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Abstract

In this paper, the authors investigate the following fractional Kirchhoff boundary
value problem:

(@+b f] ((D¥u) di)DL(eDYu) + AV(Du =Ff(t,u), te0,T],
u0)=u(1)=0,

where the parameter A > 0 and constants g, b > 0. By applying the mountain pass
theorem and the linking theorem, some existence results on the above fractional
boundary value problem are obtained. It should be pointed out that the potential V
may be sign-changing.
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1 Introduction

In recent ten years, the fractional differential equations have been extensively studied by
many researchers due to their various applications in science and engineering [1-5]. In
fact, one can find numerous applications in the modeling of various phenomena such as
in neurons, viscoelasticity, biochemistry, bioengineering, porous media, electromagnetic,
etc. Especially, in the last several years, the investigations on the equations including both
left and right fractional derivative have received more and more attention. Due to the
appearance of both left and right fractional derivatives in equations, the fixed point theory
is generally not suitable for the study of the existence of solution to such problems. For
the first time, Jiao and Zhou [6] showed that the variational method is a very effective tool
for studying such problems. In [6], by introduction of appropriate spaces and variational
structure and using some critical point theorem, the authors investigated the existence of
solutions to the following equations:

:D3(0DYu(t)) = VF(t,u(t)), ae.te[0,T],
u(0) = u(T) =0.

(1.1)

Under some suitable conditions, the existence results were obtained on equation (1.1).
Since then there have been many literature works investigating a variety of fractional equa-
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tions with left and right derivatives via variational methods, and a lot of results on the ex-
istence of one solution, three solutions, infinite solutions, and so on, have been obtained
(see [7-15]).

On the other hand, recently, more and more research has focused on the following
Kirchhoff-type problem:

—(a+b [on IVul)Au+ V(x)u=f(x,u), xeRN,

(1.2)
u € HY(RN),

where V : RN — R and constants a, b are two positive numbers. Problem (1.2) is called
nonlocal because of the presence of the term f]RN |Vu|? dx, which means that (1.2) is no
longer a pointwise identical equation. This phenomenon provokes more difficulties to
overcome, which makes the study of such a class of problems particularly interesting. If
the function V vanishes and R is replaced with a bounded domain  C R in (1.2), then

it reduces to the following Dirichlet problem of Kirchhoff type:

—(a+b [, |Vul?dx)Au=f(t,u), x€,
u=0, x€0d<,

which is related to the stationary analog of equation

2u (P, E [t 2\ 0%u
— (2 s = dx)— =0 1.3
Lo ( n oL /0 x) (13

dux?
proposed by Kirchhoff in [16], which is an extension of the classical D’Alembert’s wave

ou
0x

equation and is used to characterize the free vibrations of elastic strings.

In recent years, Eq. (1.2) has been investigated in depth under different conditions on f
and V/, and a lot of existence results of the nontrivial solution to (1.2) have been obtained
via variational method. In [17], Jin and Wu got existence of infinite many radial solutions
by using the fountain theorem for N = 3 and V' = 1. While f satisfies 4-superlinear con-
dition and V admits other assumptions, Wu [18] established some existence results on
nontrivial solutions. For more related research, the readers can refer to [19-30] and the
references therein.

Motivated by these works mentioned above and combining the fractional equations with
left-right derivatives and the Kirchhoff equations, the authors will investigate the following
fractional Kirchhoff boundary value problem (BVP for short):

(a+ bfoT (oD% u)? dt) D% (oD% u) + AVu =f(t,u), tel[0,T],
u(0) =u(T) =0,

(1.4)

where the parameter A > 0 and constants a, » > 0. By using the mountain pass theorem and
the linking theorem, we establish some existence results of nontrivial solutions to BVP
(1.4). It should be pointed out that in some references mentioned previously, the potential
V is always assumed to be continuous and positive. Here, we consider BVP (1.4) having a
more general potential V. In particular, the potential V can be sign-changing. As a result,
there are more difficulties that need to be overcome and more derivation techniques need
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to be introduced. In addition, some critical point theorems under the (C), condition but
not the usual (PS), condition will be applied. To the best of our knowledge, no one has
studied BVP (1.4) so far.

Finally, we turn to showing the organization of the paper. In Sect. 2, we present some
definitions and the variational work frame for (1.4) as well as some lemmas, which will be
used later. In Sect. 3, we give the main results.

2 Preliminaries
In this section, we introduce the following definitions and lemmas.

Definition 2.1 ([5]) Let f be a function defined on [a, b]. The left Riemann-Liouville frac-
tional integral of order y > 0 for function f is defined by

1

DO =

/t(t—s)y_lf(s) ds, tela,b],

provided the right-hand side is pointwise defined on [4, b], where I' is the gamma function.

