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Abstract
By using the fractional Caputo–Fabrizio derivative, we introduce two types new high
order derivations called CFD and DCF. Also, we study the existence of solutions for
two such type high order fractional integro-differential equations. We illustrate our
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1 Introduction
Fractional integro-differential equations have been studied by many researchers from dif-
ferent points of view during the last decades (see for example, [5, 10] and [15–19]). In 2015,
a new fractional derivation without singular kernel was introduced by Caputo and Fabrizio
([8]). Some researchers tried to use it for solving different equations (see, for example, [2,
9] and [14]). Recently, approximate solutions of some fractional differential equations have
been reviewed (see, for example, [3, 4, 6, 12, 13] and [7]). Also, one is finding some new
applications for fractional derivations (see, for example, [3]).

In this manuscript we consider b > 0, x ∈ H1(0, b) and α ∈ (0, 1). The expression of
the Caputo–Fabrizio fractional derivative of order α for the function x has the form
CFDαx(t) = B(α)

1–α

∫ t
0 exp( –α

1–α
(t –s))x′(s) ds, where t ≥ 0 ([1, 8] and [9]). B(α) is a normalization

constant (B(1) = B(0) = 1). The fractional integral of order α for the function x is written
as ([14]) CFIαx(t) = 1–α

B(α) x(t) + α
B(α)

∫ t
0 x(s) ds, whenever 0 < α < 1. If n ≥ 1 and α ∈ [0, 1], then

the fractional derivative CFDα+n of order n + α is defined by CFDα+nx := CFDα(Dnx(t)) ([6]
and [8]). If the function x is such that x(k) = 0 for k = 1, 2, 3, . . . , n, then CFDα(Dnx(t)) =
Dn(CFDα)x(t)([8]). Here, D is the ordinary derivation.

Lemma 1.1 ([1] and [14]) Let 0 < α < 1. Then the unique solution for the problem
CFDαx(t) = y(t) is given by x(t) = x(0) + 1–α

B(α) y(t) + α
B(α)

∫ t
0 x(s) ds.

Theorem 1.2 ([11]) Let (X, d) be a complete metric space and F : X → X be a mapping
such that ϕ(d(Fx, Fy)) ≤ ϕ(d(x, y)) – φ(d(x, y)), for all x, y ∈ X, where ϕ,φ : [0, 1] → [0, 1]
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are continuous non-decreasing maps and ϕ(t) = φ(t) = 0 if and only if t = 0. Then F has a
unique fixed point.

2 Main result
Let n be a natural number, α ∈ (0, 1) and x(n) ∈ H1(0, 1). Then the fractional CFD of order
α and n is defined by

CFDα+nx(t) = CFDα
(
Dnx(t)

)
=

B(α)
1 – α

∫ t

0
exp

(
–α

1 – α
(t – s)

)

x(n+1)(s) ds.

Also, the fractional DCF of order α and n is defined by

(CF Dα
)(n)x(t) = Dn(CFDαx(t)

)
=

B(α)
1 – α

dn

dtn

∫ t

0
exp

(
–α

1 – α
(t – s)

)

x′(s) ds.

Here, D is the ordinary derivative.

Lemma 2.1 Let n be a natural number and α ∈ (0, 1). Then

(CFDα
)(n)x(t) = CFDα+nx(t) + exp

(
–α

1 – α
t
)

σ (α, n, 0),

where σ (α, n, t) = B(α)
1–α

∑n
i=1( –α

1–α
)n–ix(i)(t).

Proof For each k ≥ 1, we have

∫ t

0
exp

(
–α

1 – α
(t – s)

)

x(k)(s) ds = x(k–1)(t) – exp

(
–α

1 – α
t
)

x(k–1)(0)

+
(

–α

1 – α

)∫ t

0
exp

(
–α

1 – α
(t – s)

)

x(k–1)(s) ds.

Now by using repetition of the last relation, we get

CFDα+nx(t) = CFDα
(
Dnx(t)

)
=

B(α)
1 – α

∫ t

0
exp

(
–α

1 – α
(t – s)

)

x(n+1)(s) ds

=
B(α)
1 – α

(
–α

1 – α

)n ∫ t

0
exp

(
–α

1 – α
(t – s)

)

x′(s) ds

+
B(α)
1 – α

n∑

i=1

(
–α

1 – α

)n–i

x(i)(t)

–
B(α)
1 – α

exp

(
–α

1 – α
t
) n∑

i=1

(
–α

1 – α

)n–i

x(i)(0)

=
B(α)
1 – α

(
–α

1 – α

)n ∫ t

0
exp

(
–α

1 – α
(t – s)

)

x′(s) ds

+ σ (α, n, t) – exp

(
–α

1 – α
t
)

σ (α, n, 0)

=
(

–α

1 – α

)n
CFDαx(t) + σ (α, n, t) – exp

(
–α

1 – α
t
)

σ (α, n, 0).
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Also, we have

(CFDα
)(n)x(t) = Dn(Dαx(t)

)
=

(
–α

1 – α

)n
CFDαx(t) +

B(α)
1 – α

n∑

i=1

(
–α

1 – α

)n–i

x(i)(t)

=
B(α)
1 – α

(
–α

1 – α

)n ∫ t

0
exp

(
–α

1 – α
(t – s)

)

x′(s) ds

+
B(α)
1 – α

n∑

i=1

(
–α

1 – α

)n–i

x(i)(t)

=
(

–α

1 – α

)n
CFDαx(t) + σ (α, n, t).

Hence (CFDα)(n)x(t) = CFDα+nx(t) + exp( –α
1–α

t)σ (α, n, 0). �

By using Lemma 2.1, we conclude that CFDα+nx(t) = (CFDα)(n)x(t) whenever x(k)(0) = 0
for 0 ≤ k ≤ n.

Lemma 2.2 Let n be a natural number, α ∈ (0, 1) and y ∈ H1(0, 1). Then the solution of the
problem CFDα+nx(t) = y(t) is given by

x(t) =
1 – α

B(α)
Jny(t) +

α

B(α)
Jn+1y(t) + x(0) + tx′(0) + t2 x′′(0)

2!
+ · · · + tn x(n)(0)

n!
.

