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1 Introduction

Fractional integro-differential equations have been studied by many researchers from dif-
ferent points of view during the last decades (see for example, [5, 10] and [15-19]). In 2015,
anew fractional derivation without singular kernel was introduced by Caputo and Fabrizio
([8]). Some researchers tried to use it for solving different equations (see, for example, [2,
9] and [14]). Recently, approximate solutions of some fractional differential equations have
been reviewed (see, for example, [3, 4, 6, 12, 13] and [7]). Also, one is finding some new
applications for fractional derivations (see, for example, [3]).

In this manuscript we consider b > 0, x € H'(0,b) and a € (0,1). The expression of
the Caputo—Fabrizio fractional derivative of order « for the function x has the form
CEDox(t) = lf%) fot exp(7% (t—s))x'(s) ds, where £ > 0 ([1, 8] and [9]). B(«) is a normalization
constant (B(1) = B(0) = 1). The fractional integral of order « for the function x is written
as ([14]) “Frox(t) = %x(t) + By fot x(s)ds, whenever 0 < @ < 1. If n > 1 and « € [0, 1], then
the fractional derivative “*D**" of order # + « is defined by “fD**"x := ¢E D (D"x(¢)) ([6]
and [8]). If the function x is such that ¥ = 0 for k = 1,2,3,...,n, then *D*(D"x(t)) =
D"(“¥D¥)x(t)([8]). Here, D is the ordinary derivation.

Lemma 1.1 ([1] and [14]) Let 0 < o < 1. Then the unique solution for the problem
CEDx(t) = y(t) is given by x(t) = x(0) + %y(t) + 5 fot x(s) ds.

Theorem 1.2 ([11]) Let (X,d) be a complete metric space and F : X — X be a mapping
such that ¢(d(Fx, Fy)) < ¢(d(x,y)) — ¢(d(x,y)), for all x,y € X, where ¢,¢ : [0,1] — [0,1]
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are continuous non-decreasing maps and ¢(t) = ¢(t) = 0 if and only if t = 0. Then F has a
unique fixed point.

2 Main result
Let # be a natural number, & € (0,1) and " € H'(0,1). Then the fractional CFD of order
a and # is defined by

CEpeety(r) = CE DR (Dx(e)) = % t exp<% (t- S))?c("*l)(s) ds.
—a -

Also, the fractional DCF of order « and # is defined by

. B dn t _ ,
(CFD"‘)( )x(t) =D" (CFD"‘x(t)) = % %/0 exp(ﬁ(t — S)>x (s)ds.

Here, D is the ordinary derivative.

Lemma 2.1 Let n be a natural number and a € (0,1). Then
(CFDQ)(”)x(t) _ CFDDt+nx(t) + exp(l_—at)o-(a, n, 0),
-«

where o (o, n,t) = B S (=L yrigD(p),

1-a 1-a

Proof For each k > 1, we have
‘ —o (k) (k-1) —o (k-1)
exp| —— (£ —s5) )x"(s)ds = x""(£) —exp| ——¢ J«"7(0)
0 l-«o l-«o

+ (%) /0 exp(%(t—s))x(kl)(s)ds.

Now by using repetition of the last relation, we get

CEpatig(g) = CF Do (D”x(t)) = f(_a) texp<1—a(t - s))x("“)(s) ds
0

-

B —a \" [t -
=%(%) Aexp(%(t—s))x’(s)ds

B n _ n—i )
+ _(a) - 29(2)
l1-« =) l-«o

B(x) - " —a \ O
e (%) <o

B —a \" [t -
=%(%) Aexp(%(t—s))x’(s)ds

+ o (o, n,t) —exp(l_—at)a(a,n,O)
—a

= (1>HCFDO‘x(t) +o(o,mt)— exp(%t)a(a,n, 0).

l-«
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Also, we have

(C0) 210 = D (0a00) = (1 ) Dt 10 3]

l-« = l-«
B(a) { —a \" (! - ,
:m(m> /(;exp(m(t—s)>x(s)ds
_,_@ - (i)nlx(i)(t)
l-«o P l-«

- <i>nCFD"x(t) + o (o, nb).

l-«a
Hence (“FD*)"x(t) = ED**x(t) + exp(% £)o (o, 1, 0). O

By using Lemma 2.1, we conclude that “FD*"x(t) = (“*D*)"x(¢) whenever x%(0) = 0

forO0<k<n.

