Tian et al. Boundary Value Problems (2018) 2018:127 @ BOU nda ry Va I ue PrOblemS
https://doi.org/10.1186/513661-018-1049-0 a SpringerOpen Journal

RESEARCH Open Access

Multiplicity for fractional differential @

equations with p-Laplacian

Yuansheng Tian', Yongfang Wei? and Sujing Sun?’

“Correspondence: kdssj@163.com
2College of Mathematics and Abstract

System Science, Shandong Thi . . h . f . lution f b d |
University of Science and is paper investigates the existence of positive solution for a boundary value

Technology, Qingdao, PR. China problem of fractional differential equations with p-Laplacian operator. Our analysis
Full list of author information is relies on the research of properties of the corresponding Green's function. By the use
available at the end of the article S e . T .

of Krasnosel'skii's fixed-point theorem, the multiplicity results of some positive
solutions are obtained.

MSC: 34A08; 34B18; 35J05

Keywords: Fractional differential equation; Boundary value problem; p-Laplacian
operator; Positive solution

1 Introduction
In this paper, we consider positive solutions for the following problem:

Dg+ (0p(D§,y®))) =f (% (), O0<x<1, (1.1)

¥(0) =y (0)=y(1) =Dg,y(0) =0, D, y(1) = AD§,y(§), (1.2)

where o, e R,2<a <3,1<f <2,and £ €(0,1),1 € [0, +00), ¢ (2) = |zIP~2z,p > 1, D, is
the Riemann-Liouville fractional derivative, and f € C([0, 1] x [0, +00), [0, +00)). By using
Krasnosel'skii’s fixed-point theorem, we give some multiplicity results.

Differential equations of fractional order, or fractional differential equations, in which
an unknown function is contained under the operation of a derivative of fractional order,
have been of great interest recently. Fractional differential equation models are proved to
be more adequate than integer order models for some problems in science and engineer-
ing. Many papers and books on fractional calculus and fractional differential equations
have appeared recently. For an introduction of fractional calculus and fractional differen-
tial equations, we refer the reader to [17, 25] and the references therein. And there have
been many results on existence and uniqueness of the solution of boundary value problems
for fractional differential equations. For example, fractional boundary value problems at
resonance [1, 5, 27, 39, 40], Caputo fractional derivative problems [11, 23, 37], impulsive
problems [2, 15, 29, 41], multi-point problems [1, 5, 21, 22, 27-29, 31, 40], integral bound-
ary value problems [6, 12, 13, 15], fractional p-Laplace problems [8, 10, 14, 21, 22, 35, 36],
fractional lower and upper solution problems [4, 7, 30, 38], fractional delay problems, [24,
33, 34], solitons [9], singular problems [3], etc.
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On the other hand, integer order differential equations with p-Laplacian operator also
arise in different research areas such as physical and natural phenomena, non-Newtonian
mechanics, nonlinear elasticity and glaciology, combustion theory, population biology,
nonlinear flow laws, and system of Monge—Kantorovich partial differential equations [8,
16, 19, 20, 32]. For example, turbulent flow in a porous medium is a fundamental me-
chanics problem. For studying this type of problem, Leibenson [19] introduced differential

equations with p-Laplacian operator

(2 (Y @) +(%5(0) = 0.

In [26], by applying the fixed point index theory, Su studied the existence of positive
solutions of a nonlinear four-point singular boundary value problem with a p-Laplacian

operator:

(@ (Y ®))) +alx)f (y(x)) =0, O0<x<1,
agp(¥(0)) - Bpp,(¥'(§)) =0, ye,(¥(1)) - 59, (y'(n)) = 0.

It is quite natural to study fractional differential equation relative to equation. Re-
cently, many scholars have paid more attention to the fractional order differential equation
boundary value problems with p-Laplacian operator, see [8, 10, 14, 21, 22]. Recently, Dong
et al. [10] investigated the following p-Laplacian fractional differential equation boundary

value problem:

D (gop (D“y(x))) :f(x,y(x)), O<x<1, (1.3)

¥(0) = y(1) = D*y(0) = D*y(1) = 0, (1.4)

where 1 < o < 2 is a real number, D¥ is the conformable fractional derivative. Some exis-
tence and multiplicity results of positive solutions are proved by the fixed-point theorems
on cone. The purpose of this paper is to generalize some existence results of the above

references to a nonlinear fractional boundary value problem with p-Laplacian.

