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1 Introduction
In this paper, we consider multiple nontrivial weak solutions to the following nonlinear
elliptic problem of (p, g)-Laplacian type involving critical Sobolev exponent:

Ayt — Agu = AV ) ulu+ K@) ul 2u, xeRY, (1.1)

Np
N-p*
The (p, g)-Laplacian problem (1.1) comes from a general reaction—diffusion system

where A,,u = div(|V|""2Vu) is the m-Laplacianof u, . >0, 1 <k < g < p <N and p* =

Uy = div[E(u)Vu] + cl(x, u), (1.2)

where E(u) = (|VulP~2 + [Vu|?72). The system has a wide range of applications in physics
and related sciences, such as biophysics, chemical reaction and plasma physics. In such
applications, the function u describes a concentration, the first term on the right-hand
side of (1.2) corresponds to the diffusion with a diffusion coefficient E(u); whereas the
second one is the reaction and relates to sources and loss processes. Typically, in chemical
and biological applications, the reaction term c(x, ) has a polynomial form with respect
to the concentration u. Specially, taking g = 2, we note that (p, 2)-equations arise in many
physical applications (see [2] and [5]), and recently such equations were studied by Papa-
georgiou et al. [10-13]. For example, in [11], they studied the existence and multiplicity of
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the following parametric nonlinear nonhomogeneous Dirichlet problem:
-Apu(z) - Alz) = A|u(z) |p_2u(z) +f(z, u(z)) in Q,uld2=0,2<p< o0,

where Q C RY and the parameter A > 0 is near the principal eigenvalue A;(p) > 0 of
(=2, Wo P ().

For general g € (1, p) and concave—convex nonlinearities, the stationary solution of (1.2)
was studied by many authors and fruitful multiplicity results were obtained for the follow-
ing problem:

—div[E(u)Vu] =c(x, u). (1.3)
For example, in [7], G. Liand G. Zhang considered problem (1.3) with the critical exponent
cle,u) = ul? u+0lul u (1.4)

by using Lusternik—Schnirelman’s theory. They proved that when 6 >0, 1<r<g<p<N
and  C R¥ is bounded, there is a 6, > 0 such that problem (1.3) possesses infinitely many
weak solutions in Wol’p (€2) for any 6 € (0, 6p).

Moreover, H. Yin and Z. Yang in [17] studied the equation

— Ayt — A g = OV (@) 2+ |ul” 2w+ Af (x, 1) (1.5)

for the multiplicity of solutions on a bounded domain  C RN with 1 <r < ¢ < p and
A € (0,1%).

But they only considered infinitely many weak solutions on a bounded domain . Dif-
ferent from [7] and [17], our work is developed in the whole space RN and the existence
of infinitely many solutions with positive energy for problem (1.1) is also discussed, which
are not mentioned in the references.

Our main results can be described as follows.

Theorem 1.1 Suppose 1 <k<q<p<N,N >3,K(x) e CRY)NL®RN) and 0 < V(x) €
CRNYNL(RN) withr = pfi Moreover, V(x) > 0 is bounded on some open subset Q@ C RV,

T
with || > 0. Then there exists a 1* > 0 such that, for all 1 € (0,1*), problem (1.1) has a
sequence of weak solutions with negative energy.

Denote the group of orthogonal linear transformations in RN by O(N) and let T C O(N)
be a subgroup. Set |T| := inf,cgn . | Tx|, where T} := {tx: T € O(N)} for x # 0 (see [16]).
Moreover, a function f : RN — R is called T-invariant if f(zx) = f(x) for all 7 € T and
xRN,

Theorem 1.2 Suppose 1 < k < g <p <N, N > 3, and assume V(x) and K(x) are T-
invariant. Moreover, let |T| = 0o, K(0) = 0, limjy o K(x) = 0, K(x) € C(RN) N L®(RN),
K(x)>0a.e.in RNand 0 < V(x) € L'(RN) N L (RN) with r = pfik andr = q,’fik. Then, for
all A > 0, problem (1.1) possesses infinitely many solutions with positive energy.
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This paper is organized as follows. In Sect. 2, for the reader’s convenience, we describe
the main mathematical tools which we shall use. The existence theorem for A € (0, 1*) is
proved in Sect. 3 via the application of genus. In Sect. 4, under suitable conditions, we
show that problem (1.1) possesses infinitely many solutions with positive energy for every
A>0.

