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Abstract
In this paper, we study the existence and uniqueness of solution (EUS) as well as
Hyers-Ulam stability for a coupled system of FDEs in Caputo’s sense with nonlinear
p-Laplacian operator. For this purpose, the suggested coupled system is transferred to
an integral system with the help of four Green functions Gα1 (t, s), Gβ1 (t, s), Gα2 (t, s),
Gβ2 (t, s). Then using topological degree theory and Leray-Schauder’s-type fixed point
theorem, existence and uniqueness results are proved. An illustrative and expressive
example is given as an application of the results.

Keywords: Caputo’s fractional derivative; coupled system of FDEs; topological
degree theory; existence and uniqueness; Hyers-Ulam stability

1 Introduction
Due to the applications of FDEs, fractional calculus has got the attention of scientists in
the fields like fractals theory, electromagnetic theory, metallurgy, plasma physics, signal
and image processing, control theory ecology, economics, biology. For instance, see the
applications of FDEs in different scientific fields in [–] and the references therein.

There exist a large number of nonlinear mathematical models in the scientific fields for
the study of dynamical systems. One of the most important nonlinear operators frequently
used is the classical p-Laplacian operator, which satisfies


p

+

q

= , φp(s) = |s|p–s, p >  and φq(θ ) = φ–
p (θ ).

For the details and applications as regards the nonlinear p-Laplacian operator, the reader
is referred to [–] and the references therein.

Here we highlight some recent contributions of the researchers which are related to
our work. Lu et al. [] discussed a Sturm-Liouville boundary value problem (BVP) of
FDEs with p-Laplacian for the existence of two or three positive solutions by the Leggett-
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Williams fixed point theorem. Their problem is given by

⎧
⎨

⎩

Dβ
+ (φp(Dα

+μ(x))) + f (x,μ(x)) = ,  < x < ,

aμ() – ημ′() = , γμ() + δμ′() = , Dα
+μ() = ,

where Dα
+ , Dβ

+ denote the standard Caputo fractional derivatives,  < α ≤ ,  < β ≤ ,
ρ = aγ + aδ + ηγ > , a,η, δ,γ ≥ , and f is a continuous function.

Hu et al. [] investigated the following nonlinear FDEs with p-Laplacian operator ad-
dressing the existence of a solution:

⎧
⎨

⎩

Dβ
+ (φp(Dα

+μ(x))) + f (x,μ(x),Dα
+μ(x)) = , x ∈ (, ),

Dα
+μ() =  = Dα

+μ(),

where  < α,β < ,  < α +β < , Dα
+ , Dβ

+ represent the standard Caputo fractional deriva-
tives, and f is continuous.

Hu and Zhang [] recently studied a coupled system of FDEs with p-Laplacian operator
with infinite boundary conditions,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Dβ
+φp(Dα

+ x(t)) = h(t, y(t),Dα–
+ ,Dα–

+ y(t), . . . ,Dα–(n–)
+ y(t)), t ∈ (, ),

Dβ
+φp(Dα

+ y(t)) = g(t, x(t),Dα–
+ ,Dα–

+ x(t), . . . ,Dα–(n–)
+ x(t)), t ∈ (, ),

x′() = · · · = x(n–)() = Dα
+ x() = , x() =

∑∞
i= aix(μi),

y′() = · · · = y(n–)() = Dα
+ y() = , y() =

∑∞
i= biy(νi),

where  < β,β < , n –  < α,α < n,  < μ < μ < · · · < μi < · · · < ,  < ν < ν < · · · < νi <
· · · < ,

∑∞
i= |ai| < ∞,

∑∞
i= |bi| < ∞,

∑∞
i= ai =

∑∞
i= ai = , and Dβi

+ , Dαi
+ , for i = , , are

Caputo fractional derivatives, and h, g are real valued continuous functions.
Zhi et al. [] have investigated the existence of positive solutions for a nonlocal BVP of

FDEs with p-Laplacian operator and illustrated the problem with an illustrative example.
The corresponding problem is

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(φp(Dα
+μ(x)))′′ = F(x,μ(x),Dβ

+μ(x)), x ∈ (, ),

μ(x)|x= = μ′′(x)|x= = , μ() =
∫ 

 g(θ )μ(θ ) dθ ,

(φp(Dα
+ )μ()))′ = ξ(φp(Dα

+ )μ(a))′,

φp(Dα
+ )μ() = ξ(φp(Dα

+ )μ(b)),

where φp is a p-Laplacian operator and  < α ≤ ,  < β < α –  < ,  < a ≤ b < ,  ≤
ξ, ξ < , and Dα

