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Abstract
In this paper, we apply critical point theory and variational methods to study the
multiple solutions of boundary value problems for an impulsive fractional differential
equation with p-Laplacian. Some new criteria guaranteeing the existence of multiple
solutions are established for the considered problem.
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1 Introduction and main results
Considering the following impulsive fractional differential equations:

⎧
⎪⎪⎨

⎪⎪⎩

tDα
T�p(c

Dα
t u(t)) + |u(t)|p–u(t) = f (t, u(t)),  < t < T , t �= tj,

�(tDα–
T �p(c

Dα
t u))(tj) = Ij(u(tj)), j = , , . . . , m,

u() = u(T) = ,

(.)

where  < α ≤ , �p(s) = |s|p–s (s �= ), �p() = , p >  and tDα
T denotes the right

Riemann-Liouville fractional derivative of order α;  = t < t < · · · < tm+ = T and

�
(

tDα–
T �p

(c
Dα

t u
))

(tj) = tDα–
T �p

(c
Dα

t u
)(

t+
j
)

– tDα–
T �p

(c
Dα

t u
)(

t–
j
)
,

where

tDα–
T �p

(c
Dα

t u
)(

t+
j
)

= lim
t→t+

j
tDα–

T �p
(c

Dα
t u

)
(t),

tDα–
T �p

(c
Dα

t u
)(

t–
j
)

= lim
t→t–

j
tDα–

T �p
(c

Dα
t u

)
(t).

c
Dα

t is the left Caputo fractional derivative of order α, f ∈ C([, T]×R,R) and Ij ∈ C(R,R).
Fractional calculus is a generalization of classical derivatives and integrals to an arbitrary

(non-integer) order. It represents a powerful tool in applied mathematics to deal with a
myriad of problems from different fields such as physics, mechanics, electricity, control
theory, rheology, signal and image processing, aerodynamics, electricity, etc. (see [–]
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and the references therein). Recently the theory and application of fractional differential
equations have been rapidly developed. The existence and multiplicity of solutions to such
problems have been extensively studied by many mathematicians; see the monographs of
Podlubny [], Kilbas [], Diethelm [], and also [–] and the references therein. The
main classical techniques to study fractional differential equations are degree theory, the
method of upper and lower solutions, and fixed point theorems. For some related work
on the theory and application of fractional differential equations, we refer the interested
reader to [–] and the references therein.

In recent years, variational methods and critical point theory have already been applied
successfully to investigate the existence of solutions for nonlinear fractional boundary
value problems [–]. By establishing a corresponding variational structure and using
the Mountain Pass theorem, the authors [] first dealt with the existence of solutions
for a class of fractional boundary value problems. Since then the variational methods are
applied to discuss the existence of solutions for fractional differential equations. The liter-
ature on this approach has been extended by many authors as [–]. Moreover, the p-
Laplacian introduced by Leibenson (see []) often occurs in non-Newtonian fluid theory,
nonlinear elastic mechanics and so on. Note that, when p = , the nonlinear and nonlocal
differential operator tDα

T�p(c
Dα

t ) reduces to the linear differential operator tDα
T

c
Dα

t , and
further reduces to the local second-order differential operator –d/dt when α = .

Further, some authors have started to discuss the existence of solutions for impulsive
fractional boundary value problems by using variational methods [–]. Taking a frac-
tional Dirichlet problem with impulses as a model, Bonanno et al. [] and Rodríguez-
López and Tersian [] investigated the following fractional differential equations with
impulsive effects:

⎧
⎪⎪⎨

⎪⎪⎩

tDα
T (c

Dα
t u(t)) + a(t)u(t) = λf (t, u),  < t < T , t �= tj,

�(tDα–
T (c

Dα
t u))(tj) = μIj(u(tj)), j = , , . . . , m,

u() = u(T) = ,

(.)

where λ,μ ∈ (, +∞) are two parameters. By applying the critical point theorem and vari-
ational methods, they obtained the existence results of at least one and three solutions
for problem (.). In [], the authors considered a class of nonlinear impulsive fractional
differential systems including Lipschitz continuous nonlinear terms. Under suitable hy-
potheses and by applying variational methods, they obtained some new criteria guaran-
teeing that the studied systems have at least two nontrivial and nonnegative solutions.
Furthermore, under appropriate hypotheses and by applying Morse theory coupled with
local linking arguments, Zhao et al. [] obtained the existence of at least one nontrivial
solution for problem (.), in the case λ = μ = .

