Patanarapeelert and Sitthiwirattham Boundary Value Problems (2018) 2018:46 @ BOU nda ry Va I ue PrOblem S
https://doi.org/10.1186/513661-018-0969-z a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

On nonlocal Robin boundary value
problems for Riemann-Liouville fractional
Hahn integrodifference equation

Nichaphat Patanarapeelert' and Thanin Sitthiwirattham?"

"Correspondence:
thanin_sit@dusitac.th
“Mathematics Department, Faculty
of Science and Technology, Suan
Dusit University, Bangkok, Thailand
Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, we study a nonlocal Robin boundary value problem for fractional Hahn
integrodifference equation. Our problem contains three fractional Hahn difference
operators and a fractional Hahn integral with different numbers of g, w and order. The
existence and uniqueness result is proved by using the Banach fixed point theorem.
In addition, the existence of at least one solution is obtained by using Schauder’s
fixed point theorem.
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1 Introduction
Recently, many researchers have extensively studied calculus without limit that deals with
a set of non-differentiable functions, the so-called quantum calculus. Many types of quan-
tum difference operators are employed in several applications of mathematical areas such
as the calculus of variations, particle physics, quantum mechanics, and theory of relativ-
ity (see [1-12] and the references therein for some applications and new results of the
quantum calculus).

In this paper, we study the Hahn quantum calculus that is one type of quantum calculus.
Hahn [13] introduced the Hahn difference operator D, , in 1949 as follows:

flgqt + w) —f(2)

Dyuf () = Hg-1)+w

w
R

The Hahn difference operator is a combination of two well-known difference operators:

the forward difference operator and the Jackson g-difference operator. Notice that

D, of(t) = Ayf(t) wheneverg=1, D, .f(t) =Dyf(t) whenever w=0 and

Dg.f(t) =f'(t) wheneverg=1,0— 0.
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The Hahn difference operator has been employed to construct families of orthogonal poly-
nomials and investigate some approximation problems (see [14—16] and the references
therein).

In 2009, Aldwoah [17, 18] defined the right inverse of D, in terms of both the Jackson
g-integral containing the right inverse of D, [19] and the N6rlund sum containing the right
inverse of A, [19].

In 2010, Malinowska and Torres [20, 21] introduced the Hahn quantum variational cal-
culus. In 2013, Malinowska and Martins [22] studied the generalized transversality con-
ditions for the Hahn quantum variational calculus. Later, Hamza and Ahmed [23, 24]
studied the theory of linear Hahn difference equations, and investigated the existence and
uniqueness results for the initial value problems for Hahn difference equations by using the
method of successive approximations. Moreover, they proved Gronwall’s and Bernoulli’s
inequalities with respect to the Hahn difference operator and established the mean value
theorems for this calculus. In 2016, Hamza and Makharesh [25] investigated the Leib-
nitz’s rule and Fubini’s theorem associated with Hahn difference operator. In the same
year, Sitthiwirattham [26] considered a nonlinear Hahn difference equation with nonlocal
boundary value conditions of the form

Dszx(t) +f(t,x(t),Dp,9x(pt + 6)) =0, telwoTlgw

x(wo) = p(x), (1.1)

x(T) = )»x(ﬂ)’ ne (a)Or T)q,w:

T- 1-
1’f—q, 1 <A< n_:‘)’g,p =q",meN,0§ = a)(rz),f:

[wo, T]g0 x R x R — R is a given function, and ¢ : C([wo, T]4,.,R) — R is a given func-

where 0 < g<1,0<w< T, wy:=

tional.

In 2017, Sriphanomwan et al. [27] considered a nonlocal boundary value problem for
second-order nonlinear Hahn integrodifference equation with integral boundary condi-
tion of the form

D} x(t) = f (£, x(t), Dpox(pt + 0), ¥ppx(pt + ),  t € [w0, Ty

T (1.2)
wao) =), x(n) = u / 26%() dgoss 1 € (@0 T)gor

0

where 0<g<1,0<w< T, wy:= l‘f—q, ufwig(r)dq,wr#l, nweR, p=q", meN,0 = a)(}:—g),
f € C[wo, TNy X R x R x R,R), and g € C([wo, T]4,,,R*) are given functions, and for

(S C([wO’ T]q,fu X [wO, T]q,wr [0’ OO)),

t
W, 0x(t) = / @(t,ps + 6)x(ps + 0) dyps.

