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Abstract

In this paper, we study the global structure of positive solutions of periodic boundary
value problems

=u"(t) + gOu(t) = Ah(OF(u(r), te(0,2m),
u(0) = u2m), u'(0) =d'(2m),

where g € C([0, 27t], [0, +00)) with g # 0, f € C(R, R), the weight h € C[0, 27 ] is a
sign-changing function, A is a parameter. We prove the existence of three positive
solutions when h(t) has n positive humps separated by n + 1 negative ones. The proof
is based on the bifurcation method.
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1 Introduction

In this paper, we study the global structure of positive solutions of periodic boundary value
problems (PBVPs)

—u'(t) + q(t)u(t) = Mh(e)f (u(z)), te(0,2n),
u(0) = u(2m), u'(0) = /' (2m),

(1.1)

where g € C([0,27],[0,00)) with g # 0, f € C(R,R), A is a parameter, and % € C[0, 2]
satisfies the following condition:

(F1) There exist x1,%3,...,%2, € [0,27] with 7 <%y < - -+ < %9, such that /4(£) > 0 on

(%2i_1,%2;), and A(£) < 0 on [0, 27w ]\ [X0i1,%0;], i=1,..., 1.

In the recent years, PBVPs have been studied by many authors; see [1-13] and the ref-
erences therein. In particular, we refer to the papers of J. R. Graef et al. [1] and Hao et al.
[2]. In these works, the authors established some results of existence and multiplicity of
positive solutions for problem (1.1) with sign-definite weight, and, in general, the main
tool in the proofs is the fixed point index theory in cones. Clearly, this theory is no longer
available if the weight function changes its sign. However, to our knowledge, problem (1.1)
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with sign-changing weight, in spite of its simple looking structure, is considered as a hard
problem in the literature due to the lack of any a priori estimate over the set of possible pe-
riodic solutions. In order to overcome this difficulty, Ma et al. [3] used a different method,
so-called bifurcation; their results extend and improve the corresponding results of [1, 2].

Recently, there has been a lot of works concerning superlinear/sublinear problems with
sign-changing weight, we refer the reader to [4, 5] and the references therein. In [5], by
using Leray—Schauder degree theory, Hakl and Zamora established efficient conditions to
guarantee the existence of a T-periodic solution to the second order differential equation

u'(t) = h()g (u(?)), (1.2)

where /1 € L(R/TZ) and h(-) changes its sign, and = fOT h(s)ds <0, g € CL(R*;R") is a
nonincreasing function with a strong singularity at zero, i.e.,

1
lim/ g(s)ds = +00.
x—0% x

It is worth noting that they cannot obtain three positive solutions, and even cannot guar-
antee the positivity of all solutions.

Compared with the above works dealing with the study of semilinear problems, Dai et
al. [6] studied a unilateral global bifurcation result for a class of quasilinear PBVPs

—(@p()) + q(t)p(u) = Am(t)f (), te(0,7T),
u(0) = u(T), u'(0) = u/(T),

(1.3)

where 1 < p < 00, g,(s) = [s]P~%s, g € C([0, T],[0,00)) with g # 0, f € C(R,R), 1 is a pa-
rameter. By virtue of bifurcation techniques, they established some results of existence of
one-sign solutions for problem (1.3) according to the asymptotic behavior of f at 0 and oo.
However, the sublinear and superlinear conditions imposed on the nonlinearities only de-
duce a relatively simple “shape of the component’, and they provided no information on
at least two direction turns of the connected component. Recently, there has been a result
about one-dimensional p-Laplacian problem by Sim and Tanaka [14]:

—(|u'P2u) = Ah(@O)f (),  te(0,1),
u(0) = u(1) =0,

where p > 1, A > 0 is a parameter and the weight function / satisfies:
(A1) There exist x1,x5 € [0, 1] such that x; < %y, k() > 0 on (x1,x3) and A(¢) <0 on
[0, 1\ [%1, %2].
Based upon bifurcation method, they showed that (1.4) has three positive solutions sug-
gesting suitable conditions on the weight function and nonlinearity.

