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1 Introduction
In this paper, we investigate the following system of nonlinear fractional differential equa-

tions nonlocal boundary value problems with parameters and p-Laplacian operator:

D (g, (DY () = 2f (6, u(®), VD)), O<t<],

—DH (@, (D2 V(L) = gt u(t), v(e), 0<t<1,
w0)=u()=u'(0)=/(1)=0,  D'u(0)=0,  DYu(l)=bD5u(n),
W0)=v(1)=V(0)=v(1)=0,  D2w(0)=0,  DEu(1) = byD2v(n),

(1.1)

where o; € (1,2], 8; € (3, 4],Dgi and Dgi are the standard Riemann-Liouville derivatives,

1-a;

Opi(8) = 81725, pi > Lgyl = 0g oo+ L = 1,m; € (0,1), b, € (0, n’),i=1,2f,g € C([0,1] x
[0, +00)%, [0, +00)), A and w are positive parameters.

Fractional differential equation models are proved to be more adequate than integer
order models for some problems in science and engineering. Fractional differential equa-
tions play a very important role in various fields due to their deep real world background.
For an introduction of fractional calculus and fractional differential equations, we refer
the reader to [1-3] and the references therein.

Turbulent flow in a porous medium is a fundamental mechanics problem. For studying
this type of problem, Leibenson [4] introduced differential equations with p-Laplacian
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operator

(00 (' 8)) = (&, u(@®)). (1.2)

The study of differential equation with p-Laplacian operator is of significance theoreti-
cally and practically. It is quite natural to study fractional differential equation relative to
equation (1.2).

Recently, many scholars have paid more attention to the fractional order differential
equation boundary value problems with p-Laplacian operator, see [5-23]. In [15], Lu et al.
investigated a class of boundary value problems for fractional differential equations with
p-Laplacian

D&, (@, (DB, () = f(t,u(t)), O<t<1,
w0) =/ (0)=u/(1)=0,  Dh.u(0)=Dp.u(1) =0,

where o € (1,2], B € (2,3],Df. and Dg+ are the standard Riemann-Liouville derivatives,
f € C([0,1] x [0, +00), [0, +00)). The existence and multiplicity results of positive solutions
were obtained by using the Guo-Krasnosel’skii fixed point theorem, the Leggett-Williams
fixed point theorem and the upper and lower solutions method. Xu and Dong [17] consid-
ered the following three point boundary value problem of fractional differential equation
with p-Laplacian operator:

~D, (0, (Db, u(0)) = f(t,ult)), O0<t<1,
w0 =u(l) =/ (0)='1)=0,  DhLu(0)=0, Db u(l)=bDp.un),

where o € (1,2], B € (3,4], D§. and Dg+ are the standard Riemann-Liouville derivatives,
ne(0,1),be (O,Uﬁ),f € C([0,1] x [0,+00),[0,+00)). The existence and uniqueness
of positive solutions were obtained by using the upper and lower solutions method and
Schauder’s fixed point theorem, the iterative sequences for the unique solution were also
given.

In [18], Zhang et al. considered the eigenvalue problems of fractional differential equa-

tions with integral boundary conditions and p-Laplacian operator

DS, (pp (DY u(t)) = Af (£, u(t), O<t<l, 13)

w(0)=0, DLu(0)=0,  u()= [} uls)dA(s), '
where o € (0,1], 8 € (1,2], D5, and Dg+ are the standard Riemann-Liouville derivatives,
A is a function of bounded variation, |, 01 u(s) dA(s) is the Riemann-Stieltjes integral, f (¢, u) :
(0,1) x (0,+00) — [0, +00) is a continuous function that may be singular at ¢ = 0,1 and
u = 0. The existence of positive solutions of problem (1.3) was established by using the
upper and lower solutions method and Schauder’s fixed point theorem. Lv [20] discussed
an m-point boundary value problem of fractional differential equation with p-Laplacian
operator

DS (9, (Dh, u(®)) + 9,(\)f (£, u(t)) =0, 0<t<1,

(1.4)
w(©0)=0,  Dlu(l)=Y"7*&DN u(n),  DE.u(0)=0,
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where o,y € (0,1],8 € (1,2],B-a—-1>0,8-y —1 >0, is a positive parameter, 0 <
Eomi<l, > élnﬂ ol o 1,f € C([0,1] x [0, +00), [0, +00)). The existence and multiplicity
of positive solutions for system (1.4) were established via the monotone iterative method
and the fixed point index theory.

The system of fractional differential equations boundary value problems with p-
Laplacian operator have also received much attention and have developed very rapidly,
see [24-32]. In [24], Li et al. studied the following fractional differential system involving

the p-Laplacian operator and nonlocal boundary conditions:

(wpl(D u@®)) =ftv(t), 0<t<l,
DR (¢p, (DY) = g(t,u(t)), 0<t<1,
w(0) = Dyu(0) =0, Diu(l) = Y7 ayDytul),

v(0) = Dgf v(0) =0, Diiv(1) = Zlmlz ayDyiv(n;),

where «o;,y; € (0,1],8; € (1,2],D, 0+,D§i and D} are the standard Riemann-Liouville
derivatives, i = 1,2. The conditions for the existence of the maximal and minimal solu-
tions to the system were established.

