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Abstract
In this paper, we study an eigenvalue problem for stochastic Hamiltonian systems
driven by a Brownian motion and Poisson process with boundary conditions. By
means of dual transformation and generalized Riccati equation systems, we prove the
existence of eigenvalues and construct the corresponding eigenfunctions. Moreover,
a specific numerical example is considered to illustrate the phenomenon of statistic
periodicity for eigenfunctions of stochastic Hamiltonian systems.
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1 Introduction
The backward stochastic differential equations driven by Poisson process (BSDEP) were
first introduced and studied by Tang and Li []. Later, Situ Rong [] proved the existence
and uniqueness of solutions to BSDEP with non-Lipschitz coefficients. Barles et al. []
adopted the BSDEP to provide a probabilistic interpretation for a system of parabolic
integro-partial differential equations. Then, the fully coupled forward-backward stochas-
tic differential equations driven by Poisson process (FBSDEP) were deeply investigated by
Wu [, ], etc. Precisely, in [], the author established the well-posedness for FBSDEP un-
der the so-called ‘monotone assumptions’ via the continuation method; while in [], the
author discussed the BSDEP and FBSDEP with stopping time duration.

The stochastic Hamiltonian systems are proposed in the optimal control theory as a
necessary condition for optimality, called the stochastic maximum principle. The funda-
mental works related to this topic include Bismut [], Bensoussan [], Peng [] and so
on. Due to the discontinuity of stock prices and other common ‘random jump’ phenom-
ena in reality, the stochastic Hamiltonian systems driven by Poisson process, which is a
special kind of FBSDEP, are very suitable for us to study the stochastic optimal control
problems with random jumps. Wu and Wang [] discussed a linear quadratic stochastic
optimization problem with random jumps, and furthermore associated its Hamiltonian
system with a generalized Riccati equation system to give the linear feedback optimality
for this problem.

However, all literature works above only concern the uniqueness of solutions to FBSDEP
as well as stochastic Hamiltonian systems. Peng [] studied a kind of eigenvalue problem

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.

http://dx.doi.org/10.1186/s13661-017-0896-4
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-017-0896-4&domain=pdf
mailto:wuzhen@sdu.edu.cn


Wang and Wu Boundary Value Problems  (2017) 2017:164 Page 2 of 20

for stochastic Hamiltonian systems driven by Brownian motion with boundary conditions.
In this paper, we extend that problem to stochastic Hamiltonian systems driven by Pois-
son process within the formulation of FBSDEP established by Wu []. Generally speaking,
for a class of stochastic Hamiltonian systems driven by Poisson process parameterized by
λ ∈ R which always admit the trivial solution (xt , yt , zt , kt) ≡ (, , , ) for all λ, our prob-
lem is to find some real numbers λi, i = , , . . . , such that the corresponding Hamiltonian
system has multi-solutions. Here, λi are called eigenvalues and the corresponding non-
trivial solutions are called eigenfunctions of this class of stochastic Hamiltonian systems.
Inspired by the method of dual transformation introduced in [] and the relationship be-
tween stochastic Hamiltonian systems driven by Poisson process and generalized Riccati
equation systems given in [], we obtain the existence of eigenvalues and construct the
eigenfunctions explicitly. We also provide some sufficient conditions for the existence of
multi-solutions to FBSDEP. Moreover, it follows from the construction of eigenfunctions
that they keep the ‘statistic periodicity’ property as that in the deterministic case and also
in the stochastic case with Brownian motion. On the other hand, for any real number λ

larger than , we establish a family of stochastic Hamiltonian systems whose eigenvalue
systems contain λ and give the corresponding eigenfunctions. A numerical example is pre-
sented to illustrate the theoretical result as well as the phenomenon of statistic periodicity
for eigenfunctions.

The rest of this paper is organized as follows. In Section , we first recall the formula-
tion of general FBSDEP and then formulate the eigenvalue problem for stochastic Hamil-
tonian systems driven by Poisson process. The main results are given by two theorems in
Section : one is the existence of eigenvalues and eigenfunctions for an arbitrarily dimen-
sional case; the other is a more concrete conclusion for a one-dimensional case. To prove
our results, we introduce the dual transformation for stochastic Hamiltonian systems and
establish the relationship between stochastic Hamiltonian systems driven by Poisson pro-
cess and a kind of Riccati equation systems in Section . Thus, the proofs of two theorems
above are completed in Section . In Section , we discuss the ‘statistic periodicity’ prop-
erty for eigenfunctions from another viewpoint and present a numerical example to show
our theoretical result vividly. The last section is devoted to concluding the novelty of this
paper.

2 Formulation
Let (�,F , P) be a probability space equipped with the filtration {Ft}t≥ such that F con-
tains all P-null sets of F and Ft+ =

⋂
ε> Ft+ε = Ft , t ≥ . We suppose that the filtration

{Ft}t≥ is generated by two independent processes: one is a one-dimensional standard
Brownian motion {Bt}t≥; the other is a Poisson random measure {Nt}t≥ with the com-
pensator N̂(dt) = θ dt, such that Ñ([, t]) = (N – N̂)([, t])t≥ is a martingale, where θ >  is
a constant called the intensity of {Nt}t≥. T >  is a fixed time horizon. Denote by 〈·, ·〉 and
| · | the scalar product and the norm of an Euclidean space, respectively. We also introduce
the following notations:

M(
R

n) =
{

{φt}≤t≤T is an R
n-valued Ft-adapted process

such that E
[∫ T


|φt| dt

]

< ∞
}

,
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F
N
(
R

n) =
{

{kt}≤t≤T is an R
n-valued Ft-predictable process

such that E
[∫ T


|kt| dt

]

< ∞
}

.

