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Abstract

We investigate solutions to nonlinear operator equations which are difficult to
investigate with variational methods and obtain some abstract existence results by
topology degree methods. These results apply to ordinary differential systems with
impulsive effects satisfying nonlinear boundary value conditions, and we obtain some
new results.
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1 Introduction

We are interested in the problem

¥+ V'(t,x)=0, 11)
x(0) = Mo (2(0),%'(0), x(1),5'(1)), (1.2)
x(1) = My (x(0),'(0),x(1), %' (1)), (1.3)

where V € C1([0,1] x R”,R), V' denotes the gradient of V with respect to x and My, M; :
R* — R". When M, = x, M; = x; are constants, Ekeland et al. [1] investigated the prob-
lem in 1996. Setting x = y + (1 — t)x¢ + tx;, then (1.1)-(1.3) is equivalent to the problem

y+ V' (ty+ 0 —t)xo +tx1) =0,

$(0) =0 = y(1),
and its solutions are the critical points of the functional

1

1
I(y) = E/o [|j/(t)}2 - V(t,y+ 1 -1t)xo + txl)] dt

defined on some suitable function space. However, if one of M, and M; is not constant,
(1.1)-(1.3) cannot be solved by variational methods generally. Note that the problem is
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equivalent to the integral equation
1
x(t) = / G(t,s)V’ (s,x(s)) ds + (My — M)t + My, (1.4)
0

where G(t,s) =t(1 —s)as 0 <t <s<land G(t,s) =s(1—-¢t)as0<s<t<1 M; =
M;(x(0),x(1),x'(0), %' (1)) (i =0,1).

Let X = L*([0,1],R"), D(A) = HZ([0,1],R") = {x € H?*([0,1],R")[x(0) = 0 = x(1)},
A : D(A) — L*([0,1],R") by (Ax)(t) = =&(t), N : C([0,1],R") — L2([0,1],R") by
(Nx)(t) = V'(t,x(2)), Y = C}([0,1],R"), M : C([0,1],R") — C([0,1],R") by (Mx)(¢t) =
(1 = ©)My(x(0),x'(0),x(1),x'(1)) + tM;(x(0),x'(0),x(1),x'(1)). Then A is an unbounded self-
adjoint invertible operator in X with o(4) = {k*7%}%°, = 04(A), and (1.1)-(1.3) turn to the
following operator equation:

x=A"IN(x) + M(x). (1.5)

In this paper we also denote N(x) and M(x) by Nx and Mx, respectively, when there is no
confusion. We will first investigate (1.5), and then as applications we investigate ordinary
differential systems satisfying nonlinear boundary value conditions including (1.1)-(1.3).
In particular, we will investigate differential systems with impulsive effects.

Let X be a real infinite-dimensional separable Hilbert space with norm || - || and inner
product (-,-). Let A : D(A) C X — X be an unbounded self-adjoint and invertible operator
satisfying o (A) = 04(A). Assume that Y is a Banach space with the norm || - ||y satisfying
D(A) C Y C X, the inclusion map from D(A) to Y is compact and the inclusion from Y
to X is continuous. Assume N : Y — X is continuous, M : Y — Y is compact and satisfies
|M(x)|ly < p forall x € Y and some p > 0.

We will also use the following assumptions:

(N7) There exists B: Y — L(X), B, By € L(X) with i4(By) = ia(B3), v4(Bz) = 0 and there
is an & > 0 such that B; < B(x) < By, B; > ¢ld and Nx = B(x)x + C(x), [|C(x)|| < p for
all x € Y and some p > 0.

(N,) There exists By : Y — L (X), Bo1,Bo2 € L(X) with ig(Bo1) = ia(Bo2), va(Bo2) = 0 and
there is an € > 0 and some r > 0 such that Bg; > ¢ld, By < Bo(x) < By, and Nx =
Bo(x)x for all x € Y with ||x|ly <.

(M) M(x) = o(llxlly) as [lx[ly — 0.