0

In 2010, Cermék and Nechvatal [28] proposed the fractional (g, /)-difference operator
and the fractional (g, h)-integral for g > 1. In 2011, Cermék et al. [29] studied discrete
Mittag—Leftler functions in linear fractional difference equations for ¢ > 1, and Rahmat
[30, 31] studied the (g, #)-Laplace transform and some (g, /)-analogues of integral inequal-
ities on discrete time scales for g > 1. In 2016, Du et al. [32] presented the monotonicity
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and convexity for nabla fractional (g, #)-difference for g > 0,4 # 1. However, we realize
that Hahn difference operator requires the condition 0 < g < 1. Therefore, to fill the gap,
Brikshavana and Sitthiwirattham [33] have introduced the fractional Hahn difference op-
erators for 0 < g < 1.

In 2017, Patanarapeelert and Sitthiwirattham [34] considered a Riemann—Liouville frac-
tional Hahn difference boundary value problem for a fractional Hahn integrodifference
equation of the form

D u(t) = F(t,u(t), ¥} ,u(t), tewo, T]gw
u(wo) = u(T), (1.3)

D) yu(eo) = D) u(pT +86),

and a fractional Hahn integral boundary value problem for a Caputo fractional Hahn dif-
ference equation of the form

CD;‘,wu(t) = G(t,u(t), CD@u(rt +¢)), te€lwoTlge

u(wo) = Alu), (1.4)

I u(T) =

1 T p1

T - 0,,(8))7u(s)dyes = B(u),
rp(ﬁ) v/L:)O ( g )p,@ P9
where [wo, T]gw = (§T + wlkly : k € No} U {wo); @ € (1,2], 8,y € (0,1], w > 0,p,q,r €
O,1),p=q"r=q"\mneN, 6 = w(i%’;)xﬁ = a)(ﬁ); F,G € C([wo, T]gw x R x R,R)
is a given function; A,B : C([wo, T]4w,R) — R are given functionals; and for ¢ €
C([wo, Tgw % [wo, T4, [0,00)), define

t

W), ul(t) = (IZ¢<pu)(t) = ) N

(t —0rg (s))%w(t, S)u(s) dygs.

Presently, Patanarapeelert et al. [35] studied the boundary value problem for fractional
Hahn difference equation containing a sequential Caputo fractional Hahn integrodiffer-
ence equation with nonlocal Dirichlet boundary conditions

E
Cre C g0
Dy, Dg““[,oq,j(t) + qu,w]u(t) = F(t, u(t), \I/;’,wu(t)), t € [wo, Tlgws

u(wo) = ¢(u), (1.5)
Pgo(Du(T) = pgo(mu(n) = ¥ (u), n e (@o; T)gws

where [wo, T]g0 = Ig:w = {g"T + wlkly : k € No} U {wo); @ > 0,9 € (0,1); o, B,y € (0,1];

the shift operator E,_, u(t) := u(0,,,(2)); F € C(I;w x R x R,R) is a given function; ¢, ¢ :

qw

C([Zw, R) — R are given functionals; and for ¢ € C(I(;w X Igw, [0,00)), we define
¢ -1
Wy ult) = (I;w(pu)(t) =T o) f (t- aq,w(s));?(p(t, )u(s) dg,s. (1.6)
a0 g

In quantum calculus, there are apparently few research works related to boundary value
problems of fractional Hahn difference equations (see [34, 35]). Therefore, in this paper,
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we devote ourselves to studying a boundary value problem for fractional Hahn difference
equation. Our problem is a nonlocal Robin boundary value problem for a fractional Hahn

integrodifference equation of the form

Dg u(t) = F(t,u(t), W) ,u(t), D, u(t)), te Ir

qw’

hau(n) + Db gu(n) = g1 (w), €12, {wo, T}, (1.7)

11u(T) + pa Dy u(T) = o (u),

whereIT = {qkT+w[k] ckeNotU{wo};a € (1,2],8,y,v€(0,1],w>0,p,q,r €(0,1),p =
qr=q"m=q"abceN,0=w(iL L), ¢ = o(175), x —w(ll%';); A, Ao, 1, 2 € RY F e
C(If, x R x R x R,R) is a given functlon, ¢1,¢>2 car
and W), u(t) is defined as (1.6).