2 Preliminaries
Definition 2.1 ([17]) The fractional integral of order « > 0 of a function y: (0, +o0) —> R
is defined as

1

15, y(x) = m

/x(x -2)"y(2) dz.
0

Definition 2.2 ([17]) The fractional derivative of order o > 0 of a continuous function

¥:(0,+00) — R is defined as

¥(2)

o oL (AN [Ty
Do, y(x) = F(n—a)(dx) /0 (x — z)x—n+1 4z,

where n = —[-a].
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Lemma 2.1 ([17]) Assume that y,D{,y € C(0,1) N L(0,1). Then
I8, D%, y(x) = y(x) + c12 7 + 2™ 4 -+ ena® N, ¢eR,i=12,...,N,
where N = —[-«a].

Let M := A#~1£#-1 such that M #1, and

= [x(1 - 2)] Y, 0<x<z<l;
Glx,z)={ @ - (2.1)
(1 -2 - (x-2)*"), 0<z=<x<1,
_)B-1_3p-1 _B-1_(1_ _\B-1
[x(1-2)] AP ([fﬁ\j;]r(ﬂ) (1-M)(x—2) , 0<z<x<lz<§
[x(1-2)1P 1= (1-M)(x-2)P L )
Hx,z) = T=AMT(P) ) 0<&<z=<x=<l 22)
’ ) e P ) e ey < . ‘
(A-MT(p) ’ 0<x<z<é<l
-1
}fﬁlﬁ;]rﬂ(ﬁ)’ 0<x<z<1l§=<z

Lemma 2.2 Let Q(x) = x(1 — x)* L. Then functions G(x,z), H(x,z) € C([0,1] x [0,1]) and
satisfy:

(1) G(x,2) =G -2z1-x);G(x,2) >0 forx,z € (0,1);

(2) % <Gxz) < %forx,z €[0,1];

(3) If M <1, then H(x,z) >0 for x,z € (0,1).

Proof ltis easily seen that functions G(x, z), H(x,z) € C([0, 1] x [0, 1]) and (1) hold. We will
only prove (2) and (3).
(2)For0<z<wx<1,since 0 <a —2<1,onehas

1

G(x,z) = Ta)([x(l —z)]m*1 —(x—2)*")
x(1-2)
= Oll"(—a; 1 %72 ds
< ‘;(_a; [x(1-2)]" 2[x(l -2)—(x-2)]
<SS9 -
_ (@-1)Q)
=T
and

G(x,z) = %a)([x(l —z)]w1 ~(x-2*")
> i (50 -2 21 - 2] - (e-2)
= %a) [x(l - z)]a%z(l - X)
> 271 -2 z(1 - %)

(o)
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_ Q()Q(1 -x)
- I'(a) '

For0 <x <z <1,onehas

G(x,z) = 1 a-l() _ gyt

I'(a)
1 o—1 a—1
< mz (1 - Z)
< ﬁ(a —1)z(1 -2~
_ @-1Q6)
- ')

and

G(x,z2) = ﬁ a-l(] _ gyl

> ﬁx"‘_l(l -2)*1z(1-x)

 Q)QU -
- I'(a) ’

So, % < Gx,2) < % for x,z € [0,1].

(3)ForO0<z<x<1,z<E,set

[%(1 - 2))F! = (x—2)P~!
hewz) = r(6)

It is obvious that /(x, z) > 0 for 0 < z < x < 1. Hence, we get

[x(1 - 2)]° " =W [x(§ - 2)) " - (1 - M)(x —2)P !

M= 1- M
_ (1 . M ) 1= -2 W a(E - 2))P!
1-M r'(B) I'(B) (1-M)I(B)
(1 -2))F — (x—2)f! . WGP EPT(1 - 2)P71 — (& - 2)P ]
r'(p) (1-M)(B)
-1,6-1
=hx,z) + %h(é,z)
> 0.

