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Abstract
In this paper, we study the positive periodic solutions of a kind of p-Laplacian neutral
differential equation with a singularity. By applying the continuation theorem and
some analytic techniques, we shall establish several new criteria for the existence of
positive periodic solutions for the considered problem. Some recent results in the
literature are generalized and improved. Three examples are given to illustrate the
effectiveness of our results.
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1 Introduction
In the past years, the study of periodic solutions for some types of p-Laplacian neutral
differential equations has attracted much attention from researchers; see [–] and the
references cited therein. For example, in [] and [], Zhu and Lu studied the periodic
solutions for p-Laplacian neutral functional differential equations as follows:

(
ϕp
(
x(t) – cx(t – τ )

)′)′ = g
(
t, x

(
t – τ (t)

))
+ e(t) (.)

and

(
ϕp
(
x(t) – cx(t – δ)

)′)′ = f
(
t, x(t)

)
x′(t) +

n∑

j=

βjg
(
t, x

(
t – τj(t)

))
+ p(t), (.)

respectively.
On the basis of work of [] and [], Wang and Zhu [] further discussed existence of

periodic solutions for a fourth-order p-Laplacian neutral functional differential equation
of the form:

(
ϕp
(
x(t) – cx(t – δ)

)′′)′′ = f
(
x(t)

)
x′(t) + g(t, x

(
t – τ

(
t, |x|∞

))
+ e(t), (.)

where p > , ϕp : R → R, ϕp(u) = |u|p–u for u �=  and ϕp() = ; f ∈ C(R,R); g, τ ∈
C(R,R) with g(t + T , ·) = g(t, ·); τ (t + T) ≡ τ (t); e ∈ C(R,R) with e(t + T) ≡ e(t); T > ,
|c| �=  and δ are given constants.

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.

http://dx.doi.org/10.1186/s13661-017-0790-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-017-0790-0&domain=pdf
mailto:fanchaokong88@sohu.com


Li and Kong Boundary Value Problems  (2017) 2017:54 Page 2 of 17

In recent years, by applying the method of coincidence degree, many good results of
the existence of positive periodic solutions for some types of differential equations with a
singularity have been obtained; see [–] and the references cited therein. For example,
Wang in [] studied the periodic solutions for the Liénard equation with a singularity and
a deviating argument, which extends the results of Zhang in []

x′′(t) + f
(
x(t)

)
x′(t) + g

(
t, x(t – σ )

)
= , (.)

where g : R× (, +∞) →R is an L-Carathéodory funtion, g(t, x) is a T-periodic function
in the first argument and can be singular at x = .

As usual, we say that g has a singularity of repulsive type, if

lim
x→+

g(t, x) = –∞, uniformly for a.e. t ∈ (–∞, +∞),

and g has a singularity of attractive type, if

lim
x→+

g(t, x) = +∞, uniformly for a.e. t ∈ (–∞, +∞).

Compared with the classical p-Laplacian neutral differential problems or the singu-
lar problems, p-Laplacian neutral differential problems with singular effects have been
scarcely studied, not to mention the high-order p-Laplacian neutral differential equations
with a singularity. This motivated us to carry out a study. In this paper, we consider the
following high-order p-Laplacian neutral differential equation with a singularity and a de-
viating argument:

[
ϕp
((

x(t) – cx(t – γ )
)(m))](m) + f

(
x(t)

)
x′(t) + g

(
t, x(t – τ )

)
= e(t), (.)

where ϕp : R→ R, ϕp(u) = |u|p–u, p ≥ ; m is a positive integer; c is a constant with |c| < ;
 ≤ γ , τ < T ; f : R → R is continuous, g : [, T] × (, +∞) → R is a continuous function
and can be singular at u = , e(t) is T-periodic with

∫ T
 e(t) dt = .

Remark . Obviously, if there is no singularity, (.) is the specially case of (.). The
equations in [, –, ] are also the specially cases of (.) if m ≡  and there are no singu-
larities. So we extend the result in [, –, –]. Therefore, we extend the corresponding
results in literature to the high-order case and the singular case.

The paper is organized as follows. Section  is devoted to introducing some definitions
and recalling some preliminary results that will be extensively used. The existence results
will be obtained in Section . Finally, two examples are given to illustrate the effectiveness
of our result in Section .

