € R, the solution of Dg+ (p(t)D§. x(t)) = 0 satisfies

b
x(t) = c+ 1% (%>

Combining the property of p(t) with periodic boundary value conditions
Dj.x(0) = D3 x(T) and x(0) = x(T),

we have b = 0. That is, (15) holds.
If y € Im L, then there exists a function x € dom L such that y(t) = Dg+ (p(t) DG x(2)). By
Lemma 1, we have

1oyt i ot =3P y(s)ds + ¢
P I G @ o ' ceR
p(t) p(2)

From the boundary condition D, x(0) = Dg.x(T), it follows that

T
/ (T —s)P"1y(s)ds = 0. (17)
0
On the other hand, let y € Y satisfy (17) and

aw+¢wn

then D{, x(0) = D, x(T). From the definition of mapping a, we have

ﬂw+@ﬂﬂ>=ﬂn’

x(0)20218+< p(T)

Then we have x € dom L and Lx(t) = D§+ (p(t)D§. x(t)) = y(2). Soy € Im L. The proof is com-
plete. O

Define projectors P: X — X and Q: Y — Y by

Px(t) = x(0), Vtel[0,T),
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ﬂ 1
Qy(t) = ﬁ/o (T—s)ﬂ’ly(s) ds, Vtel0,T]. (18)

a((I - Qh) + IL,(I - Qhz)
p(t)

KCh(t) :1;;[ ] vte[0,T). (19)

By (14), we can infer that the solution x € X7 of PBVP (2) satisfies the following abstract
equation:

x=Px+ Qh+ Kh. (20)

According to the proof of Lemma 5, we can also infer that the solution x of (20) is also a
solution of PBVP (2).
Notice that a(0) = a(0) = 0, we get }(0) = 0.

Lemma 6 The operator KC is a completely continuous operator.

Proof In fact, by the definition of /C, it follows that

a((I - Qh) + IL.(I - Qh(z)
p(t)

Dy KCh(t) = [ :|, vVt e [0,T].
Based on the continuity of Q, it follows that K and Dg, K are continuous in Y. That is,
is a continuous operator.

Let £2 C Y be an arbitrary open bounded set, then K(£2) and D‘(’,‘JC(E) are bounded.
Thus, in view of the Arzela—Ascoli theorem, it remains to verify that X(£2) C X7 is
equicontinuous.

In view of Lemma 4, we deduce that the operator [a((I — Q)h) + Ig+ (I - Q)h] is bounded.
That is, there exists a positive constant M; > 0 such that

[a(( - Q) + I, - Qh](t)| <My, VheR2,te0,T].
ForO<t <t, <T,he$2,wehave

|Ch(ts) - Kh(t))|

RN oot [a(I = Qh) + I, (1 - Q)h]
“T@ /0 (ta—s) ) (s)ds
t1 _ B (1 _
- / (t1—s)*" ({7 = Q) + 1 I~ QA (s) ds‘
0 p(s)

Ml a a-1 a-1 2 a-1
SI"(a)M{/O [(tl—s) —(tp —s) ]ds+/t‘1 (ty — ) ds}

M,
=——|t] —t5 +2(tr — 11)"|.
1"(0¢+1)M[1 2 + 2t 1)]
Since t* is uniformly continuous in [0, 7], by the definition of XC, we can see that X(£2) C Y
is equicontinuous. Likewise, it follows that [a(/ - Q) +Ig+ (I-Q)](£2) C Y is equicontinuous.
This, together with the property of p(s), implies that D%, K(£2) C Y is also equicontinuous.
Thus we prove that the operator K : Y — X7 is compact. The proof is complete. g
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Lemma 7 Let f : [0, T] x R* — R be continuous, L, Ny, Q be defined respectively by (4),
(5), (18), and $2 be an open bounded subset of X1 such that domL N 2 # (. Assume that
the following conditions are satisfied:

(Cy) foreach x €(0,1), the equation

Lx = ANjx (21)
has no solution on (domL \ ker L) N 982;
(Cy) the equation QNyx = 0 has no solution on ker L N 0£2;
(C3) the Brouwer degree deg(QNy|xerz, $2 NkerL,0) #O0.

Then the equation Lx = Nyx has at least one solution in dom L N Q2.

Proof Let us consider the homotopic equation of Lx = Nyx as follows:

Lx=ANsx +(1-1)QNrx, xedomlL. (22)
That is,
Df. (p(t) D% x(2))
= M ({0, Do (D) + (1= W)y [ (T = 911 (5, %(5), Do x(s)) s,
x(0) = x(T), D, x(0) = Dg, x(T).

Obviously, for A € (0,1], if x is a solution of Eq. (21) or Eq. (22), then we have

QNyx(t) Tﬁ/ (T —s)P~ 1f(s x(s), DG+ x(s )) ds=0.

It can be seen that Eq. (21) and Eq. (22) have the same solutions. Furthermore, Eq. (22) is

equivalent to the following form:
x = Grlx, 1), (23)
where Gy : X1 x [0,1] — X7 is defined by

Gr(x,A) = Px + QNpx + [K o (ANf(1 - 1)QNy) |«

= Px + QNyx + [K o (I - QNy) ]

In view of the continuity of f and Lemma 6, it is known that Gy is a completely continuous
operator.