Motivated by the described work, our goal is to apply variational methods to problem
(.) and prove the existence of weak solutions under some suitable assumptions. With the
impulsive effects and p-Laplacian operator taken into consideration, the corresponding
variational functional ϕ will be more complicated. To the best of our knowledge, with
exception of [], little work is done on the existence and multiplicity of solutions for
impulsive fractional differential problems with p-Laplacian by using variational methods.
The main results of this paper are different from the aforementioned results, and extend
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the recent results studied in [, , –] in the sense that we deal with the case p �= .
The effectiveness of our results is illustrated by some examples.

In this paper, we need the following assumptions on the nonlinearity f and the impulsive
terms Ij:

(H) There exists a constant μ > p such that Ij(u)u ≤ μ
∫ u

 Ij(s) ds <  for any
u ∈ Eα,p \ {}, j = , , . . . , m, where Eα,p will be introduced in Definition ..

(H) There exists a constant ϑ ∈ (p,μ] such that ϑF(t, u) ≤ f (t, u)u for all u ∈ Eα,p,
t ∈ [, T], where F(t, u) =

∫ u
 f (t, s) ds.

(H) There exist constants δ,γ >  such that F ≤ δ and F∞ ≥ γ , where

F = lim|u|→
sup

F(t, u)
|u|ϑ , F∞ = lim|u|→∞ inf

F(t, u)
|u|ϑ .

(H) There exist constants δj >  such that
∫ u

 Ij(s) ds ≥ –δj|u|μ, for all u ∈ Eα,p \ {},
where j = , . . . , m.

Here are our main results.

Theorem . Suppose that (H)-(H) hold. Then problem (.) admits at least two weak
solutions.

Theorem . Suppose that (H)-(H) hold. Moreover, f (t, u) and Ij(u) are odd about u,
where j = , . . . , m. Then problem (.) admits infinitely many weak solutions.

The rest of this paper is organized as follows. In Section , we present some basic def-
initions, lemmas and a variational setting. In Section , we give the proofs of our main
results.

2 Variational setting and preliminaries
To apply critical point theory to discuss the existence of solutions for problem (.), we
present some basic notations and lemmas and construct a variational framework, which
will be used in the proof of our main results.

Suppose that X is a real Banach space and the functional φ : X →R is differentiable. The
functional φ satisfies the Palais-Smale condition if each sequence {un} in the space X such
that {φ(un)} is bounded and limn→∞ φ′(un) =  admits a convergent subsequence.

Lemma . (Mountain pass theorem; see []) Let φ ∈ C(X,R), and φ satisfies the Palais-
Smale condition. Assume that there exist u, u ∈ X and a bounded neighborhood � of u

such that u is not in � and

inf
v∈∂�

φ(v) > max
{
φ(u),φ(u)

}
.

Then there exists a critical point u of φ, i.e., φ′(u) = , with

φ(u) > max
{
φ(u),φ(u)

}
.

Obviously, if either u or u is a critical point of φ then one obtains the existence of at least
two critical points for φ.
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Lemma . (Theorem .A in []) For the functional φ : B ⊆ X → R with B not empty,
minu∈B φ(u) = c admits a solution in the case that the following hold:

(i) X is a real reflexive Banach space;
(ii) B is bounded and weak sequentially closed;

(iii) φ is weakly sequentially lower semi-continuous in B, i.e., by definition, for every
sequence {un} in B such that un ⇀ u as n → ∞, one has φ(u) ≤ limn→∞φ(un).

Lemma . (Theorem . in []) Let X be an infinite dimensional Banach space and
let φ ∈ C(X,R) be even, satisfying the Palais-Smale condition, and φ() = . If X = Y ⊕ Z,
where Y is finite dimensional, and φ satisfies

(i) there exist constants ρ,η >  such that φ|∂Bρ∩Z ≥ η, and
(ii) for each finite dimensional subspace W ⊂ E, there is an r = r(W ) such that φ ≤  on

W \ Br(W ),
then φ has an unbounded sequence of critical values.

Now we present some definitions and notations of the fractional calculus as follows (for
details, see [, , , , ]):

Denote by AC([a, b]) the space of absolutely continuous functions on [a, b].

Definition . For α > , the left and right Riemann-Liouville fractional derivatives of
order α of a function f ∈ AC([a, b]) are defined by

aDα
t f (t) ≡ d

dt aDα–
t f (t) :=


�( – α)

d
dt

(∫ t

a
(t – s)–αf (s) ds

)

, t > a,

tDα
b f (t) ≡ –

d
dt tDα–

b f (t) := –


�( – α)
d
dt

(∫ b

t
(s – t)–αf (s) ds

)

, t < b.

Definition . For α > , the left and right Caputo fractional derivatives of order α of a
function f ∈ AC([a, b]) are defined by

c
aDα

t f (t) ≡ cDα
a+ f (t) := aDα–

t f ′(t) =


�( – α)

(∫ t

a
(t – s)–αf ′(s) ds

)

,

c
t Dα

b f (t) ≡ cDα
b– f (t) := –tDα–

b f ′(t) = –


�( – α)

(∫ b

t
(s – t)–αf ′(s) ds

)

.