First, let us recall an existence and uniqueness result of solutions to FBSDEP from Wu
[]. Consider the following FBSDEP:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dxt = f(t, xt , yt , zt , kt) dt + f(t, xt , yt , zt , kt) dBt

+ f(t, xt–, yt–, zt , kt) dÑt ,

–dyt = f(t, xt , yt , zt , kt) dt – zt dBt – kt dÑt ,  ≤ t ≤ T ,

x = x, yT = �(xT ).

()

Here, f, f, f, f : Rn × [, T] × � 	→ R
n and � : Rn 	→ R

n are all measurable functions.
We denote

f =

⎡

⎢
⎢
⎢
⎣

–f

f

f

f

⎤

⎥
⎥
⎥
⎦

: (x, y, z, k) ∈R
n × [, T] × � 	→R

n

and assume the following.

Assumption . The functions f and � satisfy:
(i) For any ξ = (x, y, z, k) ∈R

n, f (ξ , ·) ∈M(Rn);
(ii) There exists a constant C >  such that

∣
∣f (ξ , t) – f

(
ξ ′, t

)∣
∣ ≤ C

∣
∣ξ – ξ ′∣∣, ∀ξ , ξ ′ ∈ R

n,
∣
∣�(x) – �

(
x′)∣∣ ≤ C

∣
∣x – x′∣∣, ∀x, x′ ∈R

n;

(iii) There exists a constant α >  such that

〈
f (ξ , t) – f

(
ξ ′, t

)
, ξ – ξ ′〉 ≤ –α

∣
∣ξ – ξ ′∣∣, ∀ξ , ξ ′ ∈R

n,
〈
�(x) – �

(
x′), x – x′〉 ≥ , ∀x, x′ ∈R

n.

We have the following from Theorem . of Wu [].

Theorem . Let Assumption . hold. Then FBSDEP () admits a unique solution
(xt , yt , zt , kt) ∈M(Rn) ×M(Rn) × F

N (Rn) × F
N (Rn).

Remark . The result above is slightly stronger than that of Wu []. In fact, Theorem .
can be proved by the same arguments of Wu [] since the martingale representation the-
orem from [] guarantees that the component zt belongs to F

N (Rn).

The result in Theorem . can be applied to discuss the boundary problem of stochas-
tic Hamiltonian systems with Poisson process. Suppose that h(x, y, z, k) : Rn ×R

n ×R
n ×
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R
n 	→ R is a C real function called the Hamiltonian function and 
(x) : Rn 	→ R is a

C real function. The problem is to find a quadruple (xt , yt , zt , kt) ∈ M(Rn) ×M(Rn) ×
F

N (Rn) × F
N (Rn) satisfying the following stochastic Hamiltonian system:

⎧
⎪⎪⎨

⎪⎪⎩

dxt = ∂yh(xt , yt , zt , kt) dt + ∂zh(xt , yt , zt , kt) dBt + ∂kh(xt–, yt–, zt , kt) dÑt ,

–dyt = ∂xh(xt , yt , zt , kt) dt – zt dBt – kt dÑt ,  ≤ t ≤ T ,

x = x, yT = ∂x
(xT ).

()

It is obvious that () is a special case of () with

f =

⎡

⎢
⎢
⎢
⎣

–∂xh
∂yh
∂zh
∂kh

⎤

⎥
⎥
⎥
⎦

, and � = ∂x
.

From Theorem ., the stochastic Hamiltonian system () admits a unique solution
(xt , yt , zt , kt) ∈M(Rn) ×M(Rn) × F

N (Rn) × F
N (Rn) under Assumption ..

Now, we are ready to formulate the eigenvalue problem for stochastic Hamiltonian sys-
tems with Poisson process. Suppose that h̄(x, y, z, k) : Rn ×R

n ×R
n ×R

n 	→R is a C real
function, and denote for each λ ∈R

hλ(x, y, z, k) = h(x, y, z, k) + λh̄(x, y, z, k).

Moreover, we assume that for (x, y, z, k) = (, , , ),

∂xh = ∂yh = ∂zh = ∂kh = ∂xh̄ = ∂yh̄ = ∂zh̄ = ∂kh̄ = .

Consider the following parameterized stochastic Hamiltonian system:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dxt = ∂yhλ(xt , yt , zt , kt) dt + ∂zhλ(xt , yt , zt , kt) dBt

+ ∂khλ(xt–, yt–, zt , kt) dÑt ,

–dyt = ∂xhλ(xt , yt , zt , kt) dt – zt dBt – kt dÑt ,  ≤ t ≤ T ,

x = , yT = .

()

It is obvious that (xt , yt , zt , kt) ≡ (, , , ) is a trivial solution of (). The eigenvalue prob-
lem is to find some real number λ such that () admits nontrivial solutions. Throughout
this paper, we shall focus on the case that h and h̄ are in the form of

h(ξ ) =


〈Hξ , ξ 〉, h̄(ξ ) =



〈H̄ξ , ξ 〉, ∀ξ = (x, y, z, k) ∈R

n,

where H and H̄ are both n × n symmetric matrices:

H =

⎡

⎢
⎢
⎢
⎣

H H H H

H H H H

H H H 
H H  H

⎤

⎥
⎥
⎥
⎦

, H̄ =

⎡

⎢
⎢
⎢
⎣

H̄ H̄ H̄ H̄

H̄ H̄ H̄ H̄

H̄ H̄ H̄ 
H̄ H̄  H̄

⎤

⎥
⎥
⎥
⎦

.
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Here, Hij and H̄ij, i, j = , , , , are all n × n matrices such that Hji = HT
ij and H̄ji = H̄T

ij . We
also set

Hλ = H – λH̄, Hλ
ij = Hij – λH̄ij, i, j = , , , .