Definition 2.2 ([5]) Let f be a function defined on [, b]. The right Riemann-Liouville
fractional integral of order y > 0 for function f is defined by

o 1 [ -
D}, f(t):m/; (s—t)""Yf(s)ds, tela,b],

provided the right-hand side is pointwise defined on [, b].

Definition 2.3 ([5]) Let f be a function defined on [a, b]. The left and right Riemann—
Liouville fractional derivatives of order y > 0 for function f denoted by ,D}f(¢) and
D} f(¢), respectively, are defined by

14 _ dn y—n
DYf(O) = aD (0
and
DI = (-1 D "f0)
t dtnt b )

wheret € [a,bl,n-1<y<n,neN.

Definition 2.4 ([6]) Let 0 <« <1 and 1 < p < co. Denote the fractional derivative space
Ey* by the closure of C3°([0, T],R) on the norm

T T 1/p
ll2tlla,p = (fo |u(t)‘pdt+/0 IOD‘;‘u(t)|pdt> , VuekE,?”.

By [6], the space (Ey”, || - |lo,) is a Banach space.

As usual, for 1 < p < 0o, we definite the norms ||u||;» = (fOT |u(t)|? dt)% for u € L7[0, T]
and [[ulloo = maxee(o lu(t)| for u € C([0, T1, R).
By [6], we have the following results.
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Lemma 2.1 ([6]) Let 0 < < 1,1 < p < 0o. Then Ey”is a reflective and separable Banach
space. Moreover, if o« > r%’ then E;* C C([0, T], R).

Lemma 2.2 ([6]) LetO<a <1,1<p<oco.Foranyu e E;"”,
(i) ifa>Jora<1= 7, then |ull < g loDf ullrs
1

— [(a+1)
A 1,1 _ T 1P
(il) ifa> 5 and; +5 = 1, then |ull <

= i o
(@)((@-1)g+1)17 loDf ullzr.

Lemma 2.3 ([6]) Let 1< p < o0 and o > }7. Ifue — u in E;”, then uy — u in C([0, T], R).
Of course, uy — u in L1([0, T) for any g > 1.

In what follows, we always assume that p = 2 and % <a <l

Let V*and V~be the positive part and the negative part on potential V, respectively.
Then V=V*-V-.

We give some assumptions on the potential V as follows:

(V1) V is measurable and essentially bounded below on [0, T'].

(Vo) Q;#0,i=1,2, where Q; =int{t € [0, T]: V(¢t) > 0}, 2, =int{t € [0, T]: V(¢) < 0}.

(V3) limp_, ;oo meas{x € [0,T]: V(x) > R} =0.

In order to study the Kirchhoft-type boundary value problem with sign-changing po-
tential V, we need the following work frame. For each fixed A > 0, define

T
X, = {u € Eg"z : / V() u?(t) dt < oo}
0

and (u,v); := fOT [a(oDf u)(oDSv) + AV*uv] dt for u,v € X;.
In view of Lemmas 2.1-2.3, it is easy to know the following results hold.

Lemma 2.4 Assume condition (V1) holds. Then
(i) The space X, is a reflective and separable Hilbert space with the inner product
(1, V), and a{so a reflective and separable Banach space with the norm
ol = (w, )}, u € X,
(ii) The norms || - a2 and || - ||x on X;, are equivalent.
(iit) X, is continuously and compactly embedded in the spaces C([0, T]) and L*([0, T1).

Moreover, we need the following notation. For the fixed A > 0, let
Y, = {u € X, :suppu C V‘l[O,oo)}.

Then X; = Y; @ Y;-. Obviously, if V(¢) > 0, then X; = Y;. Otherwise, Y;- # {0}.
We define a bilinear function a] on X, x X, by

T
a;(u,v) = /0 [a (oD% u) (0D5v)(8) + AV () u()v(t)] dt

and a bilinear functional b, on Y;* x Yi* by

T
b,\(u,v)zf AV (B)u(t)v(t) dt.
0

The following result will be used later.
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Lemma 2.5 Under condition (V1), the function b, (u, u) is weakly continuously on Y; f
Proof By (V1), the function V'~ is essentially bounded below, that is, there exists vy > 0

such that 0 < v(£) < vy, a.e. t € [0, T]. Let {u,} be any sequence with u, — u in Y;*. Then,
by Lemma 2.4, it follows that u#,, — u in C([0, T]), and therefore,

T T
lim / Vo (t)u(t) dt = / V= ()u?(t) dt
n—0oQ 0

0

in terms of the dominated convergence theorem. That is, b, (1, u) is weakly continuous on
Y;t. The proof is complete. O

Now, we turn to considering the following eigenvalue problem on Y;':
a:D(6Du) + AV u=BAV u, uel;, (2.1)

where constants a >0, A > 0.

We denote an operator A} on Y;- associated with (2.1) by
Aju=a,D}(D¢u) + A\V'u, wueY;.