Motivated by these studies, we are interested in investigating the shape of unbounded
continua of solutions. Moreover, we show the existence and multiplicity of positive so-
lutions with respect to parameter A by figuring the shape of continua of solutions, and
especially, we obtain the existence of three positive solutions for A being in a certain in-
terval.
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Throughout the paper, we always suppose that f satisfies the following signum condi-
tion:

(HO) f € C*(R,R) with f(s)s > 0 for s #0.
Clearly, (HO) implies f(0) = 0, hence, u = 0 is always the solution of problem (1.1). In or-
der to study the global bifurcation phenomena of problem (1.1), we must consider the

following eigenvalue problem:

—u"(t) + q(t)u(t) = Ah(t)u(t), te(0,2n),
u(0) = u(2m), ' (0) = u/(27).

(1.5)

In 1997, Constantin [7] proved that problem (1.5) possesses two infinite sequences of

eigenvalues
S <Ay SAT<Ag<O<AJ <A <A
such that 1§ and A are simple eigenvalues with positive eigenfunctions.

Remark 1.1 The eigenvalues A{, A; are the minimum and maximum of the “Rayleigh quo-

tient” respectively, that is,
21 9 2
Ay = inf{ / (V) +q)dt ’ ¥(0) = v(21), v (0) = v/ (27), 2 dt = 1}
0 0
and

2 9 2
Ay = sup{—fo (V)" +qv*)at ‘ v(0) = v(27),V'(0) = 1/(271),f0 -mdt = 1},

(H1) There exist constants f, 8,8 € (0,00) such that

f(s)=fos—g(s), se[0,8).

g(s)>0 foralls>0, hI’(I)l gs) =0,
s—>0t §
2
fim [ moe 2L 450,
=0 Jo cIn(1 +¢)

where ¢ is the positive eigenfunction corresponding to A§;
(H2) foo = hms%oo@ =0;
(H3) There exists sq > 0 such that

16 _

. 2 \*
mi =) +4|,
selso2s0] 8~ Adho l 1

n ——-

where [ = miny <<, {X2; — %2i_1}, § = Max,e(o,27] 4(S),
ho =miny<;<,{h(t) | t € [W%, %]} for some ty € (¥2i-1,%2:);
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(H4) There exists 8 > 0 such that

Bh*(t) nf{f( 2 :5€(0, 230]} L€ U(le 1,%21),

i=1

where h*(t) := max{h(¢),0};
(H5) g € C[0,27] with ¢ > 0 and ¢(¢) # 0 in [0, 277] satisfies

87%s0llqlloo + 2B || ”LI(O,Zn) max{f(s) : s € [0,250]} <o,
where /™ (t) := max{-h(t),0}.

It is easy to find that if (H1) holds, then

lim 222 = f;. (1.6)

s—0t §
Moreover, if (1.6) and (H2) hold, then there exists N > 0 such that
f(s) <Ns, s>0. (1.7)

Theorem 1.1 Assume that (F1), (HO)—(H3) hold. Then there exist )., € (0
such that

(i) (1.

,f)andk fo

1) has at least one positive solution if . = Ay;

+

has at least two positive solutions if hy < A < j,—g;

has at least two positive solutions if . = 1*;

1)

1)

.1) has at least three positive solutions zf%’ <A <AY
1)

.1) has at least one positive solution if . > A*;

1)

L Sy

has at least one positive solution if . < }—g

Remark 1.2 Condition (F1) implies that the weight function % has # positive humps sep-
arated by # + 1 negative ones. Clearly, when # = 1, our condition (F1) will reduce to (A1).

Moreover, we do not require that the mean value of / is definite.

An outline of the work is as follows. In Sect. 2, we show global bifurcation phenomena
from the trivial branch with the rightward direction near the initial point. Section 3 is
devoted to showing the change of direction of bifurcation and to completing the proof of
Theorem 1.1.