Proof By using Lemma 1.1 for the equation CFDα+nx(t) = CFDαx(n)(t) = y(t), we get x(n)(t) =
x(n)(0) + 1–α

B(α) y(t) + α
B(α)

∫ t
0 y(s) ds. By using an integration, we obtain

x(n–1)(t) = x(n–1)(0) + tx(n)(0) +
1 – α

B(α)

∫ t

0
y(s) ds +

α

B(α)

∫ t

0

∫ s

0
y(r) dr ds.

By repeating this method, we deduce that

x(n–2)(t) = x(n–2)(0) + tx(n–1)(0) +
t2

2
x(n)(0)

+
1 – α

B(α)

∫ t

0

∫ s

0
y(r) dr ds +

α

B(α)

∫ t

0

∫ s

0

∫ r

0
y(k) dk dr ds.

By continuing the process, we conclude that

x(t) =
1 – α

B(α)
Jny(t) +

α

B(α)
Jn+1y(t) + x(0) + tx′(0) + t2 x′′(0)

2!
+ · · · + tn x(n)(0)

n!
.

On the other hand, by using some calculation, one can find that the given map x(t) is a
solution for the problem CFDα+nx(t) = y(t). �
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Lemma 2.3 Let n be a natural number, α ∈ (0, 1) and y ∈ H1(0, 1). Then the solution of the
problem (CFDα)(n)x(t) = y(t) is given by

x(t) =
1 – α

B(α)
Jny(t) +

α

B(α)
Jn+1y(t) + x(0) + tx′(0) + · · ·

+ tn x(n)(0)
n!

–
tn

n!

n∑

i=1

(
–α

1 – α

)n–i

x(i)(0).

Proof By using Lemma 2.2 for (CFDα)(n)x(t) = CFDα+nx(t) + exp( –α
1–α

t)σ (α, n, 0), we get

x(t) =
1 – α

B(α)
Jn

(

y(t) – exp

(
–α

1 – α
t
)

σ (α, n, 0)
)

+
α

B(α)
Jn+1

(

y(t) – exp

(
–α

1 – α
t
)

σ (α, n, 0)
)

+ x(0) + tx′(0) + t2 x′′(0)
2!

+ · · · + tn x(n)(0)
n!

or equivalently

x(t) =
1 – α

B(α)
Jny(t) –

1 – α

B(α)
σ (α, n, 0)Jn exp

(
–α

1 – α
t
)

+
α

B(α)
Jn+1y(t)

–
α

B(α)
σ (α, n, 0)Jn+1 exp

(
–α

1 – α
t
)

+ x(0) + tx′(0) + t2 x′′(0)
2!

+ · · · + tn x(n)(0)
n!

=
1 – α

B(α)
Jny(t) +

α

B(α)
Jn+1y(t) – σ (α, n, 0)Jn

[
1 – α

B(α)
exp

(
–α

1 – α
t
)

+
α

B(α)
J1 exp

(
–α

1 – α
t
)]

+ x(0) + tx′(0) + t2 x′′(0)
2!

+ · · · + tn x(n)(0)
n!

=
1 – α

B(α)
Jny(t) +

α

B(α)
Jn+1y(t) – σ (α, n, 0)Jn

[
1 – α

B(α)
exp

(
–α

1 – α
t
)

+
1 – α

B(α)

(

1 – exp

(
–α

1 – α
t
))]

+ x(0) + tx′(0) + t2 x′′(0)
2!

+ · · · + tn x(n)(0)
n!

=
1 – α

B(α)
Jny(t) +

α

B(α)
Jn+1y(t) + x(0) + tx′(0) + t2 x′′(0)

2!
+ · · · + tn x(n)(0)

n!

–
tn

n!

n∑

i=1

(
–α

1 – α

)n–i

x(i)(0). �

Lemma 2.4 Let α ∈ (0, 1), 2 < q = 2 + α < 3 and y ∈ H1(0, 1). The fractional differential
equation CF Dqx(t) = y(t) with boundary conditions x(0) = 0, x′(1) + x′(0) = 0 and x′′(0) = 0
has the unique solution of the form x(t) =

∫ 1
0 G(t, s)y(s) ds, where G(t, s) = –(1–α)t

2B(α) – αt
2B(α)

whenever 0 < t ≤ s < 1 and G(t, s) = 1–α
B(α) (t – s) + α

2B(α) (t – s)2 – (1–α)t
2B(α) – αt

2B(α) (t – s) whenever
0 < s ≤ t < 1.

Proof By using Lemma 2.2, we get x(t) = 1–α
B(α) J2y(t) + α

B(α) J3y(t) + tx′(0). Hence, we obtain
x′(t) = 1–α

B(α) J1y(t) + α
B(α) J2y(t) + x′(0). By using the boundary conditions x′(1) + x′(0) = 0 and

x′(1) = 1–α
B(α) J1y(1) + α

B(α) J2y(1) + x′(0), we have x(t) = 1–α
B(α) J2y(t) + α

B(α) J3y(t) – (1–α)t
2B(α) J1y(1) –
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αt
2B(α) J2y(1). Thus, x(t) = 1–α

B(α)
∫ t

0 y(s)(t – s) ds + α
2B(α)

∫ t
0 y(s)(t – s)2 ds – (1–α)t

2B(α)
∫ 1

0 y(s) ds –
αt

2B(α)
∫ 1

0 y(s)(t – s) ds =
∫ 1

0 G(t, s)y(s) ds. Note that CFDqx(t) = 0 if and only if x(t) = 0. This
implies that the given map x(t) is a unique solution. �

Note that |G(t, s)| ≤ | 1–α
B(α) | + | α

2B(α) | + | –αt
2B(α) | + |–(1–α)t

2B(α) | < 3
2B(α) , for t ∈ [0, 1]. Let μ,μ1,μ2,

k1, k2 ∈ C1[0, 1], m1, m2, h and g be bounded continuous functions on I := [0, 1] with M1 =
supt∈I |μ(t)| < ∞, M2 = supt∈I |μ1(t)| < ∞, M3 = supt∈I |μ2(t)| < ∞, M4 = supt∈I |k1(t)| <
∞, M5 = supt∈I |k2(t)| < ∞, M6 = supt∈I |m1(t)| < ∞, M7 = supt∈I |m2(t)| < ∞, M8 =
supt∈I |h(t)| < ∞, M9 = supt∈I |g(t)| < ∞, N1 = supt∈I |μ′(t)| < ∞, N2 = supt∈I |μ′

1(t)| < ∞,
N3 = supt∈I |μ′

2(t)| < ∞, N4 = supt∈I |K ′
1(t)| < ∞ and N5 = supt∈I |K ′

2(t)| < ∞. Let α ∈ (0, 1)
and 2 < q = 2 + α < 3. Now, we investigate the CFD fractional integro-differential problem

CFDqx(t) = μ(t)x(t) + μ1(t)x′(t) + μ2(t)x′′(t) + k1(t)CFDβ1 x(t) + k2(t)CFDβ2 x(t)

+
∫ t

0
f
(
s, x(s), m1(s)x′(s), m2(s)x′′(s), h(s)CFDγ x(s), g(s)CFDνx(s)

)
ds, (1)

with boundary conditions x(0) = 0, x′(1) + x′(0) = 0 and x′′(0) = 0, where 1 < β1 < 2 < β2 < 3
and 1 < γ < 2 < ν < 3.

Theorem 2.5 Let ξ1, ξ2, ξ3, ξ4 and ξ5 be nonnegative real numbers, f : [0, 1] ×R
5 →R an

integrable function such that

∣
∣f (t, x, y, z, v, w) – f

(
t, x′, y′, z′, v′, w′)∣∣

≤ ξ1
∣
∣x – x′∣∣ + ξ2

∣
∣y – y′∣∣ + ξ3

∣
∣z – z′∣∣ + ξ4

∣
∣v – v′∣∣ + ξ5

∣
∣v – v′∣∣,

for all real numbers x, y, z, v, w, x′, y′, z′, v′, w′ ∈ R and t ∈ I . If 
 < 1
2 , then the problem

(1) has a unique solution, where 
 := max{
1,
2,
3,
4}, 
1 = 3
2B(α) [M1 + M2 + M3 +

M4B(β1–1)
2–β1

+ M5B(β2–2)
3–β2

+ ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ –1)

2–γ
+ ξ5

M9B(ν–2)
3–ν

], 
2 = 3
2 [ 3+4α

2B(α) ][M1 + M2 +
M3 + M4B(β1–1)

2–β1
+ M5B(β2–2)

3–β2
+ ξ1 + ξ2M6 + ξ3M7 + ξ4

M8B(γ –1)
2–γ

+ ξ5
M9B(ν–2)

3–ν
], 
3 = 1+α

B(α) [M1 +
M2 + M3 + M4B(β1–1)

2–β1
+ M5B(β2–2)

3–β2
+ ξ1 + ξ2M6 + ξ3M7 + ξ4

M8B(γ –1)
2–γ

+ ξ5
M9B(ν–2)

3–ν
] and 
4 =

α
B(α) [M1 + M2 + M3 + M4B(β1–1)

2–β1
+ M5B(β2–2)

3–β2
+ ξ1 + ξ2M6 + ξ3M7 + ξ4

M8B(γ –1)
2–γ

+ ξ5
M9B(ν–2)

3–ν
] +

1–α
B(α) [N1 +M1 +N2 +M2 +N3 +M3 +B(β1 –1)[ |1–β1|M4

(2–β1)2 + N4+M4
2–β1

]+B(β2 –2)[ |2–β2|M5
(3–β2)2 + M5+N5

3–β2
]+

ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ –1)

2–łγ + ξ5
M9B(ν–1)

3–ν
].

Proof Consider the Banach space C3
R

[0, 1] equipped with the norm ‖x‖ = maxt∈I |x(t)| +
maxt∈I |x′(t)| + maxt∈I |x′′(t)| + maxt∈I |x′′′(t)|. Define the map F : C3

R
[0, 1] → C3

R
[0, 1] by

Fx(t) =
∫ 1

0
G(t, s)R(s) ds

=
1 – α

B(α)

∫ t

0
R(s)(t – s) ds +

α

2B(α)

∫ t

0
R(s)(t – s)2 ds

–
(1 – α)t
2B(α)

∫ 1

0
R(s) ds –

αt
2B(α)

∫ 1

0
R(s)(t – s) ds,
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where

(Rx)(t) = μ(t)x(t) + μ1(t)x′(t) + μ2(t)x′′(t) + k1(t)CFDβ1 x(t) + k2(t)CFDβ2 x(t)

+
∫ t

0
f
(
s, x(s), m1(s)x′(s), m2(s)x′′(s), h(s)CFDγ x(s), g(s)CFDνx(s)

)
ds

and

(
R′x

)
(t) = μ(t)x′(t) + μ′(t)x(t) + μ′

1(t)x′(t) + μ1x′′(t)

+ μ′
2(t)x′′(t) + μ2(t)x′′′(t) + k′

1(t)CFDβ1 x(t)

+ k1(t)
[

1 – β1

2 – β1

CFDβ1 x(t) +
B(β1 – 1)

2 – β1
x′′(t)

]

+ k2(t)
[

2 – β2

3 – β2

CFDβ2 x(t) +
B(β2 – 2)

3 – β2
x′′′(t)

]

+ k′
2(t)CFDβ2 x(t)

+ f
(
t, x(t), m1(t)x′(t), m2(t)x′′(t), h(t)CFDγ x(t), g(t)CFDνx(t)

)
.