Thus, (iii) of Assumption . is equivalent to

⎡

⎢
⎢
⎢
⎣

–H –H –H –H

H H H H

H H H 
H H  H

⎤

⎥
⎥
⎥
⎦

≤ –αIn. ()

Hence,

⎡

⎢
⎣

–H –H –H

H H 
H  H

⎤

⎥
⎦ ≤ –αIn, and

⎡

⎢
⎣

H H H

H H 
H  H

⎤

⎥
⎦ ≤ –αIn. ()

It follows from () that

–H + HH–
 H + HH–

H < ,

H – HH–
 H – HH–

H < .
()

Besides, for this specific case, () can be written as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dxt = (Hλ
xt + Hλ

yt + Hλ
zt + Hλ

kt) dt + (Hλ
xt + Hλ

yt + Hλ
zt) dBt

+ (Hλ
xt– + Hλ

yt– + Hλ
kt) dÑt ,

–dyt = (Hλ
xt + Hλ

yt + Hλ
zt + Hλ

kt) dt – zt dBt – kt dÑt ,  ≤ t ≤ T ,

x = , yT = .

()

Now, we give the definition of eigenvalues and eigenfunctions of stochastic Hamiltonian
systems.

Definition . λ ∈ R is called an eigenvalue of stochastic Hamiltonian system () if
() corresponding to λ admits nontrivial solutions (xt , yt , zt , kt) ∈ M(Rn) × M(Rn) ×
F

N (Rn) × F
N (Rn). These solutions are the eigenfunctions corresponding to λ. The linear

subspace of M(Rn) × M(Rn) × F
N (Rn) × F

N (Rn) consisting all eigenfunctions corre-
sponding to eigenvalue λ is the eigenfunction subspace corresponding to λ.

Remark . According to Theorem ., if condition () holds, then () only admits a
trivial solution (xt , yt , zt , kt) ≡ (, , , ) corresponding to λ = . So λ =  cannot be an
eigenvalue of ().
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3 Main results
There are two main theoretical results in this paper. For the multi-dimensional situation,
we shall study the problem in which H̄ is taken as

H̄ =

⎡

⎢
⎢
⎢
⎣

  H H

 H H H

H H  
H H  

⎤

⎥
⎥
⎥
⎦

.

Hence, () can be written as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

dxt = [Hxt + ( – λ)Hyt + ( – λ)Hzt + ( – λ)Hkt] dt

+ [( – λ)Hxt + ( – λ)Hyt + Hzt] dBt

+ [( – λ)Hxt– + ( – λ)Hyt– + Hkt] dÑt ,

–dyt = [Hxt + Hyt + ( – λ)Hzt + ( – λ)Hkt] dt – zt dBt – kt dÑt ,

x = , yT = .

()

Theorem . Let condition () hold. Then the system of all eigenvalues of stochastic Hamil-
tonian system () has at least one element λ > , which is the smallest eigenvalue. Moreover,
the dimension of the eigenfunction subspace corresponding to λ is no more than n.

As for the one-dimensional situation where H̄ is taken as

H̄ =

⎡

⎢
⎢
⎢
⎣

   
 H  
   
   

⎤

⎥
⎥
⎥
⎦

,

() is in the following form:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

dxt = [Hxt + ( – λ)Hyt + Hzt + Hkt] dt

+ [Hxt + Hyt + Hzt] dBt

+ [Hxt– + Hyt– + Hkt] dÑt ,

–dyt = [Hxt + Hyt + Hzt + Hkt] dt – zt dBt – kt dÑt ,

x = , yT = .

()

Then we have the following theorem, a more concrete result than Theorem ..

Theorem . For n = , let condition () hold, and assume H = –HH, H = –HH.
Then the system of all eigenvalues of stochastic Hamiltonian system () is a strictly increas-
ing real number sequence {λi}i≥ with λi going to infinity as i → ∞. Moreover, the dimension
of the eigenfunction subspace corresponding to each λi is .

4 Dual transformation of stochastic Hamiltonian systems with Poisson process
Inspired by the method given in Peng [], we introduce the dual transformation of
stochastic Hamiltonian systems driven by Poisson process. We shall see that this dual
transformation is a powerful tool for solving the eigenvalue problem.
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4.1 General case
Suppose that the stochastic Hamiltonian system () admits a solution (xt , yt , zt , kt). Now,
we exchange the role of xt and yt , i.e., define (x̃t , ỹt) = (yt , xt) to see whether (x̃t , ỹt) will still
satisfy some stochastic Hamiltonian system. In addition, we assume

Assumption . h and 
 are both C functions. Moreover, for all (x, y) ∈ R
n, h(x, y, ·, ·)

is concave and 
(·) is convex.

