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Abstract
In this paper we study the Schroédinger-Poisson system

~Au+VX)u+KK)pu=al)|u|™u+Abk)|ul9?u, inR3
~A¢ =KX, liM =00 PX) =0, inR3,

where the potential V(x) and the weighted functions a(x), b(x) are positive and
bounded in R?, K(x) € L2(R?) U L®(R3) and K(x) > 0 in R3. We prove the existence of a
positive solution (u, @) € W'?(R3) x D' (R3) for4<g<m<2*=6and A e R.

MSC: 35J50; 35J75;35J92

Keywords: existence of solution; nonlinear Schrédinger-Poisson system; the Nehari
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1 Introduction and main results
In this paper, we study the existence of positive solutions for the Schrédinger-Poisson

system

—Au+ VxX)u + K@x)pu = alx)|u™2u + Ab(x)|u|7%u, inR3 w1

“A¢ =K@,  limpeod(x) =0, in R '
where V(x), a(x) and b(x) are positive and bounded in R3, K(x) € L2(R?) U L*°(R?) and
K(x) > 0 in R3. We will prove the existence of a positive solution (u,¢) € W 2(R?) x
DL2(R3) for A € Rand 4 < g < m < 2%, where 2* = 6 is the critical exponent for the Sobolev
embedding in dimension 3. The assumption ‘4 < g < m < 6’ implies that the nonlinear term

fx, u) = a(x)|u|™2u + Ab(x)|u|72u in (1.1) is superlinear, which is similar to those in [1].
Such a system, also known as the Schrodinger-Maxwell system, arises in many fields of
physics. For example, the Schrodinger-Poisson system can describe the interaction of a
charged particle with its own electrostatic field in quantum mechanics. The unknowns
u and ¢ represent the wave functions associated with the particle and electric potential,
and the functions V and K are, respectively, an external potential and nonnegative density
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charge. We refer to Benci and Fortunato [2] for more details on the physical aspects. This
model can also appear in semiconductor theory to describe solitary waves [3].
In recent years, the Schrodinger-Poisson system

—Au+ V(x)u + K(x)pu = f (x,u), inR® 12)

~Ap=K®@u?,  limy_cd®) =0, inR? '
has been widely studied under various assumptions on V, K, and f via variational methods,
and existence, nonexistence and multiplicity results have been obtained in many papers,
see [4-10].

Very recently, Cerami and Vaira [11] considered problem (1.2) with K(x) € L*(R3). They
proved that (1.2) with V(x) = 1 and f(x, u) = a(x)|u[’'u (3 < p < 5) possesses a positive
ground state solution by minimization on the Nehari manifold when a(x), K(x) : R> — R
are nonnegative functions such that

lim a(x) =ax >0, lim K(x)=0. (1.3)
x| —o00 [%|—00
Similar results for V(x) = A > 0 can be found in [4, 12, 13].

Liu et al. [14] also considered the existence of a solution for problem (1.2) with the
potential V(x) € C(R®) satisfying inf,.gs V(x) > —oo and for every M > 0, meas({x €
R3|V(x) < M}) < co. It is well known that this assumption guarantees that the embedding
W2(R3) < LP(R3) is compact for each 2 < p < 6. For problem (1.2), the function f (x, %)
verifies uf (x, u) > 4F(x,u) with F(x, u) = fou f(x, t)dt. Similar assumptions can be found in
[15-19].

However, to the best of our knowledge, there are few results on problem (1.1) when the
potential V(x) and the weighted functions a(x), b(x) are bounded in R In this paper, we
are interested in the existence of a solution to problem (1.1) with V(x) satisfying

(Hi) The function V(x) € C(R?) and 0 < g := inf,cps V(%) < sup,cgs V(x) =: a < 00;
(HZ) lim\x\ﬁoo V(x) = .

Clearly, V(x) is not necessarily radial and coercive. For these assumptions, the embed-
ding W2(R3) < LP(R3) is not compact. Furthermore, for problem (1.1), the function
f(x,u) fails to satisfy the assumption uf (x,u) > 4F(x, u). So the variational technique for
problem (1.1) becomes more delicate. Arguing as in [20, 21], to preserve this compact-
ness in some extent for our problem, we split a minimizing sequence {u,} into two parts:
u, = u, + u (n € N) such that u/, - u,u/, — 0 in L"(R3,a) N L1(R3,b). We will obtain a
positive solution by using the Nehari manifold method.