In the next section, we briefly recall some definitions and lemmas used in this research

R) — R are given functionals,

40’

work. In Sect. 3, we prove the existence and uniqueness of a solution to problem (1.7) by
using the Banach fixed point theorem. In Sect. 4, we show the existence of at least one
solution to problem (1.7) by using Schauder’s fixed point theorem. Finally, an example is

provided to illustrate our results in the last section.

2 Preliminaries
In this section, we present the notations, definitions, and lemmas used in the main results.
Let g € (0,1), ® > 0 and define

1-g" L1-4
1 =¢"'+...+g+1 and [n]qlzzl_[ 1

, nelR.
1-q ko 174

[n]q =

The g-analogue of the power function (a — b)g withn e Ny :=[0,1,2,...] is

n-1

(a—b)%:: 1, (a—b)gzzn(a—bqk), a,beR.
k=0

The g, w-analogue of the power function (a — b)g,w with n € Ny :=[0,1,2,...] is

n-1

@-03,:=1, (a-b2, =]][la-(bd" +0lkl,)], abeR
k=0

More generally, if « € R, we have

n

1_[ a0,

qa+n

00 1_(%) n
(a—b);w:(a—ww]‘[i”

1 (b—wo )qa+n = ((ﬂ - a)O) - (b - L()o))j, a #CUO'
n=0 =~ \a—wg
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Note that a% =a” and (a - a)o)%w = (a — wp)*. We also use the notation (0)% = (wo)%,w =0

for @ > 0. The g-gamma and g-beta functions are defined by

F(x):% xeR\{O—l—z }
W e L2
o - I, (%), (s)

o x-101 _ s=1 N Al Aaed
Bq(x,S)~—/0 £ (1 - gt} dgt = T x+s)

Definition 2.1 For g € (0,1), @ > 0 and f defined on an interval / € R which contains
wp = ﬁ, the Hahn difference of f is defined by

f(gt + 0) - f(2)

Dquf(t) = tlg-1)+w

for t # wo,
and D, f(wo) = f'(wo). Provided that f is differentiable at wy, we call Dgf the g,w-
derivative of f, and say that f is g, w-differentiable on 1.

Remarks
(1) Dyolf(t) + g(t)] = Dygof (¢) + Dgug(t).
(2) Dyolaf(t)] = aDy.f(2).
(3) Dyolf (6)g(0)] = f(©)Dg,ug(£) + (gt + )Dyof (£).
( f(&),  g(O)Dyof (t) = f(£)Dy0g(t) ‘

D,,[—]=
4 Dol o) d(glt + )

Letting a,b € I € R with a < wy < b and [k]; = %,k € Ny := N U {0}, we define the

q, w-interval by
[@,b),, = {d"a + wlkl;: ke No} U {q"b + w[k]; : k € No} U {wo}
= [ﬂ,wo]q,w U [a)O) b]q,w

= (“1 b)q,w U {ﬂ,b} = [61, b)q,w U {b} = (61, b]q,w U {61}

We observe that for each s € [a,b],,., the sequence {a;w(s)},fio = {gFs + wlk]g}72, is uni-
formly convergent to wy.
In addition, we define the forward jump operator a;w(t) = gFt + wlk] ¢ and the backward

jump operator p(’;,w(t) = H;# for k e N.