Ren et al. [25] considered the following nonlocal fractional differential system:

~DH ¢y, (~Dh}ule)) = (w(t), v(®)), O0<t<1,

D3 (@, (-D2v(0)) = glu(t), v(1), 0<t<1,
u(0) = D0+u(0) = D0+u(1) =0, u(1) fo u(s) dA(s
w(0) = Dv(0) =Dv(1) =0, (1) = [ v(s)dB(s

where «;, 8; € (1,2],D5% and Dl o+ are the standard Riemann-Liouville derivatives. A and B
are functions of bounded variations, fo u(s) dA(s) and fo v(s) dB(s) are Riemann-Stieltjes
integrals. By introducing a new type of growth conditions and using the monotone iter-
ative technique, some new results about the existence of maximal and minimal solutions
were established, and the estimation of the lower and upper bounds of the maximum and
minimum solutions was also derived.

By means of the Avery-Henderson fixed point theorem and six functionals fixed point
theorem, Rao [26] investigated the existence of multiple positive solutions for a coupled

system of p-Laplacian fractional order two point boundary value problems

D’} (gop(Dﬂ u(t)) =f(t,u(t),v(t), a<t<b,
~D2(@p(D2v(2))) = gt u(®), v(©)), a<t<b,
Eu(a) —nu'(a) =0, yu(b) + su'(b) = 0, Dﬁlu(a) 0,
&Ev(a) —nv'(a) =0, yv(b) +8V'(b) =0, Dﬁ2 v(a) =0,

where «; € (0,1], 8, € (1,2],D “’ and D .+ are the standard Riemann-Liouville derivatives.
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He and Song [29] discussed the following fractional order differential system with p-

Laplacian operator:

DS @y (DR u(t)) = 2f (£, 0(8)), O<t<1,
D (@, (D2V(D)) = pg(t,u(®), 0<t<l,
u(0)=0,u(l) = mu(&),  Dyu(0)=0,  Dhiu(l) = biDjulm),
w0)=0,v(1) = axv(&s),  DEv(0)=0,  DY2v(1) = b.Diu(n),

where «;, 8; € (1, 2],Dgi and Dgi are the standard Riemann-Liouville derivatives, &;,n; €
(0,1),a;,b; € [0,1],i = 1,2. & and p are positive parameters. The uniqueness of solution
was established by using the Banach contraction mapping principle. Khan et al. [31] con-
sidered the existence and uniqueness of solutions to a coupled system of fractional differ-
ential equations with p-Laplacian operator. The functions involved in the proposed cou-
pled system were continuous and satisfied certain growth conditions. By using topological
degree theory, some conditions were established which ensured the existence and unique-
ness of solution to the proposed problem.

Motivated by the papers mentioned above, in this paper, we study the existence of posi-
tive solutions for a system of nonlinear fractional differential equations nonlocal boundary
value problems with parameters and p-Laplacian operator. Under different combinations
of superlinearity and sublinearity of the functions f and g, various existence results for pos-
itive solutions are derived in terms of different values of A and u via the Guo-Krasnosel’skii
fixed point theorem. Moreover, in this paper it is possible to replace the four point bound-
ary conditions by multi-point boundary conditions or integral boundary conditions with

minor modifications.

2 Preliminaries and lemmas
We present here the definitions, some lemmas from the theory of fractional calculus and

some auxiliary results that will be used to prove our main theorems.

Definition 2.1 ([1-3]) The Riemann-Liouville fractional integral of order « > 0 of a func-

tion f : (0, +00) — (—00, +00) is given by

1

I5f(t) = )

t
/ (t—s)*""f(s)ds
0
provided the right-hand side is pointwise defined on (0, +00).

Definition 2.2 ([1-3]) The Riemann-Liouville fractional derivative of order o > 0 of a

continuous function f : (0, +00) — (—00, +00) is given by

1 (d\" [
DLf(t)= ——( = —5)" L (s) s,
(0= ( >‘£a 9" (s)ds

(n—a) \ dt

where 7 is the smallest integer not less than «, provided the right-hand side is pointwise
defined on (0, +00).
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Lemma 2.1 ([1-3]) Let o > 0. Then the following equality holds for u € L(0,1) and
DE,u(t) € L(0,1):

I§. Dy u(t) = u(t) + A T o A SRy Ly

where c1,¢,...,¢, € (—00,+00),n—1<a < n.