Thus, we can give the following Legendre transformation of h and 
 with respect to
(z, k) and x, respectively:

h̃(x̃, ỹ, z̃, k̃) = inf
(z,k)∈Rn

{〈z, z̃〉 + 〈k, k̃〉 – h(ỹ, x̃, z, k)
}

=
〈
z∗(x̃, ỹ, z̃, k̃), z̃

〉
+

〈
k∗(x̃, ỹ, z̃, k̃), k̃

〉
– h

(
ỹ, x̃, z∗(x̃, ỹ, z̃, k̃), k∗(x̃, ỹ, z̃, k̃)

)
,


̃(x̃) = sup
x∈Rn

{〈x, x̃〉 – 
(x)
}

=
〈
x∗(x̃), x̃

〉
– 


(
x∗(x̃)

)
,

where (z∗(x̃, ỹ, z̃, k̃), k∗(x̃, ỹ, z̃, k̃)) is the unique minimum point for each (x̃, ỹ, z̃, k̃) ∈ R
n, and

x∗(x̃) is the unique maximum point for each x̃ ∈R
n. h̃ is called the dual Hamiltonian func-

tion of (). Inversely, we can get

h(x, y, z, k) = inf
(z̃,k̃)∈Rn

{〈z, z̃〉 + 〈k, k̃〉 – h̃(y, x, z̃, k̃)
}

=
〈
z, z̃∗(x, y, z, k)

〉
+

〈
k, k̃∗(x, y, z, k)

〉
– h̃

(
y, x, z̃∗(x, y, z, k), k̃∗(x, y, z, k)

)
,


(x) = sup
x̃∈Rn

{〈x, x̃〉 – 
̃(x̃)
}

=
〈
x, x̃∗(x)

〉
– 
̃

(
x̃∗(x)

)
.

Moreover, we have

z̃ = ∂zh
(
ỹ, x̃, z(x̃, ỹ, z̃, k̃), k(x̃, ỹ, z̃, k̃)

)
, k̃ = ∂kh

(
ỹ, x̃, z(x̃, ỹ, z̃, k̃), k(x̃, ỹ, z̃, k̃)

)
,

x̃ = ∂x

(
x(x̃)

)
, (x̃, ỹ, z̃, k̃) ∈R

n,

z = ∂z̃h̃
(
y, x, z̃(x, y, z, k), k̃(x, y, z, k)

)
, k = ∂k̃ h̃

(
y, x, z̃(x, y, z, k), k̃(x, y, z, k)

)
,

x = ∂x̃
̃
(
x̃(x)

)
, (x, y, z, k) ∈R

n.

Then it can be easily verified that the quadruple (x̃t , ỹt , z̃t , k̃t) defined by

x̃t = yt , ỹt = xt , z̃t = ∂zh(xt–, yt–, zt , kt), k̃t = ∂kh(xt–, yt–, zt , kt) ()

satisfies the stochastic Hamiltonian system driven by Poisson process:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dx̃t = ∂ỹh̃(x̃t , ỹt , z̃t , k̃t) dt + ∂z̃h̃(x̃t , ỹt , z̃t , k̃t) dBt

+ ∂k̃ h̃(x̃t–, ỹt–, z̃t , k̃t) dÑt ,

–dỹt = ∂x̃h̃(x̃t , ỹt , z̃t , k̃t) dt – z̃t dBt – k̃t dÑt ,  ≤ t ≤ T ,

x̃ = y, ỹT = ∂x̃
̃(x̃T ).

()



Wang and Wu Boundary Value Problems  (2017) 2017:164 Page 8 of 20

We call () the dual stochastic Hamiltonian system of (). Moreover, it is obvious that
the dual stochastic Hamiltonian system of () is our original stochastic Hamiltonian sys-
tem ().

4.2 Linear case
Now, let us consider a specific linear stochastic Hamiltonian system as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dxt = [Hxt + Hyt + Hzt + Hkt] dt

+ [Hxt + Hyt + Hzt] dBt

+ [Hxt– + Hyt– + Hkt] dÑt ,

–dyt = [Hxt + Hyt + Hzt + Hkt] dt

– zt dBt – kt dÑt ,  ≤ t ≤ T ,

x = x, yT = QxT ,

()

where Q and Hij are n × n matrices such that QT = Q and Hji = HT
ij , i, j = , , , . In this

situation, Assumption . can be guaranteed by

H < , H < , and Q > .

Thanks to (), if we define

x̃t = yt , ỹt = xt ,

z̃t = Hxt– + Hyt– + Hzt ,

k̃t = Hxt– + Hyt– + Hkt ,

then the dual stochastic Hamiltonian system of () is

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx̃t = [H̃x̃t + H̃ỹt + H̃z̃t + H̃k̃t] dt

+ [H̃x̃t + H̃ỹt + H̃z̃t] dBt

+ [H̃x̃t– + H̃ỹt– + H̃k̃t] dÑt ,

–dỹt = [H̃x̃t + H̃ỹt + H̃z̃t + H̃k̃t] dt

– z̃t dBt – k̃t dÑt ,  ≤ t ≤ T ,

x̃ = y, ỹT = Q–x̃T ,

()

where

H̃ =

⎡

⎢
⎢
⎣

HH–
 H + HH–

H – H HH–
 H + HH–

H – H –HH–
 –HH–


HH–

 H + HH–
H – H HH–

 H + HH–
H – H –HH–

 –HH–


–H–
 H –H–

 H H–
 

–H–
H –H–

H  H–


⎤

⎥
⎥
⎦.

4.3 Generalized Riccati equation systems
The Riccati equations are widely applied to investigate the linear-quadratic optimal con-
trol problems, e.g., Wonham [], Bismut [], Peng [], Wu and Wang [] and so on. In-
spired by [], we shall reformulate the Riccati equations in a general form.
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Denote by Sn the space of n × n symmetric matrices, and denote by Sn
+ the space of

nonnegative matrices in Sn. Now we introduce a dynamic system consisting of an Sn-
valued ODE and two algebraic equations on some interval [T, T] ⊆ [, T]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

–K̇(t) = K(t)(H + HK(t) + HM(t) + HL(t))

+ H + HK(t) + HM(t) + HL(t),

M(t) = K(t)(H + HK(t) + HM(t)),

L(t) = K(t)(H + HK(t) + HL(t)),

(K(·), M(·), L(·))
∈ C([T, T];Sn) ×L∞([T, T];Rn×n) ×L∞([T, T];Rn×n),

K(T) = K ′ ∈ Sn.