Definition 2.2 Let]beany closed interval of R that contains 4, b, and wy. Letting f : 1 — R

be a given function, we define g, w-integral of f from a to b by

b b a
ff(t)dq,wt:: PO dgot - | @) dyt,

where

oo

fOdgot=[x(1-q) -] > q'f(xq" +wlk],), =xe€l,

k=0
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and the series converges at x = a and x = b. We call f ¢, w-integrable on [a, b], and the sum
to the right-hand side of the above equation is called the Jackson—No6rlund sum.

Note that the actual domain of function f is defined on [a, b, C 1.
We next introduce the fundamental theorem of Hahn calculus.

Lemma 2.1 ([17]) Let f :1 — R be continuous at wy and define
X
Fx):= | f(t)dgot, xel
o
Then F is continuous at wo. Furthermore, D, F(x) exists for every x € I and
Dq,wF(x) =f(x)
Conversely,
b
/ D, F(t)dguwt = F(b)—F(a) foralla,bel
a

Lemma 2.2 ([26]) Let g €(0,1), w >0 and f : I — R be continuous at wy. Then

t r t t
/ / x(8) dgwSdg ot = / f x(8) dg,o1dg,ms.
wgy J wg wg J gs+w

Lemma 2.3 ([26]) Let g € (0,1) and w > 0. Then

t ¢ o
/ dpwS=t—wo and [t — quw(s)] dys = (t —wp)
«o 1+

o

Particulary, we introduce fractional Hahn integral and fractional Hahn difference of
Riemann-Liouville type as follows.

Definition 2.3 For o, > 0,q € (0,1) and f defined on [wo, T],,., the fractional Hahn in-
tegral is defined by

T2 f(t) = tha) f (t—aq,w(s));;wlf(s)dq,ws

- Dl S (- o )2 (o 0),

and (Z) )(t) = f(2).

Definition 2.4 For o,w > 0,9 € (0,1), and f defined on [wo, T],, the fractional Hahn
difference of the Riemann—Liouville type of order « is defined by

Dg f(@®) = (DY, T 0) (@)

=g,

1 t o
) Iy(—or) /wo (t- G‘l’w(s))q,w_lf (8) dg,w$s
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and Dgwa (£) =f(2), where N is the smallest integer that is greater than or equal to «.

Lemma 2.4 ([33]) Lettinga >0,9 € (0,1),w>0,andf:1,  — R, we get

I8, D% f(O) = () + Crlt — w0)* " + -+ + Cn(t — wp)* ™
forsome C;eR,i=Nyyand N-1<a <N,NeN.

Next, we give some auxiliary lemmas used for simplifying calculations.

Lemma 2.5 ([33]) Lettingo, 8> 0,p,q € (0,1), and w > 0, we have
! a-1 B a+f
(t - O'q,w(s))qyw (s— C()O)q,w dq,ws =(t—wo) Bq(,B +1,a),

t X _ a+p
/ f (t- op,w(x));;wl(x - aq,w(s))g%wldqlws A% = %BP(,B +1,a).
wQ v W q

The following lemma deals with the linear variant of problem (1.7) and gives a repre-
sentation of the solution.

Lemma 2.6 Let a € (1,2],8 € (0,1], > 0,p,q € (0,1),p = ¢",m € N, 6 = a)(l*p)'

Ay Ao, 1, 2 €ERY; e C(I qw,R) is a given function; ¢1, ¢ : C(I, qw,]R) - R areglvenfunc—
tionals. Then the problem
o _ T
Dy ,u(t)=ht), tel,,,
wau(n) + AaDhgu(n) = g1 (u), €Il —{wo, T}, (2.1)
10u(T) + oDy u(T) = o (1)
has the unique solution
1 t
)= o [ (= 0096 dyos
Fq(a) wo( 9 ) g
(L‘ —w )a—l
_ TO{BTan[qbl,h] - B, @1l hl}
(t —w )a—2
o (AT®,[g1,1] - A, ®rlgn, 1}, (2.2)
where the functionals ®,[¢1, h], ©r(p2, ] are defined by
A2