+ expresses the Caputo derivative of order α.
Ahmad et al. [] studied a nonlinear FDE with nonlocal Erdélyi-Kober and generalized

Riemann-Liouville-type fractional integral IBCs for the EUS by a different approach. They
considered the following problem:

⎧
⎨

⎩

cDαu(t) = f (t, u(t)), t ∈ [, T],

u() = θIγ ,δ
η u(ζ ), u(T) = βρIpu(ξ ),  < ξ , ζ < T ,
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where cDα is a fractional order Caputo differential operator. Iγ ,δ
η is a fractional integral in

the Erdélyi-Kober sense, ρIp is a fractional order Riemann-Liouville integral, δ > , η > ,
ρ > , p > , θ ,β ,γ ∈R,  < α ≤ , f : [, T] ×R→ R.

Stability analysis plays a significant role in the optimization and numerical analysis of
the FDEs. Recently, the study of different sorts of stabilities of FDEs has attracted the at-
tention of researchers. For example, exponential, Mittag-Leffler, and Lyapunov stabilities
have been considered by some researchers [, ]. Stability was importantly given by
Ulam [], which was formally introduced by Hyers []. Urs [] investigated the Hyers-
Ulam stability for the following coupled periodic BVPs:

⎧
⎪⎪⎨

⎪⎪⎩

μ′′(x) – F(x,μ(x)) = F(x, v(x)), x ∈ [, T],

v′′(x) – F(x, v(x)) = F(x,μ(x)),

μ(x)|x= = μ(x)|x=T , v(x)|x= = v(x)|x=T .

Recently, Ali et al. [] studied the following coupled system of FDEs with fractional
order integral boundary conditions for the EUS and Hyers-Ulam stability:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

cDα
+ u(t) = f (t, v(t)), t ∈ [, ],

cDβ
+ v(t) = f (t, u(t)), t ∈ [, ],

u() = , u(t)|t= = 
(γ )

∫ T
 (T – s)γ –p(u(s)) ds,

v() = , v(t)|t= = 
(δ)

∫ T
 (T – s)δ–q(v(s)) ds,

where α,β ,γ , δ ∈ (, ], cDα
+ , cDβ

+ are Caputo fractional derivatives, and p, q ∈ L[, ].
Using classical fixed point theory one needs strong conditions to establish the case of

FDEs and therefore restrict the applicability to certain classes of FDEs and their systems.
To relax the criteria degree theory plays an excellent role for the existence of solutions to
FDEs and their systems. Various degree theories including Brouwer and Leray-Schauder
degree theories have been established to deal with the existence theory of differential
equations. A version of degree theory known as topological degree theory was impor-
tantly introduced by Mawhin [] and later on extended by Isaia []; it has been used
to establish existence theory of nonlinear differential and integral equations. The men-
tioned method is called a prior estimate method which does not require compactness of
the operator and relaxing the conditions for existence and uniqueness of solutions of dif-
ferential and integral equations. Recently, the aforesaid degree theory has been applied to
investigate certain classes of FDEs with boundary conditions, in the references [–].

Inspired by the aforementioned research, we use the topological degree method to in-
vestigate EUS and Hyers-Ulam stability of a coupled system with IBCs and nonlinear p-
Laplacian operator given by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Dβ
+ (φp(Dα

+ u(t))) + ψ(t, v(t)) = , Dβ
+ (φp(Dα

+ v(t))) + ψ(t, u(t)) = ,

(φp(Dα
+ u(t)))|t= = Iβ–

+ (ψ(t, v(t)))|t=,

(φp(Dα
+ u(t)))′|t= =  = (φp(Dα

+ u(t)))′′|t=,

(φp(Dα
+ v(t)))|t= = Iβ–

+ (ψ(t, u(t)))|t=,

(φp(Dα
+ v(t)))′|t= =  = (φp(Dα

+ v(t)))′′|t=,

u() =  = u′′(), u() = , v() =  = v′′(), v() = ,

(.)
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where  < αi,βi < , ψ,ψ ∈ L[, ], and Dαi
+ , Dβi

+ for i = ,  stand for the Caputo frac-
tional derivatives, φp(κ) = |κ|p–κ is the p-Laplacian operator where /p + /q = , and φq

denotes the inverse of the p-Laplacian operator. Here we remark that the application of
the degree method to deal with the existence and uniqueness and to find conditions for
Hyers-Ulam stability to a coupled system of FDEs with p-Laplacian operator (.) has not
been investigated to the best of our knowledge. We prove sufficient conditions for EUS and
Hyers-Ulam stability for the coupled system (.). The sufficient conditions for the EUS
are obtained with the help of coincidence degree theory and nonlinear functional analysis
as suggested by Deimling []. Our problem is more general and complicated than the
work in []. Some new and related results obtained via the topological degree method
can be found in [–]. For the application of the results, an illustrative example is also
presented.

