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Abstract

In this paper we mainly consider a free boundary problem for a single-species model
with stage structure in a radially symmetric setting. In our model, the individuals of a
new or invasive species are classified as belonging either to the immature or to the
mature cases. We firstly study the asymptotic behavior of the solution to the
corresponding initial problem, then obtain a spreading—vanishing dichotomy and
give sharp criteria governing spreading and vanishing for the free boundary problem.
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1 Introduction
Recently, Du and Lin [1] have proposed the new mathematical model

U — didy, = u(a — bu), t>0,0<x<h(t),
ux(tr 0) =0, M(t’h(t)) =0, t>0, (1)
W () = —puy(t, h(2)), t>0,

h(o) = hO) M(O;x) = l/lo(x), O<x< ho,

to describe the expanding of a new or invasive species u, where x = k(t) is the moving
boundary to be determined by Stefan-like condition /'(t) = —uu,(¢, h(2)), a, b, d, u and hg
are given positive constants, and u is a given nonnegative initial function.

Du and Lin [1] established various interesting results about the solution (x, /1) of (1).
One of very remarkable results is a spreading—vanishing dichotomy of the species, i.e., the
solution (u, k) of (1) satisfies one of the following properties:

(i) Spreading of the species: h(t) — oo, u(t,x) — a/b as t — oo;

(i) Vanishing of the species: h(t) - hoo < (7 /2)/dla, and u(t,x) — 0 as t — oco.
Another is that the spreading speed approaches to a positive constant if the spreading
occurs. On the other hand, they derived the criteria for spreading and vanishing. Later
on, Du and Guo [2, 3], studied a free boundary problem similar to (1) in higher dimension
space, Kaneko and Yamada [4] discussed (1) and the case of bistable nonlinearity with
u,(t,0) = 0 replaced by u(¢,0) = 0.

In problem (1), it is assumed that during the whole life histories the individual’s charac-
teristics are broadly similar to each other. In the real world, almost all animals have stage
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structure of the immature and mature cases. For many animals whose babies are raised
by their parents or are dependent on the nutrition from the eggs they stay in, the babies
are much weaker than the mature. It is important and practical to introduce the stage
structure into the model.

Stage-structured models have received much attention in recent years (see for example
[5-11] and the references therein). The pioneering work of Aiello and Freedman [5] (1990)
on a single-species growth model with stage structure represents a mathematically more
careful and biologically meaningful formulation approach.

The ODE version on a single-species growth model with stage structure takes the form

u=av—-au-Pu, t>0,

ve=Bu—-bv*—cv, t>0,

where u and v are the population densities of immature and mature, respectively, a, «, 8, b
are given positive constants, and ¢ is a nonnegative constant. In the immature stage, both
the birth rate and the death rate obey the Malthus rule, while in the mature stage, the birth
rate obeys the Malthus rule and the death rate logistic type.

In the present paper, we firstly consider diffusion in the above ODE model and discuss
the long time behavior of the solution to PDE model

U —di1Au=av-0u, t>0,xeR", 2
Ve—dyAv=Bu—-bv*—cv, t>0,xecR”,
with 6 > 8. This problem admits a positive steady state if and only if
ap > cb, (3)

in which case the positive constant steady state is uniquely given by (i, V), where

a’p — ach 1~/_aﬂ—c@
bo2: ' R

ﬁ:

Then, motivated by the work of [1-3] and [5-7, 9, 10], we investigate the diffusive stage-
structured model (2) with a free boundary, which reads as follows:

U —di1Au=av-=0u, t>0,0<r<h(),

Ve —da Av = Bu — bv* —cv, £>0,0<r<ht),

u,(t,0) = v,(¢£,0) = u(t, h(2)) = v(t, h(t)) = 0, t>0, (4)
W (t) = —pulu, (¢, h(2) + pv, (¢, h(2))], £>0,

h(0) = ho, u(0,7) = uo(r), v(0,7r) =vo(r), 0 =r<hy,

where Au = u,, + ”7_114,, AV =V + ”%lv, (r=|x|, x € R"), di, da, t, p and hy are given
positive constants, and the initial functions uy(r), vo(r) satisfy

1o, vo € C*([0, hol), uo(ho) = vo(ho) =0, uo(r) >0, vo(r) >0
in [0, o). (5)
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Ecologically, this problem (4) describes the spreading of a new or invasive species with
immature population density u(t, |x|) and mature population density v(z, |x|) over a radi-
ally symmetric setting, which exists initially in the ball r < &, disperses through random
diffusion over an expanding ball r < i(t), whose boundary r = Ah(¢) is the invading front,
and evolves according to the free boundary condition #'(t) = —p[u, (¢, h(£)) + pv,(¢, h(E))].

The well-known Stefan free boundary condition aries in many other applications. For
instance, it was used to describe the melting of ice in contact with water [12], the model-
ing of oxygen in the muscle [13], the wound healing [14], the tumor growth [15], and so
on. As far as population models are concerned, Wang and Zhao [16] used such a condi-
tion for a predator—prey system with double free boundaries in one dimension, in which
the prey lives in the whole space but the predator lives in a bounded area at the initial
state; in [17, 18], a Stefan condition was used for a competition system and a predator—
prey system in radially symmetric setting, respectively, in which one species lives in the
whole space but the other lives in a bounded area at the initial state. They established
the spreading—vanishing dichotomy, long time behavior of the solution and sharp criteria
for spreading and vanishing. For more biological discussion, we refer to [19-27] and the
references therein.

We now describe the main results of this paper as follows. Hereafter, (3) is always as-
sumed. First, it is proved that the positive constant steady state (i, V) of problem (2) is
globally asymptotically stable.

Theorem 1.1 Suppose that (ug,vo) € [Cp(R™))? and (u(t,x), v(t,x)) is the solution of the
problem (2) with

u(0,x) =up(x) =,#0,  v(0,%) =vo(x) =,#0, xR,
then

lim (u(t, x), (£, %)) = (1, V)

t—00
uniformly in any bounded subset of R”.

Then, we have the following existence and uniqueness result and a priori estimates for
the solution of the problem (4).