We transform problem (1.1) to its equivalent integral equations. Denote ¢, (Dgi u(t)) =

z(t), then
20)=0,  z(1)=H""zn).
We now consider the following fractional differential equation:

—-Dyiz(t) =y(t), O<t<l,

1 (2.1)
2(0)=0,  z(1)=b""z(m).
Lemma 2.2 ([17]) Ify € C[0, 1], then problem (2.1) has a unique solution
1
z(t) = / Hi(¢,5)y(s) ds,
0
where
ll_ltotlfl
Hi(t,5) = hi(¢,5) + Whl(ﬂhs),
1 (1 —-s)]a L, 0<t<s<l,
I(t,s) = [t(1-s)] s
Fln) |1 -s)at = (t-s)m!, 0<s<t<l1.
From the above analysis, the boundary value problem
Dt (gp, (DR} u(®) = y(8),  0<it<1, )

w0 =u(l) =/ (0)=u/(1)=0,  Diu(0)=0,  Diu(l) = b D} u(m),
is equal to

D u(t) = og, ([ Hi(t,5)y(s) ds),
u(0) = u(1) =u/(0) = /(1) = 0.

Lemma 2.3 ([17]) Ify € C[0, 1], then problem (2.2) has a unique solution

1 1
u(t) = / G1(t,5)¢y, </ Hﬂs,t)y(r)dr) ds,
0 0
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where
21 = )25 = 1) + (1 - 2)(1 - 1)s),
0<t<s<l,
Gi(t,5) = (2.3)
P(B) 121 =972 ((s - 1) + (B - 2)(1 - 1)s] + (£ =),
0<s<t<1l

Lemma 2.4 ([17, 33]) The function Gy(t,s) defined by (2.3) is continuous on [0,1] x [0,1]

and has the following properties:
(@) Gi(t,s)>0 forall(t,s)€(0,1) x (0,1);
(b) (B1 =2k (Dh(s) =T(B1)G1(t,s) = Mili(s), (t,5) € (0,1) x (0,1);
(© (B1 =2k (DhL(s) =T (B1)Gi(t,s) < Miki (), (8,5) € (0,1) x (0,1);

where

ki (2) = 9172(1 - 1), h(s)=s*(1-5)"72,

My =max{B; - 1,(81 - 2)*}.

Similarly, we can obtain the following Lemmas 2.5 and 2.6 for the following boundary

value problem:

—Di (g, (DGv(R) = (1), O<i<], 2.4
W0)=v(1) =v(0)=v(1)=0,  D2v(0)=0,  DXu(1) = b,DPu(n). '

Lemma 2.5 Ify € C[0,1], then problem (2.4) has a unique solution

1 1
v(t) = / Ga(t,8)pg, (/ Hy(s, t)y(t)dr) ds,
0 0

where

tP272(1 = 5)P22[(s — £) + (B2 — 2)(1 — B)s],
1 O0<t=s<],
F(B2) | #2721 - 92 (s = 1) + (B2 = 2)(1 = 1)s] + (£ - )7,

0<s<t<l,

(2.5)

Gal(t, S) =

-1 —
22 12 1

— g ——m(n,s),
1- bzzﬂz—l ngz—l

Hz(t,s) = hz(t,S) +

t

IA
IA

1| -s)e,
Flea) | e - g1t - (£ - 5)7t,

IA

hy(2,s) =

0 s<1,
0 t<l1

IA

<s

IA

Lemma 2.6 The function G,(t,s) given by (2.5) has the properties:
(a) Galt,s)>0,(t,s) €(0,1) x (0,1);
(b) (B2 = 2)ka(t)la(s) < T'(B2)Ga(t,s) < Mala(s), (£,5) € (0,1) x (0,1);
(© (B2 = 2)ka(t)2(s) = T'(B2)Galt, s) < Maks(2), (¢,5) € (0,1) x (0,1);
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where
ky(t) = £9272(1 - )2, L(s) = s2(1 - 5)P272, M, = max{ﬂz -1,(B2 - 2)2}.
Let X = C[0,1], then X is a Banach space with the norm ||u|| = sup,¢[o ) [u(?)]. Let Y =
X x X, then Y is a Banach space with the norm ||(&, v)||y = ||u|| + ||v||. For 61,6, € (0,1) and
61 < 0,, denote

{(u Y EY ult) 2 0,0) 2 0Vt € [0,1], min (i (t)+v(t))2y||(u,v)||y},

)

where y = min{yy, y»} and y; = = 1,2, then P is a cone of Y. Define

operators 77,7, : Y — X and Q: Y — Y as follows
1 1
Ty V)(0) = 90y () / G690 ( / Hi s, 7)f (1, (), (D)) dr) ds, te0,1]
0 0
1 1
To(u,v)(t) = goqz(,u)/ Ga(t, 8)¢q, (/ Hy(s, T)g(t, u(t),v(7)) dr) ds, tel0,1],
0 0
Q(I/l, V) = (Tl (M, V)’ T2(Lt, V)): (u’ V) €Y.

It is well known that if (1, v) is a fixed point of the operator Q in P, then (&, v) is a positive
solution of system (1.1).

Lemma 2.7 Q:P — P is a completely continuous operator.