2 Auxiliary results
Here we recall some definitions, theorems, and Hyers-Ulam stability results from the lit-
erature [–, ], which have an important role in the results of the paper.

Definition . The Riemann-Liouville-type fractional integral of order α of a function
f (t) is defined as

Iα
+ f (t) =


(α)

∫ t


(t – θ )α–f (θ ) dθ , (.)

provided that the integral on the right converges pointwise on (,∞).

Definition . The Caputo fractional derivative of order α >  of a function f (t) is

Dα
+ f (t) =


(m – α)

∫ t


(t – θ )m–α–f (m)(θ ) dθ , (.)

where m = [α] + , [α] is the integer part of α, provided that the integral on the right hand
side converges pointwise on the interval (,∞).

Lemma . Let α >  and λ ∈ C(, ) ∩ L(, ). Then the general solution of the FDE

Dα
+λ(t) = y(t)

is given by

λ(t) = y(t) + b + bt + bt + · · · + bm–tm–,

where, for some bi ∈R, i = , , , . . . , m – , m is the smallest integer such that m ≥ α.

Lemma . ([]) Let α ∈ (n – , n], ψ ∈ ACn–. Then

Iα
+D

α
+ψ(t) = ψ(t) + c + ct + ct + · · · + cn–tn–,

for ci ∈R for i = , , , . . . , n – .



Khan et al. Boundary Value Problems  (2017) 2017:157 Page 5 of 16

Let L = C([, ],R) be the Banach space of continuous functions with a topology of uni-
form convergence and endowed with a norm ‖u(t)‖ = sup{|u(t)| : t ∈ [, ]}. The product
space denoted by ω∗ = L × L under the norms ‖(u, v)(t)‖ = ‖u(t)‖ + ‖v(t)‖ is also a Ba-
nach space. We recall some basic definitions and results related to the coincidence degree
theory and nonlinear functional analysis, from the available literature; see [, , –]
and the references therein.

Definition . Let the class of all bounded sets of P(L) be denoted by ℵ. Then the map-
ping F : ℵ → (,∞) for the Kuratowski measure of noncompactness is defined as

F (z) = inf{d >  : z is the finite cover for sets of diameter ≤ d},

where z ∈ ℵ.

Proposition . The following are the characteristics of the measure F :
() for relative compact A, the Kuratowski measure F (A) = ;
() semi-norm F , that is F (κA) = |κ|F (A), κ ∈R, and F (A + A) ≤F (A) + F (A);
() A ⊂ A yields F (A); F (A ∪ A) = sup{F (A),F (A)};
() F (conv A) = F (A);
() F (Ā) = F (A).

Definition . Assume that ϕ : ϑ → L is bounded and a continuous mapping such that
ϑ ⊂L. Then ϕ is an F -Lipschitz, where ζ ≥  such that

F
(
ϕ(A)

) ≤ ζ j (A) for all bounded A ⊂ ϑ .

Then ϕ is called a strict F -contraction under the condition ζ < .

Definition . The function ϕ is F -condensing if

F
(
ϕ(A)

)
< F (A), for all bounded A ⊂ ϑ such that F (A) > .

Therefore F (ϕ(A)) ≥ j (A) yields F (A) = .

Further we have ϕ : ϑ →L is Lipschitz for ζ > , such that

∥
∥ϕ(υ) – ϕ(ῡ)

∥
∥ ≤ ζ‖υ – ῡ‖, for all υ, ῡ ∈ ϑ .

The condition ζ <  causes ϕ to be a strict contraction.

Proposition . The mapping ϕ isF -Lipschitz with constant ζ =  if and only if ϕ : ϑ →L
is said to be compact.

Proposition . The operator ϕ is F -Lipschitz for some constant ζ if and only if ϕ : ϑ →
L is Lipschitz with constant ζ .
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Theorem . Let ϕ : L→L be a F -contraction and

G =
{

z ∈L : there exist  ≤ λ ≤  such that z = λϕ(z)
}

.