Lemma 2.2 Let n be a natural number, o € (0,1) and y € H'(0,1). Then the solution of the
problem ¥ D¥*"x(t) = y(t) is given by

%(0 (n) 0
x(t) = m]”y(t) m]”“y(t) +x(0) + £x'(0) + £2 2( ) Foeeet t”x ng ).

Proof By using Lemma 1.1 for the equation “FD**"x(t) = CFD*x")(¢) = y(£), we get x")(£) =
" (0) + 4 V) V(&) + iy fo y(s) ds. By using an integration, we obtain

l—ot t o t s
B(a)/oy(s)ds+@/o /(; y(r)drds.

By repeating this method, we deduce that

x"70() = 2 D(0) + e (0) +

2(8) = 22(0) + 12D(0) + = 5 <">(0)

B( ) / f () drds + B‘("a) /Ot/:/()ry(k)dkdrds.

By continuing the process, we conclude that

// (}’I)
L pmly(e) +x(0) + tx'(0) + 22 ©, 20

x(t) = —J”y(t) o -

Bla)

B(a)

On the other hand, by using some calculation, one can find that the given map x(¢) is a
solution for the problem “f D**"x(t) = y(t). O
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Lemma 2.3 Let n be a natural number, o € (0,1) andy € H'(0,1). Then the solution of the
problem (DY) x(t) = y(t) is given by

1-—
x(t) = W")‘ﬂy(t) ¥ ﬁ/"“y(t) +2(0) + £5/(0) + - -
) n g\
t”x (0) v (_Ol) x(i)(O).
n! n! — l-«o

Proof By using Lemma 2.2 for (*D*)®x(t) = ED**"x(¢) + exp(t)o (o, n,0), we get

x(t) = T]”( ( )—eXp<%t>a(a,n,0))
+ %]ml <J/(t) - eXp(%t)a(a,n, 0))

x"(0) %" (0)
—_— e+ T —
2!

+x(0) + tx'(0) + £2
n!

or equivalently

x(t) = —]” (t) - l—ag(a,n,O)]"exp<% ) ]VH—ly( )

B(a) Ba) Ba)

% ()
—LG(G n, )]"+16Xp(—t> +x(0) + tx'(0) + 2('0) +...+,;"x_(0)

Bla) n!
___ " qn n+1 n - i
_B( )] y(t) + Bla )] y(t) — o (o, n,0)] |:B( )exp(l_at>
o 1 //( ) nx(n)(o)
m]ep(—t)]+x(0)+tx(0)+t ...+tT

_ - %m n+1 n 1
= O ¢ ) - om0 [3( )exp<1_at)

1-a o ,%"(0) #2(0)
B()<1_ p(mt>)}+x(0)+tx(0)+t o +ot+t o

n n+ x// (0) . x(n) (O)
:ﬁ] ()+m] Ly(8) + x(0) + x/(0) + £ TR

A YA N
m,z(l—a) #(0)- O

Lemma 2.4 Let a € (0,1),2<g =2+« <3 and y € H(0,1). The fractional differential
equation “FDIx(t) = y(t) with boundary conditions x(0) = 0, /(1) + x'(0) = 0 and x”(0) = 0
has the unique solution of the form x(t) = fol G(t,8)y(s)ds, where G(t,s) = ’%—2‘;‘ - 21‘;‘(2)
whenever 0 < t <s< 1 and G(t,s) = ]%(t - (o)t ot

O<s<t<l.

(t — s) whenever

-9 - 2B(a) ~ 2B(a)

Proof By using Lemma 2.2, we get x(t) = B(a) =2 12y(8) + B ]By(t) + tx'(0). Hence, we obtain
x'(t) = ]%]ly(t) + %]Zy(t) +4'(0). By using the boundary conditions (1) + x'(0) = 0 and
#(1) = =271y(1) + 32572(1) + #/(0), we have x(t) = 2 729(6) + 52 PPy(6) - 2 71y(1) -
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ZB(a ]2y(1) Thus, x(¢) = 1 o fo ys)(E = 8)ds + 555 fo y(s)(t — s)2ds — 2Bat fo y(s)ds —
ZB(a fo y(s)(t - s)ds = fo G(t, 5)y(s) ds. Note that CFanc(t) = 0 if and only if x(¢) = 0. This

implies that the given map x(¢) is a unique solution. g

(lot

Note that |G(¢,s)| < IBa)| + |23(a [0,1]. Let w, pt1, (o,
ky,ky € CY0, 1], m, my, hand g be bounded contmuous functlons onl:=[0,1] with M; =