For A = 1, we assume that Eq. (23) does not have a solution on 352. Otherwise, the proof
is finished. Now, by hypothesis (C;), it follows that Eq. (23) has no solutions for (x,1) €
982 x (0,1]. For A =0, Eq. (22) is equivalent to the following PBVP:

Dg+(p(t)D"‘+x(t)) =5 fo (T = 5)P~1f (s, x(s), D, x(s)) ds,
x(0) = x(T), D§.x(0) = Dg, x(T).
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If x is a solution of this PBVP, we have

T
ﬁ / (T - s)ﬁ_lf(s,x(s),ng(s)) ds=0.
Tk Jo

In view of (15), the following equality holds:
x(t)=cekerl, VceR.

Thus we have
_B T p-1 -
(QNflxerr)x(t) = TP (T —5)"~"f(s,¢,0)ds = 0,
0

which together with hypothesis (C,) implies that x = ¢ ¢ 3£2. So we prove that (23) has
no solution for (x,A) € 982 x [0,1]. Then, for each X € [0,1], the Leray—Schauder degree
deg(l — Gr(-, 1), £2,0) is well defined. By the homotopy property of degree, we have that

deg(I - G¢(-,1),£2,0) = deg(I - G¢(-,0), £2,0). (24)
It is clear that equation x = G¢(x, 1) is equivalent to the equation Lx = Nfx. Let us consider
the equation x = Gr(x, 1), which will have at least one solution if deg({ — Gy(-,0), £2,0) #0
holds. From now on, we will check this. By the definition of Gy, we have that

Gr(x,0) = Px + QNpx + K(0) = Px + QNyx.

Obviously, we show that x = G¢(x,0) = ¢ holds for Vc € R, which implies that

x— Gy(x,0) = —% /0 T(T -9’7 (s,c,0)ds.
That is,
I-Gy(-,0) = ~QNplerz-
Then, by applying the Leray—Schauder degree theory, we have
deg(I - Gy(-,0),£2,0) = — deg(QNflkerz, 2 Nker L, 0),
where the right-hand side degree is the Brouwer degree.

Based on hypothesis (C3), the equation Lx = Nyx has at least one solution in dom L N Q.
The proof is complete. d

Theorem 1 Letf:[0,T] x R? — R. Assume that

(Hal) there exist nonnegative functions a,b,c € Y such that

[f(t, u, v)| <al(t)+b@®)|ul +c@)|v], Vtel0,T],(uv)eR%
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(Ha2) there exists a constant B > 0 such that either

uf(t,u,v)>0, Vtel0,T], veR, |ul>B

or

uf(t,u,v)<0, Vtel0,T], veR, |u|>B.

Then PBVP (1) has at least one solution, provided that

27" 27| b||
[ “+M@]1.

VEMr@B+1)| T+l

Proof Let
2, = {x edomL \ kerL|Lx = ANy, 1 € (0,1)}.

For x € £21, we get Nyx € Im L. It follows from (16) that

T
/ (T - 9)""'f (s,x(s), D3: x(s)) ds = 0.
0

By the integral mean value theorem, there exists a constant & € (0, T') such that

f(g»x(g)»DgM(f)) =0.

So, from (Ha2), we get |x(£)| < B. By Lemma 1, we find that

x(t) = x(§) — I+ Do x(§) + I D x(2),

which together with
|I°‘ D"‘+x(t ’/ (t—s)*" 1D8‘+ac(s)
< LHD“ oo 5t
T ed ”
< T pea|., vieloT]
ST@r70 e THELD

and |x(¢)| < B implies that

%o <B+ |Dgex]

20[
Ia+1)

Page 11 of 27

(25)

(26)

(27)

(28)
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Combining hypothesis (Hal) with (28), V¢ € [0, T], we get

1. Npx(d)|

1 t
=T /0 (£ =91 [f (s,2(6), D§. ()| ds

< %ﬁ) fot(t_s)ﬂl(am + b(s)|x(s)] + c(s)| DS x(s)|) ds

1 1
< —— b Da+ ' _tﬁ
= i 1l # Wbl eloc + el | D5ie]..) - 2
_ TPl + 15l10(B + 77 105, #l0) + el 10,41 . )
- r+1) )

In fact, owing to the fact that Lx = ANy, in view of Lemma 1, we have

di + Mg+fo(t)

x(t) = dy + I5 |: 20

:|, le,dz eR.

Then, by the boundary condition x(0) = x(7), it follows that

w1 d1+)»10+fo(s) _
r(a)/( ) [ 26) }ds’o'

Thus, there exists a constant n € (0, T') such that d; + MgJ\[fx(n) = 0, which implies

dy = —Mg,,]\[fx(n).
As a consequence, we have
p(6)DLx(t) = —MIL, Npx(n) + AID, Nyp(t).
Based on (29), it follows that

|1 DG

<20 Tya+ 1o (3+£||D°‘+x” >+||c|| Ios.x] ]
“IrB+1)M e o0 T +1) 70 e oo [Fo+ ¥l oo

Thus, from (27), we find that

2T (lall o + BlIbl )

1P+l = =) Fg+ ot

= M27

which together with (28) yields that

Il < B 2TM,
x +
=" " Ia+1)

Therefore, based on (30) and (31), we obtain that

2T*M,
I'a+1)

llollx = max{ 1]l oc, D&w!w}znmeMbB+ }::Aﬁ.

