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1 Introduction
Recently, fractional differential equations have drawn more and more attention of the re-
search community due to their numerous applications in various fields of science such as
engineering, chemistry, physics, mechanics, etc. [1-4]. Boundary value problems of frac-
tional differential equations have been investigated for many years. Now, there are many
papers dealing with the problem for different kinds of boundary value conditions such as
multi-point boundary condition (see [5-10]), integral boundary condition (see [11-24]),
and many other boundary conditions (see [25-32]).

In this paper, we consider the existence of positive solutions for the following integral

boundary value problems of singular nonlinear fractional differential equations:

DS, u(t) + p(t)f (¢, u(t), Di u(t), ..., DL u() =0, 0<t<1,
u(0) =u/'(0) =--- = u"2(0) = 0, (1.1)
Df.u() = [ ()DL u(t) dA(),
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wheren-1l<a <mi-1<B;<i(i=1,2,...,n-1),a-B,_1>a-B>1,p e C((0,1),R,) and
p(t) is allowed to be singular at £ = 0 or ¢ = 1, in which R, = [0, +00), f : [0,1] x (0, +00)" —
R, is continuous and f may be singularatxy =x; = --- =x,-1 = 0,/: (0,1) — R, is continu-
ous with [ € L1(0,1), fol [(t)u(t) dA(t) denotes the Riemann—Stieltjes integral with a signed
measure, in which A : [0,1] — R = (—00, +00) is a function of bounded variation.

Zhang et al. [15] studied the existence of positive solutions of the following singular
nonlinear fractional differential equation with integral boundary value conditions:

—Dx(t) = f(t,x(t), Dix(t), O0<t<1,
Dx(0)=0,  DIx(1) = [} D{x(s) dA(s),

where0< 8 <1<a <2,f(tx,y) maybe singular atboth £ =0,1 andx =y = 0, /01 x(s) dA(s)
denotes the Riemann—Stieltjes integral with a signed measure, in which A : [0,1] — R
is a function of bounded variation. Through the spectral analysis and fixed point index
theorem, the author obtained the existence of positive solutions.

By means of the fixed point index theory, Hao et al. [16] studied the existence of positive
solutions of the following nth order differential equation:

u (&) + ra(t)f (t,u(t)) =0, te(0,1),
u(0) = u/(0) = --- = u"2(0) = 0,
u(1) = [, uls)dA(s),

where X > 0 is a parameter, 0 < T := fol " 1dA(t) <1,a:(0,1) — R, is continuous and a(¢)
may be singular at t =0 and £ =1, f : [0,1] x (0, +00) — R, is continuous and f (¢, x) may
also have singularity at x = 0. fol u(s) dA(s) denotes the Riemann—Stieltjes integral with a
signed measure, that is, A has bounded variation.

Lietal. [17] studied the existence of positive solutions of the following singular nonlinear
fractional differential equation with integral boundary value conditions:

D§ u(t) + p(t)f (£, u(t)) + q()g(t,u(t)) =0, O0<t<l1,
u(0) = u/(0) = --- = u®2(0) = 0,
u(1) = [ h(s)u(s) dA(s),

wheren—-1<a <n, p,qe C((0,1),R,), p(¢) and g(¢) are allowed to be singular at £ = 0 or
t=1,f,g:[0,1] x (0, +00) — R, are continuous and f (¢, x), g(¢,x) may be singular at x = 0,
h:(0,1) — R, is continuous with # € L1(0,1); fol h(s)u(s) dA(s) denotes the Riemann—
Stieltjes integral with a signed measure, in which A : [0,1] — R is a function of bounded
variation. Through a well-known fixed point theorem, the author obtained the existence
and multiplicity of positive solutions.

Zhang [29] obtained several cases of local existence and multiplicity of positive solutions

for the following infinite-point boundary value problem:

D& u(t) + q()f (¢, u(t)) =0, 0<t<1,
uw(0) =/ (0) =--- = u"2(0) =0,
u®(1) = 37 agulg),
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whereow >2,n—1<a <n,ie[l,n-2]isfixed, f:(0,1) x (0, +00) is continuous and f (¢, x)
permits singularities with £ =0,1 and x = 0.

Motivated by the above mentioned papers, the purpose of this article is to investigate
the existence of positive solutions for a more general problem. Obviously, our work is
different from those in [15-17, 29]. The main new features presented in this paper are
as follows. Firstly, the nonlinear term f in our question includes multiple fractional or-
der derivatives of unknown function, and the boundary value conditions also involve
the fractional derivative. Secondly, the nonlinear term f in our work can be singular at
X9 =%1 =+ =%,_1 = 0, which implies all of the above work. Lastly, by using the spectral
analysis and fixed point index theorem, we get the existence of positive solutions.

The rest of the paper is organized as follows. Firstly, we present some preliminaries and
lemmas that are to be used to prove our main results and develop some properties of
the Green function. Secondly, we prove the existence of a positive solution of BVP (1.1).
Finally, we give an example to prove our main conclusion.

2 Preliminaries and lemmas
In this section, for the convenience of the reader, we present some notations and lemmas
that will be used in the proof of our main results.

Definition 2.1 ([4]) The Riemann-Liouville fractional integral of order « > 0 of a function
y:(0,00) — R is given by

(0 = ﬁ /0 (-9 y(s) ds,

provided that the right-hand side is pointwise defined on (0, c0).