Similarly, there holds H(x,z) >0for0<n<z<x<lorO<x<z<n<lorO<x<z<
Ln=<z

Thus, H(x,z) > 0 for x,z € (0,1). The proof is completed. O
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Lemma 2.3 Supposethath € C[0,1],p> 1,0, eR,2<a<3,1<B<2and& €(0,1),r €
[0, +00). Then the following problem

Dj, (gp(D%,y(®)) = y(x), 0<x<1, 03
¥(0)=y(0)=y(1) =Dg,y(0)=0,  Dg,y(1) = ADg,y(§),
has a unique solution
1 1
y(x) = / G(x,2)p, (f H(z,7)y(t) dr) dz,
0 0
where @, = (¢,)~! }lj % =1.
Proof From the equation of (2.2), Lemma 2.1, and the fact that D§, y(0) = 0, there is
0D5.00) = 15 [ -2 e e et 2.4
for some ¢; € R. Thus,
o« 1 ! B-1
(DG, y(1)) = TG / (1-2)""y(2)dz + c1, (2.5)
1 §
0p(D§,y(8)) = Fﬂ)/o E -2y dz + 177 (2.6)

Taking into account that D, y(1) = AD§, y(¢), combining with (2.5) and (2.6), we obtain

- FalE -2
_ d d.
“ /0 rAa - “/o B R

Thus,

* (g —z)B1 1,B8-1(1 _ ,\B-1
on0%0) = [ D o de - | P

') rp)a-m)

& p-1xP1(g _ 7)p-1

/0 rEa-Mm TD%
1

=— / H(x,2)y(z) dz,
0
then
1
Dg,y(x) + ¢4 ( /0 H(x,2)y(2) d2> =0. (2.7)

By the use of Lemma 2.1, Eq. (2.7) is equivalent to the integral equation

y(x) = —I5, ¢4 (/ H(x,2z)y(z) dz) +d1x® 1+ dpx® % 4 dyx® 3 (2.8)

for some d,d»,ds; € R.
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By y(0) = %(0) = 0, there are dy = d3 = 0. Thus

1
(%) = —I5, ¢4 (/o H(x,2)y(z) dz) +dya®!

1

x 1
VIR -zt a—1
T Jo (x—2) ‘/’q(/o H(Z:f))’(f)df) dz +dix* .

By y(1) = 0, there is

1 ! a-1 !
dl:m/o (1-2) (p,,(/o H(z,t)y(r)dr)dz

Therefore, the unique solution of problem (2.2) is

_ a-1
y(x) = Ta )/ (x—2) wq(/ H(z,r)y(r)dr)dz

1 ! a-1
iy [ b= ([ ey a
1 1
= / G(x, Z)Wq </ H(Z, f)y(-[) d'L') dz.
0 0

The proof is completed. O

Let E = C[0, 1] be a Banach space with the maximum norm ||y|| = maxo<,<; |y(x)|. Define
acone P C E by

P= {yeEly(x)z Q(l_x)llyll,ofxs 1}.
a-1

Lemma 2.4 Define T : P — E as

1 1
0= [ 6o [ Hery(oyto)ar ) de

0

Then T : P — P is a completely continuous operator.

Proof By the use of relation (2) of Lemma 2.2, for any y € P, there hold

-1 1 1
(Ty)x) < %/0 Q(Z)wq</0 H(z,r)f(r,y(r))dr) dz

and

(T = 2 F() / Qe m( / Hz,r)fty(t))dt)dz

Then (Ty)(x) > L= 1 =9 || Ty||, which implies 7 : P — P. By the use of the Arzela—Ascoli
theorem, a standard proof shows that 7 : P — P is completely continuous. g
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Lemma 2.5 ([18]) Let E be an ordered Banach space, P C E be a cone. Suppose that 1,
Q, are bounded open subsets of E with 0 € Q1 C Q1 CQyandT :P—Pisa completely
continuous operator such that either

(A1) [Tyl < llyly € P8Ry and | Tyl = Iyll,y € PN 9, or

(A2) 1Ty = llylly € P8Ry and [Tyl < liyll,y € PN 9.
Then T has a fixed point in PN Q\ 2.

3 Existence of positive solutions

For notational convenience, denote

fo=liminf min f(x_,y)’ £ = limsup max f(x,y),
y—>+0 xe[1/4,3/4] yP-1 20 %€[01] yp-1
f&) f.)