(29)

(30)

(31)

Page 12 of 27
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It means that £2; is bounded. Next, we let £2, = {x € ker L|QNyx = 0}. For x € £2,, we have
x(t) = d, Vd € R, which implies that

/OT(T - S)ﬂ_lf(s, ¢,0)ds =0.

In view of (Ha2), it follows that |d| < B. Thus, we obtain
llx|lx <max{B,0}=B.

That is, £2, is bounded. In addition, if (25) holds, set
25 = {x ekerL|AIx + (1 - A)QNx = 0,1 € [0,1]}.

For x € £235, we have x(¢) = ¢, Vc € R and
ﬁ T
kc+(1—k)ﬁ/ (T - )P~ (s,¢,0)ds = 0. (32)
0

If A = 0, then |c| < Bsince (25) holds. If A € (0, 1], we can also show that |¢c| < B. Otherwise,
we get

T
A+ (1- )»)£ / (T - 5)P"Ycf(s,¢,0)ds > 0,
TE J,
which contradicts (32). So §23 is bounded. If (26) holds, let
25 ={x ekerL| - Ax + (1 - A)QNx = 0,1 € [0,1]}.

By an argument similar to that above, we can prove that £2} is also bounded.

Now, it remains to prove that all the conditions of Lemma 7 are satisfied. As for the
details, we refer the readers to [29].

As a consequence of Lemma 7, the operator equation Lx = Nyx has at least one solution
in domL N £2. That is, PBVP (1) has at least one solution in X7. The proof is complete. (]

3 Existence for PBVP (3)
3.1 Preliminaries
In the following, we provide the necessary background definitions on Fredholm operators
and cones in a Banach space (see [28]).

Let X3, Y1 be real Banach spaces. Consider a linear mapping L; : domL; C X; — Y7 and
a nonlinear operator Nj : X; — Y;. Assume that

(A1) L; isa Fredholm operator of index zero; that is, Im L; is closed and
degkerL; = codimImL; < oco.
This assumption implies that there exist continuous projections P; : X; — X; and

Qp : Y1 — Yj such that ImP; = kerL; and ker Q; = ImL;. Moreover, since degIm Q; =
codimIm L, there exists an isomorphism J : Im Q; — kerL;. Denote by Lp the restriction
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of Ly to kerP; NdomL;. Clearly, Lp is an isomorphism from kerP?; N domLZ; to ImL;,
we denote its inverse by K}, : ImL; — kerP; N domL;. It is known that the coincidence

equation L;x = Nx is equivalent to
x=(P1+JQiN1)x + Kp(I — Q1)Nix.

Let C; be a cone in X such that
(i) uxe Cy forallx € Cy and u >0,
(i) »,—x € C; implies x = 6.
It is well known that C; induces a partial order in X; by x < y ifand only if y —x € C;. The

following property is valid for every cone in a Banach space X;.

Lemma 8 Let C; be a cone in X;. Then, for every u € C1{0}, there exists a positive number
o (u) such that

llx + ul| > o(u)||ul| forallx e Cy.

Let y : X1 — C; be a retraction; that is, a continuous mapping such that y (x) = x for all
x € C;. Set

Y= P1 +]Q1N1 + [(p([— QI)NI and ll’y =Yo Y.

Theorem 2 ([30]) Let C; be a cone in Xy, and let §2,, £2, be open bounded subsets of X,
with 21 C §25 and C1 N ($2,\821) # 0. Assume (A1) and the following assumptions hold.:
(A2) QN7 :X;7 — Y; is continuous and bounded and Kp(I — Q1)N7 : X7 — X; is
compact on every bounded subset of X1;
(A3) Lix # MNix forallx € C,N 32, NImL; and X € (0,1);
(A4) y maps subsets of 2, into bounded subsets of Cy;
(A5) deg{[I - (P1 +JQiN1)yllkerz, - kerLy N £25,0} #0;
(A6) there exists ug € C1{0} such that ||x|| < o (uo)||¥x|| for x € C1(up) N 3821, where
Ci(uo) = {x € Cy : puy <X x for some > 0} and o (uy) such that
e + uo ) = o (o) 1| for every x € Ci;
(A7) (P +JQiN1)y(382,) C Cy;
(A8) W, (£2,\£2,) C C.
Then the equation Lix = Nyx has a solution in the set C; N (£22\21).

3.2 Main result
In this subsection, we prove the existence result for PBVP (3). We use the Banach space
Y7 = C([0, T1, R) with the norm ||yl = maXscfo,r] [¥(£)| and denote X; = {x|x, D, x € Y1}
with the norm ||x|| = max{[|x[loc, | D§+ %l oo }-

Define the operator L; : domL; — X; by Lix = Dg+D(")‘+x, where

dom L,

= {x € X1 : D}, D%, x € Y1,%(0) = x(T),x'(0) = '(T), D, x(0) = DS, x(T)}.
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Define the operator N; : X; — Y1 by Nix(¢) = g(¢,x(2), D, x(t)). Then problem (3) can be
written by L;x = N1x, x € dom L;. For convenience, we set

1+ Tﬁ(t_s)oﬁ-ﬂ—l totTﬂ—aﬂ(T_S)oH-B—Z

BI (a+p) afl(a+p-1)
T(B+1)(T-s)**2P-1 TP (B+1)I ()(T—s)*F~2
- BT («+2B) BT (a+B+1)T (a+p-1)