Theorem 1.2 For any given (uy, vo) satisfying (5) and any v € (0, 1), the problem (4) admits
a unique global solution (u,v,h) € C1*V/214(Q) x CA+V/21+v(Q) 5 C1+V/2([0, 00)) where

Q= {(t,r) t>0,0<r< h(t)},
such that the following inequalities hold:
O<u(t,r) <M,  O<v(t,r)<M;,  O0<Hh(t)<M, (6)

fort>0,0<r<h(t) with M1, My >0 depending on di1, d, a, 0, B, b, c and ||uo|| 0o Vol co-
Moreover,

||M||C(1+v)/2,1+v(g) + ||V||C(1+v)/2,1+\J(Q) + ”h”CI“’/Z([O,OO)) S C, (7)

where the constant C > 0 depends on v, the parameters in (4) and ||uo || c2((o,ny))» 1Voll c2((0,1))-
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Next, a spreading—vanishing dichotomy is given.

Theorem 1.3 Assume that (3) holds and (u,v, h) is the solution of (4), then there exists
R* > 0 such that the following alternative holds:
Either

(i) vanishing: hoo < R* and

Jim flaet )| o) = Hm 198 M conan = 0
or

(ii) spreading: hoo = 00, and
lim (u(t, r), v(t, r)) =(u, V)
t—>00
uniformly for r in any bounded set of [0, 00).

From /() > 0 for ¢ > 0 and Theorem 1.3, we easily see that /2y > R* implies /1, = o0.
Hence, we last only need to discuss the case &y < R*. Whether spreading or vanishing

occurs is dependent on (u, V) and coefficient p with the other parameters fixed.

Theorem 1.4 Suppose that hy < R*, then there exists u* > 0 depending on (ug, vo) and hy,
such that hoo < R* if ©n < p*, and hoo = 00 if > pu*.

The rest of this paper is organized in the following way. In Sect. 2, we firstly discuss
the problem (2). We study a problem corresponding to (2) with fixed boundary and then
prove Theorem 1.1. Sections 3, 4 and 5 are devoted to investigating the free boundary
problem (4). In Sect. 3, we show Theorem 1.2 and give a comparison principle. Section 4
is applied to the long time behavior of solution (, v) to the problem (4). From those results
we can also get the spreading—vanishing dichotomy (Theorem 1.3). In Sect. 5, the sharp
criteria for spreading and vanishing (Theorem 1.4) will be given. The last section is a brief

discussion.

2 Global stability
In this section, Theorem 1.1 will be proved. We firstly study the following initial-boundary

value problem:

U —di1Au=av-0u, t>0,x € Bg,

v, —dy Av = Bu — bv? —cv, t>0,x € Bg, ®
u(t,x) = v(t,x) = 0, t>0,x € 0B,

u(0,%) = uo(x), v(0,x) = vo(x), x € Bg,

where By, is a ball with center 0 and radius R, ug, vy are positive functions satisfying

ug, vo € C2(Bg), uy=1v9=0 on dBpg. 9)
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In the sequel, we will use some characteristics of the principal eigenvalue 1 (d, R) of the
problem

—dA¢p = AP, «x € By,
¢ =0, x € 0Bg,

where d > 0 is a constant. It is well known that 1, (d, R) is a strictly decreasing continuous
function in R and satisfies

Rlig)l+ A (d,R) = +00, Rl_i)r{loo)q(d, R)=0.
Therefore, for fixed d > 0 and any given L € (0, 00), there is a unique R (d) such that
M(d,Ry(d)) =L
and
A(d,R) <L for R > R;(d); A(d,R)>L for R < R;(d).
We use a squeezing method as in [28] to prove the following theorem.

Theorem 2.1 If(3) holds, then there exists R* > 0 such that the problem

—di1Au = Aav - 0u), x € Bpg,
—dy Av=ABu—bv? —cv), x¢eByg, (10)
u=v=0, x € 0Bg,

has a unique positive solution (u,,v,) for every R > R* and A > 1; moreover,
(up,v) — (@, V) (11)
uniformly on any compact subset of B as A —> 00.

Proof Step 1 Existence The existence follows from a upper and lower solutions argument.
Clearly, (&, V) is an upper solution. Let (i, v) = (81¢, 82¢0), where ¢ satisfying [|¢|lo = 1 is
a positive eigenfunction corresponding to A1(d1, R), and A1(d1, R), &1, 8 are positive con-
stants to be determined later. By direct calculations, we have

—d1Au=(d,R)u
=av—0u+ [(Ai(d1,R) + 0)81 — ad,]¢,
—dy Ay = DAARy

= Bu—by? - cv + (LGRS, 4+ c5, + bs2g - Bo1)¢.

Take R* such that

—[d29 + dlc] + \/[d29 + d1C]2 + 4:(11612[61/3 - c9]

2, (12)

M (di, RY) =
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For every R > R*, the following inequality holds:

_ 244 _
A(dy,R) < [d26 +dic] + \/[d292+dd1€] +4dds[ap C@].
2

Hence

ﬂﬁ dz
P B, (d,R)—c>0.
@R o a B>

Take
s 8 d
81= ﬁ(m(df,le)w + d_i)\l(dl’R) +C+bdy), (13)
_ 1 B d:
3 = E(m - d_i)‘-l(dl,R) -0,

where L > 2 is any constant. Then we can obtain §; < i, §, <V and

dar1(d1,R)

(AM(dy,R) +6)81 —ad, <0,
dy

8y + ¢Sy + b2 — B8y < 0.
Therefore, (u, v) satisfies u < i, v < ¥ and

—d1Au <av-0u, x € By,
—dyAv < Bu—bv*—cv, x€ By,

u=v=0, x € 0Bp.

It follows from A;(d1, R)u < av — Ou that av — Ou < A(av — Ou) for A > 1. Similarly, Bu —
bv? —cv < A(Bu — bv? —cv) for A > 1. Thus

—di1Au < Aay - Ou), x € By,
—dyAv < MBu - bv* —cv), x€Bg,

u=v=0, x € 0Bp.