2 Preliminary results
We now recall some known results and state our basic assumptions.
In this paper | - ||, denotes the usual L” norm and

D) = [T (),

with the norm defined by

1/p
il i = ( f |Vu|”dx) .
]RN

We deal with problem (1.1) in the reflexive Banach space [3]
X :=DY(RN)nDY(RN),
which is endowed with the norm
llullx = llullpre + lullpra.

Throughout this paper the function K (x) € C(RV) N L>®(RN). We consider the following

functional
1 1
E (u)= —f |Vu|pdx+—/ |Vul|? dx
b JrN q JrRN
A e 1 .
-— Vx)|u| de - — Kx)|ul? dx. (2.1)
k RN p* RN

From the following Lemmas 2.1-2.2 the functional E; is well defined in X. Obviously, a
critical point of E; in X is a weak solution of (1.1).
The value S is the best Sobolev constant, i.e.,

\v/ b
S= inf{ ”” ﬁ),'p ‘ue Dl’p(RN),u 7‘0}. (2.2)
Uil «
p

Lemma 2.1 Suppose that V(x) € L' (RN) with r = pf—ik, then the functional
Jw= [ Vet ax
RN

is well defined and weakly continuous on DV (RN). Moreover, ] (u) is continuously differen-
tiable, its derivative J' : D'?(RN) — (DY*(RN))* is given by

J () = k/N V) ul*u -y dx, Yy e D'(RN).
R
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Proof For u € X C L7" (RN), by Holder inequality, we have

/ V)l dx < VI 1l
RN

This implies that J(«) is well defined.
Let {u,} converge weakly to u in DY?(RN). Then {u,} is bounded in LP (RNY and {|u,|*}

is bounded inL'F (RN). Hence, {|u,|*} converges weakly to |u|* in L k (RN). Since V(x) €

LP*_-k (RN), we have

/V(x)|u,,|kdx—>/ V(%) ul* dx,
RN RN

which implies weak continuity. The proof of the rest is similar to that of Lemma 2.6 in
[15], we omit it. O

Using a similar argument as in the proof of Lemma 2.1, we have

Lemma 2.2 Suppose that K(x) € L°(RN) , then the functional
H(u) =/ K(x)|ul” dx
RN

is well defined on DY (RN). Moreover, H(u) is continuously differentiable, its derivative
H': DY (RN) — (DY(RN))* is given by

H'(uw)y =p* AN K@)|ul? 2u-ydx, Yy eDl'p(RN).

The following lemmas and definitions are also needed in our discussion.

Lemma 2.3 ([6]) Let s > 1 and Q be an open set in RN. Consider u,, u € W»(Q), n =
1,2,3,.... Let a(x,&) € C°(Q x RN,RN) have, for positive numbers a, 8 > 0, the following
properties:
(i) al&|® <alx &) forall € € RY,
(ii) |a(x &)l < BIEIP for all (x,£) € @ x RY,
(i) (a(x,&) —alx,n)(E —n) >0 forall (x,€) € @ x RN with & #n.
Then Vu, — Vu in L*(Q) if and only if

lim (a(x, Vuy,(x)) - a(x, Vu(x)))(Vu,,(x) - Vu(x)) dx =0.

n—00 Q

Lemma 2.4 ([8, 9]) Let {u,} converge weakly to u in D?(RN) such that {|u,|""} converges

weakly to a nonnegative measure v on RN. Then, for some at most countable set ], we have

b
v=lul + Z vi8y,  and Z vjp <00, (2.3)

jel jel

where x; € RN, 8, denotes the Dirac measure at x;, and v; are constants.
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Definition 2.1
(i) Let X be a Banach space and E : X — R be a differentiable functional. A sequence
{ur} S X is called a (PS). sequence for E if E(ux) — ¢ and E'(ux) — 0 (in X*) as
k — oo.