Definition 2.2 ([4]) The Riemann-Liouville fractional derivative of order « > 0 of a con-
tinuous function y : (0,00) — R is given by

0 1 aN" [t )
Do) = r(n—a>< t) /0 = e %

wherea >0andn-1<a <n(m=1,2,3,...), provided that the right-hand side is pointwise
defined on (0, 00).

Lemma 2.1 ([2]) Leta > 0. If we assume u € C(0,1) N LY(0, 1), then the fractional differen-
tial equation

Dy u(t)=0
has

u(t) = Crt* !+ Gt P+ -+ Ot N, CieR,i=1,2,...,N,
as the unique solution, where N = [o] + 1.

From the definition of the Riemann—Liouville derivative, we can obtain the statement.
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Lemma 2.2 ([2]) Assume that u € C(0,1) N LY(0,1) with a fractional derivative of order
a > 0 that belongs to C(0,1) N L*(0, 1). Then

I8 D& u(t) = u(t) + Cre* ™ + Cot™ 2 + -+ + Cyt*™ N,
forsome C;eR (i=1,2,...,N), where N = [a] + 1.

In the following, we present the Green function of the fractional differential equation
boundary value problem.

Lemma 2.3 Takef beasin(1.1) and let v(t) = Dgi”1 u(t). Then problem (1.1) is transformed
to the following equation:

DS u(e) + f (e 1 v(e), 1D P (), . v(0) =0, te(0,1),

2.1
P u0)=0,  DEPy(1) = [ L) dA(). ey

Fa=Bn-1)
F(a-p)
to the solution of the following fractional integral equation:

Furthermore, assume that 0 < § # , then the solution of problem (2.1) is equivalent

1
v(t) :f G(&,8)f (8, g7 U(s), .., Iy 712 0(s), w(s)), (2.2)
0
where
fo—Fno1-1
G(t,5) = K(t,8) + Fro=5———£A (),
rep 0
in which
1 (P11 gy Pl (p—s)@heml 0<s<t<1,
K(t,s)= ———— (=9 ¢ o
Mo - ,8;1—1) ta_ﬁ"*l_l(l —S)a_ﬁ_l, 0<t=<s<l],
1
§= / Pl dA(2), (2.3)
0

1
2a(s) = / K(t, 9)i(t) dAD)
0

Moreover, if v(t) is a positive solution of (2.1), then u(t) = 1) v(¢) is a positive solution of
problem (1.1).

Proof Letv(f) = Dg’f‘l u(t), then from the boundary value conditions of (1.1) we have u(t) =
Igf’lv(t), and

d (n-2) 1 t
n=2) _ [ = - _ )Bu-1-1
g '(dt) F(ﬂn_l)/o(t A ds

B 1
- F(ﬂn—l)

1 —H+2
= 1P u(e),

t
X Bot X -+ X (Bur = 1+2) / (=P y(s)
0

and from Lemma 2.3 we have Dg+ u(t) = Dngf’l v(t) = Dgfﬁ”’l v(t).
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Next, we may apply Lemma 2.2 to reduce (2.1) to an equivalent integral equation
W(e) =~ y(e) + Cuee Pt 4 Cyp P2
forsome C; e R (i =1,2).
IR u(e) = I (L P () + Cuet Pty Gyt P 2)

_ —Ig:nﬂy(l’) + Cllgf—l—"ﬂtw—ﬂn—l—l + Czlgf_l_n+2ta_ﬂ”_l_2

AR LE P

:_Iot:n+2 t C
0 o)+ 1F(oe—n+2) MNa-n+1)

From (2.4) and Igf‘l_mzv(O) =0, we know that C, = 0. Then we obtain
v(t) = ~I5 () + G (2.5)

From (2.5) we have

Dg:ﬁnfl () = _Dg:ﬁnfl Ig:ﬁnfly(t) + Cng:ﬁnfl 12 Pn-1-1

Mo - Bu-1) -1

=I5y + ¢ =5

:_; ' _ e-p-1 F(a_ﬂn—l) a-p-1
F(a—ﬁ)/o (t—3s) y(s)ds + C —————t )

INCES:)
So, we have
Bbut oy L L e I'(a = Bu-1)
Dy (1) = Tl _f) /0 (1-s) y(s)ds + C; 4”0[ 5 (2.6)

And from (2.5) we also have
1 1 1 t
- - _ a—PBp-1-1 a—fy_1-1
‘/0 1()v(t) dA(t) —/0 l(t)|: NCET) /(; () y(s)ds + Cit ]dA(t)
1 1 t
— _ _ a—fy_1-1
“ T ) /0 /0 1(t)(t—s) y(s) ds dA(t)
1
+C1/ P () dA(e). (2.7)
0

From (2.6), (2.7), and Dj; "' v(1) = [, I(t)v(£) dA(t), we obtain that

F(Ol - ﬁn—l) _ 1 1 wep1
[T—ﬁ)_g]cl_ F(a—ﬁ)/o (1-5s) y(s)ds

1 1 pt
T TR _ )oBu-1-1
F(a—ﬁn_l)/o fo et -s) y(s) ds dA(t),

where § = [ t*"#171)(¢) dA(t), thus

g Jo =8P Ny(s) ds — i o Jo LD = 5)*Fr1-Ly(s) ds dA(e)
Cla—Bu-1) _ 8 :

F(a-p)

C =
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Putting C; into equation (2.5), we obtain that