When α = , we obtain from Definitions . and . c
aD

t f (t) = f ′(t), c
t D

bf (t) = –f ′(t).

Let C∞
 ([, T],R) be the set of all functions x ∈ C∞([, T],R) with x() = x(T) =  and

the norm ‖x‖∞ = max[,T] |x(t)|. Denote the norm of the space Lp([, T],R) for  ≤ p < ∞
by ‖x‖Lp = (

∫ T
 |x(s)|p ds)/p.

Definition . Let  < α ≤  and  < p < ∞. The fractional derivative space Eα,p
 (, T)

(denoted by Eα,p for short) is defined by the closure of C∞
 ([, T],R), with respect to the

following norm:

‖u‖p
Eα,p =

∫ T



∣
∣c
Dα

t u(t)
∣
∣p dt +

∫ T



∣
∣u(t)

∣
∣p dt, ∀u ∈ Eα,p(, T). (.)
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According to [], Proposition ., it is well known that the space Eα,p is a reflexive and
separable Banach space. For u ∈ Eα,p, we have u, c

Dα
t u ∈ Lp([, T], R), u() = u(T) = .

Proposition . ([]) Let  < α ≤  and  < p < ∞. For any u ∈ Eα,p, we have

‖u‖Lp ≤ Ap
∥
∥c

Dα
t u

∥
∥

Lp , (.)

where Ap := Tα

�(α+) is a positive constant, and if α > 
p , then

‖u‖∞ ≤ A∞
∥
∥c

Dα
t u

∥
∥

Lp , (.)

where A∞ := Tα– 
p

�(α)(αq–q+)

q

, q = p(p – )– >  are two positive constants.

Proposition . ([]) Let 
p < α ≤  and  < p < ∞. For any u ∈ Eα,p, the imbedding of Eα,p

in C([, T],R) is compact.

Proposition . ([], Proposition .) Assume that 
p < α ≤  and  < p < ∞, and the

sequence {uk} converges weakly to u in Eα,p, i.e., uk ⇀ u. Then uk → u in C([, T],R), i.e.,
‖uk – u‖∞ → , as k → ∞.

Definition . Let AC([, T]) be the space of absolutely continuous functions on [, T].
A function

u ∈
{

u ∈ AC
(
[, T]

)
:
∫ tj+

tj

(∣
∣c
Dα

t u(t)
∣
∣p +

∣
∣u(t)

∣
∣p)dt < ∞, j = , , . . . , m

}

is called a classical solution of (.), if u satisfies the first equation of (.) a.e. on [, T] \
{t, . . . , tm}, the limits tDα–

T �p(c
Dα

t u)(t+
j ) and tDα–

T �p(c
Dα

t u)(t–
j ) exist and satisfy the im-

pulsive conditions of (.), and boundary condition u() = u(T) =  holds.

Definition . We say that a function u ∈ Eα,p is a weak solution of problem (.), if the
following identity:

∫ T



∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)c

Dα
t v(t) dt +

∫ T



∣
∣u(t)

∣
∣p–u(t)v(t) dt

+
m∑

j=

Ij
(
u(tj)

)
v(tj) =

∫ T


f
(
t, u(t)

)
v(t) dt (.)

holds for any v ∈ Eα,p.

In order to study problem (.), we define the functional ϕ : Eα,p →R by putting

ϕ(u) : =
∫ T




p
(∣
∣c
Dα

t u(t)
∣
∣p +

∣
∣u(t)

∣
∣p)dt +

m∑

j=

∫ u(tj)


Ij(s) ds –

∫ T


F
(
t, u(t)

)
dt

=

p
‖u‖p

Eα,p +
m∑

j=

∫ u(tj)


Ij(s) ds –

∫ T


F
(
t, u(t)

)
dt. (.)
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It is clear that ϕ is continuous and differentiable at any u ∈ Eα,p and

ϕ′(u)(v) =
∫ T



∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)c

Dα
t v(t) dt +

∫ T



∣
∣u(t)

∣
∣p–u(t)v(t) dt

+
m∑

j=

Ij
(
u(tj)

)
v(tj) –

∫ T


f
(
t, u(t)

)
v(t) dt

for any v ∈ Eα,p. Moreover, the critical point of ϕ is a weak solution of (.).

Proposition . (see [, ])
(i) Let α > , p ≥ , p ≥ , and 

p + 
q ≤  + α (p �= , q �= , in the case when 

p + 
q =  + α).