|+ 153

A

sup,¢; [ (t)| < 00, My = sup,¢; [1(t)| < 00, M3 = sup,; |ua(t)| < 00, My = sup,; k()]
00, Ms = sup, |ka(£)| < 00, Mg = sup,; |m1(2)] < 0o, M7 = sup,;|ma(t)| < oo, Mg

sup;er [A(£)] < 00, My = sup,;1g(£)] < 00, Ny = sup,e; |14/ (£)] < 00, Ny = sup,e; | (£)] < 00,
N3 = sup,; |u5 ()| < 00, Ny = sup,; |K; ()| < oo and N5 = sup,; |K5(2)| < 00. Let @ € (0,1)

and 2 < g =2 + « < 3. Now, we investigate the CFD fractional integro-differential problem

CEDIx(t) = pn()x(t) + 1 (%' () + pa(O)x” (£) + ky () FDPrx(2) + ko () FDP2c(2)

+ / t f (s,x(s), my ()% (), ma(s)x” (s), h(s) E DY x(s), g(s)CFD“x(s)) ds, (1)
0

with boundary conditions x(0) = 0, x'(1) + x'(0) =0 and x”(0) =0, where 1 < 1 <2< 8, <3
and 1<y <2<v<3.

Theorem 2.5 Let &), &, &3, £, and &5 be nonnegative real numbers, f : [0,1] x R> — R an
integrable function such that

[f(t, X, 9,2, V, W) —f(t, x,y,Z,v, w’) ’

séile—x|+ &l 5|+ &z =2+ aly-v]+ -],

for all real numbers x, y, z, v, w, %, ¥y, 2, V,w e Rand t e [. If A < %, then the problem
(1) has a unique solution, where A := max{Aj, Ay, A3, Ay}, Ay = 3 [Ml + My + M3 +
M4B(/31—1)+M5B(/32 +%. +§2M6+§3M7+§4M83y 1) +%. Mng 2] Az— 3 3+4a][M1+M2+

2-p1 3-p2 2-y 212B(a)
M + M4f(;;11 D, Msf_(gzz + &1+ E Mg + E3M7 + %.4Mgf_1; 1) +E Mng 2] As = 1+o¢ [Ml +
My + Ms + M4f£g1171) + Msfﬁz +& + SzMe + &Mz + §4M83y b +$ MoBL-2) and Ay =
MyB(B1-1) | MsB MgB(y-1 MoB(v-2
By M1 + My + M3 + 42(’;11 Dy 53(22 +&1 + &M +53M7 + &4 8,’; )+$ = w2 4

1 ) N1+ My + Ny + My + N3 + Ms +B(f —1)[“2%%4 + N4+M4] +B(Ba 2)[‘?3%‘1\45 + MS_;;[SH

sl+szM6+ssM7+s4MsBV Dy g MoBOD,

Proof Consider the Banach space Cf{ [0,1] equipped with the norm ||x| = max,c; |x(£)| +
maXx;es [« ()| + maxes [« (¢)| + max,; |x”'(£)|. Define the map F: CH% [0,1] — C%[O, 1] by

1
Fx(t):/ G(t,8)R(s) ds
0

-« tR(s)(t—s)ds+ —s)%ds

~ o
- % 0 2B(a)

_ 1 1
_(;B(Z;’f / ()ds—%(t) / R(s)(t - 5) ds,
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where
(Rx)(£) = p(t)x(t) + pa (OF (8) + wa(E)x () + k1 (£) FDPra(t) + ko (£)F DP2x(t)

+ / t f (s,x(s), my () (s), ma(s)x” (s), h(s)CE DY x(s), g(s)CFD“x(s)) ds
0

and

(Rx)(®) = n(O(8) + 11 (Ox(0) + 1 (' (@) + pax (2)
+ (X" () + wa ()2 (8) + ki () FDPLx(E)

rhato] 3 pistn « B D
—P1
Lgﬂ 2 2 2) ’”(t)] + K, (0)°F D2 x(t)

+f(6,x(t), my ()« (£), may ()2 (£), () F DY x(£), g(£)“F D" x(t)).