Clearly, A} is formally self-adjoint in L%([0, 7]). Hence, in view of the result in [31] com-

bined with Lemma 2.5, we have the following conclusion.

Lemma 2.6 Under condition (V1), the eigenvalue problem (2.1) admits a sequence of eigen-
values {Bix(1)} satisfying

0<Bi(A) < Ba(X) <+ < Bnoy(A) < Brnpoyr1V) < --- < B, (A) < -+,

with By (A) < 1< Bnywy+1 and Bir(A) — +oo as k — oo. In addition, i()) is character-
ized with

T
A= inf A ulh>:ueF, | VOut@)de =11,
e =, int sopbitiu 2w [ v

and eigenvector ey corresponding to Bi(1) forms a basis for Y;-, which can be chosen so that

(i €)n = .
Denote the subspaces X; 1, Xy 2 by X;,1 = spanf{er: 1 < k < Np(A)}, X2 = spanfeg : k >

No(x) + 1}, respectively. Then Y- = X5, © Xj0, Xo. = X5, © X520 ® V3.

Furthermore, we need to introduce a bilinear function a; on X; x Xj as follows:

T
a, (u,v) = / [a(oD‘;‘ u) (OD‘;V)(t) + AV(t)u(t)v(t)] dt, u,veX,.
0

On the above function a,, we have the following conclusions.
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Lemma 2.7 Assume that condition (V1) holds. For constant a > 0 and fixed A > 0, we have
(i) as(u,u) <0 forany u € X, 1;
(i) ax(u,u) >0 forany u € X, ;
(ili) ax(u,v) =0 for any u,v € X, taken in a different subspace among X; 1, X; 2, and Y.

Proof (i) For any u € X; ; with Zfiolm t;e;, by (2.1), we have

8 = (e, )5 = a, (e;, )

T
= f [a(oD‘;‘e,») (OD‘t"ej)(t) + AVt (t)ei(t)e,»(t)] dt
0
T
~pir [V Oeedn 10) =N,
0
Thus,
T
a, (ei, ej) = /(; [(l(oD?ei) (OD‘;‘ej) (t) + AV(t)ei(t)ej(t)] dt

T
— (-1 /0 V-(e(t)e(6) dt

—1
= 'BZTS;‘;; 1<i,j <No(h),
1
and therefore a; (1, u) = ZZOI('\) %t? <0, foru= Zfi"l(}‘) tie;, noting that 0< B; <lasl<
(ii) Forany u € X, » with u = Z:ZNO(A)H t;e;, by an argument similar to that in (i), we know
that
m
-1
a;(u,u) = Z bi ’ >0, (2.2)

i=Np(A)+1 g

noting that 8; > 1 as i > Ny(1) + 1. Hence, for any u € X », taking {u,} C X, with u, =
ZZ”NO(A)H tl(»") e; satisfying u,, — u as n — oo. It follows from (2.2) that a; (s, u,) > 0, n > 1.
By

T
1t t) = it = f V(i (0) dt
0

and the fact that ||u, ||, — |lu|l;, 4, — v in C([0,T]),0 < V() <vp,a.e.t € [0, T], applying
the dominated convergence theorem, we know that

a,(u,u) = lim a, (u,, u,) > 0.
n— 00
(iii) For any u € X, 1,v € Y;, because V~(£)v(£) = 0, we have
T
a(u,v) = a; (u,v) - Af V=@ u()v(t) dt = a; (u,v) = (u,v), = 0.
0

Similarly, for any u € X, 5,ve Y;, or u € X, 1,v € X, 2, we have a, (4, v) = 0. O
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Now, we turn to introducing two critical point theorems. Let E be a Banach space and
I:E — R be a functional of class C!. A sequence {u,} C E is a (C), sequence of I means
that if I(u,) — ¢ and (1 + ||u,||)I'(u,) — 0 as n — oco. Moreover, I satisfies the Cerami
condition at level ¢ if any (C). sequence of I has a convergent subsequence.

Lemma 2.8 (Mountain pass theorem [32]) Let E be a Banach space, I € C'(E,R) satisfies
that max{I(0),1(e)} < u < n < infy, -, I(u) for some p < n,p >0, and e € E with |e| > p.
Let ¢ be characterized by ¢ = inf,cr maxg<;<1 I(y(t)), where T’ = {y € C([0,1],E) : y(0) =
0,y(1) =e}. Then ¢ > n and I has a (C), sequence.

Lemma 2.9 (Linking theorem [33]) Let X = Y @ Z be a Banach space with dimY < oo. Let
o >r>0andey € Z with |leg|| =r. Set

Mi={u=y+2eo: |ull < p,2=0,yeY},
N, := {ueZ: lu]| =r},
Moy:={u=y+reg:y€Y,|ull = p,A = 0or|lu] <p,1=0}.