If u ∈ Lp(a, b) and v ∈ Lq(a, b), then

∫ b

a

(
aD–α

t u(t)
)
v(t) dt =

∫ b

a
u(t)

(
tD–α

b v(t)
)

dt. (.)

(ii) Let  < α < , u ∈ AC([a, b]) and v ∈ Lp(a, b) ( ≤ p < ∞). Then

∫ b

a
u(t)

(c
aDα

t v(t)
)

dt = tDα–
b u(t)v(t)

∣
∣t=b
t=a +

∫ b

a
tDα

b u(t)v(t) dt. (.)

Proposition . For any u, v ∈ Eα,p, the following identity holds:

∫ T



∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)c

Dα
t v(t) dt

=
∫ T


tDα

T
(∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)

)
v(t) dt

–
m∑

j=

�
(

tDα–
T

(∣
∣c
Dα

t u(tj)
∣
∣p–c

Dα
t u(tj)

))
v(tj). (.)

Proof Since c
Dα

t g(t) = Dα–
t g ′(t) and tDα

T g(t) = –(tDα–
T g(t))′, it follows from (.) and (.)

that

∫ T



∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)c

Dα
t v(t) dt =

m∑

j=

∫ tj+

tj
tDα–

T
(∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)

)
v′(t) dt

=
m∑

j=
tDα–

T
(∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)

)
v(t)

∣
∣tj+
tj

+
m∑

j=

∫ tj+

tj
tDα

T
(∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)

)
v(t) dt

=
∫ T


tDα

T
(∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)

)
v(t) dt

–
m∑

j=

�
(

tDα–
T

(∣
∣c
Dα

t u(tj)
∣
∣p–c

Dα
t u(tj)

))
v(tj).

This completes the proof. �
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Proposition . If the function u ∈ Eα,p is a weak solution of (.), then u is a classical
solution of (.).

Proof By standard arguments, if u is a classical solution of (.), then u is a weak solution.
Conversely, if u ∈ Eα,p is a weak solution of (.), then by the definition of a weak solution,
(.) holds for any v ∈ Eα,p. For j ∈ {, . . . , m} we choose a function v ∈ Eα,p with v(t) = 
for every t ∈ [, tj] ∪ [tj+, T]. Then

∫ tj+

tj

∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)c

Dα
t v(t) dt +

∫ T



∣
∣u(t)

∣
∣p–u(t)v(t) dt =

∫ tj+

tj

f
(
t, u(t)

)
v(t) dt

and
∫ tj+

tj

∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)c

Dα
t v(t) dt =

∫ tj+

tj
tDα

T
(∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)

)
v(t) dt

< ∞, (.)

which implies

tDα
T�p

(c
Dα

t u(t)
)

+
∣
∣u(t)

∣
∣p–u(t) = f

(
t, u(t)

)
(.)

for almost every t ∈ (tj, tj+). Since u ∈ Eα,p ⊆ C([, T]), one has
∫ tj+

tj
(|cDα

t u(t)|p +
|u(t)|p) dt < ∞, j = , , . . . , m and u satisfies the first equation of (.) for almost every
t ∈ (, T). By (.), since v ∈ Lp(tj, tj+), tDα

T�p(c
Dα

t u(t)) = (tDα–
T �p(c

Dα
t u(t)))′ ∈ Lp(tj, tj+)

and then tDα–
T �p(c

Dα
t u(t)) ∈ AC([tj, tj+]). Hence the following limits:

tDα–
T �p

(c
Dα

t
)
u
(
t+
j
)

= lim
t→t+

j

(
tDα–

T �p
(c

Dα
t u

)
(t)

)
,

tDα–
T �p

(c
Dα

t
)
u
(
t–
j
)

= lim
t→t–

j

(
tDα–

T �p
(c

Dα
t u

)
(t)

)

exist.
Now multiplying (.) by v ∈ Eα,p, v(T) =  and integrating between  and T , we have

m∑

j=

�
[

tDα–
T

(∣
∣c
Dα

t u(tj)
∣
∣p–c

Dα
t u(tj)

)]
v(tj) =

m∑

j=

Ij
(
u(tj)

)
v(tj).

Hence, �[tDα–
T (|cDα

t u(tj)|p–c
Dα

t u(tj))] = Ij(u(tj)) for every j = , . . . , m. So u satisfies the
impulsive conditions of problem (.). Similarly, u satisfies the boundary conditions.
Therefore, u is a classical solution of (.). �

3 Proof of main results
In this section, we will study the existence and multiplicities of problem (.). First, we give
a Lemma.