()

This system is called a generalized Riccati equation system. Note that the two algebraic
equations in () are equivalent to

[
In – K(t)H

]
M(t) = K(t)

(
H + HK(t)

)
,

[
In – K(t)H

]
L(t) = K(t)

(
H + HK(t)

)
.

Suppose that () admits a unique solution (K(·), M(·), L(·)), then we have

det
(
In – K(t)H

) �= , det
(
In – K(t)H

) �= , ∀t ∈ [T, T]. ()

Hence, (In – K(·)H)– and (In – K(·)H)– exist and are both uniformly bounded because
of the continuity of det(In – K(·)H) and det(In – K(·)H). In this situation, M(·) and L(·)
can be represented by K(·):

M(t) =
(
In – K(t)H

)–K(t)
(
H + HK(t)

)
= F

(
K(t)

)(
H + HK(t)

)
,

L(t) =
(
In – K(t)H

)–K(t)
(
H + HK(t)

)
= F

(
K(t)

)(
H + HK(t)

)
.

Here, F(·) and F(·) are respectively defined as

F(K) = (In – KH)–K , and F(K) = (In – KH)–K .

Thus, () can be rewritten as

–K̇(t) = K(t)H + HK(t) + H + HF
(
K(t)

)
H + HF

(
K(t)

)
H

+
[
K(t)HF

(
K(t)

)
H + HF

(
K(t)

)
HK(t)

]

+
[
K(t)HF

(
K(t)

)
H + HF

(
K(t)

)
HK(t)

]

+ K(t)
[
H + HF

(
K(t)

)
H + HF

(
K(t)

)
H

]
K(t), ()
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or equivalently,

–K̇(t) = K(t)H + HK(t) + H + K(t)HK(t)

+
(
H + K(t)H

)
F

(
K(t)

)(
HK(t) + H

)

+
(
H + K(t)H

)
F

(
K(t)

)(
HK(t) + H

)
. ()

Remark . Similar to the discussion in Remark  and Remark  of [], the following
facts hold:

(i) For any given constant γ <  and K ∈ Dγ

F = {K ∈ Sn : K ≥ γ H–
 ∨ γ H–

},
(In – KH)– and (In – KH)– exist and are both uniformly bounded in Dγ

F ;
(ii) For any K ∈ Sn

+ , F(K) and F(K) are both bounded and monotone. More precisely,
we have

 ≤ F(K) ≤ –H–
 ,  ≤ F(K) ≤ –H–

, ∀K ≥ ,

and

F(K) ≥ F(K), F(K) ≥ F(K), ∀K ≥ K ≥ .

The following lemma shows the relationship between generalized Riccati equation sys-
tem () and linear stochastic Hamiltonian system ().

Lemma . Suppose that () admits a solution (K(·), M(·), L(·)) on some interval [T,
T] ⊆ [, T]. Then () with the boundary condition

xT = x, yT = K ′xT ()

admits a solution

(xt , yt , zt , kt) =
(
x(t), K(t)x(t), M(t)x(t–), L(t)x(t–)

)
, t ∈ [T, T], ()

where {x(t)} satisfies

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dx(t) = [H + HK(t) + HM(t) + HL(t)]x(t) dt

+ [H + HK(t) + HM(t)]x(t) dBt

+ [H + HK(t) + HL(t)]x(t–) dÑt ,

x(T) = x.

()

Moreover, if we assume that for (In – KH) and (In – KH), condition (), or the following
weaker condition holds:

(
In – K(t)H

)T(
In – K(t)H

) ≥ c
(
H + K(t)H

)T(
H + K(t)H

)
,

(
In – K(t)H

)T(
In – K(t)H

) ≥ c
(
H + K(t)H

)T(
H + K(t)H

)
,

()

where c is a positive constant, then () with boundary condition () admits a unique
solution.
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Proof It can be easily verified that () is a solution of linear stochastic Hamiltonian system
() with boundary condition () by applying Itô’s formula to K(t)xt .

As for the uniqueness, we first consider the case where condition () holds. Sup-
pose that (xt , yt , zt , kt) is another solution of () with boundary condition () and define
(ȳt , z̄t , k̄t) = (K(t)xt , M(t)xt–, L(t)xt–). Applying Itô’s formula to K(t)xt , we have

–dȳt = –K̇(t)xt dt – K(t)dxt

=
[
K(t)

(
H + HK(t) + HM(t) + HL(t)

)

+ H + HK(t) + HM(t) + HL(t)
]
xt dt

– K(t)
[
(Hxt + Hyt + Hzt + Hkt) dt

+ (Hxt + Hyt + Hzt) dBt

+ (Hxt– + Hyt– + Hkt) dÑt
]

=
[
K(t)(Hȳt + Hz̄t + Hk̄t) + Hxt + Hȳt + Hz̄t + Hk̄t

]
dt

– K(t)
[
(Hyt + Hzt + Hkt) dt + (Hxt + Hyt + Hzt) dBt

+ (Hxt– + Hyt– + Hkt) dÑt
]
.

Denote (ŷt , ẑt , k̂t) = (ȳt – yt , z̄t – zt , k̄t – kt). Thus we get

–dȳt =
[
K(t)(Hŷt + Hẑt + Hk̂t) + Hxt + Hȳt + Hz̄t + Hk̄t

]
dt

–
[
K(t)Hxt + K(t)(Hyt + Hzt)

]
dBt

–
[
K(t)Hxt– + K(t)(Hyt– + Hkt)

]
dÑt .