=liminf min °° = lim sup max
[e¢]
S y—+00 xe[1/4,3/4] yP—l ’ S y—+o0 x€[01] yPL ’

1

pu= (F( ) / Q(Z)%( / H(z,r)dr)dz) ,
. (Q3) ! i - . Q(l-w)
:(F(;)/O (2(2)(/),,(/‘IL H(z,t)dr)dz) , 0:1/421;23/4 w1

From now on we will use the following assumptions:

(C1) fo € (5! 00], fo € (57, 00].

(G) fOel0,pt™), f € l0,07),

(C3) There exist constants d € (0, p,) and A1 > 0 such that

f@y) < @iy, 0<x<1,0<y<hi.
(C4) There exist constants D € (p*, 00) and A5 > 0 such that
fx,y) > DAy, 1/4<x<3/4,00 <y <Ay

Theorem 3.1 Assume that conditions (Cy), (C3) hold, then problem (1.1) has at least two
solutions y; and y, such that 0 < ||y1]| < A1 < ||32]l.

Proof Firstly, by condition (Cj3), there exist constants d € (0, p,) and A; > 0 such that
fy) <@y, 0<x<1,0<y<i.

Set ©2,, ={y € P| |lyll < A1}. Taking into account the monotonicity of ¢(z) and relation (2)
of Lemma 2.2, for y € 9Q2;,, we have

1751l = max |T y(x)|

F( )/ Qz)(pq(/ H(z,t)fry(r))dr)

a-1 ot )
SF(a)_/(; Q(Z)¢q</0 H(z, t)(d))? Vdr ) dz
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a—-1 1 1
fp*hmfo Q(Z)<pq</0 H(z,r)dr> dz

= =yl

Thus, || Tyll < |lyll for all y € 082y,
Secondly, with the first relation of condition (C,), f; € ((’;—*)P‘l, 00), there exists a real

number r; € (0, A1) such that

o p* p-1 1
fy) =y —) , for—<x<
o 4

Set @2, ={yeP]||yll <r} Forye 9Q,,, we have

13

> =or, x€|-=,-|.
Iyl zolyl=or, = [4 4]

Q1 -x)

a-1

ri=llyl = y(x) >
Thus, with relation (2) of Lemma 2.2, there is

1Tyl = max [Ty()]

<X

= max ,/01 G(x,z)goq(/:H(z,r)f(r,y(t)) dr) dz

0<x<1

1 3 #\ p-1
Z/o G(%,z)goq(/%} H(z,r)ypl(t)(%>p dr)dz

* 1 1 %
2;1(2) i Q(i)Q(Z)(pq</% H(z,r)dt)dz

=r =yl

So, Tyl = llyll for all y € 3L2,,.
Thirdly, with the second relation of condition (C;), fo € ((f,—*)p’l, o0), there exists a real
number R* > 0 such that

P\ 1 3
f(x,y)zy”"l(—) , for=<x<=>,y>R"
o 4 4
Choose R; = max{2A1, 1%*}, set Qp, = (y € P| |yl < Ry}. For y € 32, , we get

Q1 —x)
a—1

i 13
Iyl >ollyl=cR =R*, xe|—,—|.

Ry =yl = yx) = T

Thus, with relation (2) of Lemma 2.2, there is

17

max |7 y(x)|

0<x<1

max /01 G(x,2)@q (v/OIH(z,t)f(r,y(r)) dr) dz

0<x<1
p* pr-1
H(z, r)upl(r)(—) dr) dz
o

L
- [

Y
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Rlp* 1 1 %
= F(a)/o Q<§>Q(Z)(pq</% H(Z:T)df) dz

=Ry =yl
So, [Tyl > llyll for all y € 32, .
By Lemma 2.5, T hasa fixed point y; € (2, \ 22,) and a fixed point y, € (g, \ 2,). That

is to say, ¥1, ¥ are both positive solutions of problem (1.1) such that 0 < ||y || < A1 < [|ly2||. O

Theorem 3.2 Assume that conditions (C,), (Cy) hold, then problem (1.1) has at least two
solutions yy and y, satisfying 0 < ||y1]| < Az < [|[y2]|

Proof Firstly, by condition (Cy), there exist two constants D € (p*, 00) and A, > 0 such that
flx,y) > (Dr)YP7Y, 1/4<x<3/d,0M, < y < Ap.