1 a—p-1
1 ¢ ﬁfo(l—s) b y(s)ds
ut)=—— / (¢ — )% Pr17Ly(s) ds + ¢ Pr171
T = Bu1) Jo g Hachul) s
1 w—fy1—
s T Jo K= 9y dsda()
C(a—Bp-1) -5
F(a-p)
~ fol(t“‘ﬂnfl‘l(l — )2 Pl _ (£ —5)¥ P17 )y (s) ds + ftl £ Pr171(1 — 5)*P-1y(s) ds
- I‘(05 - ,Bn—l)
to=Pn-1-1 fol fot[t“’ﬂﬂfl’ll(t)(l —8)* P _[(t)(t — s)* P17 y(s) ds dA(¢)

— Ce=Bu-1)

F(a ﬂn—l) ]"(aiﬁiﬂ)l -4

P oS e (- 9 () ds dA ()

— C(e—Bu-1) !

F(O[ :Bn—l) T—ls)l -4

Let
1 gebi1=1(1 —g)eb-1 _(p_g)ebu-l g <s<t<1,
Kes) (15— (t—5) <ssts
D@ = Bua) | pepra=1(1 - g)=h-1, 0<t<s<l,

1
gA(s):/ I()K(t,s)dA(2).
0

From the above we obtain that

1 fa=Pu1-1 1 1
u(t) = / K(¢t,s)y(s)ds + T s / ga(s)y(s)ds = / G(t,5)y(s) ds.
0 W -5 Jo 0

Lastly, by the computation above, we know that if v(¢) is a positive solution of (2.1), then

u(t) = I ' v(¢) is a positive solution of problem (1.1). Thus we complete the proof. O

Lemma2.4 Let0<§< F(li’(;’i’/’g)l) and g4(s) > 0,s € [0, 1], the Green function G(t, s) defined
by (2.2) satisfies

(1) G:[0,1] x [0,1] — R, is continuous,

(2) Foranyt,s e [0,1], we have t*~Pr-1"1¢(s) < G(t,s) < ¢(s), where

@(s) = K(1,s) + % se[o,1].

(a-p)
Proof (1) holds obviously, so we only prove (2) holds. By (2.3), when0 <s <t <1,

IK(t,s) 1
3t T(a-Pu1)

(@~ s~ (e =512

_@ b= D) g, a-p-1 ( f)aﬂnlz]
" T@-p) " [(1‘5) -(1-; >0,

[(@ =B - 1) Pr1-2(] — g)2F-1
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and
(e Pr171(1 — gy Bl _ (¢ — §)* P11

[ = Bu-1)
—g)* Bl _ (1 — g)ePu-1-1
[~ Bn-1)
g Pr1-1(] — ) @=Pu1-1 _ (f — g)¥=Pn-1-1
) T - B)

K(¢,s) — t*P171K(1,5) =

gl

>0.

In the same way, when 0 <t <s <1,

0K (t,s) 1

= = Buor = D21 - )P > 0,
0 T g Pl -9 =

and
tﬁl—ﬂn—l—l 1-— a-p-1 1-— a-p-1 _ 1- o—py_1-1
K(6,9) - K (L) = A= e A 2 (129)
F(O{ - ,Bn—l) F(Ol - ﬂn—l)
t“*ﬁn—l*l(l — S)a*ﬁn—l*1
= >0.
Mo - Bu-1)

It follows from the above that
P17 K(1,5) < K(t,s) < K(1,s), t,s€e(0,1].
Furthermore, by the definition of ¢(s), the conclusion of (2) is proved. a

Let E = C[0,1], [[v]| = supy<;<; [v(£)]. Then (E, | - ||) is a Banach space. Let

P={veE:v(t)>0,te0,1]},
K={veP:v(t)= P17 v|,t€[0,1]},

KO ={veP:vt) =t P |v|,te[0,1]}, i=0,1,...,n-2,

where By = 0. And for any r > 0, define Q, = {ve K : ||v|| <}, dQ, = {ve K :|v| =1}, Q, =
eK: v <r}, QY ={ve KD :|v| <r}.Itis easy to see that K and K@ (1= 0,1,...,n—2)
are cones in E and Qz \ Q, C K for any 0 < r < R. Throughout the paper we need the
following conditions:
(H;) A:[0,1] — R isa function of bounded variation and g4(s) > 0 for all s € [0, 1];
(Hy) 1€ C(0,1)NL*(0,1) and
I~ Bu1)

1
— a—Pu_1-1 I
055_/0 PO dA) < s

(H3) p:(0,1) > R, is continuous, and fol o (s)p(s)ds < +oo;
(Ha) f:10,1] x (0,00)" — R, is continuous, and for any 0 < » < R < +00,

mli_r)noo sup / qb(s)p(s)f(s, x0(s), x1(8),... ,x,,_l(s)) ds=0,
xR\ (1=0,1,...n-2) ¥ HOM)

p-1 €QR\2r
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whereR; = r(ﬁ,,,f—ﬁ,»rl)’ ri= Flf‘(’;_ﬁgl‘)i) (i=0,1,...,n-2),and H(m) = [0, L]U[21,1],

¢(s) is defined in Lemma 2.4.
In what follows, let us define a nonlinear operator L : Q¢ \ , — E and a linear operator

T:E— Eby
1
(Lv)(t) = /0 G(t, $)p)f (5, 10 v(s), I "1 w(s), ..., v(s)) ds (2.8)
and
1
(Tv)(¢) =/ G(t, s)p(s)v(s)ds, te€]0,1], (2.9)
0

respectively. And for any 7: 0 < t < §, we define T, : E — E by

1-t
T, u(t) :/ G(t,s)p(s)u(s)ds, te]0,1]. (2.10)

Lemma 2.5 Suppose that (H,)—(H,) hold. Then L : Qg \ Q, — K is a completely continu-
ous operator, and the fixed point of L in Qp \ 2, is the positive solutions to BVP (2.1).