Proof For (u,v) € P and ¢ € [0, 1], obviously, T1(u, v)(¢t) > 0, To(u, v)(£) > 0. It follows from
Lemmas 2.4 and 2.6 that

1 1
T1(u,v)(t) = ¢g, ()L)/ Gi(t,8)¢q (/ Hy(s, T)f (t, (), v(7)) dr) ds

<@qu) \ Al/_{l(f; </ Hy(s, T)f (t,u(t), v(1)) dr) ds,
then
]\/I1 1 1
” Ty (u, V)H < rﬂ])% ()»)/0 L(s)eq (/0 Hl(s,r)f(r,u(t),v(r)) d‘L’) ds.
Similarly,
1 1
e %%(m fo b, ( /0 Hyls, 7)g (1, u(®), v(x) dt) ds
Therefore

M 1 1
lQ, )|, < F—,Bl)(pql (A)/ Li(s)eg, (/ Hy (s, T)f (7, u(7),v(7)) dr) ds

F(,B )goqz(u)/ L (s)gq, <f Hg(s,r)g(t u(t), v(t)) dt) ds.
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On the other hand, for any ¢ € [6;,6,], by Lemma 2.4, we have

Yp-2
I'(B1)

1
Ty (1, v)(2) = g, (M) \ kiDL (s) g, (/O Hi(s, 7)f (7, u(t), v(1)) dr) ds

_ B1—2
I'(B1)

B a7y

1 1
ki()q, (A)/O L(8)eg, (/0 Hi(s, r)f(t, u(r),v(r)) dr) ds

=

’

then

ter[gligz] Ty(,v)(®) = 71| To(w )|

Similarly,

t;[gli};ﬂ Ta(u,v)(8) = y2 | Ta(u, v)|-

Hence

min (Ti(u, v)(£) + To(u, v)(2))
te(01,02]

> min T1(u,v)(t) + min T5(u,v)(t)
te[61,02] te[601,02]

> | i v) | + v2 | T, v)||

=y ([T v + [ T2 v)]) = [ Qs )|

y?

that is, Q(P) C P.

By the Ascoli-Arzela theorem and the continuity of f, g, G; and H;, we deduce that T;
and T, are completely continuous operators, then Q is a completely continuous operator.
This completes the proof. d

Lemma 2.8 ([34]) Let P be a positive cone in a Banach space E, Q, and 2, are bounded
opensetsin E, 0 € Q, QI C 2, A:PN(2W\Q) = Pisa completely continuous operator.
If the following conditions are satisfied:
() [IAx] < llxll, V& € PN 32, [|Ax] > lIx]l, Vx € PN 32, or
(i) |Ax]| = |lx|l, Vo € PN 32y, ||Ax|| < |Ix]|, Vx € PN 0y, then A has at least one fixed
point in PN (Q\Q1).

3 Main results

Denote
t,u,v . t,u,v
f5 =limsup max u, &5 = limsup max M,
urv—0 tel01] @y, (U + V) urv—0 tel0,1] @p, (U + V)
fltu,v) g(t,u,v)

g =liminf min

o =liminf min s
urv—0 t€[01,62] QPpy (8 + V)

wrv—0 tel61,62] @, (U +v)’

t, ) . t; ’
SOwy) i sup max £8%Y

f5 =limsup max , ,
utv—>oo t€[0,1] @p, (+v) u+v— 00 te[0,1] (sz(u +7)

o]
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f(tuy)

t,u,v
fL =liminf min 2——" g, =liminf min g
u+v—00 tel0y,0a] Py, (U + v)’ urv—00 te(01,62] @p, (U + V)’

A :/0 L(s)oq, (/(; Hl(S,T)d‘L'> ds, B:./o L (s)eq, (/0 Hz(s,r)dt> ds,

[} ) )

Hl(s,‘l:)d1'> ds, D= 12(5)%2(

01

)

C= ll (S)(pql (

01 01 01

For f3,85.f., 4., € (0,00), we define the symbols Ly, Ly, L3 and Ly as follows:

L ( r(8) )i L (r(ﬁl))l
o -acny )i T )i

Ine ( I'(B2) )i Loz <F(,32))
T2 2Dy S T\ 2B ) g

Hz(s,r)dr> ds.

Page 9 of 18

Theorem 3.1 (1) If f3,85.f%, g, € (0,00),L1 < Ly, L3 < Ly, then for each A € (Ly,L,) and

W € (L3, Ly), system (1.1) has at least one positive solution (u(t), v(£)),t € (0,1).

(2) If f3 = 0,5, /1., g%, € (0,00), L3 < Ly, then for each A € (L1,00) and p € (Ls, La), system

(1.1) has at least one positive solution (u(t), v(t)), t € (0, 1).

(3)If g5 =0,/5.fL, 8., €(0,00),L1 < Ly, then for each A € (L1, L) and ju € (L3, 00), system

(1.1) has at least one positive solution (u(t), v(t)),t € (0,1).

(4) Iff3 = g5 = 0,fL g, € (0,00), then for each ) € (Ly,00) and p € (L3, 00), system (1.1)

has at least one positive solution (u(t), v(t)),t € (0,1).