By using Lemma 2.4, x0 is a solution for the problem (1) if and only if x0 is a fixed point of
the operator F . Note that

∣
∣(Rx)(t) – (Ry)(t)

∣
∣

≤
∣
∣
∣
∣μ(t)x(t) + μ1(t)x′(t) + μ2(t)x′′(t) + k1(t)CFDβ1 x(t) + k2(t)CFDβ2 x(t)

+
∫ t

0
f
(
s, x(s), m1(s)x′(s), m2(s)x′′(s), h(s)CFDγ x(s), g(s)CFDνx(s)

)
ds

–
(

μ(t)y(t) + μ1(t)y′(t) + μ2(t)y′′(t) + k1(t)CFDβ1 y(t) + k2(t)CFDβ2 y(t)

+
∫ t

0
f
(
s, y(s), m1(s)y′(s), m2(s)y′′(s), h(s)CFDγ y(s), g(s)CFDνy(s)

)
ds

)∣
∣
∣
∣

≤ ∣
∣μ(t)

∣
∣
∣
∣x(t) – y(t)

∣
∣ +

∣
∣μ1(t)

∣
∣
∣
∣x′(t) – y′(t)

∣
∣ +

∣
∣μ2(t)

∣
∣
∣
∣x′′(t) – y′′(t)

∣
∣

+
∣
∣k1(t)

∣
∣CFDβ1

∣
∣x(t) – y(t)

∣
∣ +

∣
∣k2(t)

∣
∣CFDβ2

∣
∣x(t) – y(t)

∣
∣

+
∫ t

0

∣
∣f

(
s, x(s), m1(s)x′(s), m2(s)x′′(s), h(s)CFDγ x(s), g(s)CFDνx(s)

)
ds

– f
(
s, y(s), m1(s)y′(s), m2(s)y′′(s), h(s)CFDγ y(s), g(s)CFDνy(s)

)∣∣ds

≤ M1‖x – y‖ + M2‖x – y‖ + M3‖x – y‖

+
M4B(β1 – 1)

2 – β1
‖x – y‖ +

M5B(β2 – 2)
3 – β2

‖x – y‖

+
[

ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ – 1)

2 – γ
+ ξ5

M9B(ν – 2)
3 – ν

]

‖x – y‖

≤
[

M1 + M2 + M3 +
M4B(β1 – 1)

2 – β1
+

M5B(β2 – 2)
3 – β2

+ ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ – 1)

2 – γ
+ ξ5

M9B(ν – 2)
3 – ν

]

‖x – y‖
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and

∣
∣R′x(t) – R′y(t)

∣
∣

≤ ∣
∣μ′(t)

∣
∣
∣
∣x(t) – y(t)

∣
∣ +

∣
∣μ(t) + μ′

1(t)
∣
∣
∣
∣x′(t) – y′(t)

∣
∣

+
∣
∣μ1(t) + μ′

2(t)
∣
∣
∣
∣x′′(t) – y′′(t)

∣
∣ +

∣
∣μ2(t)

∣
∣
∣
∣x′′′(t) – y′′′(t)

∣
∣

+
∣
∣
∣
∣
1 – β1

2 – β1
k1(t) + k′

1(t)
∣
∣
∣
∣
CFDβ1

∣
∣x(t) – y(t)

∣
∣ +

|k1(t)B(β1 – 1)|
2 – β1

∣
∣x′′(t) – y′′(t)

∣
∣

+
∣
∣
∣
∣
2 – β2

3 – β2
k2(t) + k′

2(t)
∣
∣
∣
∣
CFDβ2

∣
∣x(t) – y(t)

∣
∣ +

|k′
2(t)B(β2 – 2)|

3 – β2

∣
∣x′′′(t) – y′′′(t)

∣
∣

+
∣
∣f

(
t, x(t), m1(t)x′(t), m2(t)x′′(t), h(t)CFDγ x(t), g(t)CFDνx(t)

)

– f
(
t, y(t), m1(t)y′(t), m2(t)y′′(t), h(t)CFDγ y(t), g(t)CFDνy(t)

)∣
∣.

Hence, we get

∣
∣R′x(t) – R′y(t)

∣
∣

≤
(

N1 + M1 + N2 + M2 + N3 + M3 + B(β1 – 1)
[ |1 – β1|M4

(2 – β1)2 +
N4 + M4

2 – β1

]

+ B(β2 – 2)
[ |2 – β2|M5

(3 – β2)2 +
M5 + N5

3 – β2

]

+ ξ1 + ξ2M6 + ξ3M7

+ ξ4
M8B(γ – 1)

2 – łγ
+ ξ5

M9B(ν – 1)
3 – ν

)

‖x – y‖.

On the other hand, we have

∣
∣Fx(t) – Fy(t)

∣
∣ ≤ 3

2B(α)

[

M1 + M2 + M3 +
M4B(β1 – 1)

2 – β1
+

M5B(β2 – 2)
3 – β2

+ ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ – 1)

2 – γ
+ ξ5

M9B(ν – 2)
3 – ν

]

‖x – y‖

= 
1‖x – y‖

and

F ′x(t) – F ′y(t) =
[

1 – α

B(α)
+

α

B(α)
t
]∫ t

0

(
Rx(s) – Ry(s)

)
ds –

α

B(α)

∫ t

0
s
(
Rx(s) – Ry(s)

)
ds

–
(1 – α)
2B(α)

∫ 1

0

(
Rx(s) – Ry(s)

)
ds –

αt
B(α)

∫ 1

0

(
Rx(s) – Ry(s)

)
ds

+
α

2B(α)

∫ 1

0
s
(
Rx(s) – Ry(s)

)
ds

≤ 3
2

[
3 + 4α

2B(α)

][

M1 + M2 + M3 +
M4B(β1 – 1)

2 – β1
+

M5B(β2 – 2)
3 – β2

+ ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ – 1)

2 – γ
+ ξ5

M9B(ν – 2)
3 – ν

]

‖x – y‖

= 
2‖x – y‖
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and so |F ′x(t) – F ′y(t)| ≤ 
2‖x – y‖. Also, we have

∣
∣F ′′x(t) – F ′′y(t)

∣
∣ ≤ α

B(α)

∫ t

0

∣
∣Rx(s) – Ry(s)