It follows from

M(t) = K(t)
(
H + HK(t) + HM(t)

)
,

L(t) = K(t)
(
H + HK(t) + HL(t)

)

that

K(t)Hxt– = z̄t – K(t)(Hȳt– + Hz̄t),

K(t)Hxt– = k̄t – K(t)(Hȳt– + Hk̄t).

So we can obtain

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–dŷt = [(H + K(t)H)ŷt + (H + K(t)H)ẑt + (H + K(t)H)k̂t] dt

– [–K(t)Hŷt + (In – K(t)H)ẑt] dBt

– [–K(t)Hŷt– + (In – K(t)H)k̂t] dÑt ,

ŷT = .
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Since condition () leads to the uniform boundedness of (In – K(·)H)– and (In –
K(·)H)–, the above equation can be rewritten as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

–dŷt = [(H + K(t)H)ŷt

+ (H + K(t)H)(In – K(t)H)–(z′
t + K(t)Hŷt)

+ (H + K(t)H)(In – K(t)H)–(k′
t + K(t)Hŷt)] dt

– z′
t dBt – k′

t dÑt ,

ŷT = ,

()

where we define

z′
t = –K(t)Hŷt– +

(
In – K(t)H

)
ẑt ,

k′
t = –K(t)Hŷt– +

(
In – K(t)H

)
k̂t .

According to Theorem . of [], () admits a unique solution (ŷt , z′
t , k′

t) ≡ (, , ). Hence
(ŷt , ẑt , k̂t) ≡ (, , ), which implies that

yt = K(t)xt , zt = M(t)xt–, kt = L(t)xt–.

On the other hand, under the weaker condition () instead of (), again by the simi-
lar arguments for proving Theorem . of [], we can still show that (ŷt , z′

t , k′
t) ≡ (, , ).

Thus, it follows from the forward SDE in () that {xt} is the solution of (). So we have
(xt , yt , zt , kt) ≡ (x(t), K(t)x(t), M(t)x(t–), L(t)x(t–)). The proof is completed. �

Remark . Similarly, the dual linear stochastic Hamiltonian system () is associated
with the following generalized Riccati equation system:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

– d
dt K̃(t) = K̃(t)(H̃ + H̃K̃(t) + H̃M̃(t) + H̃L̃(t))

+ H̃ + H̃K̃(t) + H̃M̃(t) + H̃L̃(t),

M̃(t) = K̃(t)(H̃ + H̃K̃(t) + H̃M̃(t)),

L̃(t) = K̃(t)(H̃ + H̃K̃(t) + H̃L̃(t)),

(K̃(·), M̃(·), L̃(·))
∈ C([T, T];Sn) ×L∞([T, T];Rn×n) ×L∞([T, T];Rn×n).

()

If det(In – K̃(·)H̃) �=  and det(In – K̃(·)H̃) �= , then it can be rewritten as

–
d
dt

K̃(t) = K̃ (t)H̃ + H̃K̃(t) + H̃ + H̃F̃
(
K̃(t)

)
H̃ + H̃F̃

(
K̃(t)

)
H̃

+
[
K̃(t)H̃F̃

(
K̃(t)

)
H̃ + H̃F̃

(
K̃ (t)

)
H̃K̃(t)

]

+
[
K̃(t)H̃F̃

(
K̃(t)

)
H̃ + H̃F̃

(
K̃(t)

)
H̃K̃(t)

]

+ K̃(t)
[
H̃ + H̃F̃

(
K̃(t)

)
H̃ + H̃F̃

(
K̃(t)

)
H̃

]
K̃ (t), ()

where

F̃(K) = (In – KH̃)–K , and F̃(K) = (In – KH̃)–K .
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At the end of this section, we present a kind of comparison theorem for Riccati equations
in the form of (), which will be used repeatedly later. Consider the following Sn-valued
ODEs: for i = , ,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

–K̇i(t) = Ki(t)A(t) + AT (t)Ki(t)

+ CT (t)Ki(t)C(t) + Ri(t) + Ki(t)Ni(t)Ki(t)

+ [B(t) + Ki(t)D(t)]Fi(Ki(t))[B(t) + Ki(t)D(t)]T

+ [E(t) + Ki(t)G(t)]F̄i(Ki(t))[E(t) + Ki(t)G(t)]T ,

Ki(T) = Qi,

()

where the mappings A(·), B(·), C(·), D(·), E(·), G(·) : [, T] 	→ R
n×n, Ri(·), Ni(·) : [, T] 	→ Sn

are all continuous in [, T], and Fi(·), F̄i(·) : Sn 	→ Sn are both locally Lipschitz.

Lemma . For (), suppose that

Q ≥ Q, R(t) ≥ R(t), N(t) ≥ N(t), ∀t ∈ [, T],

F(K) ≥ F(K), F̄(K) ≥ F̄(K), ∀K ∈ Sn,

F(K) ≥ F
(
K ′), F̄(K) ≥ F̄

(
K ′), K ≥ K ′.

Then we have

K(t) ≥ K(t), ∀t ∈ [, T].

The proof of Lemma . is very similar to that of Lemma . in []. So we just omit it.

5 Proof of main results
We shall complete the proofs of Theorems . and . in this section. It will be seen that the
features of eigenvalues and corresponding eigenfunctions are dominated by the blow-up
times of solutions to related Riccati equation systems of the linear stochastic Hamiltonian
systems () and ().

5.1 Proof of Theorem 3.1
For notational simplicity, let ρ =  – λ. Then, for the linear Hamiltonian system (), the
corresponding Riccati equation system is

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

–K̇(t) = K(t)(H + ρHK(t) + ρHM(t) + ρHL(t))

+ H + HK(t) + ρHM(t) + ρHL(t),

M(t) = K(t)(ρH + ρHK(t) + HM(t)),

L(t) = K(t)(ρH + ρHK(t) + HL(t)),

(K(·), M(·), L(·)) ∈ C([, T];Sn) ×L∞([, T];Rn×n) ×L∞([, T];Rn×n),

K(T) = .