Proof 1t follows from (Hy) that there exists a natural number m1; > 2 such that

sup / ( )¢(s)p(s)f(s,1§r-1V(s),1gf—1—ﬁlv(s),...,V(s))ds<1,

veQp\Q, v H

It is easy to see that for each v € Qr \ Q, there exists 7, € [r,R] such that ||v|| = r;. For

v € Q, we have
P17y < 2Pl < () <7y <R,

and foranyi=0,1,...,n -2, we have

Bn-1-PBi _ 1 ‘ _ \Bu-1-Bi-1
Iy! v(t) = —F(ﬂn—l 5 /0 (t-5s) v(s)ds

t
> 1 / (t _ s)ﬂnflfﬁi’lsafﬁn—lflrl dS
C(Bu-1—Bi) Jo

- F(O[ - ﬁn—l) ta_ﬂi_l
I'a - B)

’

and
Bn-1-B 1 ‘ Bn_1-Bi-1
I Py :4/ t—s)Pr17Pi7 y(s) ds
0 © C(Bu-1— Bi) =) )

m/ (= ds

1
TG -prDY
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Andforallt [%, "‘7_1], we have mr <v(t) <R, and
(o - B, s 1
@=fu) _r ngf’l Piv(t) <« ————R.
(o - ) mopi-t ['(Bu1—Bi+1)
Let
M = maX{f(t,xo,..-,xn-l) 2t %05 s kpm1) €1 X Jo X Jy X -+ X]n—l},
my—1 I'(a—By_1)r .
Where I = [W%l’ Y}ﬁ ]) ]i = [l—‘(a—ﬂl‘)iltflﬂi_l, F(ﬁn,llfﬂiJrl)R] (l = 0, 1,2,...,1’1 — 2), ]n—l =
[ﬁr, R]. So, by Lemma 2.4(2), (Hs), and (Ha), we have
my
1
sup / G(t,$)p(s)f (5, 10 v(s), I5r "1 0(s), ..., v(s)) ds
veQR\Q, /0
1
< sup f qb(s)p(s)f(s, Igf’lv(s),lgf’rﬁl v(s),..., V(s)) ds
veQp\Q, /0
< sup / d$)p(s)f (s, Igf‘l V(s),Igl"l_ﬂ1 v(s),...,v(s)) ds
veQp\Q, J H(mi)
-1
" I,Bn—l I,Brz—l—ﬂl d
+ sup P()p(s)f (s, Ir " v(s), Iy v(s), ..., v(s)) ds
veQR\Qr le
mp-1
<1+M /1 " ()pls)ds
Wy
1
<1 +M1/ d(s)p(s) ds < +00. (2.11)
0

This implies that the operator L defined by (2.8) is well defined.
Next, we show that L : Qr \ , — K. Forany v e Qz \ Q,, t € [0, 1], we have

1
(L)) = /0 G(t, $)p)f (5, 15 v(s), 15 "1 w(s), ..., v(s)) ds
1
< /0 E)PG)f (5,157 v(s), I P (s), ..., v(s)) ds.
Hence,

1
vl < /0 PO (5,1 o) L1 4(s) .. ) s

On the other hand, by Lemma 2.4, we have

1
(Ly)(t) > ¢oPr17 / DE)p) (5,157 (), I P u(s), ..., v(s)) ds
0

> 2Pl Ly, tel0,1],

thus Lv € K. Therefore L : Qz \ Q, — K.
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Finally, we prove that L : Qr \ Q, — K is a completely continuous map. Suppose D C
Qpr \ ©, is an arbitrary bounded set. Firstly, from the above proof, we know that L(D) is
uniformly bounded. Secondly, we show that L(D) is equicontinuous. In fact, for any ¢ > 0,
there exists a natural number 1, > 3 such that

sup / q)(s)p(s)f(s,Igi“lV(s),Igf‘l_‘61 v(s),. ..,v(s)) ds < Z (2.12)
veQp\Qy Y H(ma)

Since G(t, s) is uniformly continuous on [0, 1] x [0, 1], for the above ¢ > 0, there exists § > 0
such that, for any ¢;,£, € [0,1], [t — 2| <8, s € [m%'

my—1
my ]’

&
G(t1,s) — G(ty, —,
|G(t1,5) (25)|<2pM2

where

M, = max{f(t,xo,...,xn_l) 2t %0y s Xp_1) ELX Jo X J1 X -+ x],,_l},

in which
1 -1
I= |:_, my i|,
my  ny
= F(C\!_,Bn—l)l" 1 2 oa o
- Lre- 'Bf)mg_ﬁi_l’ F(Bur—-Bi+1) | p L, ,

1
]n—l = [mig_ﬁnl—l V;R:|.