Il S ke ) it
ﬂ<f;+pf<a+ﬂ% ] aﬂ(ﬂ;}l)l"(awﬂ—lz)
tTP=H(T—s)¥*P~ T8 (T—5)%+B-

T T Br@p) T aprla+p-D) +4(2),

G 0<s<t<T,
(t,5) = 1 BTN r g b L) (1)t A
- apl (a+B-1) - BT (a+2B)
AL (B+1) [ (o)(T=s)? P2 TB(T—5)**F-1
Bla+B+ DI aip-1) T BB+DI @rh)
_ Tﬁ+1(T_s)ot+/3—2 _ tTﬂ—l(T_s)oH-ﬁ—l
aﬂ/(gfhl)]"(agg—l) Bl (a+p)
tTP (T—s)*tP~
t aBr+p-n q(t),
0<t<s<T,
where
o —atf + (@ +B)TF rg+1)T1¢ ptTe+A-1
q =

al@+B+1) = "T@+2)@+p) al(@+p+1)

_Ta+ﬂ(F(a+1)F(ﬁ+2)—,3F(a+ﬁ))
aB+ DI e+B8) I (a+B8+1) )

Denote a constant « € (0, 1) satisfying
kG(t,s) < 1. (33)

Lemma 9 The mapping L, : domL, C X; is a Fredholm operator of index zero. Further-
more, the operator Kp : Im L; — dom L, Nker Py can be written by

1
Kpy(t) :/ k(t,s)y(s)ds, tel0,T],
0

where

(t_s)ouﬂ—l _ toz(T_S)aﬂS—Z _ F(ﬂ+l)(T—S)a+2ﬁ*l
T (o+pB) aT 1M (a+p-1) TB I (a+2B)
Tr(B+1)(@)(T-5)*P2  (T-g)®*h-1
I'(a+p+1) I (a+p-1) + (B+1) I (a+B)
T(T—S)D”ﬂ_z t(T—s)‘“ﬂ_l t(T—s)‘Hﬂ_z
T BT @ip-D) ~ T+ T alr@pD)’

0<s<t<T,

(T2 D) (T-s)? 2]

aT? 1 (a+B-1) TP (a+28)
Tr(B+)(@)(T-5)**F-2  (T—g)**F-1
Ia+B+1)I (a+p-1) (B+1) T (a+P)
T(T_s)ot+;3—2 t(T—s)O“'ﬂ_l t(T—s)O“'ﬂ_Z
T 2B+ @rp-1) ~ Tra+p) T al(asp-D)’

0<t<s<T.

k(t,s) =

+

Proof Based on Lemma 1, the solution x(¢) of Dg+D8‘+x(t) = 0 satisfies DJ, x(¢) = c. In this
case, ¢ should be zero by observing the definition of D, . Therefore, we have D§, x(t) = 0,
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which implies x(£) = ¢y + ¢1£, ¢o, ¢1 € R. According to the boundary value conditions of (3),
we have kerL; = {c,c e R} ¥ RL

Let y(¢) € Im L; and assume that there exists a function x(t) € dom L, satisfying Lix(t) =
y(t). In view of Lemmas 1 and 2, we have

x(t) =I5, (I(’iy(t) + co) +C1 + Gt

From Dg, x(0) = D, x(T), it implies that fOT(T—s)’S‘ly(s) ds = 0. On the other hand, suppose
y € Y7 satisfying fOT(T - 5)#1y(s)ds = 0. Let

a Tl Ig:ﬂ_ly(T)ta‘

1 1
x(t) =I5 y(t) - (?Igjﬂym - afgjﬂ‘lym) t—

By a simple calculation, we can prove x(0) = x(T), x'(0) = '(T), D§,x(0) = D, x(T), which
means x(¢) € dom L;. To conclude, we get

T
ImL; = {ye Y :/ (T—s)ﬂ_ly(s)dS: 0}.
0

Consider the linear operator P; : X; — X; defined by

T
Pix(t) = % f (T —s)Px(s)ds, te[0,T],
0

and the operator Q; : Y7 — Y; defined by

T
Quy(t) = %/0 (T -s)Py(s)ds, tel0,T].
For x(£) € X;, we get

T T
Pi(P1x) = P I:% /0 (T - 5)P1x(s) ds] = % /0 (T - 8)2x(s) ds = Py x.

Hence, we have P? = P;. Similarly, we can get Q% = Q;. Note that Im P; = ker L; and ker Q; =
ImL;. It follows from

IndL; = degkerL; —codimImLZL; =0

that L, is a Fredholm mapping of index zero.

It remains to prove that the operator Kp is the inverse of L; |domr,kerp, -

In fact, for x(¢) € dom L; Nker P;, we have Dg+Dg+x(t) = y(¢). By Lemma 1, we have x(t) =
I5, (I&y(t) +co) +c1 +cat. According to x(0) = x(T'), x'(0) = '(T), D, x(0) = D§, x(T), we get

(o) qip- 1 1 8-
o=l WD), ==l AT) ¢ LT,

Since x(t) € ker Py, i.e., % fOT(T —5)#~1x(s) ds = 0, we obtain

T +1) T

F(ﬂ+1)12/3+0t _ C — c
Ta+p+1)° B+1 7~

T'B 0+ y( T)

C1 =—




Yao et al. Boundary Value Problems (2018) 2018:172 Page 17 of 27

Define an operator

Kpy(t) = I, (Ig+y(t) +¢o) + €1+ Cot.
Substituting co, 1, ¢; in the above equality, we obtain