()

If we consider the solutions of () among K(·) ≥ γ H–
 ∨ γ H–

 for some given γ ∈ (, ),
it follows from Remark . that (In – K(·)H)–, (In – K(·)H)– and F(K(·)), F(K(·)) are
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all well defined. So we can rewrite () as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

–K̇(t) = K(t)H + HK(t) + H

+ ρHF(K(t))H + ρHF(K(t))H

+ ρ[K(t)HF(K(t))H + HF(K(t))HK(t)]

+ ρ[K(t)HF(K(t))H + HF(K(t))HK(t)]

+ K(t)[ρH + ρHF(K(t))H + ρHF(K(t))H]K(t),

K(T) = ,

()

or equivalently,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–K̇(t) = K(t)H + HK(t) + H + ρK(t)HK(t)

+ ρ(H + K(t)H)F(K(t))(HK(t) + H)

+ ρ(H + K(t)H)F(K(t))(HK(t) + H),

K(T) = .

()

Since F(K) and F(K) are both analytic, by the classic theory of ODEs, () admits a
unique solution K(t) = K(t;ρ) on some sufficiently small interval (tρ , T]. It follows from
Lemma . that K(t;ρ) ≥ , and thus F(K(·)) and F(K(·)) are always well defined. Here
tρ is the so-called ‘blow-up time’ of Riccati equation (), and its properties are shown in
the following lemma.

Lemma . For Riccati equation (), when ρ ∈ [, ], there is no explosion occurring, i.e.,
tρ = –∞. When ρ ∈ (–∞, ), the blow-up time tρ is finite: tρ ∈ (–∞, T). Moreover, tρ is
continuous and strictly decreasing with respect to ρ . We also have

lim
ρ→–∞ tρ = T , and lim

ρ→
tρ = –∞.

Proof For ρ ∈ [, ], it is sufficient to verify that the quadratic term of () is nonpositive.
That is to say,

K
[
ρH + ρHF(K)H + ρHF(K)H

]
K ≤ .

This can be obtained immediately from H – HH–
 H + HH–

H <  and F(K) ≤
–H–

 , F(K) ≤ –H–
 for any K ≥ .

As for the case where ρ ∈ (–∞, ), thanks to Lemma ., we can prove all conclusions
by the very similar method introduced in Lemmas . and . of []. So we just omit it.

�

With the results above in hand, now we can give the proof of Theorem . as follows.

Proof of Theorem . According to Lemma ., there exists a unique ρ <  such that the
blow-up time of the corresponding Riccati equation () is tρ = . Then, by the very simi-
lar arguments for the proof of Theorem . in [], we can prove that λ =  – ρ is the
smallest eigenvalue of linear stochastic Hamiltonian system (), and the dimension of
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the eigenfunction subspace corresponding to λ is no more than n. This completes the
proof. �

5.2 Proof of Theorem 3.2
For the one-dimensional case, since H = –HH and H = –HH, the Riccati equa-
tion corresponding to linear stochastic Hamiltonian system () is

–K̇(t) =
(
H + H

 + H


)
K(t) + H +

(
ρH – HH

 – HH


)
K(t), ()

and the related dual Riccati equation is

–
d
dt

K̃(t) = –
(
H + H

 + H


)
K̃ (t) –

(
ρH – HH

 – HH


)
– HK̃(t). ()

It can be seen from the quadratic term of () that the critical point for blow-up time tρ
of () with the terminal condition K(T) =  is ρ = H–

 HH
 + H–

 HH
 > . Analo-

gously to Lemma ., we can obtain the properties of tρ as follows.

Lemma . For Riccati equation (), when ρ ∈ (–∞,ρ), the blow-up time tρ is finite:
tρ ∈ (–∞, T). Moreover, tρ is continuous and strictly decreasing with respect to ρ . We also
have

lim
ρ→–∞ tρ = T and lim

ρ→ρ
tρ = –∞.

This lemma can be proved by the same arguments as Lemma .. So we just omit it. Very
similarly, we can get the following properties of blow-up time t̃ρ of () with the terminal
condition K̃ (T) = .

Lemma . When ρ ∈ (–∞,ρ), the blow-up time t̃ρ is finite: t̃ρ ∈ (–∞, T). Moreover, t̃ρ
is continuous and strictly decreasing with respect to ρ . We also have

lim
ρ→–∞ t̃ρ = T and lim

ρ→ρ
t̃ρ = –∞.

Thus, just by the same arguments as the proof of Theorem . in [], we can find a
sequence of eigenvalues λ < λ < λ < · · · and construct corresponding eigenfunctions, of
which the dimension with respect to each λi is . So we omit the details for the proof of
Theorem ..

6 Statistic periodicity
It follows from the proof of Theorem . that the eigenfunctions of linear stochastic
Hamiltonian system () own the ‘statistic periodicity’ property. Now, we observe this prop-
erty for stochastic Hamiltonian systems from another viewpoint.

For any ρ < ρ, according to Lemmas . and ., the Riccati equations () and ()
with terminal conditions K(T) =  and K̃(T) =  admit unique finite blow-up times tρ and
t̃ρ , respectively. Again, by the proof of Theorem ., there exists a quadruple (xt , yt , zt , kt) ∈
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M(R) ×M(R) × F
N (R) × F

N (R) satisfying

dxt = (Hxt + ρHyt + Hzt + Hkt) dt

+ (Hxt + Hyt + Hzt) dBt

+ (Hxt– + Hyt– + Hkt) dÑt ,

–dyt = (Hxt + Hyt + Hzt + Hkt) dt – zt dBt – kt dÑt

()

such that

xti
ρ

= , yti+
ρ

= , i = , , , . . . .