∣
∣ds +

1 – α

B(α)
∣
∣Rx(t) – Ry(t)

∣
∣

+
α

B(α)

∫ 1

0

∣
∣Rx(s) – Ry(s)

∣
∣ds

≤ 1 + α

B(α)

[

M1 + M2 + M3 +
M4B(β1 – 1)

2 – β1
+

M5B(β2 – 2)
3 – β2

+ ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ – 1)

2 – γ
+ ξ5

M9B(ν – 2)
3 – ν

]

= 
3‖x – y‖

and

∣
∣F ′′′x(t) – F ′′′y(t)

∣
∣

=
α

B(α)
∣
∣Rx(t) – Ry(t)

∣
∣ +

1 – α

B(α)
∣
∣R′x(t) – R′y(t)

∣
∣

≤
(

α

B(α)

[

M1 + M2 + M3 +
M4B(β1 – 1)

2 – β1
+

M5B(β2 – 2)
3 – β2

+ ξ1 + ξ2M6 + ξ3M7

+ ξ4
M8B(γ – 1)

2 – γ
+ ξ5

M9B(ν – 2)
3 – ν

]

+
1 – α

B(α)

[

N1 + M1 + N2 + M2 + N3 + M3

+ B(β1 – 1)
[ |1 – β1|M4

(2 – β1)2 +
N4 + M4

2 – β1

]

+ B(β2 – 2)
[ |2 – β2|M5

(3 – β2)2 +
M5 + N5

3 – β2

]

+ ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ – 1)

2 – łγ
+ ξ5

M9B(ν – 1)
3 – ν

])

‖x – y‖

= 
4‖x – y‖.

Thus, ‖Fx – Fy‖ ≤ 
‖x – y‖ for all x, y ∈ C3
R

[0, 1]. Put ϕ(t) = 2t and φ(t) = t for all t. Now
by using Theorem 1.2, F has a unique fixed point which is the unique solution for the
problem (1). �

Lemma 2.6 Let α ∈ (0, 1) and y ∈ H1(0, 1). Then the fractional differential equation
CFDα(2) x(t) = y(t) with boundary conditions x(0) = 0, x′(1) + x′(0) = 0 and x′′(0) = 0 has
the unique solution x(t) =

∫ 1
0 G(t, s)y(s) ds, where G(t, s) = –(1–α)t

(2–α)B(α) + –αt
(2–α)B(α) (t – s) when-

ever 0 < t ≤ s < 1 and G(t, s) = 1–α
B(α) (t – s) + α

2B(α) (t – s)2 – (1–α)t
B(α)(2–α) – αt

B(α)(2–α) (t – s) whenever
0 < s ≤ t < 1.

Proof By using Lemma 2.3, we get x(t) = 1–α
B(α) J2y(t) + α

B(α) J3y(t) + x′(0)t + α
1–α

x′(0)t. Hence,
x′(t) = 1–α

B(α) J1y(t) + α
B(α) J2y(t) + 1

1–α
x′(0). By using the boundary conditions x′(1) + x′(0) = 0

and x′(1) = 1–α
B(α) J1y(1) + α

B(α) J2y(1) + 1
1–α

x′(0), we obtain x(t) = 1–α
B(α) J2y(t) + α

B(α) J3y(t) –
(1–α)t

(2–α)B(α) J1y(1) – αt
(2–α)B(α) J2y(1). Thus, x(t) = 1–α

B(α)
∫ t

0 y(s)(t – s) ds + α
2B(α)

∫ t
0 y(s)(t – s)2 ds –

(1–α)t
(2–α)B(α)

∫ 1
0 y(s) ds – αt

(2–α)B(α)
∫ 1

0 y(s)(t – s) ds =
∫ 1

0 G(t, s)y(s) ds. Note that (CFDα)(2)x(t) = 0
if and only if x(t) = 0. This implies that the given map x(t) is a unique solution. �
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Note that |G(t, s)| ≤ | 1–α
B(α) |+| α

2B(α) |+| –αt
B(α) |+|–(1–α)t

B(α) | < 2
B(α) , for t ∈ [0, 1]. Let α,β1,β2,γ ,ν ∈

(0, 1). Now, we investigate the DCF fractional integro-differential problem

(CFDα
)(2)x(t) = μ(t)x(t) + μ1(t)x′(t) + μ2(t)x′′(t)

+ λ1k1(t)
(CFDβ1

)(1)x(t) + λ2k2(t)
(CFDβ2

)(2)x(t)

+
∫ t

0
f
(
s, x(s), m1(s)x′(s), m2(s)x′′(s),

h(s)
(CFDγ

)(1)x(s), g(s)
(CFDν

)(2)x(s)
)

ds (2)

with boundary conditions x(0) = 0, x′(1) + x′(0) = 0 and x′′(0) = 0.

Theorem 2.7 Let ξ1, ξ2, ξ3, ξ4, and ξ5 be nonnegative real numbers, f : [0, 1] ×R
5 →R an

integrable function such that

∣
∣f (t, x, y, z, v, w) – f

(
t, x′, y′, z′, v′, w′)∣∣

≤ ξ1
∣
∣x – x′∣∣ + ξ2

∣
∣y – y′∣∣ + ξ3

∣
∣z – z′∣∣ + ξ4

∣
∣v – v′∣∣ + ξ5

∣
∣v – v′∣∣

for all real numbers x, y, z, v, w, x′, y′, z′, v′, w′ and t ∈ I . If 
 < 1
2 , then the problem (2)

has a unique solution, where 
 := max{
1,
2,
3,
4}, 
1 = 2
(2–α)B(α) [M1 + M2 + M3 +

M4B(β1)
(1–β1)2 + (β2

2 –β2+1)M5B(β2)
(1–β2)3 +ξ1 +ξ2M6 +ξ3M7 +ξ4

M8B(γ )
(1–γ )2 +ξ5

(ν2–ν+1)M9B(ν)
(1–ν)3 ], 
2 = 3+α

B(α)(2–α) [M1 +

M2 + M3 + M4B(β1)
(1–β1)2 + (β2

2 –β2+1)M5B(β2)
(1–β2)3 + ξ1 + ξ2M6 + ξ3M7 + ξ4

M8B(γ )
(1–γ )2 + ξ5

(ν2–ν+1)M9B(ν)
(1–ν)3 ],


3 = 2+α
B(α)(2–α) [M1 + M2 + M3 + M4B(β1)