Consequently, for any v € D, 1, ¢, € [0,1], |t; — t2] < §, we have

(I)(t) - ()(5)|

1
[ (G(tl,s) - G(tz,s)) ‘p(s)f(s,lgfl V(s),Igf’lfﬁ‘ v(s),. ..,V(S)) ds
0

< 2/ ¢>(s)‘19(s)f(s,1(’;3f’lv(s),lgf’l_ﬁ1 v(s),...,v(s)) ds
H(m3)

+ sup o |(G(t1,s) - G(tz,s)) ’p(s)f(s,Igf’lv(s),l(’ff’l_'s1 v(s),..., V(s)) ds

1
veD iy

& &
<2X -+ pM,

4" 2pM,

=g,

where

— 1 W12—1
p=max p(t): — <t =< :
iy 145

This shows that L(D) is equicontinuous. By the Arzela—Ascoli theorem, L : Qp \ Q, — K
is compact. Thirdly, we prove that L : Qr\ Q2 — K is continuous. Assume vo, v, € Qz \ 2,
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and ||v, — || = 0 (n — o0). Then r < ||v,|| <R and r < ||vy|| < R. From (H,) there exists
a natural number m13 > m, such that

sup

/ dEPG)f (5,157 v(s), I P (), ..., v(s)) ds < ¢ (2.13)
veQp\Q, J Hms)

Since f (¢, %o, .. .,%,_1) is uniformly continuous in

|: 1 ms3- 1] - 2|: C(a-B,1)r 1 ] |:( 1 )a—ﬁnl—l i|
X R x —_— R\,
ms i=0 (X ﬁl mﬂt Bi-1’ F(ﬂn - ,Bl + 1) ms

we have

Tim [f(s, 1), I8 P ,(8), o vas)) = £ (5,10 o (8), 162 1w s), -, vols)) | =
uniformly on s € [, 731

et ]. Then the Lebesgue dominated convergence theorem yields
3
that

m3-1

[ 0pOl s . 1 0 15)

m3

— £ (5,18 vo(s), I8 P (s), ..., vols)) | ds — O,

n— Q.

Thus, for the above ¢ > 0, there exists a natural number N such that for n > N we have

m3-1

[ OOl s . 1 0 15)

m3

_ P
—f(s,1631"1Vo(s),l('fl"1 PLyo(s), ..., VO(S)) | ds < 7

(2.14)
It follows from (2.13), (2.14) that when n > N

1Lv, — L[l < sup

/ PSP)|f (5 1 V() 5 P (s), . vals))
veQp\Qy H(ms3)

—f(s, Igf’lVo(s),lgf’l_ﬁlvo(s), A G)) | ds
ma-1
+ sup

[ 00pOl s 0. 0 6)
veQR\Qr ¥ g

—f(s,I’S" Lyo(s), Iﬁf‘l_’glvo(s),...,vo(s))|ds

&
<-+-+-=¢
4

)
N ™

This implies that L : Q¢ \ Q, — K is continuous. Thus L : Qz \ 2, — K is completely

continuous. It is clear that if v is a fixed point of L in Qg \ £2,, then v satisfies (2.1) and is a
positive solution of BVP (2.1).

O
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Lemma 2.6 Assume that (H;)—(Hs) hold, then for the linear bounded operator T the spec-
tral radius r(T) # 0 and T has a positive eigenfunction ¢, corresponding to its first eigen-
value 1 = (r(T))7, that is, ¢, = M, T1. In the same way, T, has a positive eigenfunction

corresponding to its first eigenvalue A, = (r(Ty)) L.
Proof The proof is similar to Lemma 2.5 of [12], so we omit it. O
To prove the main results, we need the following well-known fixed point index theorem.

Lemma 2.7 ([33]) Let K be a cone in a real Banach space E. Suppose that L : Q, — K is
a completely continuous operator. If there exists uy € K\{0} such that u — Lu # pu for any
ue€d and >0, then i(L, 2,,K) = 0.

Lemma 2.8 ([33]) Let K be a cone in a real Banach space E. Suppose that L : Q, — K isa
completely continuous operator. If Lu # pu for any u € 9Q, and 0 > 1, then i(L, 2,,K) = 1.

3 Existence of positive solutions
Theorem 3.1 Assume that (H,)—(Hy) hold, and

- . £, %0, X150 e0r Xy
f(>O = limsup sup TAULI n-1) <A, (3.1)
X1 —>+00 te[0,1] Xn-1
x;>0(i=0,1,...,n-2)

.. . L, X0, X150« e s Xy
f .= liminf min UL n-1) > A (3.2)
—0 x—0 . te[0,1] Xo + X1 + -+ + X1

i=1,2,..,n—

Then BVP (1.1) has at least one positive solution, where Ay is the first eigenvalue of the
operator T defined by (2.9).

Proof From (3.2) we can choose gy > 0, there exists r > 0 such that, for any ¢ € [0,1] and

0=% = rg 5 (=01

..,n—2),0<x,_1 <r,we have

S @& x0,%1, ., %0-1) = (A1 + &0)(x0 + 21 + -+ +%,1). (3.3)
For any v € 02,, since
r

Bu-1-Bi .
0<I) < ———— =0,1,...,n-2),0<v(t) <r,
-0 V()_F(ﬁn—l_ﬁi+1) ¢ n-20=v) s

thus from (3.3), we have
1
(Lv)(2) = /0 G(t,s)p(s)f (s, I8 v(s), I "1 0(s), ..., v(s)) ds
1
> / G(t,s)p(s)(A1 + 80)(151”11/(3) + Igf’l_ﬂl v(s)+ -+ v(s)) ds
0