+ kz(t)[ ﬁ z EDP2x(t) +

By using Lemma 2.4, x, is a solution for the problem (1) if and only if x; is a fixed point of
the operator F. Note that

|(Rx)(®) - (Ry)(®)]

< | (@) + pa ()2 (0) + pa(x" (2) + ke () DPLx(8) + ko (£) T D2 x(2)

+ / t S (5,%(8), m1 () (5), ma(s)x” (5), h(s) “F DY x(s), g(s)“F D" x(s)) ds
0
- (u(t)y(t) + w0y (6) + w2y (0) + k()T Dy(0) + ko () D2 2)

/ F(s:2(5), m1(s)y (s), ma(s)y” (s), h(s)F DY y(s), g(s)FD"y(s)) dS>

<|u@||x@) = y@)] + |1 O] |¥' @) =y @) | + |20 ||" @) = ¥ (0)]
+ ki ()| FDPY |x(e) - y(2)| + |ka(8)| “FDP2|x(E) — y(2)|

+ / t[f(s,x(s),ml(s)x/(s),mz(s)x”(s),h(s)CFDVx(s), g(s)* D"x(s)) ds
0

— £ (5,5(5), m1(8)y (5), ma(s)y" (s), (s) D7 y(s), g(s) D" 5(s)) | ds

< Millx -yl + Malx - yll + Ms|lx -y

s MyB(B1 - 1) =yl + MsB(B, - 2) eyl
2-p1 3-8
+ |:$1 +& Mg + EM7 + €4M823(y n) + $5MgB(V — 2):| llx =l
-y 3-v

MuB(B1 - 1) . M;sB(B; —2)
2-p1 3-8
MgB(y —1)  MoB(v—2)
:|||x—y||

< |:M1 + My + M3 +

+&1 +E Mg +EM7 + &4 +&5
2—y 3-v



Aydogan et al. Boundary Value Problems (2018) 2018:90

and

|R'x(t) - R'y(t)|
< W@ ||x@) - y(@)] + |1(@) + wy (D] |¥' @) - ¥ (1)]
+ (@) + w6 () =y @) + |2 @) | |67 () =y )|

1- , k1 (£)B(B1 —1)|

+)2 ﬁkl(t)+k(t) “27}31|
- B2 |k5(£)B(B2 — 2)]

3-5 3-p

+ |f (& x(t )%/ (&), ma(8)x" (), h(£)FDY x(t), g(£) F D" x(t))

-f (t;y(t),ml(t)y( ), ms(8)y" (0), h(£)F D7 y(2), g(8) F D"y (®)) |

CEDP|x(t) - y(8)] + ®'(t) -y ()|

+ ko (2) + k()

CFD52‘x (t)‘ + |x///(t) _y///(t)|

Hence, we get

|R'x(t) - R'y(t)|

1-B1IMs N+ M
S<N1+M1+N2+M2+N3+M3+B(ﬁl—1)|:| ﬂ1| 4 4+ 4:|

@-p)>  2-p
|2 - B2|Ms5 . Ms + N5
(3-po)? 3-8

MsB(]/ — 1) MgB(l) — 1)
)llx—y||~

+B(p, - 2)[ } +& +E Mg + EM;

+ 65

+
* 2 -ty 3-v

On the other hand, we have

3 MyB(Br —1) MsB(Bs -2
[Pl = B0 = 2555 )[M”M”M?’ 42(—%31 L 53(_/322 :
MgB(y — MoB(v —
+ 6 S r My + &4 82(_yy Uity 93(_‘)1) 2)]llx—yll

= Agllx -yl

and

Page 7 of 15

4 / 1- ! !
F'x(t) - F'y(t) = [Tao)t + l%t] /0 (Rx(s) —Ry(s)) ds — % /0 s(Rx(s) - Ry(s)) ds

1-a) ! at
~ 2B @ /o (Rx(s) Ry(s)) ds — m (Rx(s) —Ry(s)) ds
1
+ 23020[) /o s(Rx(s) —Ry(s)) ds
- §|:3 +4oz:| [Ml My M+ MyB(B1 - 1) . MsB(Ba - 2)
2| 2B(a) 2-p 3-p
+&1 + & Mg + M7 + §4Msf(y -1 + §5MQB(U — 2)} llx =l
-y 3-v

= Aallx -yl
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and so |F'x(t) — F'y(t)| < Aq|lx — y||. Also, we have