Lemma . Assume that (H) and (H) hold. Then the function ϕ : Eα,p → R defined by
(.) is continuous differentiable and weakly sequentially lower semi-continuous. Moreover,
it satisfies the Palais-Smale condition.
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Proof From the continuity of f and Ij, we know that ϕ and ϕ′ are continuous and dif-
ferentiable. Let uk ⇀ u in Eα,p. Then ‖u‖Eα,p ≤ limk→∞ inf‖uk‖Eα,p , and {uk} converges
uniformly to u in C([, T]). So

lim
k→∞

infϕ(uk) = lim
k→∞

{

p
‖uk‖p

Eα,p +
m∑

j=

∫ uk (tj)


Ij(s) ds –

∫ T


F
(
t, uk(t)

)
dt

}

≥ 
p
‖u‖p

Eα,p +
m∑

j=

∫ u(tj)


Ij(s) ds –

∫ T


F
(
t, u(t)

)
dt = ϕ(u), (.)

which implies that ϕ is weakly sequentially lower semi-continuous.
We will verify that ϕ satisfies the Palais-Smale condition. Assume that {uk}k∈N ⊂ Eα,p is

a sequence such that {ϕ(uk)}k∈N is bounded and limk→∞ ϕ′(uk) = . We firstly prove that
{uk}k∈N is bounded in Eα,p. Obviously, there exists a constant c >  such that

∣
∣ϕ(uk)

∣
∣ ≤ c, ϕ′(uk) →  as k → ∞. (.)

Then we have

∫ T


f
(
t, uk(t)

)
uk(t) dt = ‖uk‖p

Eα,p +
m∑

j=

Ij
(
uk(tj)

)
– ϕ′(uk)uk(t). (.)

From condition (H), we have

ϑ

∫ uk (tj)


Ij(s) ds – Ij

(
uk(tj)

)
uk(tj) ≥ (ϑ – μ)

∫ uk (tj)


Ij(s) ds ≥  (μ > ϑ),

which together with (.), (.) and the condition (H) makes

ϑϕ(uk) – ϕ′(uk)uk(t) ≥
(

ϑ

p
– 

)

‖uk‖p
Eα,p +

m∑

j=

(

ϑ

∫ uk (tj)


Ij(s) ds – Ij

(
uk(tj)

)
uk(tj)

)

+
∫ T



(
f
(
t, uk(t)

)
uk(t) – ϑF

(
t, uk(t)

))
dt

≥
(

ϑ

p
– 

)

‖uk‖p
Eα,p (since ϑ > p),

which implies {uk} is bounded in Eα,p.
Since Eα,p is a reflexive Banach space, going if necessary to a subsequence, we can assume

that uk ⇀ u in Eα,p, uk → u in Lp([, T]) and uk → u uniformly in C([, T]). Hence
⎧
⎨

⎩

∫ T
 (f (t, uk(t)) – f (t, u(t)))(uk(t) – u(t)) dt → ,

∑m
j=(Ij(uk(tj)) – Ij(t, u(tj)))(uk(tj) – u(tj)) → ,

(.)

as k → ∞. Moreover, by ϕ′(uk) →  as k → ∞, we have

〈
ϕ′(uk) – ϕ′(u), uk – u

〉 ≤ ∥
∥ϕ′(uk)

∥
∥

(Eα,p)∗ · ‖uk – u‖Eα,p –
〈
ϕ′(u), uk – u

〉 →  (.)

as k → ∞.
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Let

φ(p,α, k) :=
∫ T



(∣
∣c
Dα

t uk(t)
∣
∣p–c

Dα
t uk(t)–

∣
∣c
Dα

t u(t)
∣
∣p–c

Dα
t u(t)

)(c
Dα

t uk(t)–c
Dα

t u(t)
)

dt

and

φ(p, k) :=
∫ T



(∣
∣uk(t)

∣
∣p–uk(t) –

∣
∣u(t)

∣
∣p–u(t)

)(
uk(t) – u(t)

)
dt.

Notice that

〈
ϕ′(uk) – ϕ′(u), uk – u

〉
= φ(p,α, k) + φ(p, k) +

m∑

j=

(
Ij
(
uk(tj)

)
– Ij

(
t, u(tj)

))(
uk(tj) – u(tj)

)

–
∫ T



(
f
(
t, uk(t)

)
– f

(
t, u(t)

))(
uk(t) – u(t)

)
dt,

which together with (.) and (.) yields

φ(p,α, k) + φ(p, k) →  as k → ∞. (.)