Kpy(t) = I§, (I&y(t) + co) +e+ ot

L0 - — I YD - (ﬂgnﬁf%uv

aTe1 0+
Trg+1)ra) Dt+f3 1 I oY
—(a B D) W)+ /3 1o+ wT)

T
e 0 (I 5 )

_ 1 _etB-1
_7F(a+,3)/0 ) y(s)ds

3 T a+f-2
otT"“IF(ot+,B—1)/ (T'=s) ys)ds

/3 + 1) a+2ﬂ 1
Tﬁr(a+2,3)/ (T- ys)ds

Tr(B+1)I ()
+
F(a+ﬂ+1)1"(a+,3 1)

/ (T —s)**F~ 2y(s) ds

a+/3 1
Y+ 1)r(a ) / Y ds

T
aB+1)Ma+p-1

L r a+pf-1
m/ (T=9™y(s) ds

/ (T - )P 2y(s)ds

T
) /0 (T - 5" -2(s) di

aF(a + ﬂ 1)

T
= / k(z,s)y(s) ds.
0

It can be shown that L; Kpy(¢) = y(t), which implies Kp = (L1|domz;nkerr;) - This completes
the proof of Lemma 9. O

Lemma 10 Assume that 2 C X; is an open bounded set such that dom(L,) N 2 # 0, then
N is L-compact on £2.

Proof Based on the continuity of g, we obtain that Q;N;(£2) and Kp(I — Q;)N;(£2)
are bounded. Hence, for x(¢) € 2, t € [0, T, there exists a positive constant M such
that |( - Q)Nix(®)| < M, | —A=16:"7 (1 - Q)Nwx(T)| < M and | 1157 (I - Q))N1(T) -
é]g ’ p- Y- Q1)N1x(T)| < M. Inview of the Arzela—Ascoli theorem, we need only to prove

that Kp(I — Q)N (£2) is equicontinuous.
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For0 <t <t, < T, x € 2, by virtue of the definition of Kp, we have

|Kp(I = Q1)N1x(t2) — Kp(I — Q1 )N1x(t)|

C
= ’[Ig:'g(]_ Ql)le(t)]t:tz + ”To-l_l)tg +C1 + Caly
Co
— [Ig:ﬂ(l— Ql)le(t)]t:tl - mtf —C1 — Gl

1 2 _aB-lr
e /0 (s — "1 - QN1(s) ds

B /tl (61 =9)*P7HI - Qu)Nx(s) ds
0

+ o Ta_l 0+

L - Ql)le(T)‘ g -t

+

1gs 1 gus
(?[&ﬁ - 510:/3 1)(1— Ql)le(T)’ -t

< F(T-l—ﬁ) ’/0 1 [(t2 _S)a+ﬂ71 _ (tl _s)a+ﬂ—1](1 _ Ql)le(s) ds
1 ” o+p-1 o o
+ T@ih) /tl (t2—s) (I — QUNix(s)ds| + M(t; —t{ + 1 — 1)
M a+f

< [P )P e M~ + - 1),
_F(Ol+,3+1)[2 1 (2 1) ] (2 1 2 1)

Notice that ¢ and t“ are uniformly continuous on [0, T]. Therefore, we have Kp(I —
Q1)N1(£2) is equicontinuous on [0, T]. The proof is completed. O

Theorem 3 Assume that
(Hb1) fort e [0,T] and (u,v) € [0,B] x [0, B], one has

—k(u+v)<glt,u,v) < —ciu—cv+cs
and
g(t,u,v) < =by|g(t,u,v)| + bous + b3v + ba,

where by, by, bs, by, c1, ¢, ¢3, B are positive constants with

bicicrB + blcfﬂ + 8T°‘+ﬂ’1bzc% —8T**F1pscicy > 0, (34)
IFG-a)(o+B)-2x(a-1)T***250, (35)
B>max{A1,A2,C—3}, (36)
1
where

blczqﬂ + 8bycyc3 To+A-1 4 8bycico To+p-1

A=
! bicicaB + bic2B + 8T**F-1bycs — 8T**F-1bscicy
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and

B c3(2u+ B -2)T#
T TB-a)l (o +B) - 2k(a - 1)T*2-2

Ay

(Hb2) there exist r € (0,B), ty € [0, T], m € (0, 1), and h;(x) : (0,r] — [0, +00),i=1,2,
such that g(t,u,v) > h1(u) + hy(v) for t € [0, T, (&, v) € (0, 7] x (0,r]. Moreover,
th(”) and h:’T(V) are nonincreasing on (0,r] and

B hi(r) [T
T r 0

1 —
Glto,s)(T—s)f s> — 2 i=1,2.
2m

Then problem (3) has at least one positive solution on [0, T1].

Proof Firstly, conditions (A1) and (A2) of Theorem 3 are satisfied based on Lemmas 9
and 10.

Then, consider the cone C; = {u € X; : u(t) > 0,D§, u(t) > 0,t € [0, T]}. Let 22, = {u €
Xy :mllu|l < |ut)| < r,mlul|| < |D§,u) <r,t €[0,T]}, 22 ={ucX:|ull<B,tel0,T]}.
Obviously, §2; and §2, are bounded and

Q21 ={ueXy:mlul| < |u®)| <r,m|ull <|D§,u®)] <r,t€0,T]} C 2,.