‘F"x(t)—F”y(t)’_ /’Rx(s - Ry(s ‘ds+ ’Rx(t Ry(t)|

o
+ @/0 !Rx(s)—Ry(s)|ds

- 1+oz|:]\/[1 +M2+M3+M4B(ﬁl_1) +MSB(52—2)
B(a) 2-B1 3-8
MgB(y -1 MoB(v -2
+ &1+ E Mg + E3 M7 + &4 82()/ )+$5 2By )i|
-y 3-v
= Aszllx -y
and
‘ F///x F///y( t) ‘
o /
= 5@ |Rx(2) - Ry(t)| + x(t) - R'y(1)|
MyB -1 MsB -2
<B(a)[M1+M2+M3 42(_’3;1 n 53(_’3;2 )b+ M + EM,
MgB(y -1 MoB(v -2 1-
+ &, 82(]/)/ ) +&s 93(_])1} ):|+B(ao)ll:N1+M1+N2+M2+N3+M3
|1 - B11Ms  Na+ M,y |2 - B2IlMs Ms + Ns
+B(ﬂ1‘”[ G- g2 " 2op ]*B(ﬁz‘z’[ G- gy 3_52}
MgB(y -1 MoB(v -1
+& + &M +EM7 + &4 82(); )+§5 By ):|>||x—y||
-ty 3-v
= Agllx—y.

Thus, ||Fx — Fy|| < Allx — y| for all x,y € C3[0,1]. Put ¢(¢) = 2¢ and ¢(t) = ¢ for all £. Now
by using Theorem 1.2, F has a unique fixed point which is the unique solution for the
problem (1). O

Lemma 2.6 Let « € (0,1) and y € H'(0,1). Then the fractional differential equation

CEpe® y(f) = ¥(t) with boundary conditions x(0) = 0, x'(1) + '(0) = 0 and x"(0) = 0 has

the unique solution x(t) = fo G(t,s)y(s) ds, where G(t,s) = _(1—“()00 a ;‘;‘é (t - s) when-
(1-a)t

ever0<t<s<1andG(ts)—1°‘(t 8)+ 35 )(t s)? — m—m(t s) whenever
O<s<t<l.

Proof By using Lemma 2.3, we get x(t) = 1~ “]2y(t) + a)]gy(t) +&/(0)f + 14/ (0)t. Hence,
x'(t) = é;]ly(t) ) ]2 () + mx '(0). By using the boundary Condltlons x'(1) +%'(0) =
and /1) = 87501 + 35751 + (0), we obtain 5(0) = 870 + ﬁ]g’y(t) -
]ly(l) ]2 (1) Thus, x(t) = 1 Lo fo (s)(t — s)ds + Lfoty(s )t - s)?ds —
u )B(a) fo o a)B fo (s)(t - s)ds = fo (t,5)y(s) ds. Note that (*D*)Px(t) = 0
if and only if x(t) 0. This 1mp11es that the given map x(¢) is a unique solution. (|
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1 oz)t

Note that |G(t, S)|<| |+|2B |+|_‘“|+| |< forte[O 1].Leta, B1, B2, v €

(0,1). Now, we 1nvest1gate the DCF fractlonal 1ntegro dlfferentlal problem

(D) () = u(e)e() + pa (D2 (8) + ()" (0)

+ k() (CFDP) V(e + ko () (D) Px(e)
[ 70559 6519,
0
h(s)(C D7) Vx(s), g(s) (CFD*) P x(s)) ds @)
with boundary conditions x(0) = 0, x'(1) + '(0) = 0 and x”(0) = 0.

Theorem 2.7 Let &y, &, &3, &4, and &s be nonnegative real numbers, f : [0,1] x R> — R an

integrable function such that
lf(ty x;y; z,V, W) _f(t) x/xy/; Z/y V’y W’) |
sble=d|+&ly-y|+&lz-2| +&lv—v| +&|v V|

JSor all real numbers x, y, z, v, w, &', ¥, 2, vV, w and t € I. If A < 3, then the problem (2)

has a unique solution, where A := max{A1, Ay, Az, Ay}, A1 = =0)B@) [M1 + My + M; +

2— a)B
1;/{4%(‘?2) + (53 5(21+1ﬂ)1\;153 P +&1 +E Mg +E3M7 +&,4 1813,()}/2 +£50 _HI)MQB(V ] Ay = ((f)f;' ) [M; +
My + M3 + 1\4143;,5)12) 4 O ﬂ(zlﬂgi\fa?B £ + & + EMg + &My + 54 2 + &5 o wzlﬁgB(u)],
Az = B(j{;' o My + My + Ms + jgu;(ﬂ)lz) G ﬂf;l;jfslg ) g4 $2M6 + &M7 + 54 2 +
& (2 v+ DMoB(v) _‘;;112;493 land Ay = g5 My + Mo+ Ms + Ml‘*‘zﬂ)lz) L& ’3(21+1;A;ISB(’32) +E +EMs +53M7 +