(ii) Ifevery (PS). sequence for E has a converging subsequence (in X), we say that E
satisfies the (PS).-conditions.

In the rest of this section, we introduce some preparatory work for the proof of Theo-
rem 1.1.

Lemma 2.5 Let {u,} C X be a (PS). sequence for E;(u). Then {u,} is bounded in X.
Proof Suppose {u,} C X is a (PS). sequence of E; (i), i.e.,

Ei(up)=c+o(l),  E;(uy)=o0(1), (24)
where o(1) — 0 as n — o0. By (2.4), for n large enough, we have

1
c+1+ ”Mn” > E)u(un) - I?E/A(Mn)un

1 1 1 1
:(———)/ IVunlpdx+<———)/ [V, | dx
p p*) JrN q p*x) JrN
AA
- (— - —) / V()| |* dx
k  p*) Jen
1 1 1 1
Z<———)/ IVunlpdx+(———>/ Vi, |? dx
p p*)Jry q p*) Jey
k
AA P
_ (___>s§ V@] (/ |Vu,,|pdx)p.
k p* 1Pk \JRN

That is, for all large n, we have

P
Dlp

q

k
1 (L + lluull + llal*) = calltsl pla’

+c3lunl
where ¢, ¢; and ¢3 are positive constants independent of #.
Suppose |[u,|| — oo. We distinguish the following three cases:
(1) ll#tnllpry — o0 and [|uy,|lprq — 00;
(2) llunllprr — oo and {||uy| pre} is bounded;
(3) {llunllprr} is bounded and || uy, || prg — 0.
If case (1) occurs, for all large #, we get

14
Dlp

q
DLp

q
DLa

q
DLa

1 (1+ | + ) = colltnl,, + c3lluaall

> Oallttnll,p + csllitul
> ca(lltnllfrp + N2t )

> csllunll?,

which is a contradiction to the fact k < g.
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If case (2) is true, for all large 7, we have

k-1 k k-1 k
a1 (L + lluullpro + Nl pra + 2 el + 2 1 g )

p q

= ealltnllp,y + c3llunll

Dlp DY
> ollull?
thus
0< o4 < lim ( 1 1 |24l pr.a 2! 2k_1||u””1k31"1) -
— —1 — -
AN 7 el lunll?,, ||un||’;1§, leenll?,

This is impossible.
Proceeding as in the second case, one can also verify that the third case cannot happen.
Hence, the proof is completed. d

Lemma 2.6 Ifc <O, then there exists a \* > 0 such that E, satisfies (PS).-conditions for all
0<A<A®

Proof For ¢ € C°(RN) and w € X, from (2.2) we have

L
o

1 * V4
S» (/ |lwo|? dx)
]RN
1
P p
< (/ |V(wo)| dx)
RN
1 1
p p
< (/ |w|P|V¢|de) + (/ |W|P|<p|1’dx)
RN RN
1 1
p p
< (/ |w|p|ch|pdx> + (f (|Vw|p + |Vw|q)|<p|pdx> . (2.5)
RN RN

Suppose {u,} is a (PS). sequence. As a consequence of the boundedness of {u,}, given
by Lemma 2.5, there exists a # € X such that, up to subsequence, u, — u in X.

Let ¥ € C§°(RN) satisfy v (x) = 0 for |x| > 1, ¥/(x) = L for |x| < 1,0 < ¢(x) <1,x € RV,

Applying Lemma 2.4 gives

£ k
P = Ul + > vb
jel

Since {u,} is bounded, there exists a nonnegative measure p such that

Vi |? + [Vu,|T— p. (2.6)

For each index j and each 0 < € < 1, define

V(%) :sz(x_x").
£
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It follows from inequality (2.5) that

1 1
5%7(/ |unwg|'”"dx)” s(/ |un|”|wg|fﬂdx)p
RN RN

+(/ (|Vun|1’+|Vun|q)|ws|f’dx)p.
]RN

Furthermore, letting » — 0o, Lemma 2.4 and (2.6) together imply that

S,%(/ |¢5|”*dv)”_*s(/ |u|1’|vw8|1’dx)p+(/ |1/f8|1’du)p,
]RN ]RN ]RN

and then, by taking ¢ — 0,

S’I’(/x, dv>;§<fx/ du);,

/

which yields

On the other hand, from the fact that E; (1,,){- 1, — 0 we have

/ |Vun|p‘2u,,V1//5Vu,,dx+/ |V, |9 20, Vo, Vu, dx
RN RN
=1 f V()| dix + / K@) ul?" e dx
RN RN