(5) If {5, g5 € (0,00),fL, = 0o} or {f5, g5 € (0,00),g., = 00}, then for each A € (0,L,) and

€ (0,Ly), system (1.1) has at least one positive solution (u(t), v(t)),t € (0,1).

(6) If {fs = 0,85 € (0,00), 8", = 00} or {f3 = 0,g5 € (0,00),f, = 00}, then for each ) € (0,00)

and i € (0,Ly), system (1.1) has at least one positive solution (u(t), v(£)),t € (0,1).

(7) If {fs € (0,00), g5 = 0,g°, = 00} or {f§ € (0,00), g = 0,f = o0}, then for each )\ € (0, L)

and p € (0,00), system (1.1) has at least one positive solution (u(t),v(t)),t € (0,1).

8) If {f§ =g = 0,8, = 00} or {f§ = g5 = 0,f. = oo}, then for each ) € (0,00) and . €

(0,00), system (1.1) has at least one positive solution (u(t), v(t)),t € (0, 1).

Proof Because the proofs of the above cases are similar, in what follows we will prove two

of them, namely cases (1) and (6).
(1) For any A € (L1,L,) and p € (L3, L4), there exists 0 < & < min{f’, g’ } such that

( (B1) ) 1 << (F(ﬁ1)> 1
P\ 2B —2)Cny Jf—e = "= 2am, ) fs e

( I'(B2) ) 1 - < (F(ﬁz)) 1
P\ 2B - 2)Dyay ) gl —e ~ 1 =\ 2B, ) gy v e

By the definitions of f; and g, there exists R; > 0 such that

feuv)<(f§ +&)gpw+v), tel0,1,0<5u+v=<R,

gtu,v) < (g +€)pp,(u+v), t€[0,1,0<u+v=<Ri.
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Denote 21 = {(#,v) € Y : ||(u,v)|ly < Ry}, for any (u,v) € PN 32, and t € [0, 1], we have
0 < u(t) +v(t) < llull + vl = |I(z, V)|ly = Ry, then

1 1
Ti(u,v)(t) = ¢q, ()»)/0 Gi(,8)oq (/0 Hi(s, r)f(r, u(t), v(r)) dr) ds
1 1
<g (A)/ %ll (8)¢q, (/ Hi(s,T)(f5 + &)@y, (u(r) +v(1)) dr) ds
= F(,B )(qu( )wa(ﬂ) +€)/ ll(s)(ﬂql (/ Hl(S,T)QOpl(”M” + ||V||)d'l') ds

My
(’3 )(qu()\(fo +8))A” u,v HY

< 51,

so || Ty (u, v)|| < %H(u, V)ly, (4, v) € PN 3. In a similar manner, we deduce

1 1
To(t,(0) = 90y (1) /0 Galt, g4, ( /0 Hils, 2)g(z, (), (D)) dr) ds

1 }\42 1
< 9 (u)/0 Tﬂz)b(s)% (/o Hy(s,7)(g5 + &) @p, (u(7) + (1)) dr) ds

M,

1 1
_F(ﬂ ‘/’qz( (§)+8))A 12(5)‘/’q2</0 Hz(S:T)dT)dSH(”'V)”Y

M
= rgy e @+ )Blwl, = 3

(3.1)

then ” TZ(Mr V)” = % ||(l/l, V)”Y) (u) V) ePN an Hence
Q)| = | T, )| + || T2, V)| < || V)|,, (4v)e PNy (3.2)
On the other hand, by the definitions of ., and g’ , there exists R, > 0 such that

f&uv) > (fi—€)gp (u+v), te[b,0],u,v=0,u+v>R,,

gt,u,v) > (g —€)@p,(u+v), te€[01,6:],u,v>0,u+v>R,.

Denote Ry = max{2R;, %} and Q3 = {(,v) € Y : ||(u,v)|ly < Rp}. For any (u,v) € PN 9y,
we have minyef, 6, ((t) + v(£)) = ¥ |, v) ||y = y Ry > Ry, then

T1(u, v)(61)

1 1
=94 ()»)/0 G1(01,9)¢q, </0 Hy (s, T)f (t,u(v), v(1)) dr) ds

)

)
Z%l()‘)/ (B )’111(5)%1( ; Hi(s, )f (7, u(t), v(1)) dr) ds

11 (8)¢q </ Hl(s,r)(fOO )(ppl (Lt(‘L') + V(‘L’)) d‘L’)

01

o B
- F(ﬂ )ylwa()") )

1
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= B0 (7 - 2) h(s)coql(/ Hi(5, 000 (v 9] ) s

01

_Bi-
1.,(’3 )VIV(/’ql()‘(foo ))C”(u"/)HYZ Py

and || T1(x, v)|| > %||(u, ly, (@, v) € PN 3Q;. Similarly, we have
Ty (u,v)(6a)