MgB(y) (2-v+1) MgB( ) (Bf=P1+1) . B(BN4
%- (1-y)2 +$ (1-v) ] B( )[N1+M1+N2+M2 +N3+M3+M4B(ﬂl) (1-p1)3 + (1-p1)2 +

(2B3-2B2+1) )] -
MsB(2) P 1 NoB(By) A0 1 6y 4 £3M + sy + HMSEY) y CoueloB),

Proof Consider the Banach space C% [0,1] equipped with the norm |x| = max;c; |x(¢)| +
maxyes |4 (£)| + max;e; |7 (£)] + maxses |2 (¢)]. Define the map F : CD?% [0,1] — CD%[O, 1] by

Fx(t) = /01 G(t,8)R(s) ds

~ l_—a t ~ o t ~ )
= 3@ R(s)(t —s)ds + 2B(oz)/0‘ R(s)(t —s)" ds

1-a)t 1 ot 1
" B2 -a) Jo R(s)ds‘mfo Rs)(t— 5) ds,

where

(Rx)(£) = (£)x(t) + pa () (£) + pa(t)x” (2)

+ Mk (O)(CFDP) Vs(e) + k() (D) P ()

+ /0 t £ (s,%(s), my () (5), ma ()" (s), n(s) (F D7) P x(s), g (s) (F D) Px(s)) ds
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and

(R'x)(£) = n@)x' () + ' (O)x(8) + ' (D)% (£) + pax" (2)

+ 5 OF (1) + pa (D2 () + K () (CFD’-“I)(”x(t)

+ ki (t) [(1 ,31) CEDPrx(t) — - 51)2 X (t) + _lﬂlx”(t)]

+ ko( CFD’Szx —= _¥(t
At [(1 Ba ©

,32)
G ﬂzz)zx (t) + W(;)}+k’(t)(CFDﬂ2) x(2)

+ £ (£,2(0), my (% (1), ma @) (), (£) (DY) Vx(0), g(2) (F D) P'x(0))..

By using Lemma 2.6, x, is a solution for the problem (2) if and only if xy is a fixed point of
the operator F. Note that

(Rx)(t) — (Ry)(£)
< [M(t)x(t) + (B () + a0 () + Mk (£) (D) Vx(e) + o (8) (FDP) P x(2)
+ /tf(s,x(s), my ()’ (s), my(s)x” (), h(s) (CFDV)(I)x(s),g(s) (CFD”)(Z)x(s)) ds]
0

- [u(t)y(t) + (e @) + a0y (@) + k() (D) Vy(@) + ko (6) (FDP) Py (2)

¥ fo £ (5,5(5), m1 (2)y/(s), ma(s)y” (s), h(s) (E D7) Vys), g(s) (F D) P ys) ds]

< @] [x(@) - y@&)| + |11 D] |¥' @) = ¥ @)] + |2(®)||2" () = ¥ (0)]

+ |l 0] (FDP) V() - y(0)| + [ka@)] (FDP2) 2 |x(0) - 3(0)|
" / t 1f (5, (), 1 (60 (5), ma (5)"(5), a(s)(CF DV ) P x(s), g 5) (D) P x(s) ) s
0
— £ (5,5(5), m ()Y (5), ma(s)y" (), () (S D7) Vy(s), () (F D) P y(s)) | ds
< Myllx—yll + Mylx — yll + Ms|lx - yl|

. M4B(B1) =yl + (B3 — B2 + 1)M5B(Bs) -yl
(1-p1)? (1-p2)3 )

MgB 2_ 1)MyB
+|:SI+§2M6+$3M7+E4(18_)(/);2) + 5(\) l();_ ‘)))39 (U)]Hx—y”

M4B(B1) (B3 — B+ 1)M5B(Bo)
§|:M1+M2+M3+(14—ﬁ1)12+ 2 (i—ﬂz): 2

MgB - 1)MoB
FrEMa s M+ G v o (”)}n =1
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and

|[Rx(t) - Ry(t)]
2 B(B;)N.
= <N1 + My + Ny + Mo + N3 + M; + MaB(B1) (ﬁ(ll —%1-):’1) * (1(/61})31;;