(1–β1)2 + (β2
2 –β2+1)M5B(β2)

(1–β2)3 + ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ )
(1–γ )2 +

ξ5
(ν2–ν+1)M9B(ν)

(1–ν)3 ] and 
4 = α
B(α) [M1 +M2 +M3 + M4B(β1)

(1–β1)2 + (β2
2 –β2+1)M5B(β2)

(1–β2)3 +ξ1 +ξ2M6 +ξ3M7 +

ξ4
M8B(γ )
(1–γ )2 +ξ5

(ν2–ν+1)M9B(ν)
(1–ν)3 ]+ 1–α

B(α) [N1 +M1 +N2 +M2 +N3 +M3 +M4B(β1) (β2
1 –β1+1)

(1–β1)3 + B(β1)N4
(1–β1)2 +

M5B(β2) (2β2
2 –2β2+1)

(1–β2)4 + N5B(β2) (β2
2 –β2+1)

(1–β2)3 + ξ1 + ξ2M6 + ξ3M7 + ξ4M8B(γ )
(1–łγ )2 + (ν2–ν+1)M9B(ν)

(1–ν)3 ].

Proof Consider the Banach space C3
R

[0, 1] equipped with the norm ‖x‖ = maxt∈I |x(t)| +
maxt∈I |x′(t)| + maxt∈I |x′′(t)| + maxt∈I |x′′′(t)|. Define the map F : C3

R
[0, 1] → C3

R
[0, 1] by

Fx(t) =
∫ 1

0
G(t, s)R(s) ds

=
1 – α

B(α)

∫ t

0
R(s)(t – s) ds +

α

2B(α)

∫ t

0
R(s)(t – s)2 ds

–
(1 – α)t

B(α)(2 – α)

∫ 1

0
R(s) ds –

αt
B(α)(2 – α)

∫ 1

0
R(s)(t – s) ds,

where

(Rx)(t) = μ(t)x(t) + μ1(t)x′(t) + μ2(t)x′′(t)

+ λ1k1(t)
(CFDβ1

)(1)x(t) + λ2k2(t)
(CFDβ2

)(2)x(t)

+
∫ t

0
f
(
s, x(s), m1(s)x′(s), m2(s)x′′(s), h(s)

(CFDγ
)(1)x(s), g(s)

(CFDν
)(2)x(s)

)
ds
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and

(
R′x

)
(t) = μ(t)x′(t) + μ′(t)x(t) + μ′

1(t)x′(t) + μ1x′′(t)

+ μ′
2(t)x′′(t) + μ2(t)x′′′(t) + k′

1(t)
(CFDβ1

)(1)x(t)

+ k1(t)B(β1)
[(

–β1

1 – β1

)2
CFDβ1 x(t) –

β1

(1 – β1)2 x′(t) +
1

1 – β1
x′′(t)

]

+ k2(t)B(β2)
[(

–β2

1 – β2

)3
CFDβ2 x(t) +

β2
2

(1 – β2)3 x′(t)

–
β2

(1 – β2)2 x′′(t) +
x′′′(t)
1 – β2

]

+ k′
2(t)

(CFDβ2
)(2)x(t)

+ f
(
t, x(t), m1(t)x′(t), m2(t)x′′(t), h(t)

(CFDγ
)(1)x(t), g(t)

(CFDν
)(2)x(t)

)
.

By using Lemma 2.6, x0 is a solution for the problem (2) if and only if x0 is a fixed point of

the operator F . Note that

(Rx)(t) – (Ry)(t)

≤
[

μ(t)x(t) + μ1(t)x′(t) + μ2(t)x′′(t) + λ1k1(t)
(CFDβ1

)(1)x(t) + k2(t)
(CFDβ2

)(2)x(t)

+
∫ t

0
f
(
s, x(s), m1(t)x′(s), m2(s)x′′(s), h(s)

(CFDγ
)(1)x(s), g(s)

(CFDν
)(2)x(s)

)
ds

]

–
[

μ(t)y(t) + μ1(t)y′(t) + μ2(t)y′′(t) + k1(t)
(CFDβ1

)(1)y(t) + k2(t)
(CFDβ2

)(2)y(t)

+
∫ t

0
f
(
s, y(s), m1(t)y′(s), m2(s)y′′(s), h(s)

(CFDγ
)(1)y(s), g(s)

(CFDν
)(2)y(s)

)
ds

]

≤ ∣
∣μ(t)

∣
∣
∣
∣x(t) – y(t)

∣
∣ +

∣
∣μ1(t)

∣
∣
∣
∣x′(t) – y′(t)

∣
∣ +

∣
∣μ2(t)

∣
∣
∣
∣x′′(t) – y′′(t)

∣
∣

+
∣
∣k1(t)

∣
∣
(CFDβ1

)(1)∣∣x(t) – y(t)
∣
∣ +

∣
∣k2(t)

∣
∣
(CFDβ2

)(2)∣∣x(t) – y(t)
∣
∣

+
∫ t

0
|f (s, x(s), m1(t)x′(s), m2(s)x′′(s), h(s)

(CFDγ
)(1)x(s), g(s)

(CFDν
)(2)x(s)

)
ds

– f
(
s, y(s), m1(t)y′(s), m2(s)y′′(s), h(s)

(CFDγ
)(1)y(s), g(s)

(CFDν
)(2)y(s)

)|ds

≤ M1‖x – y‖ + M2‖x – y‖ + M3‖x – y‖

+
M4B(β1)
(1 – β1)2 ‖x – y‖ +

(β2
2 – β2 + 1)M5B(β2)

(1 – β2)3 ‖x – y‖

+
[

ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ )
(1 – γ )2 + ξ5

(ν2 – ν + 1)M9B(ν)
(1 – ν)3

]