D[, h] := 1 () —

n
(7] qu(s)) h(S) g0 —

o Ty (@T,(-f)
<[ 0 O = 09 sy =
i 2
Dr[ga, T-040 g =
rldn hl = 0200 - o5 | (T =000l 1) dgos = s

f/ (T- O'pg(S) (x aqw(s)) h(S)dqudpgx, (2.4)
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and the constants A,, A, B,, Br, and Q are defined by

n
A= —o) "+ r tﬂ) (n- %9(5)) Hs = o) dyps
p o
B ael A2 — o) PTp(cx)
= (1 — wo) (k1+ Fa—p) )
T
A7 = (T - wp)* " + Fpl(L_zﬂ) » (T Upe(s)) (S— o)™~ dp,as
~ a1 (T — o) P Ty (at)
= (T — wo) <M1+ Fp(a—ﬂ) ):
n
B, = hin—o0)"? + )(‘f 5 || =00, s w0 s
p o
B weo Aa(n = @0) PT (e — 1)
- o (0 D)
T
Br = 1 (T — wp)* % + Fp/(i_zﬂ) » (T Gpe(s)) (S —wo)*” pHS
~ w2 paT — o) PT (e = 1)
= (T - wo) </L1+ T@—p-1) )

Q= ATB,] - A,]BT.
Proof Taking fractional Hahn g, w-integral of order « for (2.1), we obtain

u(t) = Cyt — wo)* ™ + Cot — wo)* ™ + Z; ,h(®)

=Ci(t- 600)0171 + Co(t - a)o)m2 + ! /t (t Uqw(s)) h(x) g8

Fq(a)

0

Then we take fractional Hahn p, 6-difference of order g for (2.10) to get

1 t o
= / (t - O’qyw(s))q’iwl[cl (S - C()())O[_1 + CQ(S - a)o)“_z] dq,wS

(ﬂ)// t aq,,,(x) (x aq,,,(s)) h(s)dqa,sdpgx
P wQ v ®Q

Page 8 of 16

(2.5)

(2.6)

(2.7)

(2.10)

(2.11)

Substituting ¢ = 7 into (2.10) and (2.11) and employing the first condition of (2.1), we

have

A,]CI + BnCZ = ¢n[¢lrh]~

(2.12)

Taking ¢ = T into (2.10) and (2.11) and employing the second condition of (2.1), we have

A7Ci +BrCy = D7y, k.

(2.13)
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The constants C; and C; are revealed from solving the system of equations (2.12)—(2.13)
as

B, &7 - B;® Ard,—A,d
CI:M and CFM.

Q Q
Substituting the constants C;, C; into (2.10), we obtain (2.2).
On the other hand, it is easy to show that (2.2) is the solution of problem (2.1). By taking
fractional Hahn ¢, w-difference of order « for (2.2), we obtain (2.1). This completes the
proof. d

We next introduce Schauder’s fixed point theorem used to prove the existence of a so-
lution of problem (1.7).

Lemma 2.7 ([36] Arzeld—Ascoli theorem) A set of functions in Cla, b] with the sup norm

is relatively compact if and only if it is uniformly bounded and equicontinuous on [a, b].
Lemma 2.8 ([36]) Ifa set is closed and relatively compact, then it is compact.

Lemma 2.9 ([37] Schauder’s fixed point theorem) Let (D, d) be a complete metric space,
U be a closed convex subset of D, and T : D — D be the map such that the set Tu:u € U is
relatively compact in D. Then the operator T has at least one fixed point u* € U: Tu* = u*.

3 Existence and uniqueness result

In this section, we consider the existence and uniqueness result for problem (1.7). Let

c=CU qT . R) be a Banach space of all function u with the norm defined by
llullc = maTx{ Dy, u( },

S q®

whereae(lZ],Bye(Ol]a)>0p,q,re(01)p:q"r:qu:q”abceN 0=
( )¢ a)( ))( a)( )Al,kz,ul,uzeR* Define an operator F : C — C by