2 Preliminaries
Let

CT =
{

x | x ∈ C(R,R), x(t + T) ≡ x(t)
}
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with the norm |x| = maxt∈[,T] |x(t)|, and

C
T =

{
x | x ∈ C(R,R), x(t + T) ≡ x(t)

}

with the norm ‖x‖ = max{|x|, |x′|}.
Define a linear operator

A : CT → CT , (Ax)(t) = x(t) – cx(t – γ ).

Lemma . ([]) If |c| < , then A has continuous bounded inverse on X, and
() ‖A–x‖ ≤ |x|

|–|c|| , ∀x ∈ X ;
()

∫ T
 |(A–f )(t)|dt ≤ 

–|c|
∫ T

 |f (t)|dt, ∀f ∈ X .

Lemma . ([]) Let T >  be a constant, x ∈ Cm(R,R), m ≥ , and x(t + T) ≡ x(t),
|x(i)| = maxt∈[,T] |x(i)(t)|, then there are Mi(m) >  independent of x such that

∣
∣x(i)∣∣

 ≤ Mi(m)
∫ T



∣
∣x(m)(t)

∣
∣dt, i = , , . . . , m – ,

where if m is an even integer,

Mi(m) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Ms–(m) = Tm–s√–Bm–s/(m – s)!, s = , , . . . , m
 – ,

Ms(m) = (–)
m–s

 +Tm–s–Bm–s
(m–s)! , s = , . . . , m

 – ,

Mm–(m) = 
 ,

if m is an odd integer,

Mi(m) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Ms+(m) = (–)
m–s–

 +Tm–s–Bm–s–
(m–s–)! , s = , , . . . , m+

 – ,

Ms(m) = Tm–s–√–Bm–s–/(m – s – )!, s = , , . . . , m+
 – ,

Mm–(m) = 
 ,

and Bm–s, Bm–s, Bm–s–, Bm–s– are Bernoulli numbers, which can be calculated by the
following recursion formula:

B = , Bp =
–
∑p–

i= Ci
p+Bi

p + 
,

where Ci
p+ is the number of combinations.

Lemma . ([]) Let X and Y be two real Banach spaces, L : D(L) ⊂ X → Y be a Fred-
holm operator with index zero, � ⊂ X be an open bounded set, and N : �̄ ⊂ X → Y be
L-compact on �̄. Suppose that all of the following conditions hold:

() Lx �= λNx, ∀x ∈ ∂� ∩ D(L), ∀λ ∈ (, );
() QNx �= , ∀x ∈ ∂� ∩ ker L;
() deg{JQN ,� ∩ ker L, } �= , where J : Im Q → ker L is an homeomorphism map.

Then the equation Lx = Nx has at least one solution on D(L) ∩ �̄.
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In order to use the continuation theorem to study the positive T-periodic solutions for
equation (.), we consider the following system:

⎧
⎨

⎩
u(m)(t) = [A–ϕq(v)](t),

v(m)(t) = –f (u(t))u′(t) – g(t, u(t – τ )) + e(t),
(.)

where q >  is a constant with /p + /q = . Clearly, if x(t) = (u(t), v(t))� is a T-periodic
solution of system (.), then u(t) must be a T-periodic solution of equation (.). Thus,
the problem of finding a positive T-periodic solution for (.) reduces to finding one for
(.).

Define

X =
{

x = (u, v)� ∈ C(
R,R) : x(t + T) ≡ x(t)

}

with the norm ‖x‖X = max{‖u‖;‖v‖},

Y =
{

x = (u, v)� ∈ C
(
R,R) : x(t + T) ≡ x(t)

}

with the norm ‖x‖Y = max{|u|; |v|}. Clearly, X and Y are two Banach spaces.
Define the linear operator

L : D(L) ⊂ X → Y , Lx =
(
u(m), v(m))�, (.)

and

N : D(N) ⊂ X → Y ,

(Nx)(t) =

(
[A–ϕq(v)](t)

–f (u(t))u′(t) – g(t, u(t – τ )) + e(t)

)

, ∀t ∈R,
(.)

where

D(L) =
{

x ∈ Cm(
R,R), x(t + T) ≡ x(t)

}
,

D(N) =
{

x = (u, v)� ∈ X : u(t) > , t ∈ [, T]
}

.