In order to state our main results, we introduce some Sobolev spaces and norms. For
p > 1, let L(R?) be a usual Lebesgue space with the norm || - ||,,.. Denote

E= {u e WH(R?) :/ (IVul* + V(%) ul?) dx < +oo}
R3
endowed with the norm
1/2
ol = (/3(|Vu|2 ; V(x)|u|2)dx) .
R

This norm is equivalent to the standard norm on W"?(R3) under assumption (H;).
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In general, let |||, = (fgs p|ul? dx)"? withp > 1and p = p(x) > 0,7 0 a.e.in R®. In par-
ticular, denote ||ul, = ([p3 [ul? dx)"? or ||ullr(e) = ([, lul? dx)"? with the domain Q@ C R,
Let D**(IR®) be the completion of C3°(R?) with respect to the norm

2 2 2
lullp = el pre = f3 |Vu|”dx.
R

The following Sobolev inequality [22] is well known. There is a constant S > 0 such that
for every u € DV2(R3),

lulls < SIVull3 = Slul®b. (1.4)

Hence, inequality (1.4) holds in W»?(R") and E. Furthermore, there exists S, > 0 such that
for2<p<e,

lully < Spllulle, VueE. (1.5)

It is well known that problem (1.1) can be reduced to a single equation with a nonlocal

term, see [11, 23]. In fact, for every u € E, we define the linear functional £, by
L,) = / Kx)u*vdx, Vve DY (]RS). (1.6)
R3

If K(x) € L*(R3), by the Holder inequality and the Sobolev inequalities (1.4) and (1.5), we
get

|L,0)] < Kool y51vIl6 < SIK llolluell3ysvVIip,  ¥v e DY(R). 1.7)
Similarly, if K € L*(R?), we have
|L,)| < IK 2 lulZ VI < SIK 2 lullZ VD 1.8)

Hence, by the Lax-Milgram theorem, there exists a unique ¢, € D"*(R?) (see [11, 22]) such
that

—A¢, = K@x)u?, inR3. (1.9)

Moreover, ¢, has the following integral expression:

1 K(y)u?(y) .3
Pu(x) = ypm /3 Thool dy, inR (1.10)

and ¢,(x) > 0 in R? if u # 0 and K(x) > 0. Therefore, we have from (1.10) that

ﬁ /R3 /}R3 Kff%;ﬁy)uz(x)f(y) dxdy = /]R3 K (%), (%) (x) dx. (1.11)
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If K € L®(R?), it follows (1.6)-(1.9) that
IV l3 = / K(x)$uu® dx < do/ puu® dx
R3 R3
<dp ||¢u||6||”||2%z <doS|IVul2llul, (L12)
and if K € L?(R3), we have
IVull3 = /]R3 K(@)puu® dx < |IK 2| ullslluelly < SIUK 211V b2 ]ll13 (L13)

where and in the sequel, dy = ||K| - So, it follows from (1.12) and (1.13) that there exists
a constant ¢; > 0 such that

l¢uls <crllully, VueEifK eL™(R®) UL*(R?). (1.14)
Furthermore, inserting ¢, into the first equation in (1.1), we obtain
—Au+ V(x)u + KX)puu = ax)|u|™2u + Ab(x)|u|T%u, inR3 (1.15)

Let /(1) : E — R be the energy functional associated to (1.15) defined by

J(u) = %Ilulljz; + %F(u) - % /]RS a(x)|u|™ dx — % [1;3 b(x)|u|’dx, uckE, (1.16)
where
F(u) = / K (%), (%) (x) da. (1.17)
R3

The following assumptions will be used in this paper.

(Hs) The parameters g, m and X satisfy 4 <g<m <6 and A € R.
(Hs) The function K(x) € L>®(R3) U L2(R?3) and K(x) > 0 in R3.
(Hs) The functions a(x), b(x) € C(R3) satisfy ao < a(x), b(x) < a; in R? for some constants

ap,aq > 0.
Under assumptions (H;)-(Hs), it is easy to verify J € C}(E,R), and for any v € E, there
holds

J(w)v = /RB (VuVV+ V(x)uv) dx + /RB K(x)up,vdx

—/ (ol(x)lu|’”_2 +Ab(x)|u|q_2)uvdx. (1.18)
R3

Hence, if u € E is a critical point of /, that is, J'(u)v = 0 for Vv € E, then the pair (u, ¢,,)
is a solution of problem (1.1)(see [4, 23]). For the sake of simplicity in many cases, we just
say that u € E, instead of (u, ¢,) € E x D"2(R3), is a weak solution of problem (1.1).