If G is bounded in L, there exists r >  and G ⊂ zr(), with the degree

deg
(
I – λϕ, zr(), 

)
= , for every λ ∈ [, ].

Consequently, ϕ has at least one fixed point and the set of fixed points of ϕ lies in zr().

Lemma . ([]) Let φp be a p-Laplacian operator. Then we have
(i) if  < p ≤ , κκ > , and |κ|, |κ| ≥ ρ > , then

∣
∣φp(κ) – φp(κ)

∣
∣ ≤ (p – )ρp–|κ – κ|;

(ii) if p >  and |κ|, |κ| ≤ ρ , then

∣
∣φp(κ) – φp(κ)

∣
∣ ≤ (p – )ρp–|κ – κ|.

3 Main results
Theorem . Let ψ ∈ C[, ] be an integrable function satisfying (.). Then the solution
of

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Dβ
+ (φp(Dα

+ u(t))) + ψ(t, v(t)) = ,

(φp(Dα
+ u(t)))|t= = Iβ–

+ (ψ(t, v(t)))|t=,

(φp(Dα
+ u(t)))′|t= =  = (φp(Dα

+ u(t)))′′|t=,

u() =  = u′′(), u() = ,

(.)

is given by the integral equation

u(x) =
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ

)

ds, (.)

where Gα (t, s), Gβ (s, θ ) are Green functions defined by

Gα (t, s) =

⎧
⎨

⎩

(t–s)α––t(–s)α–

(α) ,  ≤ s ≤ t ≤ ,
–t(–s)α–

(α) ,  ≤ s ≤ t ≤ ,
(.)

Gβ (t, s) =

⎧
⎨

⎩

–(t–s)β–+(–s)β–

(β) + t(–s)β–

(β–) ,  ≤ s ≤ t ≤ ,
(–s)β–

(β) + t(–s)β–

(β–) ,  ≤ s ≤ t ≤ .
(.)

Proof Applying operator Iβ
+ to (.) and using Lemma ., we get the following equivalent

integral form of (.):

φp
(
Dα

+ u(t)
)

= –Iβ
+ψ

(
t, v(t)

)
+ c + ct + ct. (.)
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The condition (φp(Dα
+ u(t)))′′|t= =  results in c = . The idea that (φp(Dα

+ u(t)))′|t= = 
implies

c = Iβ–
+ ψ

(
t, v(t)

)∣
∣
t= =


(β – )

∫ 


( – s)β–ψ

(
s, v(s)

)
ds. (.)

With condition (φp(Dα
+ u(t)))|t= = Iβ–

+ ψ(t, v(t))|t=, we have

c = Iβ
+ψ

(
t, v(t)

)∣
∣
t= =


(β)

∫ 


( – s)β–ψ

(
s, v(s)

)
ds. (.)

From the values of ci for i = , ,  and (.), we have

φp
(
Dα

+ u(t)
)

= –Iβ
+ψ

(
t, v(t)

)
+ Iβ

+ψ
(
t, v(t)

)∣
∣
t= + tIβ–ψ

(
t, v(t)

)

=
–

(β)

∫ t


(t – s)β–ψ

(
s, v(s)

)
ds +


(β)

∫ 


( – s)β–ψ

(
s, v(s)

)
ds

+
t

(β)

∫ 


( – s)β–ψ

(
s, v(s)

)
ds

=
∫ 


Gβ (t, s)ψ

(
s, v(s)

)
ds, (.)

where Gβ (t, s) is a Green function given in (.). From (.), we further have

Dα
+ u(t) = φq

(∫ 


Gβ (t, s)ψ

(
s, v(s)

)
ds

)

. (.)

Applying the fractional integral operator Iα
+ on (.) and using Lemma . again, we have

u(t) = Iα
+

(

φq

(∫ 


Gβ (t, s)ψ

(
s, v(s)

)
ds

))

+ k + kt + kt. (.)