1 1
- 0 (10) /0 szz,s)goqz( 0 Hz(s,r)g(r,um,v(r))dr) ds

02

1 p—
Z Yq (M)/ ?2(13 §V212(5)¢q2< Hy(s, 7)g (7, u(t), v(7)) dr) ds

— 0y
B f‘2(l3 ) V2 (K / ZZ(S)%< Hy(5,7) (g — €)@y ((7) + 1(7)) dr) ds

01
B2 [ by (/2H2(s,f)(gi =)o (v | @) )dr)ds
- F(ﬂ) i 0 2\ e, oo v Y
— ) 1
- vy (nlel )DL @], = 5

then ||T2(M,V)” = %”(M)V)”}G (u> V) ePN 892. SO,

1), = ||, v (u,v) € PN 0Q;. (3.3)

Y’

Therefore, by (3.2), (3.3) and Lemma 2.8, we conclude that Q has at least one fixed point
(u,v) € PN (2\Q) with Ry < [[(s,V)[ly < R,.

(6) Suppose f = 0,g5 € (0,00),g’, = 00, then for any A € (0,00) and p € (0,Ly), there
exists € > 0 such that

0<h< (F(ﬁl))l < I'(B2) )e< . <F(,32)> 1
r\oam, e P\ B 2Dy )T T T2\ 2B, ) g v e

By the definitions of fj and g, there exists Rs > 0 such that

fltu,v) <e@y (w+v), tel0,1],0<u+v <R3

g&u,v) < (& +€)@p,(u+v), t€[0,1,0<u+v=Rs.

Denote Q23 = {(u,v) € Y : ||(4,v)|ly < Rs}. For any (u,v) € PN 93 and ¢ € [0, 1], we have
1 M1 1
T1(u,v)(t) < @4 ()»)/ — L)y (/ Hi(s,7)epp, (u(t) + V(‘L')) d‘() ds
o T(B1) 0

1 1
< F](VI—/;%()»S)]O L(9)pq </0 Hl(S:T)dT) ds| v,

- Cem 0oLl < 3wl

then ”Tl(uﬁv)” = %”(urv)”Yx (MIV) €PN 893
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Similar to (3.1) of (1), we get || T2 (1, v)| < %H(u, Yy, (u,v) € PN 3Qs, then

”Q(u, V) || y = || (ut, V)| (,v) e PN 3. (3.4)

Y’

On the other hand, by géo = 00, there exists R, > 0 such that
1 _
g(t,M,V)E _(ppz(u+v)» te [91,92],M,V20,M+V2R4.
g

Let Ry = max{2Rs, %} and Q4 = {(,v) € Y : ||(&6, V) ||y < Ra}. For any (u,v) € PN 9y, we
have min;e(g, 4, (u(t) + v(£)) = y |4, V) |y = ¥ Ry > Ry, then

1 1
Ty(u,)(62) = 0y (1) /0 szz,s)%( fo Hz(s,r)g(r,u(r),v(w)dr) ds
1 _2 02
> 0 (1) /0 ?2( - J/zlz(S)(qu( 9

Ba—2 1 0 1
- ['(B2) yqu(m/(; ZZ(S)('D”( o Hys, t)g‘/’pz (u(x) +v(1)) dt) ds
B2 —2

I'(B2)

_ 182 -2 "
= TMVZV‘W@(;)D” (u, V)”Y > ”(u,v) ”Y

Hy(s, t)g(r, u(t), v(r)) dr) ds

1

>

6o Oy 1
10000 [ 100 ( [ Hats. )0 ) ) s

1

Therefore

||Q(u, V) || y > || To(u,v) H > ||(u, v)| (#,v) e PN 32y, (3.5)

Y’

By (3.4), (3.5) and Lemma 2.8, we conclude that Q has at least one fixed point (,v) €
PN (Q4\Q3) with R3 < ||(,v)||ly < R4. This completes the proof. O

For fi,gb,f5, 4%, € (0,00), we define the symbols Ly, Ly, L3, Ly as follows:

Li=g (&)l D=0 (M)L
PR 2 -2y ) i 2m\oam, ) £y
I Z‘sz(&)lﬂ I =¢p2<r(ﬁ2)>i.

2(8,- 2Dy ) g 2BM, ) g5,

Theorem 3.2 (1) If f3,, 85,12, b € (0,00), and I < E;,Z;, < I, then for each A € (L~1,f2)
and p € (L3, Ly), system (1.1) has at least one positive solution (u(t), v(t)), t € (0,1).

2) If 5., fi, g € (0,00), 8, =0, and Ly < Ly, then for each A € (Ly,Ly) and p € (L3, 00),
system (1.1) has at least one positive solution (u(t),v(t)),t € (0,1).

(3) If &£, gb € (0,00), £, = (),L~3 <Ly, then for each ) € (L~1, o) and ju € (LNg,,EL), system
(1.1) has at least one positive solution (u(t), v(t)),t € (0,1).