Theorem 1.1 Assume N satisfies (N1). Then (1.5) has one solution. If further (Ny) and (M)
hold, then (1.5) has a nontrivial solution provided is(Bo1) — ia(Bi) is odd.

We will give the proof in the next section, and now we return to a discussion of the
problem at the beginning of the paper. Let | - | denote the usual norm in R for positive
integer m. We need the following assumptions:

(V1) There is a B: [0,1] x R* — L (R") with B(-,x(-)) € L=([0,1], L,(R")) for all x €
C([0,1],R") and there exists B;, By € L([0,1], £,(R")) such that

V'(t,%) = B(t,x)x + h(t, x), Bi(2) < B(t,x) < By(¢)

for all (¢,x) € [0,1] x R", h:[0,1] x R” — R" is bounded.
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(V,) There exists By : [0,1] x R" — £®(R") with By(-,x(-)) € L*([0,1], L,(R")) for all x €
C([0,1],R") and there exists Boj, Boz € L>®([0,1], £;(R")) such that

V'(t,x) = Bo(t, %)%, Boi(t) < Bo(t,%) < Boa(2)

for all (¢,x) € [0,1] x R” with |x| < r for some r > 0.
(M) M;(&) =o0(|&]) as |E] — 0, M; (i = 0,1) are continuous and bounded.

We will also use the index (vg (B), io.x (B)) concerning the following systems:

%)+ B() =0, (1.6)

x(0) = 0 =x(1), 1.7)
where B € L*([0,1], Ls(R")).

Definition 1.1 (See Definition A.4) For any B € L>([0,1], L;(R")), we define

Vo (B) = the dimension of the solution space of (1.6)-(1.7),

iy (B) =Y vy, (B+1L).

A<0

Note that from Definition 1.1 for ¢ € R, v . (cl,) = 0 as ¢ # k*m? and vy (cl,) = n as
c=k*n*fork=1,2,...;and ), (cl,) = Oasc < w*and &  (cl,) = knas kK*7? < ¢ < (k+1)*7?
fork=1,2,....

Theorem 1.2 If'V satisfies (V1) with iy , (By) = io . (By), Vo (By) = 0, then (1.1)-(1.3) has one
solution. Furthermore, if (V) and (M) hold, then (1.1)-(1.3) has one nontrivial solution
provided iy (Bo1) = iy (Bo2), Vo (Boz) = 0 and i, (Bo1) — iy (By) is odd.

Proof We only give the proof for the case that there exists € > 0 such that B; > €1, By; >
€l,. The complete proof will be given in Section 4 as a special case of a more general re-
sult. Let X = L2([0,1],R"), D(A) = {x € H*([0,1], R")|x(0) = 0 = (1)} and Y = C*([0,1],R").
The inclusion maps D(A) — Y, Y — X are compact and continuous, respectively. De-
fine A : D(A) — L*([0,1],R") by (Ax)(¢) = —%(t), then A is invertible. Define N : ¥ — X
and M : Y — Y by (Nx)(t) = V'(¢,x(¢)) and (Mx)(t) = tM;(x(0),x(1),2'(0), %' (1)) + (1 -
£)Mo(x(0),x(1),x'(0),x' (1)), respectively. Then (1.1)-(1.3) is equivalent to (1.4) or (1.5). Be-
cause M; is bounded, there exists ¢ > 0 such that |M;(&)| < ¢ for all £ € R*, i = 0,1.
Assume {x;} C Y is bounded. Then ||Mx;|y < 3¢, and |(Mx;)(£) — (Mx;)(s)| < 2cl|t — s],
[(Mx;) (£) — (Mx;)'(s)| = O for all ¢, s € [0,1]. By Ascoli-Arzela’s theorem, {Mx;} has a con-
vergent subsequence in Y. Moreover, M : Y — Y is continuous via the continuity of M;
(i =0,1). So M is compact. Because assumptions (Vi), (V2), (M;) imply (N1), (N3), (M),
Theorem 1.2 follows Theorem 1.1 directly. 0