IfI € CY(X, R) satisfies that b := infy, I > a := maxu, I, then ¢ > b, and there exists a (C),
sequence of I, where c := inf.er max,epm I(y (1)), T = {y € C(M, X) : yim, = 1a}.

3 Main result
In this section, we establish some existence results on solutions to BVP (1.4). First, we list
some conditions on functions f and F, where F(¢,x) = fox f(t,s)ds,(t,x) € [0, T] x R.

(i) f € C[0, T] x R).

(f2) There exist constants u > 4,0 < T < 2 and a nonnegative function g € L7% such that

1
F(t,x) — —f(t,x)x <g(®)|x|", aetel0,T],xeR.
W

(f3) There exists o > 2 such that limyy .o sup,c(o 7 % < 00.

(fa) There exists 6 > 2 such that limy—, o infzefo,7) % >0.

(fz) There exists 6 > 4 such that limy_, o infreqo, 7] % > 0.

%]
(fs) f(t,x)x>0forallte[0,T] and x € R.
The energy functional associated with BVP (1.4) is expressed by

1 r o \2 2
L(u) = 5/0 [a(th u) &) +AV()u (t)] dt

b T 2 T
+1( /0 (OD‘t"u)zdt) - /0 F(t,u(0)) dt. (3.1)

Furthermore, clearly, under conditions (V1) and (f;),
T
L(u)y = / [a (oD u) (60§ v)(£) + AV )u(t)v(t)] dt
0

T T T
b /0 (oDf )’ dt /0 (oD 1) (oDv) (1) di — /0 Feu@pod (32

for all u,v € X;.

Page 7 of 18
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u € X is called a weak solution of BVP (1.4) if I (u)v = 0 holds for all v € X;. That is, u is
a critical point of J; in X;.
Firstly, we establish several lemmas.

Lemma 3.1 If conditions (V1) and (f1)—(f2) hold, then any (C). sequence {u,,} of I, _for each
c € Ris bounded in X;.

Proof Let {u,} be any (C), sequence of I,. Then I, (u,) — c and (1 + ||u,|3)]; (u,) — 0 as
n — o0. Thus,

¢+ 0(1) = I, (1) — ~I, ()t
m

1 1

_ <_ - _> /T[a( DEuy(0))? + AV (0 (0)] de
= ) P A oLy Up n

11 2\
+ (Z - ;)b(A (ODt My,(t)) dt)

N / ' (lf(t n(O)itn(0)) — (b, (t))) dt
0 [,L »yWn n »¥n
(11 , (1 1\ (T
_ <§_;>||un||k_ (5_;)/0 AV (0 (0)de

11 Y L |
+<E_;)b( /O (oD u) dt) + /0 <;f(t,un)un—l’(t,un)>df- (33)

By (V1), there exists vy > 0 such that 0 < V~(¢) < vy, a.e. £ € [0, T], and therefore
T
0= [ V- Ou0ds <ol (3.4)
0

Also, by (f1)—(f2), one gets

T

T
/ [F(t,un(n)—1f(t,un(t))un(t)]dt§ / eOlien]” dt < gollun5 (35)
0 n 0

where gy = ||g||L2% . Thus, it follows from (3.3)—(3.5) that

1 1 1 1
(5 - ;) llall} < ¢+ o(1) +K<§ - ;)Vollun”%z + golltull 72 (3.6)

Inequality (3.6) shows that if the sequence {u,} is bounded in L2, then so is it in X;.
Assume by contradiction that there exists a subsequence, still denoted by {u,}, such that
Un

llaty |l ;2 — 00 as n — oco. Write v, = T Then ||v,||;2 = 1. It follows from (3.6) that
nllf.

1 1 c 1 1
S )2 < +o<1)+x(———)vO+go||u 11752,
(2 u) " gl 2w i

The above inequality together with 0 < 7 < 2 implies that {v,} is bounded in X;,. Thus,

up to a subsequence, v, — v in X;, and then it follows from Lemma 2.4 that v, — v in
L1,g>1andv, — vin C[0, T].
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On the other hand, by (3.3)—(3.5), we also have

T 2
(1—1>< /0 (on'vn(t))Zdt> < o)+ 2 gl (3.7)

4
4 n lenll} I}

Denote a norm | - ||* on X; by |u|* = (foT (oD%u(t))* dt)V?. Then it follows from Lem-
mas 2.2-2.4 that the norms || - ||, and || - |* are equivalent. Thus, the relation v, —
vin (X;,]| - |l») implies that v, — v in (X, | - |I*), and therefore, by the weak lower
semi-continuity of norm, we have |v||* < lim,_  inf|v,|*. That is, fOT (oD%v)?dt <
lim,,_, o inf fOT(OD‘t"vn)2 dt. Hence, by (3.7), it follows that fOT (0D¥v(t))*dt = 0, and so,
oD¢v(t) = 0, ae. t € [0, T]. Thus, v(t) = ¢D;*oDfv(t) = 0,t € [0,T], which contradicts
IVl ;2 = lim,,— o |V ll;2 = 1. This means that {x,} is bounded in L2[0, T], and so is in X;.
The proof is complete. d

Lemma 3.2 Under conditions (V1)—(V>), for each fixed j > 1, the eigenvalue B;(A) associ-
ated with (2.1) satisfies that B;(1) — 0 as . — +oo.