So, (u,v) is a lower solution. Thus, the problem (10) has at least one positive solution.
Step 2 Uniqueness Now we verify the uniqueness of positive solution to (10). Fix R > R*
and suppose that (10) has two positive solutions (i, v;) and (uy,v3). Then (u;, v;) satisfies

—di1Au; + MOu; = hav; >0, x € Bg,

—dy Av; + AMbv; + ¢)v; = AMBu; >0, x € Bg,

u;=v;=0, x € 0Bg.
With the help of the maximum principle and the Hopf boundary lemma for elliptic equa-
tions, we can see that #; >0, v; >01in Bg and 9,4; <0, 3,v; < 0, i = 1,2 on dBg. Hence there

exists M > 1 such that

(M uy, M7 vy) < (i, vi) < (Muy,Mvy)  in By fori=1,2.
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It is easily seen that (Mu;, Mv1) is a upper solution of (10) and (M~u;, M~1v;) is a lower
solution. As a result, there exist a minimal and a maximal solution to (10) in the order
interval [M~Yu;, Mu,] x [M~1vy, Mv;] which is denoted by (i, v,) and (u*, v*), respectively.
Thus (14, vi) < (u;,v;) < (u*,v*),fori = 1,2. Hence it suffices to show that (z,, v,) = (uz*, v*).

To achieve this goal, let us define
Oy = inf{o eR:u* <ou,v'< av*}.

Clearly o, > 1 and u* < o,u,, v* < 0, V.. We next prove o, = 1, which will therefore yield
(44, Vi) = (4™, v*). Suppose for contradiction that o, > 1. Then, for

W= Oylty — U", Z:i= Oy Vs — V',
it is easy to check that w,z > 0, 0, and (w, z) satisfies

—d1Aw + A0w = haz > 0,# 0, x € Bp,
—dyAz+Acz+bviz>ABw>0,#£0, x¢€ Bg,

and w = z = 0 on dBg. Hence, we can use the strong maximum principle and the Hopf
boundary lemma for elliptic equations to deduce that w,z > 0 in Bg, and 9,w,d,z < 0 on
dBg. It follows that w > eu* and z > ev* for some ¢ > 0 small, and hence u* < (1+¢) Lo, 1,
v* < (1 +¢) lo,vs, which contradict the definition of o,. Consequently, we must have o, =
1, and the uniqueness conclusion is proved.

Step 3 Asymptotic behavior In what follows, let us denote by (u;, v;) the unique positive
solution of (10) for A > 1. We then want to show (11).

Given any compact subset K of Bg and any small ¢ > 0 such that & < min{ %ft, v}. Observe
that (#., ve) = (4 + §&,V + €) is a upper solution of (10) for every A > 0. On the other hand,
we choose a small neighborhood U of 3Bg in Bg such that U N K = @ and (8;¢(x), $29(x)) <

(1 — §e&,v —¢) for x € U. Define

(510(x),820(x)), x€U,
(s (), v, (%)) =  (We(¥),2:(x)),  x€Br\ (UUK),

a

98,17—8), x €K,

(-

where 81, 8, is defined as in (13), ¢ is a positive eigenfunction corresponding to A1(d1, R)
with [|¢[lec = 1, we(x), z: (x) are smooth positive functions with (w,(x), z:(x)) < (& - G&, v~
¢) in Bg \ (U UK) such that u,, v, are smooth functions in By and satisfy

b2 (x) + cz(x) < Bw(x) < ?z(x).
‘We can obtain

—d\Au, < May, - 0u,), x € Bg,
—dyAv, < MBu, —bv? —cv,), x€Bg,

u,=v, =0, x € 0Bg,

£ —&
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for all large A. Since (u,,v,) < (i, V.), we deduce that (u,,v,) < (4,,v,) < (i, V,) in By for

all large A. In particular,

. a _ <( )< . a _
u——-8&v—-=£\)<\U,v <|\u+-—-&v+é¢&
) o 9

on K for all large A. This shows that (u;,v,) — (&%,v) as A — oo uniformly on K, as

required. The proof is complete. O

Theorem 2.2 Assume that (uo, vo) satisfies (9) and R > R*. If (u,v) is the solution of (8),
then

lim (u(t,x),v(t,x)) = (u*(x),v*(x)) uniformly in B,

t—0o0

where (u*(x), v*(x)) is the unique positive solution of (10) with A = 1.

Proof Since R > R*, (10) has a unique positive solution (z*(x), v*(x)). With the help of the
maximum principle and the Hopf boundary lemma for elliptic equations, we can find
M > 1 such that

(10, v0) < (MM*,MV*)-

It is easy to verify that (Mu*, Mv*) is an upper solution of (10) when A = 1. One can still
use the same analysis as in proof of Theorem 8 to deduce that (8;¢, 5,¢) is a lower solution
of the problem (10), where ¢ is the positive eigenfunction corresponding to 11 (d, R) with
l¢llo = 1 and &1, &, is defined as in (13), choosing &1, §; sufficiently small (i.e. L sufficiently
large) such that (8;¢(x), 82¢(x)) < (uo(x),vo(x)) for x € By if necessary. We consider the

following two auxiliary problems:

U —di1Aii =av-0u, t>0,x € Bg,
U, —dy AV = Bt — bV* — b, t>0,x € Bg,
u(t,x) = v(t,x) = 0, t>0,x € 9By,

1(0,x) = Mu*(x), 9(0,x) = Mv*(x), x € Bg,

and
u,—diAu=ay-0u, t>0,x € Bpg,
v, —dy Ay = Bu—bv* —cv, t>0,x € Bp,
u(t,x) = v(t,x) = 0, £>0,x € dBg,
u(0,x) =819(x),  v(0,%) =8¢(x), «x € Bp.

We easily see that

(u(t, %), v(t,%)) < (u(t, %), v(t, %)) < (a(t, %), V(t, %)) (14)
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due to the comparison principle. From the theory of monotone dynamical systems (see
[29, Corollary 3.6]), we see that (u(t, x), v(¢, x)) is increasing while (i4(t, x), V(¢, x)) is decreas-
ing in ¢, and

lim (u(t,2), vt %)) = (" (0), " (), lim (i(t,x), 9(t, %) = (" (x), 7" () (15)
uniformly in Bg, where («*,v*) and (i*, 7*) satisfy (10) with A = 1 and
(810, 620) < (u,v*) < (", V7).