2 Preliminaries and rightward bifurcation
In this section, we state some preliminary results and show global bifurcation phenomena
from the trivial branch with the rightward direction.

Let G(¢,s) be the Green’s function of the homogeneous PBVPs

—u"(t) + q(t)u(t) =0, € (0,2m),
u(0) = u(2m), ' (0) = u/(27).
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From Theorem 2.5 of [10], we know that G(¢t,s) > 0, Vt,s € [0,27].
Let Y = C[0, 27r] with the norm

lulloo = max |u(t)|,
tel0,27]
E={ueC0,27]: u(0) = u(2m), ' (0) = ' (27)} with the norm

’

ll#]| = max |u(t)| + max |u’(t)
te[0,27] te[0,27]

and P = {u € E : u(t) > 0} be the positive cone in E.
Define L : D(L) — Y by setting

Lu:=-u"+q(t)u, ueD),
where
D(L) = {u € C2[0,27] : u(0) = u(27), ' (0) = u’(Zn)}.

Then L~!: Y — E is compact.
Let §,¢ € C(R,R) be such that f(u) = fou + & (), f (1) = foout + ¢ (u). Clearly,

Jim £ _ 0, lim =—— = 0. (2.1)

u—0 Yy u—oo Y

Let Z (u) = maxo<s<, |¢(s)], then ¢ is nondecreasing and

lim M:

u—0o 1Y

0. (2.2)
Let us consider
Lu — Mh(t)fou = Mh(t)& (1) (2.3)

as a bifurcation problem from the trivial solution u = 0.

Equation (2.3) can be converted to the equivalent equation

2
u(t) = fo G(t,s) [Ah(s)ﬂ)u(s) + Mh(s)& (u(s))] ds
= AL () fou()](®) + AL [h()E (u()] @)

Further we note that ||[L71[/(-)€ (u(-))]|| = o(]|#||) for u near 0 in E, since

2
||L_1[h(~)§ (u(-))] || = ten[})z’iz);} /0 G(t,s)h(s)E (u(s)) ds

on Gi(t, 9)h(s)& (uls)) ds
0

+ max
te[0,27]

<C- max]‘h(s)‘ : Hg(”()) Hoo

te[0,2m
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By an argument similar to proving [6, Theorem 4.3] with obvious changes, we may obtain

the following result.

Lemma 2.1 Assume that (HO), (H1), and (F1) hold. The pair (}—05, 0) is a bifurcation point
of problem (1.1). Moreover, there is an unbounded component C” of the set of solutions of
problem (1.1) and

e e 9]

wherev € {+,-}.

Lemma 2.2 Assume that (F1) and (H1) hold. Let {(A,,u,)} be a sequence of positive so-
lutions to (1.1) which satisfies A, — j}—g and ||u,|| — 0. Let ¢ be a positive eigenfunction
corresponding to 1}, which satisfies ||¢|| = 1. Then there exists a subsequence of {u,}, again
denoted by {u,}, such that -2 converges uniformly to ¢ on [0,27].

llanll

Proof Set v, := HZ—””, since v, is bounded in C2[0,2r], after taking a subsequence if nec-
essary, we have that {v,} uniformly converges to a limit v € E with ||v|| = 1, and we again
denote by {v,} the subsequence.

For every (A,, u,), we have

2w
u,(t) = )»,,/O G(t, s)h(s)[fou,,(s) + E(u,, (s))] ds. (2.4)

Dividing both sides of (2.4) by ||u,||, we get

2
vu(t) = )L,,/ G(t,8)h(s) |:fovn(s) + é(”ML(ﬁ))} ds (2.5)
0 Uy
Since u,(s) — 0 for all s € [0, 27r], we conclude that §wnG) _, 0 for each fixed s € [0,27].

lanll
Lebesgue’s dominated convergence theorem shows that

2
v(t) = Ag/o G(t,s)h(s)v(s)ds

for each fixed ¢ € [0,27], which means that v is a nontrivial solution of (1.5) with A = A,
and hence v = ¢. ]

Next, we give an important lemma which will be used later.