Remark
1. Asin [2], p.69, if we assume V € C2([0,1] x R”) and B,(t) < V" (t,x) < By(t) for all
(t,x) € [0,1] x R” with |x| > > 0, then (V;) (with By, B, replaced by By — €I,,, B + €I,
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for small € > 0) holds. In fact, for any € > 0, there exists § € (0,1) such that
-1 . = 5 1
B - 561}1 <(1-8)Bi<(1-8)B,<By+ 561;1:

1 & 1
—el, < | V'(t,0x)do < =€l,.
2 0 2

Set
_ 1
B(t,x) :/ V'(t,0x)do, |x|>rs!
0
:BZ(t), |x| Era_l'
It follows that

Bi(t) — €I, < B(t,x) < By(t) + €I,

for all (¢,x) € [0,1] x R™. And h(¢t,x) = V' (t,x) — B(t,x) = V'(¢,0) (as |x| > 7671) is
bounded. If & (By) = & . (B>), v} . (B2) = 0, then there exists € > 0 such that
iy (By —€l,) = i n (By + €l,), Vo (B, + €l,,) = 0 via Proposition A.2(ii).

2. In (1.1) and (V5 — V) if we replace V'(¢,x) by F € C([0,1] x R",R"), the results in
Theorem 1.2 are also valid.

3. Condition (N;) is called the asymptotically linear condition; concerning other
conditions like superlinear or sublinear conditions for operator equations we refer
to [3].

The proof of Theorem 1.1 will be given in Section 2 and in Sections 3-6 we will investigate
its other applications. Especially we will investigate differential systems with impulsive
effects [4—16], which is not easy to investigate by variational methods. In the Appendix
we recall some useful results concerning the index theory for linear self-adjoint operator
equations in [2] which will be used in other sections.

2 Proof of Theorem 1.1

In this section we will prove Theorem 1.1. We need two lemmas about the Leray-Schauder
degree. Suppose X is a Banach space and Q C X is a bounded open set. T : Q — X is
compact and x— Tx is not zero for all x € 9L, so the Leray-Schauder degree deg(ld—-T,2) €
Z is defined. We have the following well-known lemmas.

Lemma 2.1
(i) Ifdeg(ld — T, Q) is not zero, then there exists x € Q such that x — Tx = 0,
(i) IfK is linear compact, ker(ld — K) = 0 and 0 € Q, then deg(ld — K, Q) #0,
(iii) deg(ld — T, 2) is constant for A € [0,1] provided x — Ty x is not zero for all x € 9Q
and Tyx = (1 — 1) Tox + ATyx and Ty, Ty : Q@ — X are compact.

Lemma 2.2 Assume K : X — X is a linear compact operator, 1 ¢ o(K) the spectral of K.
Let Q be an open bounded subset of X with 0 € Q. Then deg(ld — K, Q) = (-1)? where

B= ZA,>1,A,~E<:(1<) Bj and B; = dimker U (K - 2™
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Proof of Theorem 1.1 Since (N;) holds, A™'N + M is a compact operator on Y. Now we
want to prove deg(ld — (A™N + M), U) # 0 for some open ball U in Y with center 0 and
radius R > 0. It suffices to show that the possible solutions of the following equations are
a priori bounded for A € (0,1) with respect to the norm || - ||y:

x—A(ATN(x) + M(x)) - (1 - V)A™' Byx = 0. 2.1)
If not, there exist {x;}75 C Y with ||x;]ly — +00, and {};}75 C (0,1) such that

%= (AN () + M(xy)) = (1= A)A " By = 0. (2:2)
Set y; = x;/||%j|ly. Then (2.2) turns to

;= M(ATN () + M(x)/llxlly — (1= A)A™ Byy; = 0. (2.3)

Because ||y;lly =1, {y;} is bounded in X. We may assume y; — y, in Y and y; — yo in X for
some Yo € Y by going to subsequences if necessary. Further we claim