Using the condition u() =  = u′′() in (.), we obtain k =  = k. From the condition
u() = , we have k = –Iα

+ (φq(
∫ 

 Gβ (t, s)ψ(s, v(s)) ds))|t=. Putting the values of ki for i =
, ,  in (.), we get the solution u(t) in the following integral form:

u(t) = Iα
+

(

φq

(∫ 


Gβ (t, s)ψ

(
s, v(s)

)
ds

))

– tIα

(

φq

(∫ 


Gβ (t, s)ψ

(
s, v(s)

)
ds

))∣
∣
∣
∣
t=

=
(∫ t



(t – s)α–

(α)
– t

∫ 



( – s)α–

(α)

)

φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ

)

ds

=
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ

)

ds, (.)

where Gα (t, s), Gβ (s, θ ) are Green functions defined by (.), (.), respectively. �
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Theorem . implies that our problem (.) is equivalent to the following coupled system
of Hammerstein-type integral equations:

u(t) =
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ

)

ds, (.)

v(t) =
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ

)

ds, (.)

where Gα (t, s), Gβ (t, s) are the following Green functions:

Gα (t, s) =

⎧
⎨

⎩

(t–s)α––t(–s)α–

(α) ,  ≤ s ≤ t ≤ ,
–t(–s)α–

(α) ,  ≤ s ≤ t ≤ ,
(.)

Gβ (t, s) =

⎧
⎨

⎩

–(t–s)β–+(–s)β–

(β) + t(–s)β–

(β–) ,  ≤ s ≤ t ≤ ,
(–s)β–

(β) + t(–s)β–

(β–) ,  ≤ s ≤ t ≤ .
(.)

Define T ∗
i : L→L for (i = , ) by

T ∗
 u(t) =

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ

)

ds, (.)

T ∗
 v(t) =

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , u(θ )

)
dθ

)

ds. (.)

By Theorem ., the solution of the coupled system of the Hammerstein-type integral
equations (.), (.) is equivalent to the fixed point, say (u, v), of the operator equation

(u, v) = T ∗(u, v) =
(
T ∗

 (u),T ∗
 (v)

)
(t), (.)

for T ∗ = (T ∗
 ,T ∗

 ).
To proceed, we introduce the following assumptions:

(Q) The functions ψ, ψ satisfy the following growth conditions for the constants a, b,
M

∗
ψ

, M∗
ψ

:

∣
∣ψ(x, u)

∣
∣ ≤ a|u| + M

∗
ψ ,

∣
∣ψ(x, v)

∣
∣ ≤ b|v| + M

∗
ψ .

(Q) There exist real valued constants λψ , λψ such that, for all u, v, x, y ∈L,

∣
∣ψ(t,υ) – ψ(t, x)

∣
∣ ≤ λψ |υ – x|,

∣
∣ψ(t,μ) – ψ(t, y)

∣
∣ ≤ λψ |μ – y|.

Theorem . With assumption (Q), the operator T ∗ : ω∗ → ω∗ is continuous and satis-
fies the following growth condition:

∥
∥T ∗(u, v)

∥
∥ ≤ B

∥
∥(u, v)

∥
∥ + K, (.)
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where B = �(a + b), K = �(M∗
 + M∗

), and

� = max

{
(q – )ρq–


(α + )

(


(β)
+


(β + )

)

,

(q – )ρq–


(α + )

(


(β)
+


(β + )

)}

, (.)

for each (u, v) ∈ ℘r ⊂ ω∗.

Proof Consider the bounded set ℘r = {(u, v) ∈ ω : ‖(u, v)‖ ≤ r} with sequence {(un, vn)}
converging to (u, v) in ℘r . To show that ‖T ∗(un, vn) – T ∗(u, v)‖ →  as n → ∞, let us
consider

∣
∣T ∗

 un(t) – T ∗
 u(t)

∣
∣ =

∣
∣
∣
∣

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , vn(θ )

)
dθ

)

ds

–
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ

)

ds
∣
∣
∣
∣

≤ (q – )ρq–


(∫ 



∣
∣Gα (t, s)

∣
∣
∫ 



∣
∣Gβ (s, θ )

∣
∣

× ∣
∣ψ

(
θ , vn(θ )

)
– ψ

(
θ , v(θ )

)∣
∣dθ ds

)

(.)

and

∣
∣T ∗

 vn(t) – T ∗
 v(t)

∣
∣ =

∣
∣
∣
∣

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , un(θ )

)
dθ

)

ds

–
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , u(θ )

)
dθ

)

ds
∣
∣
∣
∣

≤ (q – )ρq–


(∫ 



∣
∣Gα (t, s)

∣
∣
∫ 



∣
∣Gβ (s, θ )

∣
∣

× ∣
∣ψ

(
θ , un(θ )

)
– ψ

(
θ , u(θ )

)∣
∣dθ ds

)

. (.)