Lemma 2.3 Assume that (F1) holds. Let @ > 0, and let ¢ be a positive eigenfunction corre-
sponding to 1§. Then

2
/ h(®)[¢(6)]* dt > 0.
0
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Proof Multiplying the equation of (1.5) by ¢**! and integrating it over [0,27], we obtain

2

2 2T
A /0 WOp 0] dt = - /0 o' O[p@]" dt + /0 dO[o0)]* dt

2

2w
= (a+1) i [6' O] [¢(6)]" dt + fo g[s(®)] " dt>0.

Lemma 2.4 Assume that (F1), (Hl) and (H2) hold. Let C* be as in Lemma 2.1. Then
(A, u) eC* and |1 - | +|lull <2 lmply)» >

Proof We divide the proof into two steps.

+

Step 1: We show that for (A, u) € C* satisfying |1 — %’| + |yl < %, we get A > j,—o
Assume to the Contrary that there exists a sequence {(A,, u#,)} C C* such that A, — f_oo’

|yl — 0, and A, < By Lemma 2.2, there exists a subsequence of {u,}, again denoted
by {u,}, such that 72 converges uniformly to ¢ on [0, 27], where ¢ is the positive eigen-
function correspondmg to A, which satisfies ||¢|| = 1. Multiplying equation (1.1) with
(A, ) = (A uy) by u,, and integrating it over [0, 277], we obtain

2

2
An/ h(s)f(un(s))un(s) ds :/ [—u;’(s) +q(s)u,,(s)]un(s) ds. (2.6)
0 0

By simple computation and using the definition of 1§ in Remark 1.1, we get

2 2w 2w
_ ’ 2 2
)»,,fo h(s)f(u,,(s))u,,(s) ds-fo [un(s)] ds+/0 q(s)u;(s)ds

2
> A8 h(s)u(s) ds, (2.7)
0

that is,

(2.8)

/ s )f(un(S) —foun(s) [ (s)1 s> Ao = fokn / s )[un(S)]Z
0 0

1, (s) ”un||2 - An [ n”2

Lebesgue’s dominated convergence theorem, condition (H1), and Lemma 2.3 imply that

/2" h(s)f(un(s)) — fottn(s) [t (s)]? ds s 0. /2” H(s)62(s) ds = O,
0 0

Uy (8) ll22,,112
and
2w [u,,(s)]2 2w
/0 h(s) TPAE ds—>/0 h(s)$>(s) ds > 0.

This contradicts A, < ;—06
Step 2: We show that for all (A, ) € C* and |A — }—E| + |yl < %, we have A > }—g’
Let X = {u € C?[0,27] : u(0) = u(27), 4’ (0) = ' (27)}, Y = C[0,27].

Define F: R x X — Y by

F(u) = —u" + q@t)u — M(2)f (u).
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Obviously,
F(,0)=0, XeR,
and F,, F,, F,, are continuous,
F, (0, 0w =—w" + q(&)w — Afoh(t)w,

and

N(F(%O)) - span{g, R(F(%O)) - {ve y;/oz" vd)dx:O}.

Here, A{ is the first eigenvalue of problem (1.5), ¢ is the positive eigenfunction corre-
sponding to AJ. Thus

dimN(F (ﬁ 0)) —codimR(F (ﬁ 0)) =1
u 'f(-) ) - u f(v) ’ - .

Since F,\M(;—E,O)(p = —foh(t)¢, we have from Lemma 2.3 that

2w
fo/ h(t)p*dt >0,
0

and accordingly F;, (32, 0)¢ ¢ R(F,(32,0)).