So (u*,v*) = (u*,v*) = (u*,v*), since the positive solution of (10) is unique. Due to (14) and
(15), we have lim,_, o, (u(t, %), v(t, %)) = (*(x), v*(x)) uniformly in Bg. O

Proof of Theorem 1.1 First we recall that the comparison principle gives (u(z,x), v(¢, %)) <
(u(2), v(t)) for £ > 0, x € R", where (u(t), v(¢£)) is the solution of the problem

u; =av-=0u, t>0,
v, = B — bv? - cv, t>0, (16)
1(0) = |0l 00> v(0) = [[volloo-

Similarly to the proof of Theorem 2.1 in [30], we see that the positive constant steady state
(1, v) of (16) is globally asymptotically stable. So lim;_,  (#(¢), ¥(¢)) = (&, V), moreover,

lim sup u(t, x) < i, limsupv(t,x) <v uniformly for x € R".
t—00 t—00

Next, we show
liminf u(t,x) > i, liminfv(¢,x) > v
t—00 t—00

locally uniformly for x € R”.

Let (ugr(,x),vr(t,x)) be the unique solution of (8) with any R > R*. It follows from
comparison principle that (ug(¢,x), ve(t, %)) < (u(t, %), v(t,x)) for any R. By using of The-
orem 2.2, we easily see that (uz(t, %), ve(t, %)) = (u3(x), vx(x)) as t — oo uniformly in Bg,
where (u3(r), v (r)) is the unique positive solution of (8) with A = 1. It follows that

litrn infu(t,x) > up(x), litminf v(t, x) > vi(x) (17)

uniformly in Bg. Let

(002600 = (8 (57 ) 4 (57 )

then (wr(y), zr()) satisfies

—d1 Aywp = (%)2(6121% —6wg), y € Bogs,
~dy Ayzg = (5 )*(Bwr — bz — czr), ¥ € Boge,

w=z=0, y € 0Bopx.
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Using Theorem 2.1, we easily see that (wg(y), zr(¥)) — (&, V) as R — oo uniformly in any
compact subset of Byg«. Therefore (u}(x), vi(x)) — (&1, V) as R — oo uniformly in any com-
pact subset of R” and then

litm infu(t,x) > u, litm infv(t,x) >v
locally uniformly for x € R”, due to (17). This completes the proof of the desired result. [J

3 Existence and uniqueness
For the existence and uniqueness of local solution, in previous work, for example in the
references [17, 18, 24], the embedding theorem

||u||C(1+v)/2,1+v(QT) < C||u|| wl2(Qr) p>n+ 2,

was used, where Q7 = {(£,x)|0 <t < T,x € Q}, Q is a bounded domain of R”. This is not
appropriate because the embedding constant C = C(T!) depends on T~! and C(T!) —
oo as T — 0. For example, for the function u = 1, |[ull caziiv g,y = 1 and [ullyi2q) =
|QIY?T'YP — 0 as T — 0. Very recently, Wang has overcome this loophole and given a
strict proof in [31]. So the existence and uniqueness of local solution can be obtained
from the proof of Theorem 1.1 in [31], and the local solution can be extended to Q by
Theorem 2.4 in [17], we omit the details. Therefore, we will only show the inequalities (6)

and (7). Then some comparison results for (4) are given.

Theorem 3.1 Let (u, v, h) be a solution to the problem (4) defined for t € (0,00). Then there
exist constants My and M, such that

0<u(t,r) <M, 0<v(t,r) <M, 0<H(t) <M,
forallt>0and 0 <r <h(t).

Proof Using the strong maximum principle, we are easy to see that # > 0 in (0,00) X
[0,/(2)) and v > 0 in (0,00) x [0, /(t)) as long as the solution exists. It follows from the
comparison principle that (u(t,r), v(t,r)) < (u(t),v(¢)) for £ > 0 and r € [0, h(t)], where
(z(2), v(t)) solves the initial value problem (16). Let U(¢) = u(t) + v(¢), then U satisfies

U(0) = lluollos + lIvolloo and

U, =av-(0-Bu—-bv —cv

a+9—ﬁ—c)2+(a+9—,3—c)2

= —(9—ﬁ)(ﬁ+1‘/)—b<v— b "y
(@a+6-B-c)?

<-0-BU+ b

By using of the comparison principle again, we have

_ _ 2
() + (0) = U(E) < My = max{nuouoo + Volloo M}

4b(6 - B)
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Thus
u(t,r) < My, v(t,r) < M.

By straightening the free boundaries with s = %, we can obtain a fixed boundary
problem. Then the strong maximum principle yields the inequalities u,(t, 4(£)) < 0 and
v,(t, h(t)) < 0, and therefore /'(£) > 0 in (0, 00). It remains to show that /' (¢) < M, for some
positive constant M,. To this end, let M be a positive constant, define

Qu = {(t,r) :0<t<o0,h(t)-1/M<r< h(t)}
and construct an auxiliary function

w(t, r) = My [2M (h(2) — r) - M (h(e) - 7)?].

We will choose M so that (w(t, r), w(t, 7)) > (u(t, r), v(t, 7)) holds over Q.
Direct calculations show that, for (¢,7) € Qu,

we = 2M MK ())[1 - M(h(2) - r)] = 0,

—w, = 2M M[1 - M(h(t) -r)] =0,
n-1 )
AW =-w,, — Tw, > 2M{M?,

av—0u < aM;, ﬁu—bv2—cv§ﬂM1.
It follows that

wy —di Aw > 2d; MiM? > av —Ou, (t,7) € Qup,
Wy —do Aw > 2do MiM? > Bu —bv? —cv, (t,r) € Qu,

if M? > max {57, 2‘%2}. On the other hand,

w(t,h(t) - M) = My > max{u(t, h(t) - M), v(6, h(t) - M)},
w(t, h(t)) = 0= u(t, h(t)) = v(t, h(t)).