Our main result in this paper is as follows.
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Theorem 1.1 Assume that (Hy)-(Hs) hold. Then problem (1.1) admits at least a positive
solution u € E.

oo

1OC(]R?’), does equation (1.1) admit a positive solution u € E?

Open problem For K(x) € L
Denis and Carlo in [1] considered this problem with unbounded and vanishing potentials
V(x). As far as we know, there is no result on the existence of positive solutions for (1.1) in
the case K(x) € L (R3) and V(x), a(x), b(x) satisfy (H;), (Hy), (Hz), (Hs). Hence, this case

loc
should be also an interesting topic for future research.

This paper is organized as follows. In Section 2, we set up the variational framework and
establish some lemmas, which will be used in the proof of Theorem 1.1. In Section 3, we

prove Theorem 1.1.

2 Preliminaries
In this section, we are going to establish a series of lemmas to prove Theorem 1.1, in which
we tacitly assume that the conditions in Theorem 1.1 are satisfied. We first set up the vari-
ational framework for problem (1.1).

Let J(u) : E — R be the energy functional associated with problem (1.1) defined by (1.16),
and its Gateaux derivative is given by (1.18).

Since the functional J is not bounded from below on E, a good candidate of an appro-
priate subset to study J is the so-called Nehari manifold for problem (1.1):

N ={ue E\{0}:J' (wu=0} = {ucE\(O}: [ullg +F(u) = lul,, +rlull,}. (21)

Notice that, if u € AV, then
1 1 1 1 1 1
(5 - ;) ||M||;29 + (E - Z)F(M) + <; - 5>}\||14||Z,b
1 1 1 1 1 1
= (5 - —) lluell 7 + (— - —)F(u) + (— - —) Nl .0
q 4 q q m
1 1 1 1 1
ot e (G = o Yt e (- 7 Yo 22)

Lemma 2.1 The Nehari manifold N # @.

J(u) =

Proof Letue E,u%#0in R3. We consider the function
h(t) =] (tw)tw = £ |ull} + t*F(u) — " |l , - Aull?,, >0 (2.3)
Since 4 < g < m, it follows that A(¢) > 0 for small £ > 0 and /(t) - —o0 as t — co. Then

there exists £; > 0 such that /(#;) = 0. Obviously, fu # 0. Thus, we conclude that fiu € N
and N # 4. O

Lemma 2.2 The functional ] is coercive and bounded from below on N'. Moreover,

d= Ltienjf/](u) > 0. (2.4)
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Proof Let u € N. Then, from (1.4) and (2.1), it follows that

laall < eell + Fu) = laelly o+ Mlaclly, < ca(llaellE + Noell ) (2.5)
and

L<a(llulg™+ lulf ) (2.6)
with some ¢; > 1. If ||u||g <1, inequality (2.6) implies 1 < 201||u||;75_2. Hence,

lulle > (267, (2.7)
If |ullg > 1, inequality (2.6) gives 1 < 2¢; ||u||’#2 and

lulle > max{1, (2¢,) 7 }. 2.8)
Hence, if u € N, it follows from (2.7) and (2.8) that there exists ¢, > 0 such that

lullg>=co, VYueN. (2.9)

Moreover, it follows from (2.2) that

- q q q
11 11

> <— - —)IIuII?; > <— - —)63 =c3.
2 q 2 q

This shows that the functional J is coercive and bounded from below on N and

d > c3 > 0. Then the proof of Lemma 2.2 is completed. g
Let {u,} be a minimizing sequence for d in N\, that is, J (i) — d as n — 0o and
letnll: + F(ut) = Nty + Mgl V1 €N (2.10)

Furthermore, it follows from (2.2) that
11 )
Jwn) > = == )llunllz, VneN. (2.11)
2 q

This shows that {u,} is bounded in E and, from (2.10), {u,} is bounded in L”(R?, 4) and