1
> / Glt,5)p(s) (0 + £0)(s) ds
0

> x(Tv)(t), te][0,1].
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Let ¢; be the positive eigenfunction corresponding to the first eigenvalue A;, thus ¢; =
A T¢1. We may suppose that L has no fixed points on 92, (otherwise, the proof is fin-
ished). Now we show that

v—LvZup, veo,u=>0. (3.4)

If not, there exist v; € 32, and u; > 0 such that v; — Lv; = uy¢1, then wy >0 and v; =
Lvy + g1 = gy Let [T = sup{u|vy > pei}, then i@ > py, vi > gy and Lvy > A Tvy >
AT, = Agr. Thus,

v =Lvy + pigr > oy + pagr = (0 + ()i,
which contradicts the definition of fi. So (3.4) is true, and by Lemma 2.7 we have
i(L,,,K)=0. (3.5)

On the other hand, from (3.1) we can choose &1 >0, 0 < o < 1 such that, for any R >r >0,
tel0,1],x,>0(i=0,1,...,n—2),and x,_1 > R, we have

St %0, %15 . %5-1) <0 (A1 — €1)%p1. (3.6)

Let Tv = oA, Tv, then T : E — E is a bounded linear operator and T($2) C K. Since A, is
the first eigenvalue of T and 0 <o <1,

Toolsl (3.7)

— -1
(r(T))™ = (o2 (r(D)))

Let & = (1 — (7)), then by r(T) = lim,_ o IT"||%, we know that there exists a natural

number N > 1 such that # > N implies that IT"|| < [r(T) + 2]". For any v € E, define

N

Wl =Y [T +ea] T v

i=1

where T =1 is the identity operator. It is easy to verify that ||v||, is a new norm in E. Let

1
M= sup /0 ¢>(s)p(s)f(s,lgf’lV(s),Igf’lfﬁlv(s),...,v(s)) ds,

veiQdp

by (2.11) we know that M < +00. Select R; > max{R, 2M,&5'}, where M, = | M||,.

In the following we prove that
Lv#uv, vedQp,u>1 (3.8)
If otherwise, there exist v; € 9Qg, and 1 > 1 such that Lvy = uqv;. Let ¥(¢) = min{v1(¢), R},

t € [0,1] and D(v;) = {¢ € [0,1] : v1(£) > R}. Notice that ¥ € C([0,1],R,), t* Pr-1-1R; <
v1(£) < |lvall = Ry, and R; > R, thus there exists some £y € (0, 1] satisfying v1(Z) = R. So, by
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the definition of 7, we have 7(¢) < R, ¥(to) = min{v;(£;), R}, "(t) > t*~P»-1-1R. Hence |[V|
so 7 € dQz. From (3.6) and the definition of M, we have

1
pavi(t) = (Lvi)(0) = /O G(t,s)pG)f (5, 107 v (s), I5e 1w (s), ..., vi(s)) dls

< [ G 1 6 ) mi(0) ds

D(v1)

+ / )Y (5,107 vi(s), I8 v (s), .., vi(s)) dis

[0,1\D(v1)

< [ GeIps - e ds

D(v1)

1
+ / P(s)p(s)f (s, Igf‘lvl(s),lgf‘l_ﬂ‘ v1(s),...,v1(s)) ds
0

<(Tv){t)+M, te[o,1].

Since T(2) C K, we have 0 < (TY(Lv,)(t) < (TY(Tvi + M)(t) (j=0,1,2,...,N — 1), then

ITY@v)|| < |(TY(Tvi + M)|,

j=0,1,2,...,.N-1.

Hence
N o N
IZvlle =Y [F(D) + &) | (T) (Lvy)|

i=1

N

Z r(T +82 (T)’ YTw, +M)”

i=1

=Ty + M.
Thus
— N — N—i|=i
pillville = 1Lville < I Tville + My = ) [r(T)+ &2 | T | + M.
i=1

= [F(T) + &) Z [(D) + & ] Twa | + | T wi| + M.
i=1
N-1 ) . .

<[r(T) +&]Y [r@ + ]| T + [r@ + o] vl + M.
i=1
N

I"(T) + 82 Z T) + 52 l’||Ti71V1 || + M*
i=1

[7(T) + &2]lIvi Il + M,

__ &
< [H(T) + e2]lv1 ]l + guvln*

1 — 3
= 270+ o (Il <livallo
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that is, u; < 1, which contradicts @ > 1. This implies that (3.8) holds. It follows from
Lemma 2.8 that

i(L, Qr,K) = 1. (3.9)
By (3.4) and (3.8), we have
i(L, Qr\Q2, K) = i(L, 2, K) — i(L, 2, K) = 1.

Therefore, L has at least one fixed point v* € Qz\2,, and v* is a positive solution of BVP
(2.1). Therefore problem (1.1) also has at least one positive solution. O

Lemma 3.1 Suppose that (H1)—(Hs) hold, then there exists an eigenvalue P9 of T such that

limrﬁo )\1— = Xl.

Proof Take 1y > 19> --->1,>--- and 1, — 0 (n > +00), T, € (0,8). For any m > n and

¢ € E, we have

(Te,0)(t) < (To,0)(8) < (T)(t), tel0,1],

(T o)) < (T 9)®) < (Thp)®), t€l0,1],k=23,...,
where T¥ =T, (T¥) (k=2,3,...). Consequently, || T | < | TX || < |IT¥|| (k=1,2,...), by
Gelfand’s formula, we know that A,, > A, > A1, where A; is the first eigenvalue of T'. Since
Ar, is monotonous with lower boundedness Aj, let lim,_, oo A, = Xl.