Furthermore, C; N (£2,\$21) #?. Let J = I and (yu)(¢t) = |u(¢)| for u € X1, then y is a retrac-
tion and maps subsets of £2, into bounded subsets of C;, which means that (A4) holds.
Next, we will prove that (A3) holds. Suppose that there exist xy € 32, N C; Ndom L; and
Ao € (0,1) such that Lyxg = AgN1xp, that is, Dg+Dg+x0(t) = Aog(t,%0(t), D, x0(t)), t € [0, T].
Then assumption (Hb1) gives
B o
D0+D0+x0(t)

= hog (2, %0(t), D§, %0(t))

< -Xloby |g(t, xo(t),D‘.3+xo(t))| + hobaxo(£) + AobsDy,xo(t) + Aoba

=-b; |)»0g(t, xo(t),Dg+xo(t))’ + Aobaxo(t) + AobsDy, xo(t) + Aoba

= —bl ’Dg+Dg+xo(t)‘ + )\,obzxo(t) + )\,obng+XQ(t) + )\0194,

< —b1|D}, DS, x0(8)| + baxo(t) + b3 D, x0(2) + ba (37)
and
D§+D‘5+xo(t) = hog (2, %0(2), D, %0(t)) < —Aoc1%0(2) — ocaD§, %0(2) + Aocs. (38)

Since Dg+D(‘)‘+x0(t) = dog(t, x0(t), D§,%0(£)) € ImL;, based on the definition of ImL; and
(38), we can obtain

T
0= / (T - 5)P2Df D% x(s) ds
0

T
< / (T = 5P} (~hocrxols) — hoca D, xols) + Aocs) ds, (39)
0

Page 19 of 27
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which gives

T T i
/ (T — )P xy(s) ds < _a (T—s)ﬁ_1D8‘+x0(s)ds+ C3 .
0 ¢1 Jo 1

Furthermore, (37) and (40) imply
T
0= / (T - )P D}, D2 x0(s) ds
0
T
< / (T —s)P! [—b1 ’Dg+Dg+xo(s)| + baxo(s) + b3 Dy, xo(s) + b4] ds
0

T T
=-b; / (T —s)P! |D§+Dg+xo(s)| ds + by / (T - s)Pxo(s) ds
0 0

T b, T*
+ b3 f (T - s)ﬁ’ng‘,rxo(s) ds + 4/3 ,
0

which gives

T
/ (T - 5)*~!| D, D, x0(s)| ds
0

by [T by [T by T#
<2 / (T = ) o(s) ds + — / (T - 5)P D8, xo(s) ds + —
b1 0 bl 0

bip
bycy bs)/T p1 byesTP b, TP
<|l-—+= T —5)""Dg, x0(s)ds + + .
_< bici b ) Jo ( ) b x0(s) bicip  bip

Based on the function expression of k(t,s), we get

|k(t,5)| < 8T(T —5)**#2,5,t € [0, T).

Page 20 of 27

(40)

(41)

(42)

By virtue of (40), (41), (42), and the equation xg = (I — P1)x¢ + P1xo = KpL1(I — P1)xo +

Pyxg = P1xo + KpL1x, we have

X0 = Plx() + I(lexo

T T
- % (T —s)Pxo(s) ds +f k(t, )Df, D %o (s) dis
0 0
_Pe fT(T_s)ﬁ—lD" xols)ds + =
= Tﬁcl 0 0470 C1

T
+ f |k(t,5)| - | D, DE,x0(s)| ds
0

pca /T B-1 c3
<- T —38)"""DS xo(s)ds + —
<o | -9 Dyrlo)ds+ 2

T
+8T / (T - 5)*#72|Df}, DS, x0(s)| ds
0
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-_ Be
- TﬂCQ

T
c

/ (T - s)’g_lDS+xo(s) ds+ =
0 4]

T
+87T%! / (T —s)f1 ‘D§+Dg+xo(s)’ ds
0

Bar 8T 'byc, 8T 'bs /T sl
< (- - T - D ds+ —
N ( Thc, bicy * b, 0 (-9 bxols) s +
8bycs T P-1  8b, T*+B-1
+ +
biciB bip
o+f-1 o+f-1
S <_C_1 _ 8T b2C2 8T b3>B+ C_3
Cy blclﬁ b]ﬁ (4]
8b263Ta+ﬂ71 8b4Ta+’371
+ + .
biciB bip

In view of (Hb1), we have
Dfj,D§, xo(2) = Log(t%0(2), DG, x0(£)) = —hok (x0(2) + Dg, %0(2))
and

D}, D, x(t)

= hog (2, %0(2), D, %0(t)) < —Aoc1%0(t) — hocaD§, %0(t) + Aocs < c3.

In addition, based on the definition of function k(¢, s), we obtain

o (S—r)‘“ﬂfs (a—l)sa_z(T—r)‘”ﬁ’z
d k(S, T) _ T'(a+p-2) - TD"IF(OHﬁ—l) ’ 0 S T<S§ S Tr
- 1) @=2(_\a+p-2
ds? B e i it }f—lr(<§+fs)_1> ) 0<s<t<T.