L1(R3, b). Therefore, up to a subsequence, there exists u € E such that as n — oo,

u, —u weaklyin E,L™(R3,a), L1(R3, b);
u, — u stronglyin I (R3),1<p<6, (2.12)

loc

un(x) = u(x) a.e. inR3; letnlles ltnll, < Mo, Vn>1,2<p <6,
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with some My > 0. Since J(u,,) = J(|u,|), we assume u,(x) > 0 a.e. in R3 for every n > 1 and
thus u(x) > 0 a.e. in R3. By the weak lower semi-continuity of the norm, we get

el < B 2= Timinf [z, 7. (2.13)

By extracting a further subsequence, if necessary, we assume

B = lim ||Lt,,||$a. (2.14)
n—00 7
Denote
0=l = [ aa"ds, o =lull,= [ beulta (215)
R3 R3

By weak convergence, it is obvious that 6 € [0, B]. First, we have the following.
Lemma 2.3 There results 8 > 0.

Proof Obviously, B > 0. If 8 = 0, we have lim,, . [[u,]l};; , = 0. Let £ € (0,1) be such that
q =2t + (1 — t)m. Then, by the Hélder inequality and (Hs), we derive

leenll? < Dallan 5 N I3G77, ¥ eN (2.16)

with the constant by = a5 a;. Since {u,} is bounded in E, so it is bounded in L?(R3) (2 <

p < 6), and it follows from (2.16) that lim,,_, » ||, ”Z,b = 0. Then (2.10) implies that u,, — 0

in E and F(u,) — 0 as n — oo and so d = 0. By Lemma 2.2, it is impossible. The proof of
Lemma 2.3 is completed. O

Lemma2.4 Iff=6,thenuc N and J(u) = d.

Proof 1f B = 0, then lim,,_,  lux |, , = llull’y; .- Since u, — u in L™ (R3), it follows from the

Brezis-Lieb lemma that «,, — « in L”(R3, 4). Similar to (2.16), we have
ot = w2, < brlly — ull3 | — ulljs ™, Vn=1, (217)

and u,, — u in L1(R3, b). Hence, by the weak lower semi-continuity of the norm, we obtain

1 1 1 A
J(u) = EIIMII% + EF(M) - leulliﬁﬂ - ;IIMIIZ,;J
< Lliminf )2 11"fF( L mo_hy 1
< 5 limin x|z + 7 limin Uy) — - im nllng — Enggo 2tnll g
L1 1 1 A
< hnn_l)g.}f(i ||un|12; + ZF(un) - Z ”un||$ﬂ - 5””71”?#,)
=liminf/(u,) = d. (2.18)
n— 00
Furthermore, we have from (2.10) that

el + Fu) < llullyy , + Aol (2.19)

If the equality in (2.19) holds, then u € A/ and the lemma is proved.
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We now assume that the equality in (2.19) fails to hold. Let
h(t) =T (bu)(bu) = (el + £ F(u) = " |ully = A7 |ull L, £ 0. (2.20)

Clearly, /(t) > 0 for small £ > 0 and /(1) < 0. Then there exists ¢ € (0,1) such that 4(¢) = 0,
and then tu € A and

d <J(tu) = pr22||ullz + pat*F(u) + pst” |ull}y,

<pillully +p2F(w) + pslully,, <liminf/(u,) = d. (2.21)
Here and in the sequel,
p=2"-qg1>0, pr=4"1-qg1>0, ps=qt-m'>0. (2.22)
Relation (2.21) is a contradiction, and thus the proof of Lemma 2.4 is completed. d
We now turn to study the value of 0. First we introduce the Sobolev space
Y ={ue W(R?) : | Vull3 +allull; < oo} (2.23)

endowed with the norm

1/2
1/2
lally := (IVull3 + llull3) =(/3(|Vu|2+a|u|2)dX> . (2.24)
R

where « is the positive number defined in (Hy). Consider the Schrédinger-Poisson system

—Au +au+ Kx)pu = ax)|u”2u + Ab(x)|u|7%u, inR3,

(2.25)
—A¢ = K(x)u?, limyy 00 #(x) = 0, in R3.
The functional associated with problem (2.25) is
1 1 1 A
Jo(u) = 3 lluell + ZF(u) - lletlly 2 — gllullg,b, (2.26)

and the associated Nehari manifold is
N ={ueY\{0}:J,(wu=0}={ueY\{0}: lully +F(x) = ||u||$,a+k||u||3yh}. (2.27)

Notice that u € N,

Jul) = (% - %)nun% + G - %)F(u) + (% - }I)xnung,b
1 1 1 1 1 1
= (5 - c_]> ||M||%/ + (Z - ;)F(M) + (; - E)””"%,g

1, (1 1\, . (1 1 ;
= §||M||y + (E - Z)”“Hmﬁ + (Z - 6—1))\||u||q,b' (2.28)
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Finally, we define

dy = uier}\ff‘a]a(u)' (229)

Lemma 2.5 There results d < dy, that is, inf,cnr J (1) < inf,en;, Jo ().