Proof In terms of (V1)—(V3), we can choose ¢; € C§°(£2,)\{0} with supp ¢; N supp¢; = @,
i#j,1<i,j<m.LetF =span{¢;,¢s,...,¢,,}. Then, by Lemma 2.6,

2
0<pBi(d) < sup el

—_— 3.8
web\(0) A [ V-(0)u?(t) dt &)

Notice that supp ¢; C Q29,¢:(t) V*(t) =0,£ € [0, T]. Thus || u|); = ||u]:.

Now, for any u € F, define |ul. = (fOT V‘(t)uz(t)dt)%. We claim that (F,|| - ||.) is a
normed space. In fact, for any u € F and k € R, obviously, || «||, > 0and || kul|. = |k]||#]«. In
addition, if ||u||, = 0, then the fact that supp u C 2, implies that u(¢) = 0, ¢ € [0, T], namely
u=0.

Finally , we show that

llee + v < llulls + VI

for any u,v € F. Indeed, for any u,v € F, since

T T 1 1
/0V‘(t)|u(t)||v(t)|a’t=/0 (V@) |lu@|(V~ (1) % |v(0)| dt

T 3 T 3
_ 2 — 2
< (/0 V= (@©)u(t) dt) (/.S V=(@)v () dt)

= |lull«lvil«
we have
T
lloe +v|2 :/ V(@) + v) dt
0

T
5/ V() (u® + v + 2|ul|v]) dt
0
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T
~ lul2+ ||v||i+2/ V-(O)lullv] dt
0

< (llulls + IvI1)*.

That is, ||z + V||« < |lu|l« + ||[V|l«. Hence, (F, || - ||) is a normed space with finite dimension.

Now, in terms of the equivalence of norms on a finite dimensional space, there exist
two constants ¢, ¢z > 0 such that c; |||« < ||u|l1 < co|lu||« for any u € F. Then, it follows
from (3.8) that 0 < B;(A) < %c% — 0, as A — +00, noting that ||u||; = ||u«||;. The proof is

complete. 0

By Lemma 3.2, there exists Ao > 0 such that X, ; # @ as A > A¢. In what follows, we will
apply Lemma 29 with Y =X, ; and Z =X, , @ Y;. Of course, ¥ # ¥ and dim ¥ < co.

Lemma 3.3 Let (V1)—(V,) and (f1), (f3) hold. Then, for each A > Ay, there exist r;, > 0 and
k. > 0 such that I, (u) > k;_forall u € X; , ® Y, with ||ul|; = r;.

Proof We first show that there exists 8; > 0 such that a; (i, u) > 8, ||u||? for all u € X; .
The argument is similar to that in Lemma 2.7. In fact, for any j > Np(1) + 1, we have

T
ay(ej,u) = / [a(oD‘t"ej(t)) (OD‘;‘u(t)) + AV(t)ej(t)u(t)] dt

0

T
-1 [ Vgl
0

T

(e, u)y = /0 [a(oD‘t”ej(t)) (OD‘t"u(t)) + )»V*(t)ej(t)u(t)] dt
T
:Aﬁj/ V= (t)ej(t)ul(t) dt.
0
Thus,

1
a;(ej,u) = (1 - F) (ej,u) > Sx{ej, u)y,

U

1
BNp()+1
Since {ej};’:’,\[o()\)+1 is a basis of X o, taking {u,} C X o such that u, — u X, , with u, =

my
2_i-No(+1 L €ir then

where 8, =1 - > 0 noting that Bx;,()+1 > 1.

mp
a,(u, u,) = a, (M, Z tfmei)
+1

i=Np(%)

mpy

Y e ue)

i=No(A)+1

mMn

=6 Y. " ue),

i=No(A)+1

= 8}»(”7 un))u



Chai and Liu Boundary Value Problems (2018) 2018:125 Page 11 of 18

and so, a; (i, u) = 1imy, 00 @ (4, U,) > 1imys 00 83 (1, )5 = 8 (w, )5 = 8 ||ul|3. While for
any v € Y3, because V(£)v?(t) = V*(£)v?(t), we have a;(v,v) = ||[v|2. Hence, for any w =
udveX,,®dY,,observing that 4, (#,v) = 0 by Lemma 2.7, we have

2

T T
Li(w) = %ax(u,u) + %ak(v,v) + Z(/o (OD‘;‘w(t))Zdt> —/0 F(t, w(t)) dt

1 2 1 2 r
> =& llully + =lIvl; — | F(t,w())dt
2 2 0

o T
> St~ [ F(ew) dr, (39)
0

where §; = min{33;, 3} > 0.