In the following we shall show that 1 is an eigenvalue of T. Let ¢,, be the positive

eigenfunction corresponding to ¢, , i.e.,

1-1
(28 ()= Ay / G(tyS)P(S)fﬂzn (s)ds = Aty L, 0z, (), telo,1], (3.10)

with [l¢z, =1 (n=1,2,...). From

1-t4
\Loy o, |l = max / Gt 9)p(s)pr, (5) ds
te[o,1] Jo,

1
5/0 o (s)p(s) ds < +o0,

we know that T;, ¢, C E is uniformly bounded.
On the other hand, for any # and ¢, £, € [0, 1], we have

1-14
| T, 00, (1) = Try 0, (£2)| < / |G(t1,5) — G(t2,9)| ()¢, (s) ds

1
< f 1G(t1,5) — Glt2,9)|pls) ds.
0

So, as G(t, s) is uniformly continuous on [0, 1] x [0, 1], we obtain that T, ¢,,(¢) is equicon-
tinuous for ¢ € [0,1]. By the Arzela—Ascoli theorem and lim,_, o A7, = Xl, we get that
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¢, = @o as n — 0o. This leads to ||¢o|| = 1, and then by (3.10) we have

1
o0(t) = T fo Gt )p()po(s)ds, ¢ €[0,1],

that is, ¢g = Xl T@o. This completes the proof. O
Theorem 3.2 Assume that (Hy)-(Hy) hold, and

-0 . L, %0, X1y ey Xy
f = limsup maxf( o7 1) <A, (3.11)
50  tel0]] Xp_1
i=0,1,...,n-1

f(t)xnyly e ;xn—l)
f = liminf min
—to Zln;()l Xx;j—+00 tel01] X9 + X1 + - - + Xy

> . (3.12)

Then BVP (1.1) has at least one positive solution, where A1 is the first eigenvalue of T defined
by (2.9), and X, is the eigenvalue of T.

Proof Firstly, from (3.11) we know that there exist r > 0, 7o > 0 such that, for any ¢ € [0, 1],
and 0 <x; < )(i:O,l,...,n—Z),Oﬁxn,lSr,wehave

__r
(Bn-1-Bi+1
St x0,%1, ., %0-1) < (A1 — T0)%p1 (3.13)

For any v € 0€2,, since

0 < Iy i) < (i=0,1,...,n=2),0 <w(t) <7,

__r
(Bu1—Bi+1)
thus from (3.13) we obtain that
1
(Lv)(t) = / G(t,s)p(s)f (s, 15 v(s), 152 71 (s), ..., v(s)) ds
0

<[ Gt )0t — (5 ds
<m(m)(), te[0,1],
that is,
Lv<MTv, vedf,. (3.14)

Without loss of generality, we may suppose that T has no fixed point in 9$2, (otherwise

the conclusion is proved). In what follows, we will show that
Lv#uv, VYvedQ,u=>1. (3.15)

As a contradiction, if there exist v; € 3€2,, 41 > 1 such that Lv; = pyvy, obviously, pu; > 1
and vy = Lv; < A;Tvy. By induction we have ujvy < AfT"v; (n=1,2,...), so we have
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(77 > Il > g By Gelfand’s formula, we have

Tl = %7
1
r(T) = lim HT”H” >—>_,
n—00 Al A
which contradicts r(T) = =~. So Tv # uv, v € 0R2,, i > 1. From Lemma 2.8 we have
i(L,2,,K)=1. (3.16)

From (3.12) and lim,_,o Ar = A1, we know there exists sufficiently small t € (0, 1). Taking

n-2
_ T = Bur) a—pi-1 a—Pp-1-1
F=Y gy T /

there exist 7o > 0, R > r > 0 such that, forany x; >0 (i =0,1,...,m—1)and %o + %1 + - - - +
%,-1 > IR, t €[0,1], we have

%0, %155 %5-1) = (Ar + To) (Ko + %1 + - -+ + X-1) = (Ar + T0)Xn—1, (3.17)

where A; is the first eigenvalue of 7.
Let ¢, be the positive eigenfunction of T’; corresponding to A., i.e., ¢; = A; T ¢, . For any
v e I, s €[r,1- 1], taking By = 0, then

Z[ﬂ” 1 ﬁ’v(s ) + v(s)

n-2
Zm/ (s — 7)P17P Ly () dt + w(s)

n—

2 s
Z - - / (s— T)ﬂn—l*ﬂrlrﬂt*ﬂmrl dr|v| + ¥ Pn-1-1 Ivil
5 T(Bu1=Bi) Jo

v

i=

1
Bi)
S F '6" ) @ Pl 4 @=Pu1-1 | p
T~ )
( =

n-2
F(ot '3” 1) r@Pi-1 4 raﬂnll)R

v

v

Mo -
=R (3.18)
So, from (3.17) and (3.18) we have
1
(Lv)(t) = /0 G(t,s)pS)f (s, 10 v(s), I "1 w(s), ..., v(s)) ds
1-t
> / G(¢, s)p(s)f(s, Igf’lv(s),lgf’l_ﬁ] v(s),. ..,v(s)) ds