Set Q;, ={y € P| ||yl < Ap}. For y € 9Q2,,, one has

3o = Iyl = yia) = L=
a-—-1

Iyl = oyl = LS 1] 7
o oAy,
Yl =oly 2

Thus, we get

1Tyl = max [Ty(x)|

1 1
= max/0 G(x,z)(pq(/o H(z,t)f(t,y(r))dr) dz

0<x<1

1 i
Z/o G(%,Z)gl)q( % H(z,r)(DAz)(””dr) dz
Mp* [P (1 i
=y Q@Q(z)wq( / H(z,r>dr)dz

= A2 =yl

So, [Tyl = |yl for all y € 92;,.
Secondly, with the first relation of condition (C,), f° € [0, o¥ 1), there exists a real num-
ber r; € (0, A,) such that

fle,y) <y Pt < (rp )Pt for0<x<1,0<y<n,.
Set Q,, ={y e P| |lyll < rp}. For y € 9Q,,, one has

7yl

gz | 7|

F( )f Qz)(pq</ H(z,t)fry(r))dr)

. / Qz)¢q< / H( D)(rap ) dr)

I /\

I/\
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- s f QZ)¢q< f H(z,r)dr)

=ry= IIJ’II-
So, Tyl < llyll forall y € 9€2,,.
Thirdly, with the second relation of condition (C,), f* € [0, o¥ _1), there exists a positive
number R* such that

flxy) <y 1pPl, for0<x<1,y>R".

We now consider two situations.

Case 1. The function f is bounded on [0, 00). We can choose a positive number G > 0
such that f(x,y) < Gp'l/)f1 for x € [0,1], y € [0,00). Let Ry = max{2X,, G} and Qp, = {y €
P| |yl < Ry}. For y € 3Qg,, one has

1Tyl = max | Ty)]

= F( )/ QZ)¢q</ H(z,T)f ry(t))dr)
a-1 -
Sm/o Q(Z)<Pq(/0 H(z,t)GP"p? dt)dz
a-1 ! 1
=< RZP*W/‘O Q(Z)(pq</(; H(Z’f)df) dZ

=Ry = yll.
So, Tyl < |lyll for all y € 32, .
Case 2. The function f is unbounded on [0, 00). We can choose a positive number R, >

max{2Xy, R*} such that f(x,5) < f(x,Ry) for x € [0,1],y € (0,R,). Set Qr, = {y € P| ||y|l <
R,}. For y € 3Qg,, one has

1Tyl = Orgfgl\Ty(x)l

=< F(a)/ Qz)wq(/ Hz,r)f 7,9(t ))dr)dz
p-1
< F( )/ QZ)QDq(/ H(z,t)R" P dt)dz

-1
5&/&%/0 Q(Z)<pq</0 H(z,t)dr) dz

=Ry = lyll.

So, Tyl < llyll for all y € 3Q2p,.

By Lemma 2.5, T has a fixed point y; € (R, \ ©2,) and a fixed point y; € (&, \ Q,)-
That is to say, y1, ¥» are both positive solutions of problem (1.1) and 0 < [|y1]| < X3 <
lly21l- O
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By Theorems 3.1 and 3.2, we can obtain the following corollary.

Page 11 of 14

Corollary 3.1 Problem (1.1) has at least one positive solution if one of the following as-

sumptions is satisfied:
(A1) Conditions (C3) and (C4) hold; or
(A2) Conditions f° € [0, p™") and fx € ((’;—*)p‘l, 00) hold; or
(A3) Conditions f € ((‘;—*)1"1, 00) and f* € [0, pffl) hold; or
(A4) Conditions (C3) and fo € (21, 00) (or fy € (2}, 00)) hold; or
(A5) Conditions (Cy) and f° € [0, 02™") (or f> € [0, p2 ™)) hold.

4 Examples

In this section, we present some examples to check our results. Let

5 3 1 V2
= -, = -, :2, :2, = -, )\,:—,
@=y Py d b £73 2
then there are
L (alx(1-2)]2 - 2V20x(3 - )2 —20x-2)7), 0<z<x<lz<);
g - L {alx(1-2)]? - 2(x - 2)7), O<l<zs<x<y
a1 -2)7 -2V2[x(} - 2)]7), 0<x=z=}<l
N 2 2
L lx(1-2)]3, 0<x<z<1,}<z
and
p-1sp-1 1 a-1 3
M=2780= o, Q) =a(l-2)"" =x(1-%)2,
1
p* =225, 0x = 16, o= 3
Example 4.1 Consider the boundary value problem
Df, (¢p(D%,y®)) =f(xy(x)), 0<x<1,
y(0) =y (0) =y(1) =D, y(0) =0,  Dg,y(1) = ADG, ¥(§),

where

>
fxy) = %cosx+ 70siny.