(Fu)(t) = T l(a) / (t - aq,w(s));%F(s, u(s), ‘I’Zq)”(s)’Dfn,x u(s)) dygws
q wQ
_ o—-1
- %{Bﬂ;wn,m B, P[4, Ful)
-2
< ‘g";) [Ar®ilpr, E] - A, @5 (o, Ful), (3.1)

where the functionals ®;[¢1, F,], ®7[¢2, F,] are defined by

1 [p1, Fu] = b (a0) -

q<a)r( /S)f / = ) o)

x F(s,u(s), v ,us),D,, u(S)) dgw8 dypp, (3.2)

n oqw(s) (s u(s), \IJ:zj)M(S)’D:n,X u(s)) dg,s
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Grtonfuli= gale) - / (e w(S (S’ u(s), W), u(s), D,,  u(s)) dyus
U2 x g1 et
T T, @)T,(-p) /:uO /wO(T 9p6() 5 (= 040(5)),,
x F(s,u(s), W]y u(s), Dy, u(s)) dyeos dy o, (3.3)

and the constants A,, Ar, B,, By, Q are defined by (2.5)—(2.9), respectively.
We find that problem (1.7) has a solution if and only if the operator F has a fixed point.

Theorem 3.1 Assume that F :IqT,w x R xR xR — R is continuous, ¢ :IqT,w X I;w — [0,00)
is continuous with ¢y = max{p(t,s) : (¢t,s) € Igw X I;w}. In addition, suppose that the follow-
ing conditions hold:

(H1) There exist constants £y, £y, €3 > 0 such that, for each t € IqT,w and u,v € R,

|F(t,u, W] ,u,D,, u)—F(t,v,¥],v,D;, v)|

<Ulu—v|+6|V) ol — \IIV¢| +53{D u —D‘;n,XV|.
(H) There exist constants 91,0y > 0 such that, for each u,v € C,

|p1() =1 ()| <O llu—vle and |pa(u) — po(v)| < D2llu—vlc.

(H3) O<«1,

where
. WO%’ (3.4)
o et e peicn) N
o [T T

(L+6)T —wo)* [P+ (L +43)0]

0=t a {IBZI(T = @o)* ™" + |AZI(T — o) %}
q
P2+ (L +6)6s] (i;' ice) {IByI(T — w0)*™ + |A,I(T — )2} (3.7)

Then problem (1.7) has a unique solution in Iquw.
Proof To show that F is a contraction, we denote that
Hlu—v|(t) := |F(t,u(t), ), u(t), D}, u(t)) - F(t,v(t), V) ,v(t), D;, v(t))|
foreach t € I, and u,v € C. We find that
|2 (g1, Ful - @561, E|

<0100~ 010 + 1 [ (1 09l =9 s
=10 = Bl T [, e “
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A nopx
+W2p(_ﬂ)/%/w0(n Gpe(S)) Y- 940(5)) 4 L 1= VI(5) dyg 8 %

<thllu-vlle + (¢1]u—v| +zz|\1ﬂ u— xpy¢y +¢3|D}, u—D;ﬂXv’)
A (n — wo)* . da(n — @0)*PT,(-B)
Fya+1)  Tyla-B+1)T,(-B)

<9 O+ lygo L) ts|DY, u—D}, v||©
<hlu-vlc+ 1+ Z%ﬁ | —v| + €3] x4 m,XV| 1

<[ + (L + )01 ]lu—vllc.
Similarly,
| @7 (2, Fu] — @2, 1| < [92 + (L + £3)Os ] lu—vlc.
Next, we have

[(Fu)(t) - (Fv)(©)]

<t / T(T—aq,w(s))%mu—V|(s)d,,,ws
Tg(@) Jun G
%{mﬂ@;mm @} [¢1, F]| + B, || @7 1o, ] - D¢, F]|}
%HAM@:[@,&]—¢:[¢1,Fv1|+|A||d> (¢2, Fu] — @7, ]|}
= [(ﬁ +1f:()o(l]:1)w B (i; SO 17 - )+ 1A7(T - )2
+ %ﬂzg)%{mnw—mw + |An|(T—wo)a_2}j| = vilc
=Olu-vlc. (3.8)