2 2
@B, =25+ 1) ppyBr= Pt D s ey

B - e T
+ MsB(f) (1-Ba)* (1-p2)3
N EaM3B(y) N Wr-v+ 1)M9B(V)> eyl
(1-1y)? 1-vp -
Thus,
2 MyB(B1) (B3 = Ba + 1)MsB(B)
|Fx(t) - Fy(t)| < G=wB@) |:M1 + Mo+ Ms + =5 + TEYAL
CE+ EMet EMy 4 MgB(y) e W2-v+ l)MgB(v):|”x_ |
1+ &2Me + &3/M7 4(1—)/)2 5 1-v)? Y
=Aqlx -yl
and

, , 3+a M3B(B1) (B3 — B2+ 1)M5B(B,)
|Fx(t)_”(t)|S[m}[M”M”M”(1—ﬁ1)2 MR AE

M;gB 2_ MyB
+8&1 + Mo+ 53M7 + & (18_ )(/J;z) +&5 w ]()1+_1‘)})39 (V)] llx =yl

=Agllx - yl.
Also, we have
1/ 1" 2+« M4B(ﬁ1)
|F"x(t) - F'y(t)] < W[Ml + Mo+ M + (1-p1)?
2 _ 1)MsB
(B3 l?i t 13)2)35 (B2) + &+ E Mg + E3M;

MgB(y) (v2 = v + 1)MoB(v)
PR T A ]

= Asllx -yl

and

’F///x(t) _ F///y(t)‘

2(_0[0)’ [R'x(t) - Ry(®)|

< |Rx(t) - Ry(t)| +
(@)

o MiB(B) (B3 - B + DMsB(B)
5(—[M”M”M3+(14—ﬂ1;2+ Ty

B(a)
MgB(y) (v2 = v + 1)MoB(v)
G2 5 Ay ]

+& + &M +EM7 + 84
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1 _
B((x)
. B(B1)N,
(1-p1)?

(Bi-Bi+1)
(1-p1)3
(2B -2B> + 1) (B3 P2+ 1)
=gyt BT

&E4MsB(y) N (W2 -v+ 1)M9B(V)]> I — |
(1-1y)? (1) ‘

|:N1 +M1 +N2 +M2 +N3 +M3 +M4B(ﬁ1)

+ M5B(f3)

+&1 + &M + E3M; +
= Agllx -yl

Hence, ||[Fx — Fy|| < Allx — y|| for all x,y € C3[0,1]. Put ¢(¢) = 2¢ and ¢(t) = ¢ for all ¢.
By using Theorem 1.2, F has a unique fixed point, which is the desired solution for the

problem. 0

Here, we provide three examples to illustrate our main results. Consider the bounded

continuous functions () = 355 8in(0), w1(0) = 5o, wa(t) = t55e™%, ki(t) = ﬁﬁ
Tt + 500 ka(t) = gog cos(t), mi(t) = €, my(t) = Lnfe12) ”2 » h(t) = 0 and g(?) = W for
all t € I =[0,1]. Note that M; = sup, |u(t)| = 100, My = sup,g; | (t)| = 91, M =

SUprc (0] = i M = S0Py )] = M = S0Py ()] = s, Mo = Supycy b (0] =
e?, My = sup,, |m2(t)| = Y8 My = sup,; |h(t)] = 0 and My = sup,, |g(t)] = L. Also,
Nl = Supte]'ﬂ (t)| 100’ N = SupteI|M1(t)| 1560262: N3 = Supte[“‘bz(t)l 10036’ N4 =
sup,¢; [k{(¢)] = 25 and N = sup,; [k5(2)| = Also, consider the function B(«x) = 1 for
a€(0,1).

800

Example 2.1 Let o € (0,1). By using Lemma 2.4, the fractional differential equation
CED2+ey, (t) = t with boundary conditions x1(0) = 0, x;(1) + x7(0) = 0 and x{(0) = 0 has
the unique solution x,(¢). Also by using Lemma 2.6, the fractional differential equation
(FD*)@x,(¢) = ¢t with boundary conditions x,(0) = 0, (1) + x/2(0) =0 and x5(0) = 0 has