—/ (IVunl? + V| e dx + 0(1), asn— oo, (2.8)
RN
and since V(x)v, € L"(RN), Lemma 2.1 and (2.8) show that

lim ( / IVuun P20, Ve Vs, dx + / |Vun|q-2unv1pgwndx)
n—0o0 ]RN ]RN

_ k _
—)L/RN V() |ul" . dx + /RNK(x)l//S dv /]I;N YedL. (2.9)

From Holder inequality with p, p/(p — 1), we have

5/ Vit V|
]RN

1/p
< |1 (/ Iunlplvlﬂalpdx> .
Bs(xj)

/ |Vuun P20, Ve Vu, dx
RN
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Furthermore, since |u, V.| — |[uV,| in LP(RN),

1/p
lim (nunnp-l(/ |un|”|we|ﬁdx) )
n—00 Be ()
1/p
sc(/ |u|1’|vws|ﬁdx)
Bs(xj)
1/p* 1/N
c(/ u)? dx) (/ |wg|Ndx>
Bg(xj) Bs(xj)

. 1/p*
§C(/ |ul? dx) . (2.10)
Bs(xj)

Now by replacing p with g, (2.10) reveals

IA

1/q*
lim IVt 21, Vi, Vi, dx < C(/ u|? dx) )
n—00 ]RN Bp(xl)
In (2.9),
1((96]‘)1)/‘ =K (211)

is valid if € — 0. Besides, if K(x;) < 0, one gets u; = v; = 0; while if K(x;) > 0, by (2.7), we
have
@ vi=0;
(i) v > ()
Define

N
P

. . *
Voo := lim hmsup/ lu, P dx;
Ix|>R

—X0 p—oo

Moo = lim limsup/ Vi |? + [Vu, | dx.
|x|>R

- p—o0

By the concentration—compactness principle at infinity, vs, and po exist and satisfy:
(1) limsup,_, o fon |tal?” dx = [on dv + voo;

(ﬂZ) limsupneoo fRN(|Vun|p + |Vun|q) dx = f]RN d“’ + Uoos
D

(a3) SV < oo
Let ¥z € C®(RN) satisfy ¥z(x) = 0 for |x| < R, ¥r(x) = 1 for |x| > 2R, 0 < ¥r(x) < 1,
x € RN, Then we get

/ |Vu,,|p_2u,,V1ﬁRVu,,dx+/ IV, |7 20, ViV, dx
RN RN
= / V(%) |t | dx + / K ()| un|” Yrg dx
RN RN

. / (IVitnl? + Vit %) Y + o(L). 2.12)
RN
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Similar to the proof of (2.10), we have

s«

1/p
lim sup §C(/ lul?” dx) — 0, asR— oo.
R<|x|<2R

n—0o0

/ N IV, P20, VgV, dx
R

Let R — 00 in (2.12), then

”I(”oovoo = Hoos

(2.13)

which in turn means, by (a3),
(iii) Voo = O;
i > (L)%
(iv) oo = ()7 -

We now claim that (ii) and (iv) are impossible if X is chosen small enough. Indeed, since

{u,} is a (PS). sequence, for n large enough, we have

1
0>c+ 0(1)”14,,” = El(un) - _E;L(un)u
p*

1 1 *— kA
z(“_>/ Vual? dz - = [y ¥ ax
p p*) ey kp* Jrn

S " = kr k
= Sl - e ——— V@), llally. (2.14)
This yields that
it < CAIE. (2.15)
On the other hand, for n and R large enough and if (iv) occurs, we get
0>c+o()|lull
1 1 1 1
> <— - —) / |Vu, |’ dx + <— - —> / |Vu,|?dx
p p*)Jry q p*)Jry
* — k)
- u/ V()| | dx
kp* RN
1 — kA
L s
1 -
> i o= L v ||,nunn,§*
1 N b
A I = (2.16)
N

where we use (2.15) and (a3). Therefore we can choose 1* > 0 such that for every A € (0, 1%)

L

p-N
—S" Kl — CAr=F

which is a contradiction to (2.16).