Now, we are in a position to use the well-known Crandall-Rabinowitz bifurcation the-
orem (see [15, Theorem 1.7]). Thus, there exists a nontrivial continuously differentiable
curve passing through (}—06, 0) with the form

A"F
{ (72(3)’ u(S)) ‘ se(-a, a)},

such that

) _ (%
( 7 <s>,u<s>) - ( Frues(o y(s>)),

where it : (—a,a) > R, y : (—a,a) — Z are continuous functions satisfying 1 (0) = 0, y (0) =
0, ¥'(0) = 0. Here, Z is any complement of N(F, (0,0)) in X.

Assume to the contrary that there exists a sequence {(A,,u,)} C C* such that %, =
%, uy(t) = cu(@(t) + y(cy)), t € [0,2] with |ju,|| — 0, where ¢, > 0, lim,. ¢, = 0,
lim,,_, o0 %2”) = 0. Multiplying equation (1.1) with (A, u) = (A, u,) by ¢(¢) and integrating it

over [0,27], we obtain

2 21
/0 (¢"(6) — q()p(t) + A5 h(O)P(2) ) un(t) dt = 1 /0 h(t)g(ca(P(2) + v (cn))) (o) dt.

By this fact together with (1.5), we have

2T
/0 (67(0) = q(OB(e) + 15hOP(O))un(t) dt = 0,
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and accordingly,

2T
/0 (O (cn (B(0) + () b(e) it = 0. 29)

Define

2T
I- / 10 (D)g (cad(0)) i,
0

2

Jn= | HO$@e(en(d ) + y(en))) dr

We may assume that
el <1, |yien)] < M.

Let Iy := [0, [|¢lloo + Mo]. We only need to work for the function gly,.

By simple computation, we get

Ju=In| _ 1 /‘2n|h(t)¢(t)( (cu(@(®) +v(cn)) —g(cap(2)))| dt
¢ | enIn(l+c,) Jo &\Cn vicn gl(cn
ly (en) ,
S R rmm el L S L N 4 e

Here, g'(s) to the derivative of g(s). Moreover, y(-) is a continuous function with y(0) = 0,

y’(0) = 0, these together with ¢, > 0 and lim,,_, », ¢, = 0 imply

lylendl _
n—oo In(1 + ¢;,)

’

since

m ly)l/s
s—>0* (In(1 +8))/s

Thus
|y (cn)| 8
— 27|k N s < =, > Ny,
13 o 7 1Hlcl@loc ] | gy < 30 mZ N
that is,
M < é, n ZNlr
¢, In(1+c¢,) 4
ie.,
1, _§§ n < 1 Lo n> N
¢,In(l+¢,) 4~ ¢,In(l+¢c,) ~ ¢,In(1+¢,) 4
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From (H1), we have that there exists N* > 0, Vn > N*,

1, 8
- >,
¢, In(l+c¢,) — 2
and subsequently,

Jn Iy

> 0.
¢, In(1+c¢,) ~ ¢, In(1+c,) g

ER SN

S -_—

i
Thus, for n > max{N;, N*}, we have

2w
| Hog(eser+ yea)owde o
0

However, this contradicts (2.9). a
3 Second turn of component and proof of Theorem 1.1

In this section, we show that there is a direction turn of the bifurcation under condition

(H3), and accordingly we finish the proof of Theorem 1.1.

Lemma 3.1 Let (H1) and (H2) hold. Assume that {(Ay, ux)} is a sequence of positive solu-
tions of (1.1). Assume that | ¢| < Cy for some constant Cy > 0, and

lim |ug|| — oo,
k—o00

then
lim || ug|lco = 0.
k— o0

Proof By Rolle’s theorem, there exists n € (0, 27) such that '(n) = 0. Integrating the equa-

tion of (1.1) over [n,x], we have
= [ up© = [ a©ums ds—r [ Ho () ds s (0,20,
up (x /nuks /ﬂqsuks s k/n s)f (ux(s)) ds, se0,2m
Recalling (1.7) for some N > 0, we get
=[5 < [ q@ueds+a [ | ()
up(x /ﬂuks /nqsuks s + k-/n| s)|f (ux(s)) ds