Proof Similar to the proofs of Lemmas 2.1 and 2.2, we can obtain that A, # @ and d,, > 0.
Arguing in Lemma 3.1.9 in [20], we see that there exists the nonnegative function uy € N,
such that J,(#9) = d,. On the other hand, from (H;)-(H,), we infer

f V(x)|u0|2dx<af o | dx, (2.30)
R3 R3
which implies that
/3(|Vuo|2 + V(x)|u0|2) dx < /3(|Vuo|2 +a|u0|2) dx, or ||u0||,25 < ||u0||§,. (2.31)
R R
Then we have

2 q
T (uo)uo = lluo |l + F(uo) — lluollyy,, — Aluolly,

< ||u0||§/ + F(uo) — lluoll}y, , — Mo ||Z,b =], (uo)uo = 0. (2.32)
As the argument of Lemma 2.4, there exists ¢ € (0,1) such that tuy € N, so that

d < J(tug) = p1t*|luo |z + pat*Fuo) + pst™ luo . < prlluo |7 + paF (o) + pslluo s,

<pilluolly +paF(uo) + pslluo s, = Ju(tho) = de, (2.33)
where p; is given by (2.22). Then (2.33) finishes the proof of Lemma 2.5. O

Lemma 2.6 There results 6 > 0.

Proof If 6 = 0, then u = 0, which implies in particular that u, — 0 in I (R%) (1 <p<6).

loc

We first prove the following claim:

lim [ («-V®)lul*dx=0. (2.34)

n—00 Jp3

By (Hy), for any ¢ > 0, there exists R, > 0 such that 0 <« — V(x) < ¢,V|x| > R,. Then

/ (Ol - V(x))|uy,|2dx :/ (a - V(x))|un|2dx +/ (a - V(x))|un|2dx
R3 x| <Re

|*|>Re

58/ |u,,|2dx+C1/ |u,,|2dx
[x[>Re [*|<R¢

<Mpe+C / |4 |* dx, (2.35)

[%|<R¢
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where

Ci = max|a - V(%)) M = sup |u, |3 < oo. (2.36)
xeR3 n>1
Noticing that

lim/ |t,> dx =0,
=00 J x| <Re

we have from (2.35) that

lim sup/ (a - V(x)) |, dx < Me. (2.37)
R3

n—0o0

Since ¢ is arbitrarily small, (2.37) implies that (2.34), and then
el = Nl + € (2.38)

where €, — 0 as 1 — oo.
On the other hand, the fact u, € A shows that

tn s + Kllunllz,b = NluallZ + F(un) < el + Fus). (2.39)
Denote
VYu(8) = I () ttty = Ellun ||y + E*F () — " s, — M”Ilunllg,b, t>0. (2.40)

Since 4 < g < m and (2.39), it follows that y,,(1) > 0 and y,,(£) = —oco as t — 0o. Then there
exists ¢, > 1 such that y,(¢,) = 0, and then t,u, € N,, that is,

tollsnlly + EnF () = 67 |l o + AL N8| 2, (2.41)
Using the facts that ||z,||y and ||u, |4, are bounded and lim,, . oo [| 44 I};; , = B, we deduce
from (2.41) that the sequence {¢,} is bounded. If necessary, up to a subsequence, we can
assume t, — to > 1. Then it follows from (2.38), (2.39) and (2.41) that
(€2 = ) lunlly + €nty + (64 — 1) F () = (£ = ) tnlll) - (2.42)
Since t* < ¢! and F(u,) > 0, we have
(& = e Nlunllly , — €ntyy < (67 — t) uullz, YVn>1. (2.43)

n n —

Letting n — oo in (2.43) yields

(6 —6) B < (5 —t5)v, (2.44)
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where v = limsup,_, . 4,2 > 0 and B = lim,—, 4}y .- Since £ > 1 and 4 < g < m, we
have ty = 1. That is, t, — 1 as n — 00. Therefore, it follows from (2.28) and (2.38) that

da < ]a(tnun) :PltZ”M”%/ +p2tjp(un) +P3tZl||Mn||$,a

=t pillunlf + poF () + p3llunlln ] + ¥ = 6] () + Vs (2.45)

where y, = pieaty + pa(ty — t2)F(un) + ps() — t)|lunl2 .. Since t, — 1, we get y,, — 0.
Moreover, the facts J(u,) — d and £, — 1 in (2.45) imply that d,, < d. This contradicts the
result in Lemma 2.5. Therefore, we have 6 > 0 and complete the proof of Lemma 2.6. [J