Hence, on the basis of (43)—(45), we have

T 1
/ MD& o Xo(T)dT
0

ds?
~ s (S _ T)Dl+/3—3 (Ol _ 1)Sa_2(T _ _L_)oz+ﬁ—2
‘/0 (F((x+,3—2) Tl (@+B-1)
T (-1 X (T -1)*F?
+/S T e (e f-1)

)Dg+Dg+xo(r)dr

Db D8, xo(t)dt

S (s = -L-)a+ﬁ—3 (@ —1)s*2(T - T)a+,3_2
503/0 F(a+,3—2)_ T @+ f-1) dr
T — a=2(T _ a+f-2
+ / K(aTQHSF(a(Jr ; i)l) (xo(f) + Dg+xo(f)) dr

Sa+f5—2
<
_CB|:I"(01 TB-1)

2k Bs* (o — 1)(T — 5)*+F1
T 1T (a + B)

- TP2(20 + B = 2)c3
- I'(a+pB)

Sa—z(a _ 1)(Ta+ﬂ—l —(T _S)Dl+/3—1)
T 1T (a + B) :|

2k B(o — 1) T@F-2
I'(a+pB)
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C3
C1

(43)

(44)

(45)
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Therefore, by a simple calculation, we get

Dg+x0
= Dg+ (Plx() + I(lex())

1 ' 1—o A*(KpL1%0)(s)
= m /0 (t — S) T dS

' T @k (s,
) ﬁfo (t_S)l_a/(; . t)Dg+ 0. %0(T) dT ds

ds?

1 t - TB20a + B —2)cs 2« B(a — 1)T*+F-2
< Faa , €9 ( Farf)* [@+h) )
~ 1 vw (T*P2Qa+B-2)c; 2«Bla- 1)T"‘+f"2>
“TG-w < Ta+p) T T+ B)

1

= 1 — _ o+f-2
e orarp ! (e B =D+ 2Bl - )T

Based on the definition of norm || - ||, we have B < max{A,,A,} with

]916263,3 + 8bycyc3 To+B-1 4 81’)461627““371
bicicaB + bic2 B + 8T**F-1bycs — 8T**F-1bzcicy

Ar =

and

3R+ B -2)TP
I -a)(a+ B) - 2 (o — 1) Te+28-2’

Ay =
which contradicts (Hb1). Hence (A3) holds.

In order to prove (A5), we consider x(¢) € ker L1 N 2, then x(t) = c. For ¢ € [-B, B] and
A € [0, 1], we obtain

H(c, \)

=[1 - APy +JQINY), |c
=c— A—/ $)P el ds — & / s)‘31 s,|c| Dy |c|)ds
— -l a2 / (T =5~ g(s, Icl, D3 Icl) ds
TE
=c— A—/ T -s)P- 1 s,|c| D |c|)+|c|]ds

By use of the proof by contradiction, it can be shown that H(c, ) = 0 implies ¢ > 0. Suppose
H(B, 1) =0 for some A € (0, 1], then we have

0=B-\B- x—/ (T -s)f~"g(s, B, Dg,B) ds.
In view of (Hb1), we have

0<B(1-1) ﬂ/ (T - s)ﬂ1 (S,BDg+ )ds<)»( caB+¢3) <0,
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which is a contradiction. In addition, if A = 0, then B = 0, which is impossible. As a result,
for x e kerL; N 3£2, and A € [0, 1], we have H(x, 1) #0. Thus,

deg{[I - (P +JQiN1), ], - Ker L1 1 §25,0}
= deg{H(-, 1),kerL; N [22,0}
= deg{H(-,O),kerL1 N .(22,0}
= deg{], kCI'Ll N 92,0}
=1#0.
So (A5) holds. It remains to prove (A6). Let xo(t) = 1, ¢ € [0, T], then xg € C1\{0}, C1(x0) =
{x e Ci:x(t) >0,t € [0, T]}. We take o (xg) = 1 and let x € C1(xo) N 0821, then 0 < ||x|| < r
and x(¢) > m||x|| on [0, T].
For u € C;(xo) N £21, (Hb2) implies
(¥)x(to)
= [(P+J QN1 + Kp(I = QN1 )x(®)],_,,

= [Plx(t)]tzto +[(JQuNy + Kp(I - Ql)Nl)x(t)]tztO
T
= %/0 (T - s)Px(s) ds

T
P G- s)P ' g(s, x(s), Dg, x(s)) ds
Tﬂ 0

> ﬁ/T(T—s)ﬂ-lmuxuds
=75 |,

,3 T

+ o | Glto, )T —5)P ' g(s,x(s), DE, x(s)) ds
Tﬁ 0

> m|x|| + ﬁ /TG(t S)(T—S)ﬂ_l[h (x(s)) +h (D“ x(s))]ds
st T8 o 0 1 2\&Po+

h1(x(s)) x(s) + hy(Dg,x(s))
x(s) D§, x(s)

h1(x(s)) . ha (D, x(s))
x(s) D§, x(s)

T
-l + 1 | G(to,s)(T—s)ﬂ-l[ ~D8‘+x(s)i| s

> m||x|| + ﬁ /TG(L‘ (T —s)P1 - m||x|| ds
- Tﬁ o 0»

T h h
zm||x||+m||x||-£ G(to,s>(T—s)f“[ﬂ+ 2(’)}ds
TF Jo r r
1-m
> ml|x| + m|x| - ——
m

= [lxll.