Page 9 of 18
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A similar argument shows that (ii) cannot occur if A* is chosen properly. Thus, p; = v; =
oo = Voo = 0. From (a1) and (2.3),

lim lun " dx = f lul?" dx. (2.17)
]RN

n—>00 JpN

And Brezis—Lieb Lemma [16] implies

lim |ty — ul?” dx = 0. (2.18)

n—o00 JpN

Since K(x) € L®(RN),

p*-1 L

*_ s r*
/ K(x)|uy |4y, — | x| < 1K oo |t |l 1(/ |ty — ul? dx) . (2.19)
RN RN

Then from (2.18) and (2.19), one gets

lim / K@) tnl?” "ty — | dix = 0. (2.20)

n—>00 JpN
A similar argument shows that

lim V()| | 1ty — 11 dx = 0. (2.21)

n—>o00 JpN

Now we define
(A,(u),ga)::/ \Vul"2(Vu, Vo)pn dx, Vu,¢ € X.
RN

Considering (E (¢,), u, — u) as n — 0o, we have
nan;o [(Ap(uy,), Uy, — u) + (Aq(uy,), Uy — u)
-1 / V@) [t 14 (1t — 1) de — / K@)l (11— ) dx:| =0.
RN RN
It means
,}EEO[(AP(M”)’ U, — u) + <Aq(un), U, — u)] =0.

From the monotonicity of A,(u) (see [4]), the following is true:

lim sup[(Ap(u,,), U, — u) + (Aq(u), U, — u)] <0

n— 00

Notice that u, — u in DV4(RY),

lim (Aq(u), U, — u) =0.

n—00
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Therefore

lim sup(Ap(u,,), Uy, — u) <0. (2.22)

n—o0

Consequently,
lim (Ap(un) —A,(u),u, — u) =0.

Finally, the following two results can be obtained by taking a(x, ) = |£P~2¢ and using
Lemma 2.3:

lim |V(un —u) |p dx =0,
n—00 JpN

lim |V(un—u)|qu:0.
n—oo JpN

The proof is complete. O

Now truncate the energy functional of problem (1.1). By Sobolev embedding theorem,
for all u € X, we have

1 1
E(u) = —/ |Vu|pdx+—/ |Vul|? dx
b JrN q JRN

A 1 .
-Z V(x)|u|kdx——/ K@)|ul?" dx
k Jrn p* Jry

s

k

plr — ) ”M”p

1
> » el = et llull Do (2.23)

Let h(t) = c3t? — heatk — cst?”, we need to discuss the further properties of i(z). Firstly, it
is easy to see that there exist A*, Ty and T3, with 0 < Tj < T3, such that

h(Ty) = h(Ty) =0,
h(t) <0, Y0<t<Ty,
h(t) >0, VTO <t< le

h(t) <0, Vt>T;.

for every A € (0,A*).

Secondly, let T : R* — [0, 1] be a C*™ non-increasing function such that
() =1, ift<Tp; () =0, ift>T).
We consider the truncated functional
1 1 A .
Ey(u) = — |Vul? dx + — |Vul?dx — — V(x)|u|* dx
p JrN q Jrn k Jrn

_T(||M||D1»p)/ K(x)lulp*dx
p* RN
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and suppose
h(t) = c3t? — heat’ — cst? T (b).
Then

Ex(u) EE(HMHDM)

At the same time, we notice that 4() > h(z), if £ > 0; h(¢) = h() if 0 < £ < To; 0 < h(¢) <
h(t),if Ty <t < Ty; h(t) > 0,if t > Ty. Thus we get that E () = Eoo () when O < ||u]| p1p < To.
Furthermore, for T € C*° we have Ey (1) € C'(X,R) and obtain the following lemma.