In the following, we consider the case 6 € (0, 8). As in [20, 21], we let € (0, 8) and take
{#,} as a minimizing sequence for d on NV, which satisfies (2.12) and

/ ax)|u,|" dx =0 + 0,(1), / a(x)|u,|"™ dx = 0,(1),
B, Qy

n

/ b(x)|u|?dx = o + 0,(1), / b(x)|u|? dx = 0,(1),
By, 2

(2.46)
/ |Mn|2 dx = On(l): / |Vun|2dx = On(l):
Bﬁn Qy

6
/ @[ dx =040 Nttalles lutall, <My, Vn>12<p<6,
BC

n

where and in the sequel, B, = {x e R®: |x| <7}, BE={x e R3: |x| > 1}, Q, = {x € R3:1,, <
|%| < ry1} with r, 4 0o and 0,(1) is a quantity which goes to zero as n — oo.

Since J(u,) = J(|u,|) in E, we assume u, > 0 in R3. Furthermore, we also consider, for
every n € N, a function ¢, € C3°(R?) such that

(1) 0<@ux) <1,VxeR5,

(2) @u(x) =Lif |x] <7y, @u(x) = 0 if x| > rya1,

(3) |Ve,(x)| < Cy, Vx € R3 and Vn > 1,
where Cj is some positive number independent of #n. Furthermore, we set

1w, (%) = u@un(x),  u () = (1-@u(x)un(x), xeR (2.47)
Then ), u, > 0 and u, = u, + u, in R for every n > 1.

Lemma 2.7 The following properties for u,, u,, u, hold:

P1) u, — u weakly in E = WY2(R3), u, — u strongly in L™ (R3,a) N L1(R3, b).
Po) [rs a(@)|ua|” dx = [ps a(x)|u,|" dx + [5s a(x)|u,|" dx + 0,(1).

P3) frs ) unl?dx = [o5 b(x) )| dx + [os b(x)|u))|? dx + 0,(1).

Py) Nl = Nl |17 + Nl 17 + 0, (D).

Ps) F(u,) > F(u,) + F(u)), Vn > 1.

Pe) Fluy) < F(u) + F(u)) + Y51 Ay, ¥ = 1, in which

~ o~ o~ o~~~

Al = / K(®), ()12 (x) dx = 0, (1),
Qy

Ai = / K(x)qbu;q (x)uf,(x) dx = 0,(1),
Qy
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A3 = / K@) (612(x) dx = 0, (1), (2.48)
Qy

Ai = / K(x)p,, (x)ufl(x) dx =0,(1),
BC

"n+l

A = / K)oy i) dx = 0,1), n=1,2,...,
B,

where ¢, is defined by (1.10).

Proof The proof of properties (P;)-(P4) is similar to that in [20, 21] and is omitted. Here,
we prove (Ps) and (Pg). Note that u) (x) = u,(x), u,(x) = 0 if x € B,, and u)(x) = u,(x),
u,(x)=0ifx e B . So,

Tnl®

’, x€B, UB . (2.49)

’Lt’,,(x)!2 + ‘u;/(x)‘z = ’u,,(x)
Moreover, if x € 2,,, we have 0 < ¢, (x) <1and
|t @) + (0| = |2 @) (|00 @) + 1= 0a@)]*) < 100 (2.50)

Thus, one sees that

|un(ac)|2 > |u;(x)|2 + |u/,:(x)|2, Vx € R3. (2.51)
Clearly,
1 K(y)up(y)
@) = — [ 22,

o) = 3 [ =yl

1 K ()}, ())* 1 K(y)(u,(y)?

- 2, 2 BWRLDID,
47 /B lx — 1 Vax /Bgm oyl

i Jo, |lx-yl

- = / KO [(”n@)f - (%,(3’))2 - (u’,;(y))z] dy + ¢, (%) + ¢ (%)

ar Jg, lx -yl

> ¢y (%) + ¢ (x), VxeR’. (2.52)