We take fractional Hahn m, y -difference of order y for (3.1) to obtain

(Dfmx}-u)(t)
:;/ /x(t amx(x)) l(x qu(S))

Fm(_)/)rq(‘x) wo J g

x F(s,u(s), W) yu(s), D},  u(s)) dy,8 d,yx
t

(Br®: (61, F] - B, &% [, F1) / (£ = O 1) 25 = 00)

&)

ot
Ql—‘m(_y)

1
+ m{AT‘bZWl:H —AnCD*T[d’z»F]}

X f (t=0Omy (s)) s — o) 2 d,, XS (3.9)

0
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Using the same argument as above, we have

(D}, Fu)(®) = (D}, F¥)(@)] < Ollu=vllc. (3.10)
(3.8) and (3.10) imply that

IFu—Fvlc < Ollu-vlc.

By (H3) we can conclude that F is a contraction. Therefore, by using the Banach fixed
point theorem, F has a fixed point which is a unique solution of problem (1.7) on Igw. d

4 Existence of at least one solution
In this section, we present the existence of a solution to (1.7) by using Schauder’s fixed

point theorem.

Theorem 4.1 Suppose that (H;) and (Hs) hold. Then problem (1.7) has at least one solu-
tion on I, ; o

Proof We divide the proof into three steps as follows.
Step 1. Verify that F maps bounded sets into bounded sets in B = {u € C: ||ull¢ < R}.
We consider Bp = {u € C(IqT’w) :|lulle < R}. Set max, .t |F(£,0,0,0)| = K, sup,,c¢c |1 (u)] =

M, sup,cc |¢2(u)| = M, and choose a constant

M1 + My + |9‘ (T = w0)* H(IB71©1 + By |©2) + (T — wo)* 2(|A7|O1 + |A, |02)]

4.1
-0 (4.1)
Denote that
|S(t,1,0)| = |F(t, u(2), W] ,u(t), D}, ,u(t)) - F(£,0,0,0)| + |F(£,0,0,0)|.
For each t € I;w and u € By, we obtain
!®:[¢1,Fu]|
§M1+ / n- qu(s |S(s,u,0)|dqws
+ - S / / (n —Opp (s))ii(x - Uq,w(s))ﬂ|8(s, u,0) |dq,ws dppx
Fq(a)rp(_,B) wo J g P ®
<M + ([ﬂl + fzwog}ml + 23|D u| +K>®1
Iy +1)
< + KOy + (L +£3)01||ullc
< +KO1 + (L +£3)0O1R. (4.2)

Similarly,

|®% (¢, Ful| < Mz + KOs + (L +£3)O2R. (4.3)
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From (4.2)—(4.3), we find that

’(fu)(t)} <R+M;+ M+ %

x [(T = wo)* ' (IB7|©1 + |B,|©2) + (T — wo)* *(|A7]©O1 + |A,0)]

<R (4.4)
In addition, we obtain
|(D};1‘X]-"u)(t)| <R (4.5)

Therefore, || Ful¢c < R, which implies that F is uniformly bounded.
Step 11. We can conclude that the operator F is continuous on By by the continuity of F.
Step 111. In this step, we examine that F is equicontinuous on Bg. For any t;,£, € I; »

with #; < £, we have

|(Fu)(t2) - (Fu)(t)|

IE] « a
% - —(t —
= Fq(a+1)‘(2 wo)® — (t1 — wo) ‘
|(t2 — w0)* ™ = (t1 — wo)* |
12|
|(t2 — w0)* 2 = (1 — wo)* 2|
12|

{IB7|®%(¢1,F] + [B,| D} (62, F])

{IAT|<I>’;[¢1,F] +|A, | D% (¢, F1} (4.6)
and

(D}, Fu) (&) = (D}, Fu) (&)
IFIT4(=y)
T Du(=y)lyla -y +1)
[y(@)Ty(=y)
|Q2T(=y) gl = y)

x |(ty = @0)* 7™ = (t1 — wo)* 7Y

+ Fq(a - I)Fq(_y)
|Q|Fm(_y)rq((¥ -y-1

X [(t2 = w0)* " = (B — w0)* 7 2. (4.7)

(82 — @0)* " = (t1 — )" |

{IB7| @11, F] + |B, | @712, F1}

{|AT|CD>;[¢11F] + |An|q)>;"[¢2’F]}

We observe that the right-hand side of (4.7) tends to be zero when |¢; — t;| — 0. So F is
relatively compact on Bg.