Then we can see that equation (.) can be converted to the abstract equation Lx = Nx.
Moreover, from the definition of L, we can have

ker L = R
, and Im L =

{
y ∈ Y ,

∫ T


y(s) ds = 

}
.

Clearly, L is a Fredholm operator with index zero.
Let projectors P : X → ker L and Q : Y → Y / Im L be defined by

Px = x(); Qy =

T

∫ T


y(s) ds,
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and let K represent the inverse of Lker P∩D(L). Obviously, ker Q = Im L = R
 and

(Ky)(t) =
m–∑

i=


i!

x(i)()ti +


(m – )!

∫ t


(t – s)m–y(s) ds, (.)

where x(i)() (i = , , . . . , m – ) are defined by the equation

AX = D,

where

A =

⎛

⎜
⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎝

   . . .  
c   . . .  
c c  . . .  
...

...
...

. . .
...

...
cm– cm– cm– . . .  
cm– cm– cm– . . . c 

⎞

⎟
⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎠

,

X = (x(m–)(), x(m–)(), . . . , x′′(), x′())�, D = (d, d, . . . , dm–, dm–)�, di = – 
i!T

∫ T
 (T –

s)iy(s) ds, i = , , . . . , m – , and cj = Tj

(j+)! , j = , , . . . , m – .
For the sake of convenience, we list the following assumptions:

[H] There exist positive constants D and D with D < D such that
() for each positive continuous T-periodic function x(t) satisfying

∫ T
 g(t, x(t)) dt = ,

then there exists a positive point σ ∈ [, T] such that

D ≤ x(σ ) ≤ D;

() g(x) <  for all x ∈ (, D) and g(x) >  for all x > D, where g(x) = 
T
∫ T

 g(t, x) dt,
x > .

[H] g(t, x) = g(t, x) + g(x) for all u ∈ (, +∞), where g : (, +∞) → R is a continuous
function, g : [, T] × [, +∞) →R is a continuous function and

() there exist positive constants m and m such that

g(t, x) ≤ mxp– + m, for all (t, x) ∈ [, T] × (, +∞);

()
∫ 

 g(x) dx = –∞.
[H] There exist positive constants α, β such that

f (x) ≤ αxp– + β , for all x ∈ (, +∞).

3 Main results
Theorem . Suppose that conditions [H]-[H] hold and

Mp
 (m)Tp–( + |c|)(mT + α)

( – |c|)p < ,
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then there exist positive constants A, A, A and ρ , which are independent of λ such
that

A ≤ u(t) ≤ A, |v| ≤ A,

where u(t) is any solution to the equation Lx = λNx, λ ∈ (, ).

Proof Consider the following operator equation:

Lx = λNx, λ ∈ (, ),

where L and N is defined by (.) and (.), respectively.
Define

� =
{

(u, v)� ∈ X : min
t∈[,T]

u(t) > , Lx = λNx,λ ∈ (, )
}

.

If x = (u, v)� ∈ �, then (u, v) satisfies

⎧
⎨

⎩
u(m)(t) = λ[A–ϕq(v)](t),

v(m)(t) = –λf (u(t))u′(t) – λg(t, u(t – τ )) + λe(t).
(.)

From the first equation of (.), we get v(t) = ϕp(λ–(Au)(m)(t)), and combining with the
second equation of (.) yields

(
ϕp
(
(Au)(m)(t)

))(m) + λpf
(
u(t)

)
u′(t) + λpg

(
t, u(t – τ )

)
= λpe(t). (.)

Integrating equation (.) on the interval [, T], we have

∫ T


g
(
t, u(t – τ )

)
dt = . (.)