From (.) and (.), we have

∣
∣T ∗(un, vn)(t) – T ∗(u, v)(t)

∣
∣ ≤ (q – )ρq–



(∫ 



∣
∣Gα (t, s)

∣
∣
∫ 



∣
∣Gβ (s, θ )

∣
∣

× ∣
∣ψ

(
θ , vn(θ )

)
– ψ

(
θ , v(θ )

)∣
∣dθ ds

)

+ (q – )ρq–


(∫ 



∣
∣Gα (t, s)

∣
∣
∫ 



∣
∣Gβ (s, θ )

∣
∣

× ∣
∣ψ

(
θ , un(θ )

)
– ψ

(
θ , u(θ )

)∣
∣dθ ds

)

. (.)

From the continuity of ψ, ψ and (.), we have |T ∗(un, vn)(t) –T ∗(u, v)(t)| → , as n →
∞. Thus the operator T ∗ is a continuous operator. Further, with the help of (.) and
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(.), we proceed as follows:

∣
∣T ∗

 u(t)
∣
∣ =

∣
∣
∣
∣

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ ds

)∣
∣
∣
∣

≤ (q – )ρq–


∣
∣
∣
∣

∫ 


Gα (t, s)

∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ ds

∣
∣
∣
∣

≤ (q – )ρq–


∣
∣
∣
∣

(∫ t



(t – s)α–

(α)
– t

∫ 



( – s)α–

(α)

(
–

(β)

∫ s


(s – θ )β–

+


(β)

∫ 


( – θ )β– +

s
(β)

∫ 


( – θ )β–

)

dθ ds
)∣

∣
∣
∣

(
a|v| + M

∗
ψ

)

≤ (q – )ρq–


(α + )

(


(β)
+


(β + )

)
(
a|v| + M

∗
ψ

)
, (.)

∣
∣T ∗

 v(t)
∣
∣ =

∣
∣
∣
∣

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , u(θ )

)
dθ

)

ds
∣
∣
∣
∣

≤ (q – )ρq–


∣
∣
∣
∣

∫ 


Gα (t, s)

(∫ 


|Gβ (s, θ )ψ

(
θ , u(θ )

)
dθ

)

ds
∣
∣
∣
∣

≤ (q – )ρq–


∣
∣
∣
∣

(∫ t



(t – s)α–

(α)
– t

∫ 



( – s)α–

(α)

)(
–

(β)

∫ s


(s – θ )β–

+


(β)

∫ 


( – θ )β– +

s
(β)

∫ 


( – θ )β–

)

dθ ds
∣
∣
∣
∣

(
b|u| + M

∗
ψ

)

≤ (q – )ρq–


(α + )

(


(β)
+


(β + )

)
(
b|u| + M

∗
ψ

)
.

(.)

Consequently, we have

∣
∣T ∗(u, v)(t)

∣
∣ ≤ �

(
a|v| + M

∗
ψ

)
+ �

(
b|u| + M

∗
ψ

)

≤ �(a + b)
(|v| + |u|) + �

(
M

∗
ψ + M

∗
ψ

)
= B

∥
∥(u, v)

∥
∥ + K. (.)

This completes the proof. �

Theorem . Let assumption (Q) hold. Then the operator T ∗ : ω∗ → ω∗ is compact and
ξ -Lipschitz with constant zero.

Proof With the help of Theorem ., we deduce that the operator T ∗ : ω → ω is bounded.
Next, using assumption (Q), Lemma ., and equations (.), (.), for any t, t ∈ [, ],
we have

∣
∣T ∗

 u(t) – T ∗
 u(t)

∣
∣ =

∣
∣
∣
∣

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ

)

ds

–
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ

)

ds
∣
∣
∣
∣

≤ (q – )ρq–


|tα
 – tα

 | + |t – t|
(α + )

(


(β)
+


(β + )

)

× (
a|v| + M

∗
ψ

)
, (.)
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∣
∣T ∗

 v(t) – T ∗
 v(t)

∣
∣ =

∣
∣
∣
∣

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , u(θ )

)
dθ

)

ds

–
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , u(θ )

)
dθ

)∣
∣
∣
∣

≤ (q – )ρq–


|tα
 – tα

 | + |t – t|
(α + )

(


(β)
+


(β + )

)

× (
a|u| + M

∗
ψ

)
. (.)