From the well-known inequality (see [], Lemma .)

|x – y|p ≤
⎧
⎨

⎩

(|x|p–x – |y|p–y)(x – y), if p ≥ ,

((|x|p–x – |y|p–y)(x – y))
p
 (|x|p + |y|p)

–p
 , if  < p < ,

for all x, y ∈ R. Then there exist constants ci >  (i = , , , ) such that

φ(p,α, k) ≥
⎧
⎨

⎩

c
∫ T

 |cDα
t uk(t) – c

Dα
t u(t)|p dt, if p ≥ ,

c
∫ T


|cDα

t uk (t)–c
Dα

t u(t)|
(|cDα

t uk (t)|+|cDα
t u(t)|)–p dt, if  < p < ,

(.)

and

φ(p, k) ≥
⎧
⎨

⎩

c
∫ T

 |uk(t) – u(t)|p dt, if p ≥ ,

c
∫ T


|uk (t)–u(t)|

(|uk (t)|+|u(t)|)–p dt, if  < p < .
(.)

When  < p < , by the Hölder inequality, we have

∫ T



(∣
∣c
Dα

t uk(t) – c
Dα

t u(t)
∣
∣p)dt ≤

(∫ T



|cDα
t uk(t) – c

Dα
t u(t)|

(|cDα
t uk(t)| + |cDα

t u(t)|)–p dt
) p



·
(∫ T



(∣
∣c
Dα

t uk(t)
∣
∣ +

∣
∣c
Dα

t u(t)
∣
∣
)p dt

) –p


≤ M
(∥
∥c

Dα
t uk

∥
∥p

Lp +
∥
∥c

Dα
t u

∥
∥p

Lp
) –p



·
(∫ T



|cDα
t uk(t) – c

Dα
t u(t)|

(|cDα
t uk(t)| + |cDα

t u(t)|)–p dt
) p


, (.)
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where M = (p–)(–p)/ is a positive constant. Similarly, we have

∫ T



(∣
∣uk(t) – u(t)

∣
∣p)dt ≤ M

(‖uk‖p
Lp + ‖u‖p

Lp
) –p



·
(∫ T



|uk(t) – u(t)|
(|uk(t)| + |u(t)|)–p dt

) p


. (.)

From (.) and (.), we have

φ(p,α, k) ≥ cM– 
p
(‖uk‖p

Lp + ‖u‖p
Lp

) p–
p ·

(∫ T



∣
∣c
Dα

t uk(t) – c
Dα

t u(t)
∣
∣p dt

) 
p

= cM– 
p
(‖uk‖p

Lp + ‖u‖p
Lp

) p–
p · ∥∥c

Dα
t (uk – u)

∥
∥

Lp . (.)

It follows from (.) and (.) that

φ(p, k) ≥ cM– 
p
(‖uk‖p

Lp + ‖u‖p
Lp

) p–
p · ‖uk – u‖

Lp . (.)

When  < p < , by (.) and (.), we get

φ(p,α, k) + φ(p, k) ≥ M
(∥
∥c

Dα
t (uk – u)

∥
∥

Lp + ‖uk – u‖
Lp

)
= M‖uk – u‖

Eα,p , (.)

where

M := M– 
p min

{
c

(‖uk‖p
Lp + ‖u‖p

Lp
) p–

p , c
(‖uk‖p

Lp + ‖u‖p
Lp

) p–
p

}
.

When p ≥ , in view of (.) and (.), we have

φ(p,α, k) + φ(p, k) ≥ M
(∥
∥c

Dα
t (uk – u)

∥
∥p

Lp + ‖uk – u‖p
Lp

)
= M‖uk – u‖p

Eα,p , (.)

where M = min{c, c}. Therefore, it follows from (.), (.) and (.) that
‖uk – u‖Eα,p →  as k → +∞. That is, uk → u in Eα,p. Hence, ϕ satisfies the Palais-Smale
condition. �

Now we prove Theorem . and Theorem ..

Proof of Theorem . Step I: Obviously, ϕ() = , and Lemma . has shown that ϕ satisfies
the Palais-Smale condition. For any r > , take �r = {u ∈ Eα,p : ‖u‖Eα,p < r}. It is easy to
show that �r is bounded and weakly sequentially closed. Indeed, if we let {un} ⊆ �r and
un ⇀ u as n → ∞, by the Mazur Theorem [], there is a sequence of convex combinations
vn =

∑n
i= βni ui with

∑n
i= βni = , βni ≥ , i ∈ N such that vn → u in Eα,p. Since �r is a

closed convex set, we have {vn} ⊆ �r and u ∈ �r .
From Lemma . we know that ϕ is weakly sequentially lower semi-continuous on �r .

Besides, Eα,p is a reflexive Banach space, so by Lemma . we see that ϕ has a local mini-
mum u ∈ �r . Without loss of generality, we assume that ϕ(u) = min{ϕ(u) : u ∈ �r}. Now



Zhao and Tang Boundary Value Problems  (2017) 2017:123 Page 11 of 15

we will prove that ϕ(u) ≤ inf{ϕ(u) : u ∈ �r} for some r = r. Indeed, from (H) we may
choose r, ε >  satisfying

F(t, u) ≤ δ|u|ϑ , for ‖u‖Eα,p ≤ r,  < ε <
rp


p

– rμ


m∑

j=

δjAμ
∞ – rϑ

 δAϑ
p . (.)