It follows from condition () in assumption [H] that there exist positive constants D, D

and σ ∈ [, T] such that

D ≤ u(σ ) ≤ D, (.)

then we get

|u| = max
t∈[,T]

∣∣u(t)
∣∣≤ max

t∈[,T]

∣
∣∣
∣u(σ ) +

∫ t

σ

u′(s) ds
∣
∣∣
∣

≤ D +
∫ T



∣
∣u′(s)

∣
∣ds. (.)
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Multiplying both sides of (.) by (Au)(t) and integrating on the interval [, T], we get

∫ T



∣∣(Au)(m)(t)
∣∣p dt ≤ (

 + |c|)|u|
∫ T



∣∣f
(
u(t)

)∣∣∣∣u′∣∣dt

+
(
 + |c|)|u|

∫ T



∣
∣g
(
t, u(t – τ )

)∣∣dt

+
(
 + |c|)|u|

∫ T



∣∣e(t)
∣∣dt,

which combining with [H] yields

∫ T



∣
∣(Au)(m)(t)

∣
∣p dt ≤ (

 + |c|)|u|
∫ T



(
α
∣
∣u(t)

∣
∣p– + β

)∣∣u′(t)
∣
∣dt

+
(
 + |c|)|u|

∫ T



∣∣g
(
t, u(t – τ )

)∣∣dt +
(
 + |c|)|u||e|T

≤ (
 + |c|)α|u|p–



∫ T



∣
∣u′(t)

∣
∣dt +

(
 + |c|)β|u|

∫ T



∣
∣u′(t)

∣
∣dt

+
(
 + |c|)|u|

∫ T



∣∣g
(
t, u(t – τ )

)∣∣dt +
(
 + |c|)|u||e|T . (.)

Write

I+ =
{

t ∈ [, T] : g
(
t, u(t – τ )

)≥ 
}

;

I– =
{

t ∈ [, T] : g
(
t, u(t – τ )

)≤ 
}

.

Then it follows from (.) and [H]() that

∫ T



∣∣g
(
t, u(t – τ )

)∣∣dt =
∫

I+

g
(
t, u(t – τ )

)
dt –

∫

I–

g
(
t, u(t – τ )

)
dt

= 
∫

I+

g
(
t, u(t – τ )

)
dt

≤ m

∫ T


up–(t – τ ) dt + 

∫ T


m dt

≤ mT |u|p–
 + Tm. (.)

Substituting (.) into (.), combining with (.) and Lemma ., we can have

∫ T



∣∣(Au)(m)(t)
∣∣p dt

≤ 
(
 + |c|)mT |u|p +

(
 + |c|)α|u|p–



∫ T



∣
∣u′(t)

∣
∣dt

+
(
 + |c|)β|u|

∫ T



∣∣u′(t)
∣∣dt + 

(
 + |c|)mT |u| +

(
 + |c|)|e|T |u|

≤ 
(
 + |c|)mTp+Mp

 (m)
(

D

TM(m)
+
∫ T



∣
∣u(m)(t)

∣
∣dt

)p
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+
(
 + |c|)αTpMp

 (m)
(

D

TM(m)
+
∫ T



∣∣u(m)(t)
∣∣dt

)p–

·
∫ T



∣∣u(m)(t)
∣∣dt

+
(
 + |c|)βTM

 (m)
(

D

TM(m)
+
∫ T



∣
∣u(m)(t)

∣
∣dt

)
·
∫ T



∣
∣u(m)(t)

∣
∣dt

+ 
(
 + |c|)mTM(m)

(
D

TM(m)
+
∫ T



∣∣u(m)(t)
∣∣dt

)

+
(
 + |c|)|e|TM(m)

(
D

TM(m)
+
∫ T



∣∣u(m)(t)
∣∣dt

)
. (.)

It follows from conclusion () of Lemma . and by applying the Hölder inequality that

∫ T



∣∣u(m)(t)
∣∣dt =

∫ T



∣∣(A–(Au)(m))(t)
∣∣dt

≤
∫ T

 |(Au)(m)(t)|dt
 – |c| . (.)

From the above inequality, we consider the following two cases:

Case  If
∫ T

 |(Au)(m)(t)|dt = , then
∫ T

 |u(m)(t)|dt = , it follows from (.) and
Lemma . that

|u| ≤ D +
∫ T



∣∣u′(s)
∣∣ds ≤ D + T

∣∣u′∣∣


≤ D + TM(m)
∫ T



∣
∣u(m)(t)

∣
∣dt

= D. (.)