From (.), (.), we have

∣
∣T ∗(u, v)(t) – T ∗(u, v)(t)

∣
∣

≤ (q – )ρq–


|tα
 – tα

 | + |t – t|
(α + )

(


(β)
+


(β + )

)

× (
a|v| + M

∗
ψ

)

+ (q – )ρq–


|tα
 – tα

 | + |t – t|
(α + )

(


(β)
+


(β + )

)

× (
a|u| + M

∗
ψ

)
. (.)

As t → t, the right hand side of (.) approaches zero. Thus T ∗ = (T ∗
 ,T ∗

 ) is an
equicontinuous operator on D. By Arzela-Ascoli’s theorem, the operator T ∗(D) is com-
pact. Hence D is ξ -Lipschitz with constant zero. �

Theorem . Let assumptions (Q), (Q) hold. Then the coupled system (.) has a unique
solution provided that �∗ < , where

�∗ =
(p – )ρp–

 λψ

(α + )

(


(β)
+


(β + )

)

+
(q – )ρq–

 λψ

(α + )

(


(β)
+


(β + )

)

. (.)

Proof From (.), (.), and assumptions (Q) and (Q), we have

∣
∣T ∗

 u(t) – T ∗
 ū(t)

∣
∣ =

∣
∣
∣
∣

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ

)

ds

–
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v̄(θ )

)
dθ

)

ds
∣
∣
∣
∣

≤ (q – )ρq–
 λψ

(α + )

(


(β)
+


(β + )

)
∣
∣v(t) – v̄(t)

∣
∣ (.)

and

∣
∣T ∗

 v(t) – T ∗
 v̄(t)

∣
∣ =

∣
∣
∣
∣

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , u(θ )

)
dθ

)

ds

–
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , ū(θ )

)
dθ

)

ds
∣
∣
∣
∣

≤ (q – )ρq–
 λψ

(α + )

(


(β)
+


(β + )

)
∣
∣u(t) – ū(t)

∣
∣. (.)
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From (.), (.) we have

∣
∣T ∗(u, v)(t) – T ∗(ū, v̄)(t)

∣
∣ ≤ (q – )ρq–

 λψ

(α + )

(


(β)
+


(β + )

)
(∣
∣v(t) – v̄(t)

∣
∣
)

+
(q – )ρq–

 λψ

(α + )

(


(β)
+


(β + )

)
(∣
∣u(t) – ū(t)

∣
∣
)

≤
[

(q – )ρq–
 λψ

(α + )

(


(β)
+


(β + )

)

+
(q – )ρq–

 λψ

(α + )

(


(β)
+


(β + )

)]

× (∥
∥(u, v)(t) – (ū, v̄)(t)

∥
∥
)

= �∗(∥∥(u, v)(t) – (ū, v̄)(t)
∥
∥
)
. (.)

With the help of Banach’s FPT and our assumption �∗ < , the contraction T ∗ has a unique
fixed point. Thus, the coupled system of FDEs with p-Laplacian operator (.) has a unique
solution. �

4 Hyers-Ulam stability
Here we study Hyers-Ulam stability for the coupled system of FDEs with fractional dif-
ferential and integral IBCs and p-Laplacian operator (.). In view of the definitions of
Hyers-Ulam stability given in [–], we present the following definition.

Definition . The coupled system of Hammerstein-type integral equations (.), (.)
is Hyers-Ulam stable if there exist positive constants D∗

 , D∗
 satisfying the following con-

ditions:
For every λ,λ > , if

∣
∣
∣
∣u(t) –

∫ 


Gα (t, s)φq

(∫ 


Gβψ

(
τ , v(τ )

)
)

ds
∣
∣
∣
∣ ≤ λ,

∣
∣
∣
∣v(t) –

∫ 


Gα (t, s)φq

(∫ 


Gβψ

(
τ , u(τ )

)
)

ds
∣
∣
∣
∣ ≤ λ,

(.)

there exists a pair, say (u∗(t), v∗(t)), satisfying

u∗(t) =
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v∗(θ )

)
dθ

)

ds,

v∗(t) =
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , u∗(θ )

)
dθ

)

ds,
(.)

such that
∣
∣u(t) – u∗(t)

∣
∣ ≤D∗

 λ,
∣
∣v(t) – v∗(t)

∣
∣ ≤D∗

λ.
(.)