L[ KO0

So, we have
Fln) = [ K)o, ()
R3
> / KX)oy, (W) u?(x) dx + / I((x)d)ufr;(x)ufl(x)dx
R3

- Flu) + F(u;) + [

Qp

K@y, [, - (,)"] d + / K@ [, - (w;)"] dx

Qn
+ / K@),y (i) dx + / K@) () dx
Bry B$n+1

> F(u,) + F(u,), Vn>1, (2.53)

which proves (Ps5).
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On the other hand, it follows from (2.52) that

2
B (5) < ot () + g () + —— / K60 (2.54)
47 o |x =y

Noticing that

1 I((y)uz(y) ) N
yp RB(/{; )] K(x)u, (x)dx

1 K (x)uz(x) 2
SN (/Rg e dx)K(y)un(y)dy

- [ K@, (ne (255)
Qy
we have from (2.54) and (2.55) that

/ Kb, ()i (x) e < / K2 0) (b (3) + oy () e + / K)bu, (i (x) dx

Qp
5
< F(u,) + F(up) + > Al (2.56)
j=1
If K € L(R3) and K > 0, we have from (2.12) that
A= [ Kouids <ol Doy Il
Qy L5 (Qn
<aludiluad®y < coMilud’y . (2.57)
L5 (@ L5 (Qn
From (2.46), we have |[u,||*;,  =0,(1) and so A = 0,(1).
L5 (Qm

If K € L*(R3) and K > 0, we derive from the Holder inequality and the Sobolev inequal-
ity that
A = 9w,z 1K Nl 20, 140176
< allunllglmnllfs g 1Kl 2, < MK 2(,)- (2.58)
Similarly, the assumption K € L*(R?) implies that [|K]|;2(q,) = 0,(1) and A, = 0,(1).

Furthermore, since u,(x) > u; (x), u,(x), we have ¢,,(x) > ¢,/ (x), ¢,/ (x), and then 0 <
A2, A3 < Al =0,(1). Noticing that

A= / K@)y, () (x) dox < ] K@) u, (%)t (x) dox, (2.:59)
Bf"n+1 Bf"n

we argue as in the proof of (2.57) and (2.58) and obtain A% = 0,/(1). Similarly,

AS = /B K(x)cpu//(x)u2(x)dx—— A /R X K(y|x y(ly) K ()ur,(x) dy dx

n

K (J’)Mz(y) 2 B 2
47[ ./z; / ———K(x)u, (x)dydx = /l;ﬁ,, K®)pu, 0)u,(y) dy, (2.60)

Page 13 of 17
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we get from (2.59) and A% = 0,,(1) that A3 = 0,(1) if K € L>(R?) U L>°(R?) and finish the
proof of (Pg). Then the proof of Lemma 2.7 is completed. d

3 Proof of Theorem 1.1
In order to prove Theorem 1.1, we first show that the weak limit # of the minimizing se-
quence {u,} in Section 2 verifies

pillulls + poF(u) + psllulll), <d (3.1)
and
el + F(u) = N1l + Al (32)

where p; is given by (2.22).
Let {u,} be a minimizing sequence for d on \V in Section 2. Then, if necessary, up to a
subsequence, we have u, — u in E and L"(R3, a). By the weak lower semi-continuity of

norms, we obtain

pillull} + paF(w) + psllulll), < prliminf [|u, |1} + po liminf F(u,) + p3 liminf ||, ,
n—o0 n—00 n—00

< imiinf(p, |y |} + poF (1) + p3lltenll},.)

= liminf/(u,) = d. (3.3)

This implies relation (3.1). By Lemma 2.6, we get u# > 0, % 0 in R3. We now prove (3.2).
If

el + Fu) < luallyy, + Al (3.4)
we set
h(t) =T (tu)tu = €| ull + £*F(u) = " |lully, - 2t ull], fort=>o0. (3.5)

Then one sees that /(f) > 0 for small ¢ > 0 and /(1) < 0, so that there exists ¢ € (0,1) such
that 4(t) = 0 and tu € N and

d <J(tu) = pr8||ullz + pst*F(u) + pst” |ull}y,

<pillullz + p2F(w) + psllull:, < d. (3.6)

m,a —
This contradiction shows that (3.4) cannot occur. Now we assume
el + F(u) > [|ulll) , + ?»IIMIIZ,;? (3.7)
and choose small §; > 0 such that