21 2
= (/0 q(S)d5+C0N/O }h(S)|dS)||u/<||oo. (3.1)

(3.1) implies that {||u, ||} is bounded whenever {||u||«} is bounded. O

Lemma 3.2 Ifu € D(L), then

[0 < 16¢) 1020
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Proof By Rolle’s theorem, there exists 1 € (0,27) such that #'(n) = 0. For every ¢ € [0, 2],

we have

t t 2
W)= [(wods< [@o)ds< [ 600) ds=[6) gy
n n

that is,

[ = 164) N 21020y

On the other hand,

t t t 2
s _ " d o +d _ " _d " —d
u' () / u’(s) sf/ ( u (s)) s /ﬂ (u (s)) 55/0 (u (s)) s

n n

= ” (””)7 ”L1(0,2n)’

ie.,

” u ” o = “ (”//)_ HLI(O,zn)‘

Thus,

[0 < 164) D200 =

Lemma 3.3 Let] C (0, B8] be a compact interval. Assume that (F1) and (H5) hold. Let (A, u)
be a positive solution of (1.1) with A € J, u > 0. Then

1
5”“”00 <u(t) <|lulle, tel0,2r].
Proof We claim that if (A, u) is a positive solution of (1.1) with ||u«||« = 2so, then

min u(t) > sp.
te[0,27]

Assume to the contrary that there exists (i, #,), a solution of problem (1.1), such that
|44 lloo = 250, MiNse(o,27] U (E) = 0 (1 — 00).

Since u, is bounded in C2[0, 27], after taking a subsequence if necessary, we have {u,}
uniformly converges to a limit & with |||« = 2s¢ and #(z,) = 0, &/(¢.) = 0 for some ¢, €
[0,27]. From Lemma 4.7 of [6], we know that u(¢) = 0, ¢ € [0, 27r]. This is a contradiction.

Let w(u) be the amplitude of the solution #. Combining this with Lemma 3.2, we have

to 2w
o = [ W@ ds <2 |u| <22 () gy =27 [ ()" ds
t
2
=27T/ (—u")" ds. (3.2)
0

Here, u(ty) = || tlloo, u(t1) = minte[0,2n] u(t).
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By simple computation, we get

2
w(u) < 2w / (-u")"ds
0

=27t | (M8 (1) = q(8)22) | 1 0.0

=2r ”)‘h_(t)f(”) ||L1(0,2n) +2m ||q(t)uHL1(0,27r)'
Since for any function a(x), b(x), we have
[a(x) + b(x)]” <a (x) + b (x).
Combining this with (H5), we have
w(u) < so.
Thus

1
min u(£) > so = = |1 .
te[0,27] 2

Therefore, the claim is proved. g

Lemma 3.4 Assume that (F1) and (H4) hold. Let u be a positive solution of (1.1) with
lletll oo = ulty), then for every A > B, we have

1 Lo + X2ip-1 Lo + X2
—|lu <ull) <|U|lleo, tE€ , ,
~ltloe < u(0) < 1o [ 2

and ty € (X2;y-1,%24,) for some iy € {1,2,...,n}.

Proof Since —u'(¢) = (Ah(t)@ —q(t))u, condition (H4) implies that

S (u)

— :u e (0,2s] }u(t) —q(t)u(t) =0, tel J@aurxm).
u

i=1

—u'(t) = Bh*(t) inf{

Note that condition (F1) implies that u'(¢) is decreasing on (J!; (x2;-1,%2;). Moreover, if
t € [0,27 ]\ U7 [%2i-1,%2], (F1) implies that #/(¢) is increasing on [0, 2]\ |} [%2i-1, %2].
Thus u is convex on [0, 27 ]\ [}, [*2i-1,%2:] and concave on [ J]_; (xi_1,%2;). Therefore, £
must be in (x5;,_1,%2;,) for some iy € {1,2,...,n}.