Note that

ho
uo(r) = —/ uy(s) ds < (hg — r)||u£, ”C([O,ho]) in [ho —M‘l,ho],
w(0,r) = M, [2M(ho —7) —Mz(ho - T‘)Z] > MiM(hg—r) in [h() —M_l,ho],
we know that if MM > |lug || c(o,n.]), then

uo(r) < (ho—r) H ”é)HC([o,ho]) <w(0,r) in [ho —M’l,ho].
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Similarly, if MM; > |[vgllc(o,n)) then

vo(r) < (ho —7)| <w(0,r) in[ho—M", ho).

| o H C([0,19])

Let

M=maxl [2 i, ||u(,)||C([0,ho]), Vollcuono |
2d1 2d2 M1 Ml

Applying the maximum principle to w — u and w — v over Q2 we can deduce that
u(t,r),v(t,r) < w(t,r) for (¢,r) € Qu. Thanks to w(t, h(t)) = 0 = u(t, k() = v(t, h(2)), it
would then follow that

W (t) = —ufu, (8, h(0) + pv, (8, h(0)] < —pu[w, (6 1(®)) + pw,(t, h(2))]
<2u(l+ p)MM := M,.

The proof is complete. O

Theorem 3.2 If (u,v,h) is a solution to problem (4) defined for t € (0,00), then, for any
v € (0,1), the estimate (7) holds, i.e.

lull carmimgy + IVl carmmimgy + ||h||C1+u/2([0m)) <dC,
where
Q= {(t,r) t>0,0<r< h(t)},
the constant C > 0 depends on v, the parameters in (4) and ||uo || c2 (o101 1Voll c2((0,10))-

Proof We first consider the case /1 < 00. Define

s= %, (w(t,5),2(t,5)) = (u(t, 1), v(t,1)).

Hence w(t, s) satisfies

2 /
wt—;g—?gAsw—%wS:az—Gw, t>0,0 <s<h,
Ws(tx 0) = W(ty hO) =0, t>0,

W(O,S) = MO(S), 0 <s=< h0~

This is an initial-boundary value problem over a fixed ball {s < /}. Since hy < h(t) < hyo <

00, the differential operator is uniformly parabolic. It follows from Theorem 3.1 that

H(t)s

h(t) o

laz - 6wl < (a+0)M, ‘

[ee]
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Therefore, we can apply the standard L? theory and the Sobolev embedding theorem ([32,
33]) to obtain, for any v € (0,1),

” W” C“*”)/Z'”"([oa] x[0,0]) S Cl'

Furthermore, by virtue of a similar analysis to Proposition A.1 of [16] we can conclude
that

”W”C(l*")/m*"([l,oo)x[O,hg]) < Cy,
where C; and C, are constants depending on v, kg, h, M1, My and ||ug || c1+v(jo 7). Thus
”W”C(H”)/Z'IJ'“([O,OO)X[O,ho]) < maX{Cl, C2}

Similarly, we may obtain

”Z” CA+v)/2,14v([0,00) x [0,19]) < CS;

where Cs is a positive constant depending on v, ho, he, M1, Mz and [[vo [l c1+v (o))
It follows that there exists a constant C depending on v, kg, /100, M1, Ma, |lttoll crev (o))

and ”V()”Cl*"([(),ho]) such that
||M||C(1+v)/2,1+v(9) + ||V||C(1+v)/2,1+v(9) + ||h||C1+”/2([0,oo)) < C.

When /i = 00, similarly to the arguments in Theorem 2.2 of [34] we can obtain (7). So
we omit the details.
The proof is complete. d

We now present some comparison principles which will be used in the following sec-
tions to estimate the solution (u(¢,7), v(¢,r)) and the free boundary r = h(t) of (4).

Theorem 3.3 (The comparison principle) Assume that T € (0,00), u,v € C(Dr) N
CY2(Dy) with Dy = {(t,r) e R*: t € (0, T, € [0, h(t)]}, and (i1, ¥, h) satisfies

iy —d1 At > av -0, 0<t<T,0<r<ht),
Ve — dy AV > Bii — bV? — ¢, 0<t<T,0<r<ht),
u,(t,0) = v,(¢,0) = 0, 0<t<T,

u(t, h(2)) = v, h(t)) = 0, 0<t<T,

W (£) = =l (&, h(2)) + p(t, h(2))], 0<t<T,

h0)>ho,  #(0,r) > uo(r),  W0,r)=wo(r), 0=r<h.

Let (u,v, h) be the unique positive solution of (4). Then h(t) < h(t) in (0, T] and

u(t,r) < ult,r), v(t,r) <W(t,r) for(t,r) € (0,T] x [O,h(t)). (18)
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Proof First assume that 4y < 1(0). We claim that A(¢) < h(¢) for all £ € (0, T). Clearly, this
is true for small ¢ > 0. If our claim does not hold, then we can find a first T < T such that
h(¢t) < h(t) for all ¢ € (0,7) and /(z) = h(z). It follows that

W(r) =W (7). (19)
We now show that

u(t,r) < ult,r), v(t,r) <v(t,r) for (t,r) € [0,7] x [0,00).

LetU =u—-u, V=v—-v,weobtain

U,-diAU>aV -0U, 0<t<t,0<r<ht),
Vi—doAV > BU—- (b +v)+c)V, 0<t<t,0<r<h(t),
Uu.(t,0) = V,(¢,0) =0, O<t<rt,

U(t, h(t)) = 0, V(t,h(t) >0, 0<t<rt,

u,r) >0, u,r) >0, 0<r<hy.

The strong maximum principle yields U(t,r) >0 and V (¢, r) > 0 for (¢,7) € (0, 7] x [0, 4(t)).
It follows from the Hopf boundary lemma that U, (7, 4(t)) < 0 and V,(z, k(7)) <0, i.e.

(7, h(1)) <ur(t,h(7)), V(T h(1)) < ve(1, h(2)).

We then deduce that /'(r) < /(). But this contradicts (19). This proves our claim that
h(¢) < h(t) for all ¢ € (0, T]. We may now apply the above procedure over [0, 7] x [0, /(t))
to conclude (18). Moreover, (&, v) < (i, V) for t € (0, T] and r € [0, h(t)).