Direct computations show that

3 : %\ p-1
) .. COS ¢
fo=liminf min f(x_y) = hmmf(y =i 70&) =70>68 = <,0_> )
u—0+ xe[1/4,3/4] y y—>0+ y o
3 : #\ p-1
) .. COS =
foo =liminf min M = 11m1nf<u + 70&) =00>68= (’O—> ,
y—>+00 x€[1/4,3/4] Y y—>+00 2 y o

(4.1)

(4.2)
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so condition (C7) holds. Choose A1 = 6, d = 15 € (0, py), one has
fx,y) <88<90=dr;, when0<x<1,0<y<6,

so condition (Cs) holds. By the use of Theorem 3.1, problem (1.1) has at least two solutions
91 and y; satisfying 0 < |ly1|| < 6 < ||y2]].

Example 4.2 Consider the boundary value problem (4.1), (4.2), where

500y siny
- +

f(x»y): y+1

15xy.

Direct computations show that

f° = lim sup max %) = limsup

< 500siny
y—0+ x€01] ¥ Y0+ 1

+ 15) =15<16=pl,
y+

) . 500 si
f°° =limsup max f&)) = hmsup<¥ + 15) =15<16=p?7,
¥+

y—>+o0 x€[01] Y y—>+00

so condition (C;) holds. Choose A, = %,D =23 € (p*,00), one has

23
f®y)2124>Diy ==, for

so condition (Cy) holds. By the use of Theorem 3.2, problem (1.1) has at least two solutions
y1 and y; satisfying 0 < [[y11] < 5 < lyall.

Example 4.3 Consider the boundary value problem (4.1), (4.2), where
fxy) =5 +xy%.

Let A1 =2,d =5 € (0, p,). Direct computations show that
flx,y) <9<dr =10, for0<x<1,0<y<2,

and

) 5 *\ P71
foo =liminf min M =1iminf(—+z> =00>68= <p_> .
y—>+00 x€(1/4,3/4] Y y—>+00 \ ¥ 4 o

So condition (A4) was satisfied. By the use of Corollary 3.1, problem (1.1) has at least one
positive solution.

Acknowledgements
Not applicable.

Funding

This work is supported by the Scientific Research Foundation of Hunan Provincial Education Department (16A198), the
Hunan Provincial Natural Science Foundation of China (2015JJ6101), the Construct Program of the Key Discipline in
Hunan Province, and the NSFC (11571207).



Tian et al. Boundary Value Problems (2018) 2018:127 Page 13 of 14

Availability of data and materials
Data sharing not applicable to this article as no data sets were generated or analysed during the current study.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Authors’ information

Yuanshen Tian, professor, his main research field is fractional differential equation boundary value problem.

Yongfang Wei and Sujing Sun, doctoral candidates, their research fields are w.rt. the application of nonlinear functional
analysis on differential equations.

Author details
'College of Mathematics and Finance, Xiangnan University, Chenzhou, PR. China. ?College of Mathematics and System
Science, Shandong University of Science and Technology, Qingdao, PR. China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 2 May 2018 Accepted: 6 August 2018 Published online: 16 August 2018