On the other hand, by condition (f;), taking / > 0 with limjy sup,c(o 7 % <[, then
F(tx)
%[

mas 2.2 and 2.4, there is r > 0 such that ||u||; < r; ensures that |u| . < 1 for any u € X;.

there exists r; > 0 such that

<l as|x| <ry. Thus, F(t,x) < I|x|° as |x| < r1. So, by Lem-
Hence, for any w € X, » @ Y, if [[w||,, < 1, then

o
’

F(t,w(t)) < I|w()

te[0,T]. (3.10)

Thus, it follows from (3.9)—(3.10) that

T
L(w) =8 |lwll} -1 / lw(@)|” dt = 8, |wl} —IT|Iwl|%. (3.11)
0

Again by Lemmas 2.2 and 2.4, there exists ¢, > O such that ||w||Z, <c, ||w||{. Thus, by (3.11),

we get
Lw) =8 wl; - e lwl, (3.12)

where constant ¢; > 0. Noting that o > 2, by (3.12), we can take small 0 < 7 < r; and a num-
ber & > 0 such that I, (w) > k; for w € X; » @ Y; with ||w|;, = r. The proof is complete. [J

By (V3), we can take ey € C§°(€21)\{0} with eg(¢) > 0, € [0, T] and ||eg||x = 7, theney € Y.
We have the following conclusion.

Lemma 3.4 Suppose that (V1)—(V2) and (f1), (fa)—(fs) hold. Then, for each X > Ay, there

exist by, > 0 and p, (> r;) such thatsup,,.,q, I, (1) < k. as b < b, where

O ={u=v+se:veX,,lul <pis>0}

Proof By (fy), take dy > 0 with lim, o infreqo, 7 % > dy. Then AM, > 0 such that Fljj‘g) >
do as |x| > M. Thatis, F(¢,x) > do|x|’, as |x| > Mo. By (f1), let mq = minge(o, 7], 1x <o (F (£, %) —
do|x|?). Thus F(t,x) > do|x|? — |my|, t € [0, T],x € R.

The following argument is divided into two parts.

(i) We show that 3p; (> ;) and by, > 0 such that I, (1) < 0 as u € X, ; @ Reg with |||, = p;.

and b < b;.
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In fact, for any u = v+ w € X, ; @ Rep, we already know that a;, (v, w) = 0,a; (v,v) <0 by
Lemma 2.7. Moreover, owing to the fact that ey € C°(21) and V(£)e3(¢) = V' (£)ed(t), we

have a; (w,w) = ||w||?. Thus

T 2 T
Ix(u)§%||w||§+g( /O (ODgu)z(t)dt) - /0 F(t,u(®) dt

1 5 b 4 T 0
§§||M||A+@||M||x— A [do|u(t)|” — Imo] dt

1
= Sllull} +

4 0

a2 i+ lmo| T = dolull .-

In terms of equivalence of the norms on a finite dimensional space, there exists d; > 0 such
that do|u}, > di|lull]. Thus,

b
lleelly + ol T — . (3.13)

1
L) < =|lu|?+ —
() < Sllullf +

Let h(t) = %tz + |mo|T — dqt°. The assumption § > 2 yields that 4(t) — —o0 as t — +00.
Thus, we can take p, (> ;) such that 4(p,) < 0, and then, choose small b, > 0 so that (p;) +
ﬁapi‘ < 0. Hence, it follows from (3.13) that I, (1) < 0 as u € X, ; & Rep with ||ul|, = ps
and b < b,.
(ii) We show that 3b;, € (0, b, ] such that I; (u) < k;, for u € X, , with ||u||;, < p;,and b < b;.
In fact, by (fs), F(t,x) > 0, t € [0, 7] and x € R. For any u € X, ; with [u|[, < p,, by

Lemma 2.7, ay (4, u) <0, and therefore

b [T 2 2 b b
L(u) < E(/o (OD(ZM) (t)dt> < 4—112”'4”% < 4—112/03'

For 0 < b; taken previously in (i), choose small 0 < b; < b, so that %pf < k. Then I, (u) <
ki as |lullx < pa-

By the above arguments on (i)—(ii), we conclude that sup,_yq I, () < k;.. The proof is
complete. d

Lemma 3.5 Assume that (V1), (V3) and (f1)-(f2) hold. Then any (C). sequence {u,} of I,
satisfies the Cerami condition at level c for each )\ > 0 for any c € R.