For every u ∈ ∂�r with ‖u‖Eα,p = r, from (.), (.), (.), (H) and (.) we have

ϕ(u) ≥ 
p
‖u‖p

Eα,p –
m∑

j=

δj
∣
∣u(tj)

∣
∣μ – δ

∫ T



∣
∣u(t)

∣
∣ϑ dt

≥ rp

p

– rμ


m∑

j=

δjAμ
∞ – rϑ

 δAϑ
p > ε,

which implies that ϕ(u) > ε for every u ∈ ∂�r . Moreover, ϕ(u) ≤ ϕ() = . Then ϕ(u) ≤
ϕ() < ε < ϕ(u) for every u ∈ ∂�r . Hence ϕ(u) < inf{ϕ(u) : u ∈ ∂�r}. So ϕ has a local
minimum u ∈ ∂�r .

Step II: We will verify that there exists u with ‖u‖Eα,p > r such that ϕ(u) < inf{ϕ(u) :
u ∈ ∂�r}, where r is given above.

In view of (H), we choose a sufficiently large r such that for all ‖u‖Eα,p ≥ r > r

F(t, u) ≥ γ |u|ϑ . (.)

From (H), we have the following:

μ

u
≤ Ij(u)

∫ u
 Ij(s) ds

, for u > , (.)

μ

u
≥ Ij(u)

∫ u
 Ij(s) ds

, for u < . (.)

Integrating (.) and (.) from T to u and u to –T , respectively, we get

∫ u


Ij(s) ds ≤ uμ

Tμ

∫ T


Ij(s) ds, for u > T ,

∫ u


Ij(s) ds ≤ (–u)μ

Tμ

∫ –T


Ij(s) ds, for u < –T .

Note that
∫ T

 Ij(s) ds <  and
∫ –T

 Ij(s) ds < . We take

γj = T–μ · min

{∣
∣
∣
∣

∫ T


Ij(s) ds

∣
∣
∣
∣,

∣
∣
∣
∣

∫ –T


Ij(s) ds

∣
∣
∣
∣

}

> ,

and we get

∫ u


Ij(s) ds ≤ –γj|u|μ, ∀u ∈ (–∞, –T] ∪ [T , +∞). (.)
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Clearly,
∫ u

 Ij(s) ds is continuous in [–T , T], so there is a constant K >  such that

∫ u


Ij(s) ds ≤ K , ∀u ∈ [–T , T]. (.)

Combining (.) and (.), we get

∫ u


Ij(s) ds ≤ –γj|u|μ + K , ∀u ∈ R. (.)

For any u ∈ Eα,p with u �= , τ > , it follows from (.) and (.) that

ϕ(τu) ≤ τ p

p
‖u‖p

Eα,p – τμ

m∑

j=

γj
∣
∣u(tj)

∣
∣μ – τϑγ ‖u‖ϑ

Lϑ + K∗ → –∞ (μ > ϑ > p),

as τ → ∞, where K∗ is a positive constant. So there exists a sufficiently large τ such
that ϕ(τu) ≤ . That is to say, we can choose u with ‖u‖Eα,p ≥ r sufficiently large such
that ϕ(u) < . Therefore, from Step I and Step II we get max{ϕ(u),ϕ(u)} < inf{ϕ(u) :
u ∈ ∂�r}. Then Lemma . admits the critical point u∗. So, u and u∗ are two different
critical points of ϕ, and they are weak solutions of (.). �

Example . Let α = ., T > , p = 
 , t ∈ (, T), a > , a(t) ∈ C([, T]) with a(t) > .

Consider the following fractional boundary value problem:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

tD.
T � 


(c
D.

t u(t)) + |u(t)| 
 u(t) = ( + sin t)a(t)u(t),  < t < T , t �= t,

�(tD–.
T � 


(c
D.

t u))(t) = –au(t),

u() = u(T) = .

(.)

Obviously, f (t, u) = ( + sin t)a(t)u(t), I(u) = –au(t), 
p = . < α = .. Let μ = , ϑ = ,

δ = a
 , and δ = 

 max{( + sin t)a(t) : t ∈ [, T]}, γ = 
 min{( + sin t)a(t) : t ∈ [, T]}. By

simple computation, the conditions (H)-(H) are satisfied. From Theorem ., problem
(.) has at least two weak solutions.