This implies that the set F(Bg) is an equicontinuous set. As a consequence of Steps I to
III together with the Arzeld—Ascoli theorem, we get that F : C — C is completely contin-
uous. By Schauder’s fixed point theorem, we can conclude that problem (1.7) has at least

one solution. O
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5 Example

Consider the following boundary value problem for fractional Hahn difference equation:

4 1 . 9 1
D? ut) = e (U + 20ul) + e TN 2 gy
1.2 ®) (100063+t2)(1+|u(t)|)[ ( | |) | 86 ()|
. 2 4
+ e—(1+cos2ﬂt | i L ] te| =10 , (5.1)
b 3 s

1 /15 3 15\ = Cilu(t; 1\
—u| — ) +100eD} u| — =271|M( l , Lelol=) +
10e\ 8 pU\ 8 ) 1+ u(t) 2

1 3 . D;lu(t)] 1\' 2
2007 (10) + —— D1 w(10)= S 2L cq0( =) + 2
7u(10) + 70Dy 1(10) §1+|u(t,~)| €10{ 7 ) + 3l

where o(t,s) = :‘150;3‘ and C;,D; are given constants with ﬁ <Y5C < JW and
b s
1000t2 = Z:l=0 D; = 1000¢2 *
We provide o = 4= 37 = L= b= by fm=do= 3010 L -
L= 12 =5 T =100 =10(3)" + 2[4]; = ¥, 01 = 5,00 = 1006, 1 - 200, 13 - o
_ oo C,\u t;)| oo Djlu(t;) _ 1
G1(00) = 250 Tha @2 = 2ico 1+\u(t)\’andF(t ”(t) Wy, u(t), Dy, u(t)) = 10003+ 111 @) <
1
[ 3t(u +2|M|) +e :-r+§m t) |qj§ %u(t)| +67 1+cos t) |D% 2u(t)|].

We can find that

|A,| =173.1815, |[Ar| =1290.6198, |B,| = 1312.8836,

IBr| =148.9158 and |Q|=1.7202 x 10°.

Forall ¢t e [4 10]:1 2 and u,v € R, we have

12
2’3

|F(t,u, V], u,D;, u)—F(t,v, ¥} v,D} v)|
<;|M—V| ;’\If u—-v’y
= ¢4(1000€% + ) ¢7(1000¢3 + 16) 1 7ro ™ Tre

1
+ —
€(1000€3 + +2)

|D:Mu —Dfn,xvl.
Thus, (H;) holds with ¢; =9.118 x 1077, ¢, = 2.1513 x 107°, and ¢35 = 0.0000183.
Forall u,v e(C,

|p1(w) = p1(v)| =

T v
— U=V ’
50023 ¢

|2 () — 2 (v)| =

e
— U —=V]c.
To0oz2 1%~ Vlle

So, (H5) holds with ¢ = 0.00265 and ¥, = 0.00153.
Also, we find that

L£=9.163 x 1077, ®; =440.682, ®y = 248.882.



Patanarapeelert and Sitthiwirattham Boundary Value Problems (2018) 2018:46 Page 15 0of 16

Therefore, (H3) holds with
O =~ 0.000307 < 1.
Hence, by Theorem 3.1, problem (5.1) has a unique solution.

6 Conclusion

We have proved the existence and uniqueness result of the nonlocal Robin boundary prob-
lem for a fractional Hahn integrodifference equation (1.7) by using the Banach fixed point
theorem, and the existence of at least one solution by Schauder’s fixed point theorem.
Our problem contains three fractional Hahn difference operators and a fractional Hahn

integral with different numbers of ¢, w and order, which is a new idea.
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