1-t
> f G(¢,s)p(s)(Ar + To)v(s)ds

> A (Tru)(t), tel0,1].
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We may suppose that L has no fixed points on 92z (otherwise, the proof is ended). Fol-
lowing the procedure used in the first part of Theorem 3.1, it follows that

v—LvZ up,veidQe,u=>0.
From Lemma 2.7, we know

i(L, Qg,K) =0. (3.19)
So, from (3.16) and (3.19) we have

i(L, Qr\R2), K) = i(L, 2, K) — i(L, 2,,K) =0—-1= -1,

Therefore, L has at least one fixed point on Q\2,, which is a positive solution of BVP
(2.1). Consequently, it is a positive solution of BVP (1.1). The proof is completed. O

4 An example
Example 4.1 We consider the singular fractional differential equation as follows:

DE.u(t) + p(O)f (&, u(t), DI (@), Db (@), D ult) =0, 0<t<1,
M(O) = '( )= M”(O) =0, (4.1)
D08+ fo D§+ 1) dA(t),

where p(t) = (1 - t)‘%, I(t) = t‘%,f(t,xo,xl,xz,xg) =[x + %1 + X2 + x3] 34 Inxs, and

0, telo,d),
Alt)=1 . 4
ﬁ; [S [171]

It is obvious that p(t) is singular at ¢ = 1, and f is singular at xp = x; = x5 = x3 = 0. Let

9
u(t) = I, v(¢), then problem (4.1) can be transformed to the following equation:

D§+ v(t) + p)f(t, 16%,, V(t),]o%g V(t),[o%, v(t),v(t)) =0, O<t<l,
10 =0, (4.2)
DEV(1) = [ HeW(e) dA(D).

Then
1 |t -s)8—(t-9)t, 0<s<t<1
K(ts)=—=1 | ) oot (4.3)
') |er-s)s, 0<t<s<l,
and
755K (3, 9)1(% )—%—5( )5(1-s)F, 0<s<4%,
gA(s): 1 41 1y— L 1
s55K1(5, 91 )-T[—( )i (1—5)8—(——S) 137, ;<s=<L
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Obviously, 0 < ga(s) < (1-9)%, 8 = [, t41() dA(z) = [, 5 dA(2) = (3)5 x 5h = 0.00125,

.. T
thatis, —& —§ >0, and
r)

o(s) =K(1,s) + % < 100(1—s)%.

[(a-pB)
Now we will check that all the conditions of Theorem 3.1 are satisfied, define a cone
K ={veClo,1]:v(#) > ti|v],t€[0,1]}.
O = (veClo1]:ve) = t3|vl,¢ € 0,11}, KO = {v € C[0,1] : v(t) = ¢3¢ |lv]|, £ € [0,1]),
K@ = {ve Cl0,1]:v(t) > £ ¥ |[v], ¢ € [0, 1]}.
For any 0 < 7 < R < +00 and v € Q\R2,, we have v(t) > t* P17y = t1|jv]l, ¢ € [0,1],

then

0<rth <xs(t)=v(t) <R, te[0,1],

(e 9_g. 1
% 3Pir < x,(t) = I Piye) < —m & t€l01],i=012
r-p) re)

where By =0, 1 = %, B = %. Since |Inx| is decreasing on (0,1) and is increasing on

(1, +00), we have

lInv(x)| < |Inret |+ [InR| < |Inr| + [InR| + |Ined],

,_‘
i
<

r ré) re -5
[0 + X1 + %2 +x3]73 < [FE; F((4)) F((%))"'l] et

and

1 1
1 12 59

‘/|lnt%|dt+/ Fadi=-4+-2-2 10
0 0 4 11 44

The absolute continuity of the integral yields that

lim |In £ |dt =0, lim £ dt = 0. (4.4)

n=>00 J () n=00 J ()

So,

sup f PSP (520(5),31(5) 22(6),23(5)) s
€S, \Q
x36QR\Qr
< sup : / ) 100(1 —s)%(l —s)_% [(xo(s) +x1(8) +x2(8) + xg(s)) % |x3(3)|] ds
% eQR \sz’ eln
x3€Qp\Qr

1
< sup f 100[|1nr| +|InR| + ’1nt1|
xeap\af) et
x*3€QR\Qr
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ol
H-

5 5 5 -1
+(F(;)+F(1) r'(3) 1) e

rGg) T rE)

]ds

1 1
=2(In|r| +In|R[)= + A_L/ |Ins| ds
n )

e

G ré réd NG .
+(r<§)+r<§>+r(%§)”) ' /MS *

and from (4.4) we obtain that

lim  sup / ¢(s)p(s)f(s,xo(s),x1(s),x2(s),x3(s)) ds=0.
=00 5 ol Jen)

€0\,

X3€§R\Qr

On the other hand, by a simple calculation, we have

Z00 . (¢, %0, %1, %2, %3)
f  =limsup sup S0, 1, %3, %3) =0< A,
x3—>+00  te[0,1] X3
x,'>0,i:0,1,2
.. . f(terrxlynyxS)
f =liminf min ————— = +00 > A;.
=0 0 tel01] Ko + X1+ Xp + X3
1=0,1,2,

Therefore, the assumptions of Theorem 3.1 are satisfied. Thus the above problem pos-

sesses at least one positive solution in K.

5 Conclusions

In this paper, we study a type of singular nonlinear fractional differential equation with
integral boundary conditions involving derivatives. The biggest difference from other pa-
pers is that our nonlinear term and boundary value conditions contain several fractional

derivatives, and f is singular at xo =x; = - - - = x,,_1 = 0. So our work is valued.
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