To conclude, for all x € C;(xg) N 9821, we have ||x|| < o (x)||¥x|lco < o o) ||¥x], ie.,
(A6) holds. For x € 3£2,, (Hb2) implies

[(Pl +JQiNp) 0 y]x(t)
=Py (|x(5)]) + QN1 (|%(2)|)
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T
Tﬂ/ (T - )P |x(s)| ds + ﬂ./(; (T -5)""g(s,

Tﬁf (T -8)' (1~ )|x(s)| ds

> 0.

Thus, for x € 325, one has [(P; + JQ1N) o y]x(¢) C C;. Then (A7) holds.
Finally, we prove (A8). For x(t) € £2,\§2;, based on (H2) and (33), we have

W, x(t) = [(P1 +JQiNy + Kp(I — Q1)N1) o y |x(t)
(P1 +JQiN1 + Kp(I = Q)N |x(2) |
=Py (|x(8)]) + [JQuNy + Kp(I - Q)N | [x(2)|

T
—%/0 (T—s)’g_1|x(s)|ds

+ ﬁ ' Gt s)(T -s)" g (s
T# ’ ’

g, +(5)]) ds

TE/ (T —s)P~ 1|acs)|ds+ fﬂ

_TE/ (T—s)ﬁ_lyx(s)’(l—KG(t,s))ds
>0.

Hence, ¥, (22,\$21) C Cy, that is, (A8) holds. Hence, applying Theorem 2, PBVP (3) has a
positive solution x*(£) on [0, T'] with r < ||x*(£)|| < B. This completes the proof.

4 Examples
In this section, two examples will be given to illustrate our main result.

Example1 Consider the following PBVP for the nonlinear fractional differential equation:

1

3 1 1
D (2 ~ £+ Dg. (1) = =5 + Fa?(0) + P, tefo,1],
1 1
x(0)=x(1),  D&x(0) = DZ,x(1).

According to PBVP (1), we get that p(t) = t> -t + %,M: l,a= %, B = %, T =1,and

8 1
f, u,v)——§+ﬁu +te™”

Leta(t) =4, b(t) = 4, c(t) = 0, B = 8. A simple calculation shows that ||5|| o = ﬁ ,

and

u’ - 64
24

uf (t,u,v) = u( + te“’z) >0 (or <0),Vte[0,1],veR,|u|>8,

1
_ 2 " 24 _
Y= 3 1 +0)=0.2046 < 1.

D5, +(9)]) ds

T
G(t,s)(T —s)P! (—K |x(s)|) ds
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All assumptions of Theorem 1 are satisfied. Hence PBVP (46) admits at least one solu-

tion.

Example 2 Consider the fractional periodic boundary value problem

DY?DyPx(t) = g(t,x(2), DyPx(t)), te[0,1], @)
x(0)=x(1),  #(0)=«'(1),  Di?x(0)=Dg’x(1),
where g(t,x, Djx) = 2(1 + £2)(-3x — 3D5Px + 2).
Corresponding to PBVP (47), we have that 8 =0.5, ¢ = 1.5, T =1, and

15
_4(1—35) 7s s+ It _ tz _ %tl.S i 1‘(1‘5)21"(15) + %,

0§s<t§1,

_4-9'® s _5t_ 1,2 _ 2,5 IA5CA5 | 20
3 3 +2t ST =57+ 5 +9

G(t,s) =

0<t<s<l.

By a simple calculation, we obtain G(t,s) < 2.5. Hence, we take « = % based on (33). In
addition, we find that if ¢ € [0, 1], x € [0,60], and D}°x € [0,60], the following inequality
holds:

—2x(t) - 2D x(t) <g(t x(t), D x(t)) < —%x(t) - lD1 5x(t)

a(6,x(0), DEx(0)) < ~|g (6, %(0) Dgf())y+§x(t>+gpgfx(t)+1.

So we can choose B=60, ¢c; = ¢y = %,63 =1,b1=1,by=b3 = g, by =1.
Furthermore, it is easy to verify that

I'G-a)(«+pB)-2k(a—1)T**2=0.4862 >0,

1
bicicaB + blcfﬂ + ST‘”’S_leC% — 8T 1pacicy = = >0,

A =585 ~ A,=3085 =5 and B=60> max{Al,Az, l }
C1 1

Therefore, (Hb1) is satisfied.
We take r = 0.5 € [0,60], /11 (x) =

1

hy(D§2x) = we obtain

10’

g(t,x(t),D(l)‘fx(t)) > hi(x) + hy (D(l)fx)

t) DMPx(t
O Diixt)
10 10

x,Dy>x) € [0,1] x (0,0.5]

and

mx)  h(Dyx) 1

=—=—,

X D(l)‘fx 10

which is nonincreasing on (0, 0.5].
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Let tg = 0, then we have

41-s)° 4(1-
G(to,s) = G(0,s) = — ( 33) + (3 S)+1.2816>1.2816>0.

Using the given data, we have

h; 1 1-
L (r)/ G0,5)(1 -5 ds~0.1391 > — " i=1,2,
T v Jo 2m

holds for m = 0.8. One sees that (Hb2) is satisfied. In consequence, the conclusion of The-

orem 3 implies that problem (47) has a positive solution on [0, 1].

5 Conclusion

We have proved the existence of solutions for two classes of fractional differential equa-
tions with periodic boundary value conditions, where certain nonlinear growth conditions
of the nonlinearity need to be satisfied. The problem is issued by applying the Leggett—
Williams norm-type theorem for coincidences. We also provide examples to make our

results clear.
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