Case  If
∫ T

 |(Au)(m)(t)|dt > , then substituting (.) into (.), we can have

∫ T



∣∣(Au)(m)(t)
∣∣p dt

≤ 
(
 + |c|)mTp+Mp

 (m)
(

D

TM(m)
+
∫ T

 |(Au)(m)(t)|dt
 – |c|

)p

+
(
 + |c|)αTpMp

 (m)
(

D

TM(m)
+
∫ T

 |(Au)(m)(t)|dt
 – |c|

)p–

·
∫ T

 |(Au)(m)(t)|dt
 – |c|

+
(
 + |c|)βTM

 (m)
(

D

TM(m)
+
∫ T

 |(Au)(m)(t)|dt
 – |c|

)
·
∫ T

 |(Au)(m)(t)|dt
 – |c|

+ 
(
 + |c|)mTM(m)

(
D

TM(m)
+
∫ T

 |(Au)(m)(t)|dt
 – |c|

)

+
(
 + |c|)|e|TM(m)

(
D

TM(m)
+
∫ T

 |(Au)(m)(t)|dt
 – |c|

)
. (.)
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Furthermore,

(
D

TM(m)
+
∫ T

 |(Au)(m)(t)|dt
 – |c|

)p

=


( – |c|)p

(∫ T



∣
∣(Au)(m)(t)

∣
∣dt

)p(
 +

D
TM(m) ( – |c|)

∫ T
 |(Au)(m)(t)|dt

)p

. (.)

By classical elementary inequalities, we see that there exists a l(p) >  which is dependent
on p only, such that

( + x)p <  + ( + p)x, x ∈ (
, l(p)

]
. (.)

If
D

TM(m) (–|c|)
∫ T

 |(Au)(m)(t)|dt
> l(p), then

∫ T
 |(Au)(m)(t)|dt <

D
TM(m) (–|c|)

l(p) . It follows from (.), (.) and

Lemma . that

|u| ≤ D + TM(m)
∫ T



∣
∣u(m)(t)

∣
∣≤ D +

D

l(p)
:= M. (.)

If
D

TM(m) (–|c|)
∫ T

 |(Au)(m)(t)|dt
≤ l(p), then it follows from (.) and (.) that

(
D

TM(m)
+
∫ T

 |(Au)(m)(t)|dt
 – |c|

)p

≤ 
( – |c|)p

(∫ T



∣
∣(Au)(m)(t)

∣
∣dt

)p(
 +

(p + ) D
TM(m) ( – |c|)

∫ T
 |(Au)(m)(t)|dt

)

=
(
∫ T

 |(Au)(m)(t)|dt)p

( – |c|)p +
(p + ) D

TM(m)

( – |c|)p– ·
(∫ T



∣
∣(Au)(m)(t)

∣
∣dt

)p–

. (.)

Substituting (.) into (.) and by applying the Hölder inequality, we can see that

∫ T



∣∣(Au)(m)(t)
∣∣p dt

≤ Mp
 (m)Tp–( + |c|)(mT + α)

( – |c|)p

∫ T



∣
∣(Au)(m)(t)

∣
∣p dt

+
T

p–p+
p Mp–

 (m)D( + |c|)[mT(p + ) + αp]
( – |c|)p– ·

(∫ T



∣∣(Au)(m)(t)
∣∣p dt

) p–
p

+
( + |c|)βTp–M

 (m)
( – |c|)

(∫ T



∣
∣(Au)(m)(t)

∣
∣p dt

) 
p

+
( + |c|)T p–

p M(m)[βD + mT + |e|T]
 – |c| ·

(∫ T



∣
∣(Au)(m)(t)

∣
∣p dt

) 
p

+
(
 + |c|)TD

(
m + |e|

)
. (.)
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It follows from Mp
 (m)Tp–(+|c|)(mT+α)

(–|c|)p <  and p ≥  that there exists a positive constant
M >  such that

∫ T



∣
∣(Au)(m)(t)

∣
∣p dt ≤ M.

Then by (.), we can see that

∫ T



∣∣u(m)(t)
∣∣dt ≤

∫ T
 |(Au)(m)(t)|dt

 – |c|

≤ T
p–

p (
∫ T

 |(Au)(m)(t)|p dt)

p

 – |c|

≤ T
p–

p M

p


 – |c| := M, (.)

which together with (.) and Lemma . yields

|u| ≤ D +
∫ T



∣∣u′(s)
∣∣ds ≤ D + T

∣∣u′∣∣


≤ D + TM(m)
∫ T



∣∣u(m)(t)
∣∣dt

≤ D + TM(m)M := M.