If 1(0) = hy, we use approximation. For small & > 0, let (u?,v*,/h?) denote the unique
solution of (4) with % replaced by /(1 — ¢). Since the unique solution of (4) depends
continuously on the parameters in (4), as ¢ — 0, (u°,v*,h°) converges to (u,v,h), the
unique solution of (4). The desired result then follows by letting ¢ — 0 in the inequali-

ties (uf,%) < (&, ) and K¢ < h. O

Remark 3.1 The pair (it, 7, 1) in Theorem 3.3 is called an upper solution of the problem
(4). We can define a lower solution by reversing all the inequalities in the above places.

Moreover, one can easily prove an analog of Theorem 3.3 for lower solutions.

We next fix ug, vo, d1, da, a, 6, B, b, c and ki to examine the dependence of the solution
on . The solution is denoted as (u",v*, h") to emphasize this dependence. As a conse-

quence of Theorem 3.3, we have the following result.

Corollary 3.1 For fixed ug, vo, d1, da, a, 0, B, b, c and hy. If 11 < o, then h*1(t) < h*2(t)
in (0,00) and

fort e (0,00), r €[0,h"1(8)].
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4 Spreading and vanishing

In this section, we will prove Theorem 1.3. Precisely, we can deduce Theorem 1.3 directly
from the following three theorems. To discuss the asymptotic behavior of u and v for the
vanishing case (s < 00), we first give the following proposition.

Proposition 4.1 Let D, n, o and sy be positive constants and C be any real number. Sup-

pose
Wy € Cz([O, So]), Woy(O) = Wo(S()) =0, Wo(r) >0 in (O, So).

Assume that s(t) € C™*%([0,00)), s(t) > 0 for 0 < t < 00, liMy_0es(f) = 500 < 0O,
lim;_, o §'(¢) = 0; and that w € C“TU'“"([O, 00) x [0,5(t)]), w(t,r) >0 for 0 <t < 0o and
0 <r<s(t), |wit, Moy <M for any t > 1 and some M > 0. If (w, r) satisfies

w; — DAw > Cw, t>0,0<r<s(t),
wy(£,0) = w(t,s(t)) =0, £>0,

s'(t) > -nw,, t>0,r=s(z),
w(0,7) = wo(r), 0 <r<s0=5(0),

then lim;_, o MaXg<x<,(z) W(t, %) = 0.
Proof The proofisidentical to that of Proposition 3.1 in [23], so we leave out the details. (]
Theorem 4.1 Assume that (u,v,s) is the solution of problem (2). If hoo < 00, then

}ggo lu, )| cone) ~ };Iglo vz, ]| conen = O (20)
Proof By the estimate of (7) we know that ||h’||C% (Lo} < C. Combining this with /'(t) > 0
and /i, < oo implies /'(£) — 0 as t — oo.

From the proof of Theorem 3.1 we can find that u,v > 0 for t > 0, 0 < r < h(f) and

u, (¢, h(t)) <0, v,.(t, h(t)) < 0. Thus it follows that

u; —di1Au > —6u, t>0,0<r<h(t),
u,(t,0) = u(t, h(t)) = 0, t>0,
W (t) = —pu,(t, h(1)), t>0,

h(o) = hOJ M(Or I") = Mo(l"), 0 <r= hO;
By virtue of (5), (7) and Proposition 4.1 it is derived that

lim max u(t,x)=0.
t—=00 0<x<s(t)
In the same way we immediately get lim,_, o, maXo<y<s() v(¢,%) = 0.
This proof is completed. O

The result of Theorem 4.1 shows that if the new or invasive species cannot spread into
the whole space, then it will die out eventually. In the following theorem, we will give a

necessary condition for vanishing.
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Theorem 4.2 Let (u,v,h) be any solution of (4). If hs < 00, then hoy < R*, where R* is
defined as in (12).

Proof Theorem 3.1 implies that, if /1., < 00, then (20) holds. We assume /1, > R* to get a
contradiction. It is easy to see that there exists T 3> 1 such that R* < i(t) := R. Let (w, z) be

the positive solution of the following initial-boundary value problem with fixed boundary:

Wy —diAw =az - 0w, t>1,0<r<R,
z; —dy Az = Bw — bz? - cz, t>7,0<7<R,
w,(£,0) = z.(£,0) = w(t,R) = z(t,R) =0, t>T,

w(t,r) = u(z,r), z(t,r) =v(t,71), 0<r<R
By the comparison principle,
(w(t,r),z(t, 1)) < (u(t,r),v(8,7)), VE=T,0<r=<R
Since R > R* and Theorem 2.2, one can easily see that (w(t,r),z(t,r)) = (ug(r),vi(r)) as

t — oo uniformly in [0, R], where (u}(r), v (r)) is the unique positive solution of (10) with
X = 1. Therefore,

litm infu(t,r) > ug(r), litminfv(t, r) > vi(r) forrelO,R].
This is a contradiction to Eq. (20). Therefore, /., < R*. a

Theorem 4.3 If h., = 0o, then
lim (u(t, r), v(t, r)) = (i,7)
t—00
uniformly in any bounded subset of [0, 00).

Proof First, we consider the ODE problem (16). By the comparison principle, we can eas-
ily see that (u(z,7),v(¢, 7)) < (u(t),v(¢)) for t > 0 and r € [0, i(¢)]. Similarly to the proof of
Theorem 2.1 in [30], we see that the positive constant steady state (i, V) of (16) is globally

asymptotically stable. So lim,_, o, ((£), ¥(£)) = (&, V), moreover,

limsupu(t,r) < u, limsupv(t,r) <v uniformly for r € [0, 00).
t—00 t—00

Next, we show
liminfu(t,r) > i, liminfv(t,r) > v
t—>00 t—o00

locally uniformly for r € [0, 00). For any R > max{/, R*}, there exists ¢z > 0 such that /(¢z) =

R. By use of the comparison principle we have (u(z, r), v(¢, 7)) = (u(t, 7), V(£ 7)) in (£, 00) X
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(0, R), where (ug(Z, ), vx(¢, 1)) is the solution of the following problem with fixed boundary:

(Up): —di1Aug = avy — Ouy, t>1tg,0<r<R,
(VR)e — d2 Avp = Buy — bvs — cvy, t>t,0<r<R,
(ug)r(2,0) = (vR),(£,0) = 0, t> g,
ug(t,R) = vp(t,R) =, £> te,

up(tr,7) = u(tr,7), Veltr,7) =v(tg,r), O0=<r=<R.