Theorem . Under the assumptions (Q) and (Q), the solution of the coupled system of
FDEs with nonlinear p-Laplacian operator (.) is Hyers-Ulam stable.
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Proof With the help of Theorem . and definition ., let (υ(t), z(t)) be a solution of the
coupled system of Hammerstein-type integral equations (.), (.). Let (u∗(t), v∗(t)) be
any other approximation satisfying (.). Then we have

∣
∣u(t) – u∗(t)

∣
∣

=
∣
∣
∣
∣

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v(θ )

)
dθ

)

ds

–
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , v∗(θ )

)
dθ ds

)∣
∣
∣
∣

≤ (q – )ρq–


(∫ 



∣
∣Gα (t, s)

∣
∣
∫ 



∣
∣Gβ (s, θ )

∣
∣
∣
∣ψ

(
θ , v(θ )

)
– ψ

(
θ , v∗(θ )

)∣
∣dθ ds

)

≤ (q – )ρq–
 λψ

(α + )

(


(β)
+


(β + )

)
∣
∣v(t) – v∗(t)

∣
∣ = D∗

 λ (.)

and

∣
∣v(t) – v∗(t)

∣
∣

=
∣
∣
∣
∣

∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , u(θ )

)
dθ

)

ds

–
∫ 


Gα (t, s)φq

(∫ 


Gβ (s, θ )ψ

(
θ , u∗(θ )

)
dθ

)

ds
∣
∣
∣
∣

≤ (q – )ρq–


(∫ 



∣
∣Gα (t, s)

∣
∣
∫ 



∣
∣Gβ (s, θ )

∣
∣
∣
∣ψ

(
θ , u(θ )

)
– ψ

(
θ , u∗(θ )

)∣
∣dθ ds

)

≤ (q – )ρq–
 λψ

(α + )

(


(β)
+


(β + )

)
∣
∣x(t) – u∗(t)

∣
∣ = D∗

λ, (.)

where D∗
 = (p–)ρp–

 λψ
(α+) ( 

(β) + 
(β+) ), D∗

 = (q–)ρq–
 λψ

(α+) ( 
(β) + 

(β+) ). Hence, with the
help of (.) and (.), the coupled system of the Hammerstein-type integral equations
(.) and (.) is Hyers-Ulam stable. Consequently, the coupled system with the p-
Laplacian operator (.) is Hyers-Ulam stable. �

5 Illustrative example
Here we give an application of the results proved in Sections  and .

Example . Consider the coupled system of FDEs with p-Laplacian operator with frac-
tional order differential and integral IBCs of the following type:

D


+

(
φ

(
D



+ u(t)

))
+ ψ

(
t, v(t)

)
= , D



+

(
φ

(
D



+ v(t)

))
+ ψ

(
t, u(t)

)
= ,

(
φ

(
D



+ u(t)

))∣
∣
t= = I




+

(
ψ

(
t, v(t)

))∣
∣
t=,

(
φ

(
D



+ u(t)

))′∣∣
t= =  =

(
φ

(
D



+ u(t)

))′′∣∣
t=,

(
φ

(
D



+ v(t)

))∣
∣
t= = I




+

(
ψ

(
t, u(t)

))∣
∣
t=,

(
φ

(
D



+ v(t)

))′∣∣
t= =  =

(
φ

(
D



+ v(t)

))′′∣∣
t=,

u() =  = u′′(), u() = , v() =  = v′′(), v() = ,

(.)
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where t ∈ [, ], p = , αi = /, βi = /, for i = ,  ψ(t, u(t)) = –
 + 

 sin(v), ψ(t, v(t)) =

 + 

 cos(u), which implies M∗
ψ

= M
∗
ψ

= , Lψ = Lψ = /. By simple calculations, we
obtain

�∗ =
(p – )ρp–

 λψ

(α + )

(


(β)
+


(β + )

)

+
(p – )ρp–

 λψ

(α + )

(


(β)
+


(β + )

)

= . < . (.)

With the help of Theorem . and equation (.), we conclude that (.) has a unique
solution. Similarly, the conditions of Theorem . can be checked easily. Thus the coupled
system (.) is Hyers-Ulam stable.

6 Conclusion
In this paper, we applied the topological degree method to deal with EUS to a coupled sys-
tem of FDEs with p-Laplacian operator (.). We have also given the notion of Hyers-Ulam
stability for our problem and have given sufficient conditions for EUS and Hyers-Ulam sta-
bility. This work provides a base to the study of EUS and different sorts of stabilities for
the FDEs with fractional order integral and differential IBCs and p-Laplacian operator. For
future work, we suggest the reader the consider the problem for multiple solutions. The
problem may also be studied for the EUS using different definitions of the fractional order
derivative.
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