Lemma 2.7
(@) IfExo(u) <O, then ||u||pip < To, and E;(v) = Ex(v) for all v in a small enough
neighborhood of u.
(b) Forall A € (0,A*), Exo(u) satisfies the (PS).-conditions for ¢ < 0.

Proof We prove (a) by contradiction. If || u| p1, € [To, +00), by the above analysis we see
that

Eoo(u) > E(”M”Dlw) > 0.

This is a contradiction to Ey(u) < 0, thus ||u||p1, < Tp and (a) holds.
Claim (b) can be proved by the (PS).-conditions for E; as A € (0,A*) (see Lemma 2.6). J

The following is the classical Deformation Lemma (see [14]):

Lemma 2.8 Let Y be a Banach space and consider an f € C'(Y,R), satisfying the (PS)-
conditions. If c € R and N is any neighborhood of K, = {u € Y : f(u) = ¢,f'(u) = 0}, there
exist n(t,u) = n(u) € C([0,1] x Y,Y) and constants € > € > 0 such that

(1) no(w) =uvVuey;

(2) nu)=uVuéfc-¢€c+el;

(3) ne(u) = u is a homeomorphism of Y onto Y Vt € [0, 1];

(4) f(nu(w) <f(u) Yue Y Ve e [0,1];

(5) m(fr \N) Cfc, wheref¢={ueY:f(u) <c}Veelk;

(6) IfK. =%, m(f*) C £

(7) Iff is even, n; is odd in u.
We end up this section by pointing out some concepts and results about Z, index theory.

Let Y be a Banach space and set

Y= {A C Y\ {0}:Ais closed,-A =A}.
For A € X, we define the Z, genus of A by
y(A) = min{n € N : there exists an odd, continuous ¢ : A — R”\ {O}},

if such a minimum does not exist, then y (A) = +o0.
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The main properties of genus are given in the following lemma (see [14]).

Lemma 2.9 Let A,B € X. Then
(1) Ifthere exists f € C(A,B), odd, then y(A) < y(B);
(2) IfA C B, then y(A) <y (B);
(3) Ifthere exists an odd homeomorphism between A and B, then y(A) = y (B);
(4) If SN is the unit sphere in RN, then y(SN71) = N;
(5) y(AUB) <y(A) +y(B);
(6) If y(A) < oo, then y (A - B) > y(A) - y(B);
(7) If A is compact, then y (A) < 00, and there exists a § > 0 such that y (A) = y (Ns(A)),
where Ns(A) = {x € Y : d(x,A) < 8};
(8) If Yy is a subspace of Y with codimension k, and y(A) > k, then AN Yy # .

3 Proof of Theorem 1.1
Now we are ready to prove Theorem 1.1 via genus argument.

For 1 <j < n, we define

¢;j = inf sup Es(u),
A€Y ueA

where
Tj={ACX\{0}:Aisclosed in X,-A = A,y (A) > j}.

Let K; = {u € X : Ex.(u) = ¢,E_ (1) = 0} and suppose that A € (0,A*), where A* is given by
Lemma 2.6.
Firstly, we claim that if j € N, there is an ¢; = £(j) > 0 such that

—&j

where £5° = {u € X : Eoo(u) < —¢}.

Here W,”(R) is the closure of C3°(%2) with el 1oy = (U IVulP)?, and © C RN is an
open bounded subset with || > 0 and C!-boundary, V(x) > 0 in Q. Extending functions
in Wol’p(Q) by 0 outside €2, we can assume that Wol’p(Q) cX.

Let W, be a j-dimensional subspace of Wol’p(Q). For every v € W; with ||V”W1'P<Q =1,
0

)
from the assumptions of V(x), it is easy to see that there exists a d; > 0 such that

/ V(x)|v|Fdx > d;.
Q

Since W is a finite-dimensional space, all the norms in W; are equivalent. Thus we can
define

a; = sup{|Vv|1: ve W, ||v||W&,p(Q) =1} < oo,
" (3.1)
b = sup{|v|§* cvew, ”V”WS‘F(Q) =1} <o0.
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On the other hand, for 0 < ¢ < Ty, since