7 +8. (3.8)

2
lleellp + F () > sl + Alluell,
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Since u,, — u weakly in E, one has
2 .. 712
u||p < liminf |, || . 3.9
o2 < timin |, | (39)

Moreover, it follows from (Pg) that

n—00 H—> 00 n— 00

5
F(u) < liminf F(u,) < liminf F (1£,,) + limsup F(1£,) + » _ limsup A,
j=1
= liminf F (u;,). (3.10)
n— 00
Then, from (3.8)-(3.10), there exist 8, € (0,8;) and 7y > 1 such that
”u’n ||; + F(u’n) > Hu/n ”Zu +A ”u; ”Z,b +8, forn>ny. (3.11)

Now, by Lemma 2.7, we derive from (3.10), (3.11) and the fact u,, € A that

et 15 + 2] < Nl + 04(1) = Notull 2 + Altnll?, ~ F(2t) + 04(1)
< et + Mol + el + 2215, = (o) = F2e) + 0a(1)
<N+ [+ 2 M7, = Faer) = 82 + 0u D). (3.12)
This implies that
ol + F ) < Jagalln 4 205, = 82+ 0a0). (3.13)

The application of (2.38) and (3.13) shows that there exist 83 € (0,6;) and n; > ny such
that

oy + P = Jo g+ M7 = 00+ 000) form 2 m.
Again, we set an auxiliary function
ya(t) = I, (tu))) (tu)) = £ | ut ||i + ' F () =" w7 - )\tq”u;:”;b for ¢t > 0.

Obviously, y,(t) > 0 for small £ > 0 and y,,(1) < 0 for #n > n;. Then there exists ¢, € (0,1)
such that y,(t,) = 0 and ¢,u), € N,. Then it follows from (2.28) and (2.38) that
do < Ju(tatt) = ity [, | + patsF ) + psty |,
<pilwy]ly +p2F () +ps |,
<pillu |z + poF () + pafiy |, + 0uD)
< pillunlf + p2F(un) + psllunll]y , + 04(1) = J () + 0,(1) > d  as n — oc.

This shows that d, < d and contradicts the result in Lemma 2.5. Therefore, (3.7) fails to
be true and (3.2) is satisfied.

Page 15 of 17
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Since u satisfies (3.1) and (3.2), it follows that z € A and so that J(z) =d and « is a
minimum point for / on V.

To finish the proof of Theorem 1.1, it is sufficient to prove that « is a critical point for
the functional /() in E, that is, J'(#)v = 0 for all v € E, and thus J'(x) = 0 in E*.

For every fixed v € E, there exists ¢ > 0 such that u + sv £ 0 for all s € (-¢,¢). From
Lemma 2.1, there is £(s) € R such that £(s)(z + sv) € N'. We will show that ¢ = £(s) is a C
function. So, we consider the function ¢ : (—¢,&) x R — R as

(s, t) = ]’(t(s)(u + sv))t(s)(u +sv) =2 |lu+ svll% + t F(u + sv)

="+ s, — e+ sv||3’b.
Since u € N, we have
9(0,1) = [|ullf + F(u) = lully,, = Mlull, = 0.
Moreover, we derive

dp
E(O’l) =2||ull} + 4F (u) — m|u|l, —Mlllullg,;,
=2 -@)llul} + (4 - q)Fw) + (q - m)||ull]), <O.

Then, by the implicit function theorem, there exists a C' function £(s) such that
@(s,t(s)) = 0 and £(0) = 1 for every s € (—&9,&0) C (—¢,¢). This also shows that £(s) # 0
and £(s)(u + sv) € N. Then the function 4(s) = J(£(s)(u + sv)), s € (—€0, &) is in C! and has
a minimum at s = 0. Therefore,

0=1(0) =) (llulz + F() = luliy, = 2lulll,) + T @v. (3.14)

Then, from (3.14), it follows for every v € E that J'(u)v = 0. Thus J'(») = 0 in E*. So, u is
a critical point for /, and then u is a weak solution of problem (1.1) in E, that is, u is a
solution of (1.1). Since /() = J(|u|) = d > 0, we can assume « > 0 a.e. in R3. Furthermore,
the application of maximum principle in [22] yields u(x) > 0 in R3. Then the proof of
Theorem 1.1 is finished.
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