In fact, assume on the contrary that ¢ € [0,27]\ U, [¥2:-1,%2], then it follows from

—u"(to) + q(to)u(to) = Mh(to)f (u(to)).
Since f(u(ty)) > 0, h(ty) < 0, and A > 0, we have that the right-hand side is negative. How-

ever, q(to)u(tp) > 0 and u”(¢p) < 0 imply that the left-hand side is nonnegative. This is a
contradiction. Therefore,

to € (%2ig—1,%2iy)-
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By simple computation, we get

u
u(t) > &(t —%2ip-1)>  t € [%2ip-1, Lo].
Lo — %X2ip-1

—X2ig-1

lo+x2)-1
t0—%2i-1 2

Note that

% is equivalent to ¢ > . Similarly,

ll2£]l o0

X2i, — to

u(t) >

(%25 — 1), t € [L0,%24],

X9 —t . . to+xo;
and 5 'Oft > % is equivalent to t < —~2. Therefore, we have

d

Lo + X2ip-1 Lo + X2
2 2 ’

1
Slulloe =u(t) < fltlloo, L€ ,

Lemma 3.5 Assume that (F1) and (H4) hold. Let u be a positive solution of (1.1) with

ltt]loo = 289. Then A < f

Proof Let u be a positive solution of (1.1) with |||« = 2s9. By Lemmas 3.3, 3.4,
So <u(t) <2s0, tel,

where

I Lo + X2ig—1 o + X2
2 7 2 |

Now we assume A > %6 Then, for ¢ € I, by (H3), we get

f(ut)) g, fo [(2 2] . (o) 27 2
M) ult) ()_JTO OWho[(T) +q]_q_(7) Z<x2l'o_x2io—l>‘

. 2T to + X9 —
v(t) := sm( (t— 07 T 1)),
X2iy — X2ip-1 2

L Lo+%2ip- Lo+
it is known that v(=—20) = y(2522) = 0.

Then v is a solution of

Set

V(t) + (—Z— )2v(t) 0, tel,

to+x2in—1 t0+x2
y(220y (220 _ g,

X2ig _"2

toﬂzlo 1 to+x210 )

Obviously v(¢) > 0 on ( 5

We note that u is a solutlon of

W0 + (Ah(t)f (:((tt)))

- q(t)> u(t) =0
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on I. The Sturm comparison theorem [16] implies that u has at least one zero on /. This
contradicts the fact that #(¢) >0 on I. O

Using an argument similar to proving [6, Theorem 5.2] with obvious changes, we have

the following lemma.

Lemma 3.6 Iffy € (0,+00) and fo, = 0, then C* joins (;—E,O) to (+00,+00), C~ joins (;—06,0)

to (=00, +00).

Proof of Theorem 1.1 From Lemma 2.1, there exists an unbounded connected component
CY in the positive solutions set of (1.1). Moreover, C* C ((R* x intP) U {j(—(;v), 0}), where v €
{+ -}

By Lemma 3.1, it follows that there exists (Xo,up) € C* such that ||up]le = 230 and
Lemma 3.5 implies that A < By Lemmas 2.4, 3.5, C* passes through some points (f ,V1)

and (]TO, V) with [|vq|loo < 250 < ||v2l00, and there exist A and A which satisfy 0 < A < f—(‘)’ <A
and both (i) and (ii):
(i) Ifr e (%’,X], then there exist # and v such that (A, %), (A,v) € C* and
l#lloo < [IVIloo < 2505
(if) If A € (A, %], then there exist # and v such that (A, ), (A,v) € C* and
l#lloo < 280 < [[VIloo-
Define A* = sup{A : A satisfies (i)} and A, = inf{A : A satisfies (ii)}. Then (1.1) has a positive
solution u;,, at A = A, and u;» at A = A*, respectively.
Clearly, C* turns to the left at (A*, ||uy+|loo) and to the right at (A, ||#;, ||oo), finally to
the right near A = +o0. Furthermore, by Lemma 3.6, it follows that, for each 1 € (—oo0, ;—g),
problem (1.1) has a positive solution. This completes the proof of Theorem 1.1. d

Now we strengthen the assumptions on f and / as follows:
(H6) f € C%([0,00), [0, 00)) with £(0) = 0 and f(s) > O for s > 0;
(H7) f"(s) <0 for s € [0,s1);

(H8) h e C([0,27],[0,+00)) and & £ 0.