@) If fi, g € (0,00),f3, = g, = O, then for each } € (Ly,00) and u € (L3, 00), system (1.1)
has at least one positive solution (u(t), v(¢)),t € (0,1).

(5) If {f5,, &, € (0,00),fi = 00} or {f5,,g5, € (0,00), g} = 00}, then for each A € (0,Ly) and
e (O,L~4), system (1.1) has at least one positive solution (u(t), v(£)),t € (0,1).
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(6)If{f0—oofs € (0,00),8°, = 0} or {f3, € (0,00),g5, = 0,8} = 00}, then for each A €
(O,Lz) and p € (0,00), system (1.1) has at least one positive solution (u(t), v(t)),t € (0, 1).

(7) If {fi = 00,8, € (0,00),f5 =0} or {g5, € (0,00),g = 00,f%, =0}, then for each A €
(0,00) and u € (0,[:;), system (1.1) has at least one positive solution (u(t), v(£)),t € (0,1).

(8) If {fS, = g5, = 0,fi = 0o} or {f$, = g, = 0,8} = 00}, then for each ) € (0,00) and n €
(0,00), system (1.1) has at least one positive solution (u(t), v(t)),t € (0, 1).

Proof Because the proofs of the above cases are similar, in what follows we will prove two
of them, namely cases (1) and (6).
(1) For any A € (L1,1,) and w € (L3, Ly), there exists 0 < ¢ < min{f{,g}} such that

( I'(B1) ) 1 5 < (F(,Bl)> 1
m\ 2 —2)Cny Jfi—e ==\ 2am, J s v e
r 1 r 1
<sz( (B2) ) i SMS%z( (ﬂz)) : .
2(B2—2)Dyry ) go — € 2BM, ) g5, +¢

By the definitions of f{ and g, there exists R; > 0 such that

IA

ft,u,v) > (ﬂ—s)wpl(u+v), te[601,0:],u,v>0,u+v <Ry,

tuv) > (g —&)gp(u+v), telbr,0]u,v=0u+v<R.
Denote Q1 = {(u,v) € Y : ||(u,v)|| < R}, for any (u,v) € PN 92, we have
T1(u,v)(61)

1 1
= (pql(k),/o G1(61,5)¢q, </0 H,y(s, 7)f (7, u(t), v(1)) dr) ds

> (A)fg2 A _2)/ L (s)ep < GZH (s 'C)f(‘L' u(t) V(‘L’)) dr) ds
T o T(BY) HrTn o1 b T

%)) (%) )
b2 o) / L0, ( His, 1) (fi = )¢, (u(2) + (©)) dr) ds
(/3 ) 61 01

> ?(—/;)ylywa(k(ﬁ e))C| v, = || wv)

then || T1(u,v)| > %H(u, Yy, (#,v) € PN 3. Similarly, we have
Ty (u,v)(62)

1 1
= 0 (10) / szz,s)goqz( / Hz(s,r>g(r,u(r>,v(r>)dr)ds

92 _ 02
> Qg M)/ )/zlz S)(pq2< Ha(s, 7)g(T, u(r),v(t)) dr> ds

01

o N i dr)d
> T () Y294, (1 )/91 2(s )%( A Hy(s,7) (g} — &) @p, (u(T) + v(7)) ,) o

S P2
~ T(Ba)

; 1
v2v 94 (1(& = €))P W), = S
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then || To(u, v)|| > %ll(u, Wy, (u,v) € PN 3dQ;. Therefore

[y = v

, W) ePNIQ.
On the other hand, we define f*,g* : [0, 1] x [0, +00) — [0, +00) as follows:

f*(t’x) = max f(t) u, V)x g*(t;x) = max g(tr u, V);
O0<u+v=x O<u+v=<x

then
ftu,v) <f*(t,x), tel0,1l,u,v=0,u+v=<x,
gt u,v) <g*(t,%),

te (0,1, u,v=0,u+v<ux.

Clearly, f*(t,x) and g*(t,x) are nondecreasing on x, by the proof of [35], we have

*(t, *(t,x
lim sup maxf ( ) <fs, lim sup max g <g..
x—+00 t€[0,1] (Ppl( ) x—+00 t€[0,1] §0p2

From the above inequalities, there exists R, > 0 such that

* £ x * o
[lbx _lmsup f +e<fs +e tel0,1,x>R,,
gopl (x) X—>+00 tG[O 1] 90}71 (x)

*(t,x *(tx B
gt <limsup max & ( <g.+& tel0,1],x>R,.
‘/’pz(x) x—+oo t€[0,1] §0p2(x)