‖x – y‖

≤
[

M1 + M2 + M3 +
M4B(β1)
(1 – β1)2 +

(β2
2 – β2 + 1)M5B(β2)

(1 – β2)3

+ ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ )
(1 – γ )2 + ξ5

(ν2 – ν + 1)M9B(ν)
(1 – ν)3

]

‖x – y‖
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and

∣
∣R′x(t) – R′y(t)

∣
∣

≤
(

N1 + M1 + N2 + M2 + N3 + M3 + M4B(β1)
(β2

1 – β1 + 1)
(1 – β1)3 +

B(β1)N4

(1 – β1)2

+ M5B(β2)
(2β2

2 – 2β2 + 1)
(1 – β2)4 + N5B(β2)

(β2
2 – β2 + 1)
(1 – β2)3 + ξ1 + ξ2M6 + ξ3M7

+
ξ4M8B(γ )
(1 – łγ )2 +

(ν2 – ν + 1)M9B(ν)
(1 – ν)3

)

‖x – y‖.

Thus,

∣
∣Fx(t) – Fy(t)

∣
∣ ≤ 2

(2 – α)B(α)

[

M1 + M2 + M3 +
M4B(β1)
(1 – β1)2 +

(β2
2 – β2 + 1)M5B(β2)

(1 – β2)3

+ ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ )
(1 – γ )2 + ξ5

(ν2 – ν + 1)M9B(ν)
(1 – ν)3

]

‖x – y‖

= 
1‖x – y‖

and

∣
∣F ′x(t) – F ′y(t)

∣
∣ ≤

[
3 + α

B(α)(2 – α)

][

M1 + M2 + M3 +
M4B(β1)
(1 – β1)2 +

(β2
2 – β2 + 1)M5B(β2)

(1 – β2)3

+ ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ )
(1 – γ )2 + ξ5

(ν2 – ν + 1)M9B(ν)
(1 – ν)3

]

‖x – y‖

= 
2‖x – y‖.

Also, we have

∣
∣F ′′x(t) – F ′′y(t)

∣
∣ ≤ 2 + α

B(α)(2 – α)

[

M1 + M2 + M3 +
M4B(β1)
(1 – β1)2

+
(β2

2 – β2 + 1)M5B(β2)
(1 – β2)3 + ξ1 + ξ2M6 + ξ3M7

+ ξ4
M8B(γ )
(1 – γ )2 + ξ5

(ν2 – ν + 1)M9B(ν)
(1 – ν)3

]

= 
3‖x – y‖

and

∣
∣F ′′′x(t) – F ′′′y(t)

∣
∣

≤ α

B(α)
∣
∣Rx(t) – Ry(t)

∣
∣ +

1 – α

B(α)
∣
∣R′x(t) – R′y(t)

∣
∣

≤
(

α

B(α)

[

M1 + M2 + M3 +
M4B(β1)
(1 – β1)2 +

(β2
2 – β2 + 1)M5B(β2)

(1 – β2)3

+ ξ1 + ξ2M6 + ξ3M7 + ξ4
M8B(γ )
(1 – γ )2 + ξ5

(ν2 – ν + 1)M9B(ν)
(1 – ν)3

]
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+
1 – α

B(α)

[

N1 + M1 + N2 + M2 + N3 + M3 + M4B(β1)
(β2

1 – β1 + 1)
(1 – β1)3

+
B(β1)N4

(1 – β1)2 + M5B(β2)
(2β2

2 – 2β2 + 1)
(1 – β2)4 + N5B(β2)

(β2
2 – β2 + 1)
(1 – β2)3

+ ξ1 + ξ2M6 + ξ3M7 +
ξ4M8B(γ )
(1 – łγ )2 +

(ν2 – ν + 1)M9B(ν)
(1 – ν)3

])

‖x – y‖

= 
4‖x – y‖.

Hence, ‖Fx – Fy‖ ≤ 
‖x – y‖ for all x, y ∈ C3
R

[0, 1]. Put ϕ(t) = 2t and φ(t) = t for all t.
By using Theorem 1.2, F has a unique fixed point, which is the desired solution for the
problem. �

Here, we provide three examples to illustrate our main results. Consider the bounded
continuous functions μ(t) = 1

100 sin(t), μ1(t) = 3t–1
20t+162 , μ2(t) = 1

100 e–6t , k1(t) = 1
300 t3 +

1
100 t + 1

50 , k2(t) = 1
800 cos(t), m1(t) = e2t , m2(t) = Ln(t+2)

20 , h(t) = 0 and g(t) = 1
t–900 for

all t ∈ I = [0, 1]. Note that M1 = supt∈I |μ(t)| = 1
100 , M2 = supt∈I |μ1(t)| = 1

91 , M3 =
supt∈I |μ2(t)| = 1

100e6 , M4 = supt∈I |k1(t)| = 1
30 , M5 = supt∈I |k2(t)| = 1

800 , M6 = supt∈I |m1(t)| =
e2, M7 = supt∈I |m2(t)| = Ln(3)

1200 , M8 = supt∈I |h(t)| = 0 and M9 = supt∈I |g(t)| = 1
900 . Also,

N1 = supt∈I |μ′(t)| = 1
100 , N2 = supt∈I |μ′

1(t)| = 506
(162)2 , N3 = supt∈I |μ′

2(t)| = 6
100e6 , N4 =

supt∈I |k′
1(t)| = 1

50 and N5 = supt∈I |k′
2(t)| = 1

800 . Also, consider the function B(α) = 1 for
α ∈ (0, 1).

Example 2.1 Let α ∈ (0, 1). By using Lemma 2.4, the fractional differential equation
CFD2+αx1(t) = t with boundary conditions x1(0) = 0, x′

1(1) + x′
1(0) = 0 and x′′

1(0) = 0 has
the unique solution x1(t). Also by using Lemma 2.6, the fractional differential equation
(CFDα)(2)x2(t) = t with boundary conditions x2(0) = 0, x′

2(1) + x′
2(0) = 0 and x′′

2(0) = 0 has
the unique solution x2(t). For α = 1

100 , α = 1
10 , α = 1

5 , α = 1
2 , α = 4

5 and α = 99
100 we compare

the solutions x1(t), x2(t) and X(t) = x1(t) – x2(t) in Fig. 1.