By Theorem 1.1, we can easily show the following corollary.

Corollary 3.1 Assume that (H2), (H3), (H6)—(H8) hold. Then there exist A, € (0, %) and

Af> 20 such that

(i )f (1.1) has at least one positive solution if A = Ay;

(i) (1.1) has at least two positive solutions if hy <X < %;
(iii) (1.1) has at least three positive solutions Lf%’ <A <A
(iv) (1.1) has at least two positive solutions if . = L*;

(v) (1.1) has at least one positive solution if . > A*;
(vi) (1.1) has at least one positive solution if A < ;—g

Remark 3.1 Let us consider the nonlinear problem

—u"(t) + g, ()u(t) = A, () (u(t)), te(0,1),
u(0) = u(1), u'(0) = u'(1),

(3.3)
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where o € (0, %) is a parameter,
hy(t)=1-t-0, te€]0,1],

1 |1-t-0, t€[0,1-0],
qn(t):_

0ft-1+0, te(l-o,1],

s—slIn(1 +s), s€[0,1),
f(8)=1ks—k+1-1n2, sel[l,4),

J5+3k—-1-In2, se[4,00).

_ 8om?
Here k = o2 * 2.

Let A (o) be the first positive eigenvalue corresponding to the linear problem

—u(t) + gou(t) = Aho O)u(t), £€(0,1),

(3.4)
u(0) = u(1), u'(0) = u/(1).

Let ¢ be the positive eigenfunction corresponding to Aj(o). Next, we will estimate the
range of the value of 1§ (o). Recalling

S (@) + q,u?) dt
[ hou? dt

2i(0) = inf{ ‘ 1(0) = u(1), 1/ (0) = u'(1)}.

Since

fol((u/)2 +qou)dt . fol qou’ dt - 01_" qou’dt 1

Sl howrdt T [Yhouwrdt [V hgutde 107

that is,
1
AM(o)> —.
0@=15

We will check that all of the conditions in Theorem 1.1 are fulfilled.
In fact,

fo=1 g(s)=sln(1+s) forse0,1],

and

1 1
lim / o (5)£9D) s - / h(s)¢*(s)ds = A >0
—0* Jo cIn(1 +¢) 0
(see Lemma 2.3).

Let |l#|l o = 4, then the function f satisfies (H3) with s9 =2,/=1-0, ¢, = 1—10(1 —0),

heo = I_T", such that

[ son?

+ 2.
se24] s — (1-0)2

Furthermore, the function f satisfies (H1) and (H2).
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Moreover,
- [f6) _ . _
infil—-:5€(0,4]; =1-1In2, max{f(s).se[0,4]}_3K+1—1n2,
s

1-t-o0, tel0,1-0],

h(t) =
0, te(l-o,1],

0, te[0,1-0],
t-1+o0, te(l-o,1].

Note that ||/ ||11(0,1) = %02, g5 100 = 11’—0". Obviously, there exists B = 4 such that (H4) and
(H5) are satisfied with o < 0. Here, oy is the unique positive solution of the equation

2(1 -

2023k +1-1n2) + % -2

Since, x(0):=20%(3x +1—1In2) + @ — 2 is strictly increasing for o € [0, 1) with x(0) =
8

=
By using maple 17, we may get

oo ~ 0.018.

Therefore, the conclusions of Theorem 1.1 are valid if o < oy.

Remark 3.2 1t is worth remarking that g(s) = sIn(1 + s) for s € [0,1] has a big difference
with the function g(s) ~ fis'** for some o > 1 (see [14, (F1)]) since

. sln(1+s)
lim ———— =

50+ Sl+ot
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