Proof Let {u,} be any (C). sequence of I,. Then, by Lemma 3.1, {u,} is bounded in X;.
Thus, up to a subsequence, u, — u in X;, and therefore, (Z; (u,) — I} (u))(u, — u) — 0 as
n — 00. Let v, = u, — u, then by (3.2)

0(1) = (I () = I,(w)) (vi)
T T
= [lvall} - / Vo (e)vi(t) dt + bA, - / (Ft, un) —f (&, w)) vy dt, (3.14)
0 0

where

T

T T T
A= / (oDF ) dt / (0D 10,) (6D%v,) i — / (oDf )’ dt / (oDf10) (sDv,) di
0 0 0 0
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r 2 T 2
. / (oDF 1)’ dt / (0DEv,) dt
0 0
T 9 T 9 T
+[ [ty a- [ (oot dt] [ opru)(opiv)
0 0 0
T 9 T 9 T
> [ [ iy a- [ (opia) dt] [ pra)(omivi) .
0 0 0

Again, owing to the fact that v, — 0 in X,, we have
T T
o(1) = (v, u), = / a(oD‘t"V,,) (OD‘;‘u) dt + )»/ V), (&) u(t) dt. (3.15)
0 0

We turn to showing that fOT V), (&) u(t) dt — 0 as n — 00. Set
Ve={x€[0,T]: V*(t) = R}, Ve = [0, T1\ V.

By (V3), limg_, ;o meas Vz = 0. Because {v, } is bounded in X, there exists My > 0 such that
Ivalls < VMo, and so (f; V*(eW2d)? < v, < My. Thus

/V+|v,,||u|dt=/ (V+)%|V,,|(V+)%|M|dt
VR

Ve

1 1
2 3
< </ V2 dt> </ Viu? dt)
VR VR
SR :
< ( / V2 dt) ( / Viu? dt)
0 Vr

1

2
<M, (f Viu? dt) ) (3.16)
Ve

Now, since fOT V*()u*(t)dt < oo, by the absolute continuity of integral combined with
the fact limg_, ;o meas Vz = 0, there exists large Ry > 0 so that (fVRO VUt dt)? < TS
Then it follows from (3.16) that

/ V()| va(8)|[ut) dt < . (3.17)

Ry 2

On the other hand, taking into account that u, — 0 implies that v, — 0 in C([0, 7]) and

v, — 0in L%[0, T, observing that foe V() |vullu| dt < Ro||Vill oo |l 4|00, We know that there
0

exists Ny > 1 such that

f V(O vl lul dt < £, (3.18)
v;‘,o 2

as n > N.
Then, by (3.17)—(3.18), one has

T
& &
/V+|Vn||“|dt§/ V+|Vn||bt|dt+/ Vi valluldt< = + = = ¢,
0 Vi 2 2

C
0 VRo
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as 1 > Np. Namely, fOT V*|v,|lu|dt — 0 as n — oo, and so fOT V*v,udt — 0, as n — oo.
Hence, it follows from (3.15) that

T
/ (0Df'vy) (0D u) dt — O (3.19)
0

as n — 00. Hence, by (3.19) it is easy to see that

T T T
/ (oD% uy,)" dt - / (oDyw)? dt = / (oD2v,)* dt + o(1). (3.20)
0 0 0

Thus

T T T
Az / (0DEv,)” dt / (0D1) (6Dv,) dt + o(1) f (0D 1) (6D%v,) .
0 0 0

Again, from (3.19), it follows that there exists N; > 1 such that

1 T 1
Anz - | (0Dfve) dt +0(1) = g lvally +o() (3.21)

- Sbﬂ 0
as n > Nj.
Finally, owing to the fact that f € C([0, T],R) and v, — 0 in C([0, T]), u € C([0, T]), 0 <
V=(t) < vy, a.e., t € [0, T], it is easy to see that

T T
/ (F (&, ) —f (& u(®))vy) dt = 0(1), A/ V= (e)A(t)dt = o(1).
0 0
Combining (3.14) with (3.21), we get
o) = Sl + o(0).

This means that v, — 0 in X, and the proof is complete. O

Now, we are in a position to show our first result on the existence of solution to BVP
(1.4).

Theorem 3.1 Assume that conditions (V1)—(V3) and (f1)—(fs) hold. Then there exist con-
stants Ao > 0 and b, > 0 such that BVP (1.4) has at least one nontrivial weak solution for
A>Agandb<b.

Proof Firstly, we show that I, is of class C'.

In fact, let {u,} be any sequence with u, — u in X,. Then u, — u in C([0, T]) and
in L2[0, T] by Lemma 2.4. Set L, = (4, 9);, $u@ = fOT V- updt, Y,e = fOT(ODtu)2 dt x
fOT(OD‘t’u)(oD‘;‘go)dt and G,¢ = fOTf(t, u)pdt for any ¢ € X;. Then, by (3.2), I;(u)p =
Lyp = Apup + by — Gup, 9 € X;.