1, Atk i, .
Eo(tv) =E (tv) = -t + —|VV|Z —— | V)| dx-— [ Kx)|v/P dx,
r 4q k Ja r*Je
for every v € W; with ||v||Wg,p(Q) =1, we obtain
1 a; )\.d tp* *
Eso(tv) < —#P + ZLp1 - gk~ / Kx)|vP dx
r 4 k r* Ja
1 a; Ad; bi|K «
<y Ly Ty +—’| *|°Ot1’. (3.2)
r 4 k p

Therefore for A € (0, A*), there must be a ¢, € (0, Ty) sufficiently small such that E,(tov) <
, o _Lyp_%a Mk bl - . -
-& < 0, where ¢; = —ptg ~ o+ T~ tf . Denote S, = {ve X : ||V”W3,p(ﬂ) =t

then S;, N W; C E;j/. By Lemma 2.9,

Y(Ex) = v (St N X)) > .

As E., is continuous and even, E;jj € ¥jand ¢; < —¢; < 0. Since E, is bounded from
below, ¢; > —oo (that is why we consider E,, instead of E;). Then from Lemma 2.6 we see
that E, satisfies the (PS).-conditions (for ¢ < 0) and this implies that K, is a compact set.

Secondly, we claim that if for some j € N thereisani > Osuchthatc=¢; = ¢j;1 = -+ = ¢jui
then y(K;) > i+ 1.

We now prove the main claim by contradiction. If y (K.) < i, there exists a closed and
symmetric set U with K, C U and y(U) < i. Since ¢ < 0, we can also assume that the closed
set U C EY,. Using Lemma 2.8, there is an odd homeomorphism

n:[0,1] xX—> X

such that n(E$*\U) C E° for some § € (0, —c).
From the hypothesis of ¢ = c;,;, there exists an A € %;,; such that

sup Eoo(u) < ¢ + 8.
ueA

Thus
n(A\U) C n(ES\U) C ES,
which means

sup Eoo(u) <c-34.
uen(A\U)

But Lemma 2.9 reveals

y(nA\W) = y(A\U) = y(A) -y (U) = .
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Hence n(A\U) € %; and

c=c¢i< sup En(u)= sup Es(u)<c-34.
uen(A\U) uen(A\U)

So we have proved the main claim.
We now complete the proof of Theorem 1.1. For all j € N, we have ¥;,; C ¥; and ¢; <
¢jr1 < 0.Ifall ¢js are distinct, then y (Kc/.) > 1, and we know that {c;} is a sequence of distinct

negative critical values of E. If for some jj, there exists an i > 1 such that
C=Cjy = Cjo+1 = "+ = Cjo+is

from the main claim, we have
y([(%) >i+1,

which shows that K, has infinitely many distinct elements.
By Lemma 2.7, we know E) (1) = Eo (1) when E (1) < 0, and we see that there exist 2n
critical points of E; (1) with negative critical values. Therefore problem (1.1) has 21 weak

solutions with negative critical energy.

4 Proof of Theorem 1.2
We denote X7 = {u € X : u(tx) = u(x), 7 € O(N)} and LI}* ={uel? (RY): u(tx) = u(x),7 €
O(N)}. By the principle of symmetric criticality, we have

Lemma 4.1 ([15]) IfE; (u) = 0 in X}, then E; (u) = 0 in X*.

Lemma 4.2 If1<k<q<p<N,|T| =00, K(0) =0 and lim_..c K(x) =0, then E; in Xr
satisfies the (PS).-conditions for all ¢ € R.

Proof We only give a sketch of the proof because it is analogous to that of Lemma 2.6.
Let {u,} C X7 be a (PS). sequence of E;. An argument similar to the one used in proving
Lemma 2.5 shows that {u,} is bounded. Using Lemma 2.4, there exists a measure v such
that (2.3) holds. We claim that the concentration of v cannot occur at any x # 0. Assuming
thatx # 0is asingular point of v, we have v; = v(x;) > 0 and since v is T-invariant, v(txy) =
v >0 forall T € T. Since |T| = 00, the sum in (2.3) (see Lemma 2.4) is infinite, which is a
contradiction. On the other hand, by (2.11) and since K(0) = 0, we get vy = 0.

The next step in the proof is showing that the concentration of v cannot occur at infinity.