References
1. Bai, Z: Solvability for a class of fractional m-point boundary value problem at resonance. Comput. Math. Appl. 62,
1292-1302 (2011)
2. Bai, Z, Dong, X, Yin, C.: Existence results for impulsive nonlinear fractional differential equation with mixed boundary
conditions. Bound. Value Probl. 2016, Article ID 63 (2016). https://doi.org/10.1186/513661-016-0573-z
3. Bai, Z, Qiu, T. Existence of positive solution for singular fractional differential equation. Appl. Math. Comput. 215,
2761-2767 (2009)
4. Bai, Z,Zhang, S, Sun, S,, Yin, C.: Monotone iterative method for fractional differential equations. Electronic Journal of
Differential Equations 2016, Article ID 6 (2016)
5. Bai, Z, Zhang, Y: Solvability of fractional three-point boundary value problems with nonlinear growth. Appl. Math.
Comput. 218, 1719-1725 (2011)
6. Cabada, A, Wang, G.: Positive solutions of nonlinear fractional differential equations with integral boundary value
conditions. Abstr. Appl. Anal. 2012, 403 (2012)
7. Cui, Y. Uniqueness of solution for boundary value problems for fractional differential equations. Appl. Math. Lett. 51,
48-54(2016)
8. Cui, Y, Sun, J.: A generalization of Mahadevan'’s version of the Krein-Rutman theorem and applications to p-Laplacian
boundary value problems. Abstr. Appl. Anal. 2012, Article ID 305279 (2012). https://doi.org/10.1155/2012/305279
9. Dong, H., Guo, B, Yin, B.: Generalized fractional supertrace identity for Hamiltonian structure of NLS-MKdV hierarchy
with self-consistent sources. Anal. Math. Phys. 6, 199-209 (2016)
10. Dong, X, Bai, Z, Zhang, S.: Positive solutions to boundary value problems of p-Laplacian with fractional derivative.
Bound. Value Probl. 2017, Article ID 5 (2017). https://doi.org/10.1186/513661-016-0735-z
11. Fu, C, Lu, C, Yang, H.: Time-space fractional (2 + 1) dimensional nonlinear Schrodinger equation for envelope gravity
waves in baroclinic atmosphere and conservation laws as well as exact solutions. Adv. Differ. Equ. 2018, Article ID 56
(2018)
12. Hao, X.: Positive solution for singular fractional differential equations involving derivatives. Adv. Differ. Equ. 2016,
Article ID 139 (2016). https://doi.org/10.1186/513662-016-0865-8
13. Hao, X, Wang, H.: Positive solutions of semipositone singular fractional differential systems with a parameter and
integral boundary conditions. Open Math. 16, 581-596 (2018)
14. Hao, X, Wang, H,, Liu, L., Cui, Y.: Positive solutions for a system of nonlinear fractional nonlocal boundary value
problems with parameters and p-Laplacian operator. Bound. Value Probl. 2017, Article ID 182 (2017)
15. Hao, X, Zuo, M, Liu, L.: Multiple positive solutions for a system of impulsive integral boundary value problems with
sign-changing nonlinearities. Appl. Math. Lett. 82, 24-31 (2018)
16. Ji, D, Bai, Z, Ge, W.: The existence of countably many positive solutions for singular multipoint boundary value
problems. Nonlinear Anal,, Theory Methods Appl. 72, 955-964 (2010)
17. Kilbas, A, Srivastava, H., Trujillo, J.: Theory and Applications of Fractional Differential Equations. Elsevier, Amsterdam
(2006)
18. Krasnosel'skii, M.: Positive Solutions of Operator Equations. Noordhoff, Groningen (1964)
19. Leibenson, L: Turbulent movement of gas in a porous medium. Izv. Akad. Nauk SSSR, Ser. Geogr. Geofiz. 9, 3-6 (1945)
(in Russian)
20. Li,H, Sun, J: Positive solutions of superlinear semipositone nonlinear boundary value problems. Comput. Math. Appl.
61,2806-2815 (2011)
21. Liy, X, Jia, M., Ge, W.: Multiple solutions of a p-Laplacian model involving a fractional derivative. Adv. Differ. Equ. 2013,
1(2013)
22. Liy, X, Jia, M., Ge, W.: The method of lower and upper solutions for mixed fractional four-point boundary value
problem with p-Laplacian operator. Appl. Math. Lett. 65, 56-62 (2017)
23. Ly, C, Fy, C, Yang, H.: Time-fractional generalized Boussinesq equation for Rossby solitary waves with dissipation
effect in stratified fluid and conservation laws as well as exact solutions. Appl. Math. Comput. 327, 104-116 (2018)


https://doi.org/10.1186/s13661-016-0573-z
https://doi.org/10.1155/2012/305279
https://doi.org/10.1186/s13661-016-0735-z
https://doi.org/10.1186/s13662-016-0865-8

Tian et al. Boundary Value Problems (2018) 2018:127 Page 14 of 14

24.

25.

26.

27.

28.

29.

30.

31

32.

33

34.

35.

36.

37.

38.

39.

40.