It is well known that L, is continuous in X;. Next, we show that ¢,, ¥, and G, are also

continuous in Xj.
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(i) On ¢, for any ¢ € X; with [|¢|),. <1, noting that 0 < V~(£) < vy, we have

T
b — Sul 5/ V-l — ull] dt
0

T
< VO/ |, — ull| dt
0

= vollun — ullz2ll@llz2

< collun — ull2ll@llx

for some ¢y > 0, because ||¢||;2 < ¢1]l¢|l» by Lemma 2.4. Hence

Puy = Pullxy = sup lpu,® — Puell < colluen —ull;2 — 0
el <1

as n — oo. That is, ¢, is continuous in X3.

(i) On ¥, for any ¢ € X; with ||¢||, <1, by an argument similar to (3.20), we have

[V, — Vugl
T 2 T 2
[ oty [ ta) dt‘
0 0
T 2
+/ (oD% u)” dt
0
T ) T
< (/ (OD‘;‘(un—u)) dt+|o(1)|>/ |0D‘;‘unH0D‘j‘¢|dt
0 0

=

T
[ 6ot opi)as
0

T
/ oDY (u, — u)(OD‘;‘go) dt‘
0

T T
. / (oD ) de / oD% (ut — )| [ oD | it
0 0

= ("ot o) ([ worerae) (" orerar)

T T % T %
- (OD?M)Zdt( | (oD?(un—m)Zdt) ( / (oDﬁw)zdt)

1 ) 1 1 )
< ;||”n_u”)\+|0(1)| ;”un”k”‘/’”k"’E”un_u”A”u”A”(p”A

<cilluy = ull; + |o(@)| + callten — ull;.

for some c; > 0, ¢; > 0 observing that {||u,]/,} is bounded, ||¢|; <1andc; = ﬂiz flu]|2.

Thus (|4, = Yullxr = supy,y, <1 [¥u,® — Yup| — 0as n — oo. That is, ¥, is continuous
in X3

(iii) On G,, by f € C([0, T, R), it is easy to see that G, is also continuous in X}, we omit
it.

Summing up the above arguments (i)—(iii), we know that I is of class C'. Now, by Lem-
mas 3.3 and 3.4 and applying Lemma 2.9, for A > A, there exists a (C), sequence {u,}
of I, in X; with ¢ > k; > 0. Then, by Lemma 3.5, up to a subsequence, u, — u in X;.
Hence, Yo € X, thanks to the fact that I, is of class C*, 0 = lim,_, oo L (un) = I, (u)p and
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0 <k, <c=limy,_ o I (u,) = I, (). Thus, u is a nontrivial solution of BVP (1.4). The proof

is complete. O
Now, we give the second existence result.

Theorem 3.2 Assume that conditions (V1), (V3), (fi)—(f3), and (f]) hold. Furthermore,
V(t) > 0,a.e. t € [0,T]. Then BVP (1.4) has at least one nontrivial weak solution for each
A>0.

Proof We already know that I; is of class C' by the proof of Theorem 3.1. Moreover, under
conditions (f;) and (f3), making an argument similar to (3.12), we know that the following
inequality also holds:

— -
L.(u) = 8 llully — e llull], ueX,

for some §; >0, ¢, > 0. Thus, observing that o > 2, there exist constants o > 0, p > 0 such
that I, (1) > oo as |||, = p small enough.
On the other hand, by (f;) and making an argument similar to (3.13), we also have

1
L (u) < §||M||§+ llaelly + 1m0l T = dollullfy,  u € X

4a?

Then taking uy € X; with |lugl|;, > p, we have

1 b
Li(euo) < < tluolly + 7% lluolly + mo| T = dot” ol — —00
ast — +00, noting that 6 > 4. So, we choose #; > 0 large so that [, (touo) < 0 and |[touo]| > p.
Write ey = touo. Then I; (eg) < 0 and ||eg|[x > p. By Lemma 2.8, there is a (C), sequence {u,,}
of I, with ¢ = ¢;, where

0 <¢, := inf I t)), I'=3y €([0,1],X,) : ¥(0) =0,y(1) =ej.
<@ < ¢ 3= inf max (v (©) {y € ([0,1,X;) : ¥(0) =0, (1) = ¢}
Then, by Lemma 3.5, {u,} satisfies the Cerami condition at level ¢, for each A > 0. Thus,
passing to a subsequence, u, — u in X;. By an argument as before, we know that u is a
nontrivial weak solution to BVP(1.4). This completes the proof. O

4 Conclusion

In this paper, by applying the mountain pass theorem and the linking theorem, some ex-
istence results of the nontrivial solutions to BVP (1.4) were obtained. Here, problem (1.4)
is a nonlocal problem as the appearance of the term fOT (oD%u)? dt and has a general po-
tential V, which can be sign-changing. As a result, there are more difficulties that need to
be overcome and more derivation techniques need to be introduced.
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