the unique solution x;(¢). For o = 1(1)0, o= 110, o= é, o= ;, o=z and o= % we compare
the solutions x;(£), x5(¢) and X(£) = x;(¢) — x,(¢) in Fig. 1.
Example 2.2 Consider the CFD fractional integro-differential problem
CF si n(t) 3t-1 e
D5 3 t t) + X (t) + —x"'(t
0= T00 "D S0r 316" D 1007 @
t3 3t+6 t
(38N erpd i 4 2 Werpi iy
300 800
t Ln(t+2) 1 8
2./ " CF 3
7 7 b ) O’ D 3 d 3
+ /0 f(s x(s), %%’ (s) 20 x"(s) 900 x(s)) s (3)

with boundary conditions x(0) = 0 x'(1) + £ (0) = 0 and x”(0) = 0, where 1 < /31 = 3 <2<
Ba=3 <3and1 <y=3 <2< V=g <3 Putf(t,x,y,z,v,w) = 91t+ 6()4x+ 2009"" Lz+ 18w+
2v. NotethatA1 [M1+M2+M3+—+—+:§1+§2M6+E3M7+%—42y+§5 ]_

2-f1  3-P2
0.02, Ay =2 [3+4°‘][M1+M2+M3+m+3M—ﬂ52+“§1+§2M6+§3M7+$4 +‘§539U]—046
3—(1+0l)[]\/[1+]V[2+]V[3+2,31 +§1+$2M6+§3M7+§42i+§5 7‘}] 0.32 and

A4—G[M1+M2+M3+M—§+M—§+§1+§2M6+§3M7+§428+'§5 >+ (1- Ol)[N1+M1+

M 2-$5IMs _ Ms+N;
N+ M +Ns+ M+ 1= ﬂ;‘)ﬁ +A[£Lf§f4 + I(gﬁélz) 5+ 35:325 +&1+ 5 M +53M; +§42 +§5 8]=

0.166. By using Theorem 2.5, the problem (3) has a unique solution.
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=) —
2o(t)
X(t) ——
X(t)
N X()
=
\\\ 20 L s \§§ =l /f:
E10] E10]
T
“s i -
~zo 3 v e G G T G —@ma STt
S ] s % B
~ (t) L— — Tt
P\\ L W\\ |+
=S
R (t)
.
- -
0.1 ~
B =0 /r
|79 - | =0 — B
= _ e I i
e a0| |1 N e
— xw |
X(t)
a=i a= {5
; ; i Lo yel gl gl g4 _ 99
Figure 1 The solutions of the problem with o = =T X =5, d=5,a=¢ and o = 00

Example 2.3 Consider the DCF fractional integro-differential problem

(CFD%)(Z)x(t)

sin(¢ 3t-1 e o
= ( )x(t) + X () + —x"(t)
100 20t + 162 100

2 +3t+6 CE 1\ (1) cos(t) CE~21\(2)
_ D2 t —_— Ds3 t
+< 300 )( ) w0+ =55 (F0%) =0

¥ /0 ' (s,x(s), e (s), wx”(s), 0, j (CFD%)(Z)x(s)) ds, (4)

with boundary conditions x(0) = 0, x'(1) + 2’(0) = 0 and x”(O) = O, where o = %, B = %,
B = %, y = l and v = l Putf(t X,9,2,V, W) = —t+ Sox+ my+ Lz+ %w+2v Note that

604
Ay = g5 [My + Mo+ M + 55 +Ms ’321 2D b1+ Ex M+ E3 My + £y 2 4 £ M ]
0391, Ay = [22][My + My + My + 2 "‘Z(f‘z,;?Ms +E+BM + EMr + S +
55(”(‘1”#] <0225, Ay = 2 (M, + My + My + iy PP e g s §3M7 "
sy + 65 ;”*Vg“@] <0.132 and Ay = a[My + My + Ms + 2+ M; ’32 ’32*“ +E o+
$2M6+$3M7 +§~‘4 o +&5 &”:§§M9]+(1 o) [Ny +M1+N2 +M2 +N3+M; +M4%1)+31)
i 51 7+ Ms 2ﬂ21 ;f)ﬁl) + NSE'ISZ}SZ)ZH + &+ EMg + EM, + 1 {y S+ &5 u ’”+1M9] <0.493. By

using Theorem 2.7, the problem (4) has a unique solutlon
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3 Conclusion

It is important that researchers have some methods available enabling them to review
some high order fractional integro-differential equations. In this manuscript, we intro-
duce two types of new fractional derivatives entitled CFD and DCF and by using those
we investigate the existence of solutions for two high order fractional integro-differential
equations of such a type including the new derivatives.
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