By virtue of R > R* and Theorem 2.2, we easily see that (u(t, 1), vi(t, 7)) = (up(r), vi(r)) as
t — oo uniformly in [0, R], where (u}(r), v (r)) is the unique positive solution of (10) with
A = 1. It follows that

limtinf u(t,r) = ux(r), lim inf v(t,7) > vi(r) (21)
— 00

t—>00

uniformly in compact subsets of [0, R). Similarly to the process of the last half proof of
Theorem 1.1, we see that (1 (r), vi(r)) = (&, V) as R — oo uniformly in any compact subset
of [0, 00) and then

liminfu(t,r) > u, liminfv(t,r) > v
t—00 t—00

locally uniformly for r € [0, 00), due to (21). This completes the proof of the desired re-
sult. O

Combining Theorems 4.1, 4.2 and 4.3, we have Theorem 1.3.

5 The criteria governing spreading and vanishing
Now we decide exactly when each of the two alternative occurs. The discussion will be

divided into two cases:
(@) ho>R, (b) hg < R*.

For the case (a), due to #'(¢) > 0 for ¢ > 0, we must have /., > R*. Hence Theorem 4.2
implies that if 1y > R*, then sy, = 00.

Next we discuss the case (b).

Theorem 5.1 Ifhy < R*, then there exists 1° > 0 depending on (ug, vo) such that h, = o0 if
w =l

Proof This proofis similar to [24, Lemma 3.6]. We give the details below for completeness.

We see from (6) that there exists a constant §* > 0 such that the solution (i, v, %) of

problem (4) satisfies

av—0u > -8*u, ﬂu—bvz—cvz—é*v
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for all (t,r) € Q2. We next consider the auxiliary free boundary problem

wy —diAw = =8*w, t>0,0<r<g(s),

zs —dy Az = 8%z, t>0,0<r<g(t),

z.(t,0) = w,(£,0) = z(t,g(2)) = w(t,g(t)) = 0, £>0, (22)
g'(t) = —p(wr + pz,), t>0,r=g(t),

£(0) = hy, 2(0,7) = uo(r), w(0,7) = vo(r), 0=<r<hy.

Arguing as in proving the existence and uniqueness of the solution to (4), one will easily
see that (22) also admits a unique solution (w, z, g) which is well defined for all £ > 0. More-
over, due to the Hopf boundary lemma, g’(¢) > 0 for ¢ > 0. To stress the dependence of the
solutions on the parameter y, in the sequel, we always write (u*, v, i*) and (w", 2", g")
instead of (&, v, h) and (w,z,g). By Lemma 11, we have

ut(t,r) > wh'(t, x), V(L r) > Z2(¢, 1), h*(t) = g"(¥),

Vt>0,r€[0,g"(0)]. (23)
In what follows, we are going to prove that, for all large u,
g"(2) = 2R". (24)

To the end, we first choose a smooth function g(t) with <g(O) = hy/2, g (t) >0 and 5(2) =
2R*. We then consider the following initial-boundary value problem:

w, —di1Aw=-8*w, t>0,0<r<<g(t),

z,—dyAz=-58%z, t>0,0<r<g(t),

w,(t,0) = z,(£,0) =0, t>0, (25)
w(t,g(9) =z(t,g(¥)) = 0, t>0,

w(0,7) = w,(r), 2(0,r) =zy(r), 0=<r=<hy/2.

Here, for the smooth initial value (w,, z,), we require

Wy <uo on[0,h/2], (W) (0) = wy(ho/2) = 0, (wo)r(ho/2) <0,

2y <vp on [0¢ hO/Z]: (Zo)r(o) = go(hO/Q') =0, (Zo)r(ho/z) <O0.

(26)

The standard theory for parabolic equations ensures that (25) has a unique positive so-
lution (w,2), and w,(¢,g(¢)) < 0, 2,(¢,g(t)) < 0 for all £ € [0,2] due to the Hopf boundary
lemma. According to our choice of g?t) and (w,,z,), there is a constant 1% > 0 such that,
for all > u®, -

g < —u[wr(t,g(t)) + pgr(t,g(t))], 0<t<2. (27)

On the other hand, for system (25), we can establish the comparison principle analogous
with lower solution to Theorem 3.3 by the same argument. Thus, note that g(0) = /0/2 < ho,

Page 18 of 23
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it follows from (25), (26) and (27) that
wh(t,r) = w(t,r), 2 (t,r) > z(¢t, 1), gt =g@), vtel0,2],re [O,g(t)].

This particularly implies g#(2) > 5(2) = 2R*, and so (24) holds. Hence, in view of (23) and
(24), we find

Noo = tlim h*(t) > h*(2) > 2R*.
This, together with Theorem 4.2, yields the desired result. O

Theorem 5.2 If hy < R*, then there exists (o > 0 depending on (ug, vo) such that he, < 00 if
n = Mo-

Proof We are going to construct a suitable supper solution to (4) and then apply Theo-
rem 3.3.
Inspired by [2], for ¢ > 0 and 7 € [0, 5(¢)], we define

n(t)=ho(1+8—%e”>, ﬁ(t,r)=1<1eyt¢(%)’ ”t")zlﬁew"’(%)’

where 8, y, K7 and Kj are positive constants to be chosen later and ¢(|x|) is the first eigen-
function of the problem

—d1Ap = Ai(d1, ho)p, x € By,
$=0, x€dBy,,

with ¢ >01in B, and ||¢|« = 1. Since &y < R*, we have

S —[dz@ + dlc] + \/[dze + d1C]2 + 4d1d2 [(lﬁ - C@]

A (dy, ho) °d
2

(28)