Since limy_, o K(x) = 0, we have

—>X0 p—oo

lim limsup / K(x)|unl? dx = 0.
|x|>R

By the same arguments as when proving (2.13), we have i = 0, then from (a3) (see
Lemma 2.6), we obtain vy = 0. Thus #,, — u in L’}* (RN), and the argument at the end

of the proof of Lemma 2.6 implies that u#,, — u in X7. g
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Since X7 is a separable Banach space (see [1]), there is a linearly independent sequence
{ej} such that

X7 = @X,,X] := span{e;}.
j=1

Denote Yy = P, Xj and Zx = P Xj.

Lemma 4.3 ([15]) Let E € C}(X7,R) be an even functional satisfying the (PS).-conditions
for every ¢ > 0. If for every k € N there exist pi > ri > 0 such that

(@) o 1= maXyey, juj=p, E(u) <0,

(b) Bk :=infuez,, juj=r, E(u) — 00, as k — oo,
then E has a sequence of critical values tending to oo.

Proof of Theorem 1.2 Obviously, E; is even and E;, € C*(X7,R). By Lemma 4.2, E; satisfies
the (PS). conditions for every c € R. Since Y is a finite-dimensional subspace of X7 for
each k € Nand K(x) > 0 a.e. in RV, this implies that there exists a constant &; > 0 such that
for all v € Yy with ||v|| = 1 we have

AN K@x)[v[?" dx > ex. (4.1)

On the other hand,

1 1
E,(u)= —/ |Vu|pdx+—/ |[Vul?dx
b JrN q JRN

A

1 «
——/ V(x)|u|"dx——f Kx)|ulf dx
k Jrn p* JrN

1 1 1 "
< —lull? + = llull? - —/ K@) ul? dx. (4.2)
p q p* Jry

Therefore, if u € Yi, u #0, and writing u = ;v with ||v|| = 1, from (4.1) and (4.2) we get

for large #. This proves (a) of Lemma 4.3.
Define

1
3

Be:=  sup ( /R NK(x)|u|P*dx)p. (4.3)

ueZy,ull=1

It is clear that 0 < Bi1 < Bk and Bx — PBo > 0. Then for every k > 1 there exists a uy € Z
such that ||u|| = 1 and

1
*

( / K@) url”” dx)” . o, (4.4)
RN 2

By the definition of Z;, we get 1 — 0 in Xr. Thus, there exists a v such that (2.3) holds.
Combining the arguments proving Lemma 4.2 and the fact that |T| = co, we see that a
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concentration of the measure v can only occur at 0 and co. Thus, #; — 0 in L?" ($2), where
Q={xeRN:r<|x| <R} for each 0 < r < R. Due to K(x) being continuous, K(0) = 0 and

limy oo K(x) = 0, for any € > 0, we can choose small r and large R such that

*l"‘

1
* P

(/ K ()|l dx)p < f, (/ K(x)|ul?” dx> < E.
(xRN |x|<r} 2 (x€RN:|x|>R) 2

Therefore, from K(x) € L*(RN), we have

(/ I((x)|uk|p*dx)p — 0,
RN

as k — oo. Hence, by (4.4), we get By = 0.

*I’—‘

If we take ||u|| = rx, by the definition of || - ||, either ||u||p1» or ||u| p1q is not less than r;/2.
Without loss of generality, we let ||| p1, > r%/2. Since V(x) > 0 and K(x) > 0 a.e. in RN
and A > 0, for u € Z, by Sobolev inequality and (4.3), we have

p*
B

p*
ull”".

1 rC
» k
E(u) = I;”””Dw — 7 Mellpnp =

On the other hand, there exists an R > 0 such that for all || «||p1, > R, we have

1
P k
%IIMIIDL,, =z~ Ml

1
)
P___)r*-r, since B — 0, we get rx — oo and

Hence, taking ||u|| = ry := (W

P*

1 B "
E () > —ul?, , — K |u|?
)»( )_Zp” ||Dl,p s« || ||

p*
z el - ’i el
1
= Wri—) oo, ask— oo.
p
This concludes the proof of Theorem 1.2. d
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