Proof of Theorem . We will apply Lemma . to finish the proof. Obviously, ϕ ∈
C(Eα,p,R) is even and ϕ() = . Moreover, Lemma . shows that ϕ satisfies the Palais-
Smale condition.

As Eα,p is a reflexive and separable Banach space, then there are ei ∈ Eα,p such that Eα,p =
span{ei : i = , , . . .}. For k = , , . . . , denote

Xi := span{ei}, Yk :=
k⊕

i=

Xi, Zk :=
∞⊕

i=k

Xi.

Then Eα,p = Yk ⊕ Zk .
For any u ∈ Zk with ‖u‖Eα,p ≤ r, combining (.) and the conditions (H)-(H), we have

ϕ(u) ≥ 
p
‖u‖p

Eα,p –
m∑

j=

δjAμ
∞‖u‖μ

Eα,p – δAϑ
p ‖u‖ϑ

Eα,p , ‖u‖Eα,p ≤ r,
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which implies that there exists ρ >  small enough such that ϕ(u) ≥ η >  with
‖u‖Eα,p = ρ .

For any u ∈ Yk , let

‖u‖∗ :=
(∫ T



∣
∣u(t)

∣
∣ϑ dt

) 
ϑ

, (.)

and it is easy to show that ‖ · ‖∗ defined by (.) is a norm of Yk . Since all the norms of a
finite dimensional normed space are equivalent, there is a positive constant A such that

A‖u‖Eα,p ≤ ‖u‖∗, for u ∈ Yk . (.)

From (H), we have

m∑

j=

∫ u(tj)


Ij(s) ds ≤ .

The above inequality, (.) and (.) imply that, for any finite dimensional space W ⊂
Eα,p,

ϕ(u) =

p
‖u‖p

Eα,p +
m∑

j=

∫ u(tj)


Ij(s) ds –

∫ T


F
(
t, u(t)

)
dt

≤ 
p
‖u‖p

Eα,p –
∫

�

F
(
t, u(t)

)
dt –

∫

�

F
(
t, u(t)

)
dt

≤ 
p
‖u‖p

Eα,p – γ

∫

�

∣
∣u(t)

∣
∣ϑ dt –

∫

�

F
(
t, u(t)

)
dt

=

p
‖u‖p

Eα,p – γ

∫ T



∣
∣u(t)

∣
∣ϑ dt + γ

∫

�

∣
∣u(t)

∣
∣ϑ dt –

∫

�

F
(
t, u(t)

)
dt

≤ 
p
‖u‖p

Eα,p – Aϑ
 γ ‖u‖ϑ

Eα,p + M∗, ∀u ∈ W ,

where � := {t ∈ [, T] : |u(t)| ≥ A∞r} (r is given in (.)), � := [, T] \ � and M∗ is a
positive constant. Since ϑ > p, the above inequality implies that ϕ(u) → –∞ as ‖u‖Eα,p →
+∞. That is, there exists r >  such that ϕ(u) ≤  for u ∈ W \ Br(W ). By Lemma ., the
functional ϕ(u) possesses infinitely many critical points, i.e., the fractional impulsive prob-
lem (.) admits infinitely many weak solutions. The proof is complete. �

Example . Let α = ., T > , p = 
 , t ∈ (, T), a > , a(t) ∈ C([, T]) with a(t) > .

Consider the following fractional boundary value problem:

⎧
⎪⎪⎨

⎪⎪⎩

tD.
T � 


(c
D.

t u(t)) + |u(t)|– 
 u(t) = ( + t)a(t)u 

 (t),  < t < T , t �= t,

�(tD–.
T � 


(c
D.

t u))(t) = –au(t),

u() = u(T) = .

(.)

Obviously, 
p = 

 < α = . and f (t, u) = (+ t)a(t)u 
 (t), I(u) = –au(t) are odd about u.

Let μ = , ϑ = 
 , δ = 

 max{( + t)a(t) : t ∈ [, T]}, γ = 
 min{( + t)a(t) : t ∈ [, T]}, and
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δ = a
 . Then by simple computation, the conditions in Theorem . are satisfied. Hence,

problem (.) has infinitely many weak solutions.

4 Conclusion
In this paper, we have proved the existence and multiplicity of the solutions for an im-
pulsive fractional differential equation with p-Laplacian operator. Our approach is based
on the well-known mountain pass theorem and minimax methods in critical point. With
the impulsive effects and p-Laplacian operator taken into consideration, the correspond-
ing variational functional is more complicated. Therefore, the existence of solutions for
impulsive fractional differential problems with p-Laplacian is interesting. As applications,
two examples are presented to illustrate the main results. In the future, we will consider the
existence of solutions for the impulsive fractional differential equation with p-Laplacian
via Morse theory.
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