We also observe that ¢'(0) = 0 and
—(r"¢) =" ai(di ho)g >0, YO<r<ho.
It follows that
¢'(r) <0, VYO0<r<hy.
Set o (t) = n(t)/ho, then n(£) = hoo (¢). Direct computations yield

U —di1Aii—av+0u
K.
_ 1<1e-V’[—y¢ —ro 20’ + (—d1A¢(1>> _8Ry eqs]
o Kl

K-
> K1e_yt|:—)’¢ +0 2 (dy, ho)p — %(f’ + 9¢:|
1
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> Kle_ytqb |:—)/ + 0'_2)\1(611, ho) -——+0
Ve —doy AV — Bt + bV + cv
- 1<2th[—;/¢> —ro20'¢ + (-dquﬁ(l)) - %qﬁ +bKye Vit + c¢i|
o 2

d K;
dl;xl(dl,ho)qs - %¢ +bKye™"'¢? + c¢]

do M(di,ho)  BKG _
B rdn%0) PR pe g+ cl.
dl (1 + 8)2 1(2 * 2¢ ¢ e

> Kze_yt[ﬂ/(ﬁ +
> Ke g [—y +

We easily see that
ho(1 +8/2) < n(t) < ho(1 +9), 1+68/2<o0(t)<1+3.

Hence, due to (28), we can choose y,§ > 0 sufficiently small such that

M(d1, ho) 1
ﬁ > 2—012{—[012(9 —y)+dilc-y)]

+ [0 - ) + di(c- )] + ddsda[af - (e - )0 - )]}

Then

dyr1(dy, ho) B ap
d1(1+5)2 9—)/+(1+5)72)»1(d1,h0)

+c—y>0.

Let % satisfy

K; 1 (dyri(di,h
a < 1<_( Hhi(dy 0)+c—y> (29)

O—y+(1+8)2(dho) ~ Ko~ B\ di(1+6)?

It can be derived that

iy —diAii—av+0u>0, t>0,re [O,n(t)],

Ve —dy AV = B+ bV +cv >0, £>0,r€[0,n()].

We now choose Kj, K, > 0 satisfying (29) and sufficiently large such that

Mo(’”)§1<1¢<1+8/2

vo(r) < 1(2(])( ) =90,r), rel0,h].

r
1+48/2

The direct calculation yields

1
n'(6) = Shoyde™,
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—u[r(&:0(6)) + v (£0(8)) ] = (K1 + p](z)e_yt%

¢ holer(ho)l
< uw(K; + pky)e v ———,
< u(Ky + pKy)e 13572
Therefore, if we take

~ hoyd(1+38/2)
- 2(Kq + pKo) (o)l

Mo

then, for any 0 < < o, we have 1/ (¢) > —ulit,(t, n(t)) + pv,(¢, n(£))]. Thus, (&, v, n) satisfies

iy —di1 A > av - 0u, t>0,0<r<n(t),
U, —dy AV > Bit — bV? — ¢V, t>0,0<r<nt),
u,(t,0) = v,(£,0) = 0, t>0,

u(t,n(t)) = v(t, n(t)) =0, t>0,

n'(€) = —plu, (&, n(8) + pvr(E, ()], t>0,

u(0,r) > uo(r), V(0,7) > vo(r), 0 <r < h,

n(0) = ho(1 + 8/2).

We can apply Theorem 3.3 to conclude that i(£) < n(t), u(t,r) < u(t,r) and v(t,r) < v(¢,7)
for (t,r) € Q. Therefore, hoo < lim;_ o n(t) < ho(1 +5) < 0.

Proof of Theorem 1.4 The proofis similar to that of Theorem 5.2 of [16] and Theorem 4.11
of [4]. For convenience of the reader we shall give the details. Denote (u,,v,, 4, ) in place
of (u,v, h) to clarify the dependence of the solution of (4) on w. Set

T ={u>0:hu <R}

By Theorem 5.2 and Theorem 3.3, (0, 1] C . In view of Theorem 5.1, £ N [u°, 00) = @.
Therefore, u* := sup ¥ € [, #°]. By this definition and Corollary 3.1 we find that /4 oo <
R* when p < u* and /1, o, = 00 when p > p*.

We will show that u* € 2. Otherwise, /1,,+ o, = 00. There exists T > 0 such that /1« (T) >
R*. By the continuous dependence of (u,,Vv,,,) on u, there is & > 0 such that 4, (T) > R*
for u € (u* — ¢, u* + ¢&). It follows that, for all such u,

t]im hy(8) > hy(T) > R".

This implies that [t*—€, u* +€]N'E = ¥, and sup X < u* —e. This contradicts the definition
of u*. The proof is completed. d

6 Discussion

We have examined a free boundary problem of a single-species stage-structured model
with higher space dimensions and heterogeneous environment for the special case that the
environment and solution are radially symmetric. If the environment or solution is not ra-
dially symmetric, then the boundary of the spreading domain would not still be a sphere
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and the Stefan condition #'(£) = —u[u, (¢, h(t)) + pv,(¢, h(t))] would become very compli-
cated. Similar to the classical Stefan problem, smooth solutions to these free boundary
problems need not exist even if the initial data are smooth. It is necessary to make use of
other methods to discuss these problems.

In this paper, we firstly discuss the model on R”, prove that the positive constant steady
state is globally asymptotically stable (Theorem 1.1). Then we investigate a free boundary
problem of the single-species stage-structured model. Our results about vanishing and
spreading of the model generalize and unify the previous Theorems 1.2—1.4, which are
the existence and uniqueness of solution, the spreading—vanishing dichotomy, the long
time behavior of the solution and sharp criteria for spreading and vanishing.

Biologically, the model with stage structure is more realistic than the model without
stage structure. From our results, one can control vanishing and spreading of the species
more flexibly by the introduction of stage structure. Note that with (12) and Theorem 1.3, if
(¢0,vo) and hy are fixed, then R* is a direct factor determining the vanishing and spreading.
To help the species spreading to infinity, it can be realized by enlarging the birth rate a of
the immature or the birth rate 8 of the mature.

There are some problems left unsolved in our work. When spreading happens, can we
find the spreading speed? Can we extend system (4) into the two-species competitive sys-
tem with staged structure? We leave these problems to our future work.
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