Therefore, in both Case  and Case , we obtain

|u| ≤ M. (.)

From the second equation of (.), we can get

∫ T



∣
∣v(m)(t)

∣
∣dt ≤ λ

[∫ T



∣
∣f
(
u(t)

)∣∣
∣
∣u′(t)

∣
∣dt +

∫ T



∣
∣g
(
t, u(t – τ )

)∣∣dt

+
∫ T



∣∣e(t)
∣∣dt

]
,

from which by applying [H] and (.), we have

∫ T



∣
∣v(m)(t)

∣
∣dt ≤ λ

[
αT |u|p–


∣
∣u′∣∣

 + βT
∣
∣u′∣∣

 + mT |u|p–


+ Tm + |e|T
]
. (.)

By Lemma ., (.) and (.), we obtain

∫ T



∣
∣v(m)(t)

∣
∣dt ≤ λ

[
αT |u|p–


∣
∣u′∣∣

 + βT
∣
∣u′∣∣

 + mT |u|p–


+ Tm + |e|T
]
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≤λ
[
αTMp–

 M(m)M + βTM(m)M + mTMp–


+ Tm + |e|T
]
. (.)

Moreover, integrating the first equation of (.) on the interval [, T], we have

∫ T



∣∣v(t)
∣∣q–v(t) dt = ,

which implies that there exists η ∈ [, T] such that v(η) = . Thus,

∣
∣v(t)

∣
∣ =

∣∣
∣∣

∫ t

η

v′(s) ds + v(η)
∣∣
∣∣≤

∫ T



∣
∣v′(s)

∣
∣ds ≤ T

∣
∣v′∣∣

,

by Lemma . and (.), we can obtain

|v| = max
t∈[,T]

∣∣v(t)
∣∣

≤ T
∣∣v′∣∣

 ≤ TM(m)
∫ T



∣∣v(m)(t)
∣∣dt

≤ λTM(m)
[
αTMp–

 M(m)M + βTM(m)M + mTMp–


+ Tm + |e|T
]

≤ TM(m)
[
αTMp–

 M(m)M + βTM(m)M + mTMp–


+ Tm + |e|T
]

:= A. (.)

On the other hand, from the second equation of (.) and [H], we can see that

v(m)(t + τ ) = –λf
(
u(t + τ )

)
u′(t + τ )

– λ
[
g
(
t + τ , u(t)

)
+ g

(
u(t)

)]

+ λe(t + τ ). (.)

Furthermore, multiplying both sides of equation (.) by u′(t), we have

v(m)(t + τ )u′(t) = –λf
(
u(t + τ )

)
u′(t + τ )u′(t)

– λ
[
g
(
t + τ , u(t)

)
+ g

(
u(t)

)]
u′(t)

+ λe(t + τ )u′(t). (.)

Let σ ∈ [, T] be as in (.). For any t ∈ [σ , T], integrating equation (.) on the interval
[σ , t], we get

λ

∫ u(t)

u(σ )
g(u) du = λ

∫ t

σ

g
(
u(t)

)
u′(t) dt

= –
∫ t

σ

v(m)(t + τ )u′(t) dt – λ

∫ t

σ

f
(
u(t + τ )

)
u′(t + τ )u′(t) dt

– λ

∫ t

σ

g
(
t + τ , u(t)

)
u′(t) dt + λ

∫ t

σ

e(t + τ )u′(t) dt,
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which together with (.) yields

λ

∣
∣∣∣

∫ u(t)

u(τ )
g(u) du

∣
∣∣∣

= λ

∣∣
∣∣

∫ t

τ

g
(
u(t)

)
u′(t) dt

∣∣
∣∣

≤
∫ T



∣∣v(m)(t + τ )
∣∣∣∣u′(t)

∣∣dt + λ

∫ T



∣∣f
(
u(t + τ )

)∣∣∣∣u′(t + τ )
∣∣∣∣u′(t)