41.

Lv, W, Wang, F.: Adaptive tracking control for a class of uncertain nonlinear systems with infinite number of actuator
failures using neural networks. Adv. Differ. Equ. 2017, 374 (2017)

Song, Q, Dong, X, Bai, Z, Chen, B.: Existence for fractional Dirichlet boundary value problem under barrier strip
conditions. J. Nonlinear Sci. Appl. 10, 3592-3598 (2017)

Su, H., Wei, Z, Wang, B.: The existence of positive solutions for a nonlinear four-point singular boundary value
problem with a p-Laplacian operator. Nonlinear Anal. 66, 2204-2217 (2007)

Tang, X.: Existence of solutions of four-point boundary value problems for fractional differential equations at
resonance. J. Appl. Math. Comput. 51, 145-160 (2016)

Tian, Y. Positive solutions to m-point boundary value problem of fractional differential equation. Acta Math. Appl. Sin.
29,661-672 (2013)

Tian, Y, Sun, S., Bai, Z.: Positive solutions of fractional differential equations with p-Laplacian. Journal of Function
Spaces 2017, Article ID 3187492 (2017). https://doi.org/10.1155/2017/3187492

Wang, G., Agarwal, R, Cabada, A. Existence results and monotone iterative technique for systems of nonlinear
fractional differential equations. Appl. Math. Lett. 25(6), 1019-1024 (2012)

Wang, J., Zhou, Y, Wei, W,, Xu, H.: Nonlocal problems for fractional integrodifferential equations via fractional
operators and optimal controls. Comput. Math. Appl. 62, 1427-1441 (2011)

Wang, Y, Hou, C.: Existence of multiple positive solutions for one dimensional p-Laplacian. J. Math. Anal. Appl. 315,
144-153 (2006)

Wang, Z.: A numerical method for delayed fractional-order differential equations. J. Appl. Math. 2013, Article ID
256071 (2013). https://doi.org/10.1155/2013/256071

Wang, Z,, Huang, X,, Shi, G.: Analysis of nonlinear dynamics and chaos in a fractional order financial system with time
delay. Comput. Math. Appl. 62, 1531-1539 (2011)

Wei, Y, Song, Q, Bai, Z.: Existence and iterative method for some fourth order nonlinear boundary value problems.
Appl. Math. Lett. 87, 101-107 (2019)

Yan, F, Zuo, M., Hao, X.: Positive solution for a fractional singular boundary value problem with p-Laplacian operator.
Bound. Value Probl. 2018, Article ID 51 (2018). https://doi.org/10.1186/513661-018-0972-4

Yang, V., Lv, L, Wang, J.: Existence results for boundary value problems of high order differential equations involving
Caputo derivative. J. Appl. Math. Comput. 38, 565-583 (2012)

Zhang, W, Bai, Z, Sun, S.: Extremal solutions for some periodic fractional differential equations. Adv. Differ. Equ. 2016,
Article ID 179 (2016). https://doi.org/10.1186/513662-016-0869-4

Zovu, Y., Cui, Y. Existence results for a functional boundary value problem of fractional differential equations. Adv.
Differ. Equ. 2013, Article ID 233 (2013). https://doi.org/10.1186/1687-1847-2013-233

Zou, Y, Liu, L, Cui, Y: The existence of solutions for four-point coupled boundary value problems of fractional
differential equations at resonance. Abstr. Appl. Anal. 2014, Article ID 314083 (2014).
https://doi.org/10.1155/2014/314083

Zuo, M., Hao, X,, Liu, L., Cui, Y. Existence results for impulsive fractional integro-differential equation of mixed type
with constant coefficient and antiperiodic boundary conditions. Bound. Value Probl. 2017, Article ID 61 (2017).
https://doi.org/10.1186/513661-017-0892-8

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1155/2017/3187492
https://doi.org/10.1155/2013/256071
https://doi.org/10.1186/s13661-018-0972-4
https://doi.org/10.1186/s13662-016-0869-4
https://doi.org/10.1186/1687-1847-2013-233
https://doi.org/10.1155/2014/314083
https://doi.org/10.1186/s13661-017-0892-8

	Multiplicity for fractional differential equations with p-Laplacian
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Existence of positive solutions
	Examples
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Authors' information
	Author details
	Publisher's Note
	References