Example 2.2 Consider the CFD fractional integro-differential problem

CFD
12
5 x(t) =

sin(t)
100

x(t) +
3t – 1

20t + 162
x′(t) +

e–6t

100
x′′(t)

+
(

t3 + 3t + 6
300

)
CFD

3
2 x(t) +

cos(t)
800

CFD
5
2 x(t)

+
∫ t

0
f
(

s, x(s), e2tx′(s),
Ln(t + 2)

20
x′′(s), 0,

1
t – 900

CFD
8
3 x(s)

)

ds (3)

with boundary conditions x(0) = 0, x′(1) + x′(0) = 0 and x′′(0) = 0, where 1 < β1 = 3
2 < 2 <

β2 = 5
2 < 3 and 1 < γ = 4

3 < 2 < ν = 8
3 < 3. Put f (t, x, y, z, v, w) = 2

91 t + 3
604 x + 1

200 y + 1
80 z + 1

e18 w +
2v. Note that 
1 = 3

2 [M1 + M2 + M3 + M4
2–β1

+ M5
3–β2

+ ξ1 + ξ2M6 + ξ3M7 + ξ4
M8
2–γ

+ ξ5
M9
3–ν

] =
0.02, 
2 = 3

2 [ 3+4α
2 ][M1 + M2 + M3 + M4

2–β1
+ M5

3–β2
+ ξ1 + ξ2M6 + ξ3M7 + ξ4

M8
2–γ

+ ξ5
M9
3–ν

] = 0.46,

3 = (1 + α)[M1 + M2 + M3 + M4

2–β1
+ M5

3–β2
+ ξ1 + ξ2M6 + ξ3M7 + ξ4

M8
2–γ

+ ξ5
M9
3–ν

] = 0.32 and

4 = α[M1 + M2 + M3 + M4

2–β1
+ M5

3–β2
+ ξ1 + ξ2M6 + ξ3M7 + ξ4

M8
2–γ

+ ξ5
M9
3–ν

] + (1 – α)[N1 + M1 +
N2 +M2 +N3 +M3 + |1–β1|M4

(2–β1)2 + N4+M4
2–β1

+ |2–β2|M5
(3–β2)2 + M5+N5

3–β2
+ξ1 +ξ2M6 +ξ3M7 +ξ4

M8
2–łγ +ξ5

M6
3–ν

] =
0.166. By using Theorem 2.5, the problem (3) has a unique solution.
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Figure 1 The solutions of the problem with α = 1
100 , α = 1

10 , α = 1
5 , α = 1

2 , α = 4
5 and α = 99

100

Example 2.3 Consider the DCF fractional integro-differential problem

(CFD
2
5
)(2)x(t)

=
sin(t)
100

x(t) +
3t – 1

20t + 162
x′(t) +

e–6t

100
x′′(t)

+
(

t3 + 3t + 6
300

)
(CFD

1
2
)(1)x(t) +

cos(t)
800

(CFD
2
3
)(2)x(t)

+
∫ t

0
f
(

s, x(s), e–40tx′(s),
Ln(t + 2)

20
x′′(s), 0,

1
t – 900

(CFD
1
5
)(2)x(s)

)

ds, (4)

with boundary conditions x(0) = 0, x′(1) + x′(0) = 0 and x′′(0) = 0, where α = 2
5 , β1 = 1

2 ,
β2 = 2

3 , γ = 1
3 and ν = 1

5 . Put f (t, x, y, z, v, w) = 2
91 t + 3

604 x + 1
200 y + 1

80 z + 1
e18 w + 2v. Note that


1 = 2
2–α

[M1 +M2 +M3 + M4
(1–β1)2 +M5

(β2
2 –β2+1)

(1–β2)3 +ξ1 +ξ2M6 +ξ3M7 +ξ4
M8

(1–γ )2 +ξ5
(ν2–ν+1)M9

(1–ν)3 ] <

0.391, 
2 = [ 3+α
2–α

][M1 + M2 + M3 + M4
(1–β1)2 + (β2

2 –β2+1)M5
(1–β2)3 + ξ1 + ξ2M6 + ξ3M7 + ξ4

M8
(1–γ )2 +

ξ5
(ν2–ν+1)M9

(1–ν)3 ] < 0.225, 
3 = 2+α
2–α

[M1 + M2 + M3 + M4
(1–β1)2 + (β2

2 –β2+1)M5
(1–β2)3 + ξ1 + ξ2M6 + ξ3M7 +

ξ4
M8

(1–γ )2 + ξ5
(ν2–ν+1)M9

(1–ν)3 ] < 0.132 and 
4 = α[M1 + M2 + M3 + M4
(1–β1)2 + M5

(β2
2 –β2+1)

(1–β2)3 + ξ1 +

ξ2M6 +ξ3M7 +ξ4
M8

(1–γ )2 +ξ5
(ν2–ν+1)M9

(1–ν)3 ] + (1 –α)[N1 + M1 + N2 + M2 + N3 + M3 + M4
(β2

1 –β1+1)
(1–β1)3 +

N4
(1–β1)2 + M5

(2β2
2 –2β2+1)

(1–β2)4 + N5(β2
2 –β2+1)

(1–β2)3 + ξ1 + ξ2M6 + ξ3M7 + ξ4M8
(1–łγ )2 + ξ5

(ν2–ν+1)M9
(1–ν)3 ] < 0.493. By

using Theorem 2.7, the problem (4) has a unique solution.
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3 Conclusion
It is important that researchers have some methods available enabling them to review
some high order fractional integro-differential equations. In this manuscript, we intro-
duce two types of new fractional derivatives entitled CFD and DCF and by using those
we investigate the existence of solutions for two high order fractional integro-differential
equations of such a type including the new derivatives.
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