∣∣dt

+ λ

∫ T



∣
∣g

(
t + τ , u(t)

)∣∣
∣
∣u′(t)

∣
∣dt + λ

∫ T



∣
∣e(t + τ )

∣
∣
∣
∣u′(t)

∣
∣dt

≤ λ
∣∣u′∣∣



[
αTMp–

 M(m)M + βTM(m)M + mTMp–
 + Tm + |e|T

]

+ λ
∣
∣u′∣∣



∫ T



∣
∣f
(
u(t + τ )

)∣∣dt + λ
∣
∣u′∣∣



∫ T



∣
∣g

(
t + τ , u(t)

)∣∣dt

+ λ
∣
∣u′∣∣



∫ T



∣
∣e(t + τ )

∣
∣dt.

Furthermore, set

FM = max
|u|≤M

∣
∣f (u)

∣
∣ and GM = max

t∈[,T],|u|≤M

∣
∣g(t, u)

∣
∣,

then we have

λ

∣∣
∣∣

∫ u(t)

u(τ )
g(u) du

∣∣
∣∣≤ λ

∣
∣u′∣∣



[
αTMp–

 M(m)M + βTM(m)M
]

+ λ
∣
∣u′∣∣



[
mTMp–

 + Tm + |e|T
]

+ λ
∣
∣u′∣∣

TFM + λ
∣
∣u′∣∣

TGM + λ
∣
∣u′∣∣

T |e|,

by (.) and Lemma ., we obtain

∣
∣∣
∣

∫ u(t)

u(τ )
g(u) du

∣
∣∣
∣≤ M(m)M

[
αTMp–

 M(m)M + βTM(m)M
]

+ M(m)M
[
mTMp–

 + Tm + |e|T
]

+
[
M(m)M

]TFM + M(m)MTGM

+ M(m)MT |e|
< +∞. (.)

According to condition () in [H], we see that there exists a constant M >  such that,
for t ∈ [σ , T],

u(t) ≥ M. (.)

In a similar way, we can handle the case of t ∈ [,σ ].
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Let us define

 < A = min{D, M}, and A = max{D, M}.

Then by (.), (.), (.) and (.), we can obtain

A ≤ u(t) ≤ A. (.)

Clearly, A and A are independent of λ. Therefore, the proof of Theorem . is com-
plete. �

Theorem . Assume that all the conditions in Theorem . hold, then system (.) has at
least one positive T-periodic solution.

Proof Set

� =
{

x = (u, v)� ∈ X :
A


< u(t) < A + , |v| < A + 

}
.

From (.) and (.), one can easily see that � is an open bounded subset of X and N is
L-compact on �. Then the conditions () and () of Lemma . are satisfied.

In the following, we prove that condition () of Lemma . also holds.
Now, we let

ω = Bx = B

(
u
v

)

=

(
u – A+A


v

)

.

Define a linear isomorphism

J : Im Q → ker L, J(u, v) =

(
v

–u

)

,

and define

H(μ, x) = μBx + ( – μ)JQNx, ∀(x,μ) ∈ (� ∩ ker L) × [, ].

Then we can get

K(μ, x) =

(
μu – μ(A+A)


μv

)

+
 – μ

T

(∫ T
 [f (u)u′ + g(t, u)] dt

( – |c|)– ∫ T
 ϕq(v) dt

)

. (.)

In order to prove the condition () of Lemma . is also satisfied, firstly, we prove that
K(μ, x) is a homotopic mapping. By way of contradiction, i.e., suppose that there exist
μ ∈ [, ] and x =

( u
v

) ∈ ∂(� ∩ ker L) such that K(μ, x) = . Then, substituting μ and
x into (.), we have

K(μ, x) =

(
μu – μ(A+A)

 + ( – μ)g(u)

μv + –μ
–|c| ϕq(v)

)

. (.)
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It follows from K(μ, x) =  that

μv +
 – μ

 – |c| ϕq(v) = ,

which together with μ ∈ [, ] gives v = . Thus, we can get u = A
 or A + . Further-

more, it follows from [H]() that g( A
 ) <  and g(A + ) > , substituting u = A

 or A + 
into (.), we can obtain

μu –
μ(A + A)


+ ( – μ)g(u) <  (.)

and

μu –
μ(A + A)


+ ( – μ)g(u) > . (.)