Here,

ti
ρ = i(T – tρ) + i(T – t̃ρ),

ti+
ρ = (i + )(T – tρ) + i(T – t̃ρ).

()

So we have the following.

Proposition . For n = , let () hold, and assume H = –HH, H = –HH. Then,
for any λ > , there exists a family of stochastic Hamiltonian systems whose dynamics are
in the form of () with the boundary condition

x = , yti+
ρ

= , i = , , , . . . ,

such that they take λ as one of their eigenvalues. Moreover, the eigenfunctions corresponding
to λ have the ‘statistic periodicity’ property with t

ρ-period.

In order to demonstrate Proposition . vividly, we consider a specific numerical exam-
ple. Suppose T =  and

H =

⎡

⎢
⎢
⎢
⎣

   
 –  
  – 
   –

⎤

⎥
⎥
⎥
⎦

, H̄ =

⎡

⎢
⎢
⎢
⎣

   
 –  
   
   

⎤

⎥
⎥
⎥
⎦

.

Then, for λ = , the related Riccati equation and the dual Riccati equation are

⎧
⎨

⎩

–K̇(t) = K(t) +  + K(t),

K() = ,
()

and
⎧
⎨

⎩

– d
dt K̃(t) = –K̃(t) –  – K̃(t),

K() = .
()
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Figure 1 The solution of (33).

Figure 2 The solution of (34).

Since it is very difficult to obtain analytic solutions of () and (), we give numerical
solutions of them by Figure  and Figure . It can be seen from them that the solutions of
() and () explode at blow-up times t– and t̃–, respectively. Moreover, according to
the numerical computation, we have

t– ≈ ., t̃– ≈ ..

Thus, by Proposition ., there exists a family of stochastic Hamiltonian systems whose
eigenvalue systems contain λ = . More specifically, these stochastic Hamiltonian systems
are

⎧
⎪⎪⎨

⎪⎪⎩

dxt = (xt – ( – λ)yt + zt) dt + (xt + yt – zt) dBt – kt dÑt ,

–dyt = (xt + yt + zt) dt – zt dBt – kt dÑt ,

x = , yTi+ = ,

()

where Ti+ is approximately equal to ( – .)(i + ) + ( – .)i = .i + ., i =
, , . . . . By Lemma . and solutions to () and (), we can construct the corresponding
eigenfunctions explicitly on [, Ti+]. For i = , Figures  and  show one approximate
path of {xt} and {yt}, respectively.

We can also see from Figure  that xt reaches zero only at t
– = , t

– = ., t
– = ..

It keeps positive on (, .) and negative on (., .). Similarly, it can be seen from
Figure  that yt reaches zero only at t

– = ., t
– = ., t

– = . It keeps positive on
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Figure 3 {xt} when λ = 3.

Figure 4 {yt} when λ = 3.

Figure 5 {xt} when λ = 2.

(, .) ∪ (., ) and negative on (., .). Moreover, we have

x. = , y. > .

It means that (xt , yt) returns to the situation where x =  and y > . That is to say, a peri-
odicity is complete on [, .]. This just verifies the theoretical results given in Propo-
sition ..

Let us consider another λ = . By the same method introduced above, we obtain the
blow-up time t– and t̃– of the related Riccati equation and the dual Riccati equation are
. and ., respectively. Thus, the stochastic Hamiltonian systems whose eigenvalue
systems contain λ =  are in the form of (), where Ti+ is approximately equal to ( –
.)(i + ) + ( – .)i = .i + ., i = , , . . . . For i = , Figures  and  show one
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Figure 6 {yt} when λ = 2.

approximate path of {xt} and {yt}, respectively. Moreover, (xt , yt) completes a periodicity
on [, .].

Remark .
(i) Comparing Figures  and  with Figures  and , we can see that the period of

eigenfunctions corresponding to λ =  is shorter than that corresponding to λ = .
In fact, it follows from Lemma . that the blow-up times tρ and t̃ρ of () and ()
will rise when λ becomes larger. Thus, the period of eigenfunctions will decrease
indeed as λ increases.

(ii) In the numerical example above, the eigenfunctions {xt} and {yt} are both
continuous since H and H are assumed to be  and thus kt ≡  for t ∈ [, T].
We demonstrate this continuous case for simplicity and convenience to see the
statistic periodicity of eigenfunctions visually. The general situation can be dealt
with by the same method, and the corresponding eigenfunctions are with jumps. So
we omit the details.

7 Conclusions
To our best knowledge, it is the first time to consider the eigenvalue problem for stochastic
Hamiltonian systems driven by Poisson process with boundary conditions. Under certain
conditions, we obtain the existence of eigenvalues and corresponding eigenfunctions by
means of the dual transformation and generalized Riccati equation systems. From another
viewpoint, for any real number λ > , we can establish a family of linear stochastic Hamil-
tonian systems whose eigenvalue systems contain λ and give the corresponding eigen-
functions explicitly. Moreover, a specific numerical example is studied to illustrate our
theoretical results above and show the ‘statistic periodicity’ vividly for the eigenfunctions
of stochastic Hamiltonian systems. Besides, the main results of this paper can help us to
construct some examples of multi-solutions for FBSDEP.

On the other hand, as is shown in [], our problem can also be formulated as an eigen-
value problem for a bounded and self-adjoint operator in a Hilbert space, and then in-
vestigated in a standard way by the theory of functional analysis. We leave the details to
interested readers.
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