Then f*(t,x) < (f3, + &)@y, (%), " (£, %) < (g5, + €)@y, (%), £ € [0,1],x > R,

Denote Ry = max{2R;, Ry}, 2 = {(#,v) € Y : || (,v)||y < Ra}. For any (u,v) € PN 32, by

the definitions of f* and g*, we have

feu@v®) <& |wnl],),  gltu@),v) <g" (¢

SO

1 1
T1(u,v)(t) < (pql()»)/o %ll(s)@q1 (fo Hi(s, 0)f* (v, |(wv)],) dr) ds

1 1
S%JM% /0 L(s)gg, ( /0 Hils, D) (% + ) (9] ) dr) ds

M,
T I (O M %

and || T1(,v)|| < 31, v)ly, (4, v) € PN 0K;. Similarly, we have

1 1
Tyt )(6) < 0y (1) /0 %b(s)% ( /0 Hals, 0)g" (., | ,) dr> ds

1 1
<on s [ 16w < [ st s don(lnl,) df) s
- Fgen (e s )Blw o, < 5|

(,v) H Y), te0,1],

Page 14 of 18

(3.6)
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so | Ta(u, v)| < %H(u, Vlly, (u,v) € PN 03Q,. Therefore

||Q(u, V) ||Y = || T:(u,v) || + || To(u,v) || < || (u,v) H y (@v)ePNIQ, (3.7)

From (3.6), (3.7) and Lemma 2.8, we get that Q has at least one fixed point (u,v) €
PN (2\Q1) with Ry < [|(1,v)[ly < Ry.
& >0 such that

( r() )KR (r(ﬁl)) Lo (r(ﬁ»);
i\ -2Cny i\ 2am S 3

1 )fO+e 2BM,

(6) Suppose fy = oo,f3, € (0,00),g5, =0, forany A € (O,fz) and u € (0,00), there exists

By fi = 0o, there exists R3 > 0 such that

1
ft,u,v) > g‘/’p1(”+")r €[61,02),u,v>0,0<u+v<Rs.

Choose Q3 = {(#,v) € Y : ||(u,v)||y < R3}, then for any (u,v) € P N 923, we have

T1(u,v)(61) > wa(k)/ TG )ylll(S)wa </ Hy (s, T)f (1, u(t), v(7)) dt) ds

61
)

- 022 I (s)goql<

)
01
) 6o
> ﬁ(ﬂfqul@) ) zl(swa( ) Hl(s,wdr)ds!!(u,v)ny
B .

- Ao (5 )clwnl, = @l

H; (s, T)é(ppl (u(t) + V(T)) d‘[) ds

Thus,

||Q(u v)||Y ||T1(M,V)“ ||(u,v)|Y, (u,v) e PN 0Q23.

(3.8)
On the other hand, we define f*,g* : [0, 1] x [0, +00) — [0, +00) as follows
ftx) = Omax ft,u,v), g (t,x) = max gt u,v).
<u+v=<x

O<u+v=<x

By the proof of [35], we have

frex) g (t,x)
limsup max —— <fs, lim max
x—+00 tel01] @p (x) x—>+001€[0,1] @, (X)

=0.

For above ¢ > 0, there exists R, > 0 such that, for any ¢ € [0, 1],x > Ry, we have

*(t, % *(t,x
I )slunsupmax ( +te<fs +e,
Op1 (%) T xioo tel01] @p, (%)

*(t, %
< lim maxg ( )+8=8,
©py () T x>ro0te[01] @p, (x)

hence f*(¢,x) < (f3, + &)@y, (%), g% (£, %) < egp, (x).
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Let Ry = max{2R3, Ry} and Q4 = {(1,v) € Y : ||(4,v)|ly < R4}. For any (u,v) € PN 34 and
t €[0,1], we have

fEu@v®) <@ |@v],),  gltu@®) @) <g (&

@ v)y)

then

1
T (u,v)(2) qul(k)/ TG )ll(s)(pq1 (/ Hy (s, T)f*(x, u,v)” )dr) ds

M

1
S‘qu()»)rﬁl)/o L(s)pg (fo Hl(s’f)(f;o+5)¢P1(||(”'V)”y)dr) ds

M, . 1
= gy Pn U+ e))Afw v, = 3|

so | Ti(u,v)| < 4

1@ V)ly, (u,v) € PN 924. In a similar manner, we deduce

1 1
Tyl V() < 00y (1) /0 %b(s)% ( /0 Hls, )" (1, [ 0)],) dr) ds

M 1 1
< 0nl0 s /0 b(S)e4, ( /0 Hos, T)egn, (| 9)]),) dr) ds

0, (ne)B| ()|, < =

- T(B)
so | T2(, VIl < 31I(,v)ly, (,v) € PN 39y Therefore
||Q(u, ) ||Y = || T1(u,v) || + || To(u,v) || < || (u,v) H y (@v) €PNy, (3.9)

From (3.8), (3.9) and Lemma 2.8, we conclude that Q has at least one fixed point (u,v) €
PN (Q4\R23) with R3 < [|(#,)|ly < Rs. This completes the proof. a

4 Conclusion

In this paper, we study the existence of positive solutions for a system of nonlinear frac-
tional differential equations nonlocal boundary value problems with parameters and p-
Laplacian operator. Under different combinations of superlinearity and sublinearity of the
functions f and g, various existence results for positive solutions are derived in terms of
different values of X and p via the Guo-Krasnosel’skii fixed point theorem.
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