From (.) and (.), we have K(μ, x) �= , which is a contradiction. Therefore K(μ, x)
is a homotopic mapping and x�K(μ, x) �= . For all (x,μ) ∈ (∂� ∩ ker L) × [, ], we get

deg(JQN ,� ∩ ker L, ) = deg
(
K(, x),� ∩ ker L, 

)

= deg
(
K(, x),� ∩ ker L, 

)

= deg(Bx,� ∩ ker L, )

=
∑

x∈B–()

sgn
(
det B′(x)

)

=  �= .

Thus, the condition () of Lemma . is also satisfied. Therefore, we can conclude that
equation (.) has at least one positive T-periodic solution. �

4 Examples
In this section, we provide two examples to illustrate our main result.

Example . Consider the following third-order p-Laplacian neutral functional differen-
tial equation:

(
ϕ

((
x(t) –




x
(

t –
π



))()))()

+
(

u(t)
 + u(t)

+ 
)

u′(t)

+



( + sin t)u(t – τ ) –


u(t – τ )

=



sin t. (.)

Conclusion Problem (.) has at least one positive π/-periodic solution.

Proof Corresponding to (.), we have

f
(
u(t)

)
=

u

 + u + , u ∈ (, +∞), e(t) =



sin t,

g
(
t, u(t – τ )

)
=




( + sin t)u(t – τ ) –


u(t – τ )
, u ∈ (, +∞).
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Then we can have and choose

m = , p = , γ =
π


, c =




, T =
π


,

α =



, β = , m =



, D = , D = .

Moreover, by Lemma . we have M() = T/. Thus, the conditions [H]-[H] are satis-
fied. Meanwhile, we also have

Mp
 (m)Tp–( + |c|)(mT + α)

( – |c|)p ≈ . < .

Hence, by applying Theorem .-., we can see that equation (.) has at least one positive
π/-periodic solution. �

Example . Consider the following fourth-order p-Laplacian neutral functional differ-
ential equation:

(
ϕ

((
x(t) –




x
(

t –
π



))()))()

+
(

u(t)
 + u(t)

+ 
)

u′(t)

+



( + sin t)u(t – τ ) –


u(t – τ )

=



sin t. (.)

Conclusion Problem (.) has at least one positive π -periodic solution.

Proof Corresponding to (.), we have

f
(
u(t)

)
=

u

 + u + , u ∈ (, +∞), e(t) =



sin t,

g
(
t, u(t – τ )

)
=




( + sin t)u(t – τ ) –


u(t – τ )
, u ∈ (, +∞).

Then we can choose

m = , p = , γ =
π


, c =




, T = π ,

α =



, β = , m =



, D = , D = .

Moreover, by Lemma ., we get M() = T


√


. Thus, the conditions [H]-[H] are satis-

fied. Meanwhile, we also have

Mp
 (m)Tp–( + |c|)(mT + α)

( – |c|)p ≈ . < .

Hence, by applying Theorem .-., we can see that equation (.) has at least one positive
π-periodic solution. �
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Example . Consider the following fourth-order p-Laplacian neutral functional differ-
ential equation:

(
ϕ

((
x(t) –




x
(

t –
π



))()))()

+ u′(t)

+



( + sin t)u(t – τ ) –


u(t – τ )

=



sin t. (.)

Conclusion Problem (.) has at least one positive π
 -periodic solution.

Proof Corresponding to (.), we have

f
(
u(t)

)
= , u ∈ (, +∞), e(t) =




sin t,

g
(
t, u(t – τ )

)
=




( + sin t)u(t – τ ) –


u(t – τ )
, u ∈ (, +∞).

Then we can choose

m = , p = , γ =
π


, c =




, T =
π


,

α = , β = , m =



, D = , D = .

Moreover, by Lemma ., we get M() = T


√


. Thus, the conditions [H]-[H] are satis-

fied. Meanwhile, we also have

Mp
 (m)Tp–( + |c|)(mT + α)

( – |c|)p ≈ . < .

Hence, by applying Theorem .-., we can see that equation (.) has at least one positive
π
 -periodic solution. �
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