B(xj)y — Dyy. (2.4)

in X for any given y € X and some D; € L,(X). In fact, by (Ny), {l|B(x;) ||} is bounded, so it
follows that

B(x))(yj —y0) = 0 (2.5)

in X. Because X is separable, there exists a countably orthonormal basis {e,»}fjl. Since
{B(x))e1} is bounded in X, we have B(x;())er — & in X, where (i) is a subsequence
of the positive integer sequence. Now {B(x;(;))e:} is also bounded, again there exist a
subsequence j,(i) of ji(i) and & € X such that B(xj,j)es — &. Repeating this process
and using the standard diagonal process, there exists a subsequence jix = jx(k) such that
B(x;, )e; — & for any given /. Define a linear operator D; on X by D;e; = §;. Then B(x;, )x —
Dyx in X for any given x € X. So (2.4) holds. By assumptions, A™ : X — X is com-
pact, thus A™'B(x;)y; — A™'D1yo, A™'Byy; — A7'Byyo in X via (2.4) and (2.5). By (Ny),
A€t | My in X. And from (2.3),

lIxjlly %1y

A_lc(x]) M(x])> a1
Cllly 1=2)(»,A™ Bay; 2.6
oy iy )t A0ATE) (2.6)

09) = A (J’»A_IB(xi)y/ +

for any y € X. Further we assume A; — 1. Taking the limit in (2.6) and considering (2.4)
and (2.5) yield

0550) = (% AoA ™ Diyo + (1 = 20)A™'Bayo)
forall y € X and

Ayo —Bzyo =0,
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where B3 = LoD + (1 — Ag)B; satisfying By < B3 < B,. By Proposition A.1(ii), v4(Bs) = 0. By
the above argument and (2.3), {y;} is convergent in Y by going to subsequence if necessary.
So |[lly =1 and y = ¥, is a nontrivial solution of Ay — B3y = 0, a contradiction. Thus,
there is R > 0 such that as ||x||y > R, x — A(A7IN(x) + M(x)) — (1 — A)A™'Byx #0 forall A €
(0,1). So deg(Id — T, Uy) is well defined where T, = AM(A™IN(x) + M(x)) + (1 — A)A~'Byx. By
Lemma 2.1(ii)-(iii), deg(ld — Ty, Ug) = deg(ld — Ty, Ur) # 0 because of 0 € Uy and ker{ld —
A7'B,} = {0} since v4(B;). Hence, (1.5) has one solution.

Further assume (N;) and (M) hold. To obtain a nontrivial solution of (1.5), we claim that
the following problem:

x—A(AT'N(x) + M(x)) - (1 - WA Box =0

has no solution x satisfying 0 < ||x|ly <r.
If not, there exist {x¢}z; C Y such that |lxx|ly — 0 and {A«}22; C (0,1) such that

X — Mg (A_lN(xk) + M(xk)) -(1- )Lk)A_lB(nxk =0.
We have
X — MM (xx) —A‘lékxk =0, (2.7)

where By = ABo(xx) + (1 — Ax)Bor. Set Yk = —%—. Then ||yxlly =1, yx — ¥ in X and (2.7)

%k lly
turns to

MM (x)

llxlly

Yk ~ A7 By = 0. (2.8)

By (M), Aﬁ;’:’ﬁ) — 0; and as before there exists a Dy € L;(X) satisfying Byy < Dy < By, such

that A™'B;(yx) = A™'Dyy, in Y. Taking the limit in (2.8) yields
yo— A" Doy =0,

where By; < Dy < Bya, s0 v4(Dg) = 0. As above we have |yo|ly =1, ¥ = yo is a nontrivial

solution of Ayy — Dgyo = 0, a contradiction. Now we prove
deg(ld — A™ By, U,) = (~1)"@Bov), (2.9)

By Proposition A.1, setting K = A~ By, yields

Z dimker(K — A) = Z vA<%Bm> = Z v(BBo1) = 14(0, Byy).

r>Lreo (K) r>Lreo (K) Be(0,1)

By Lemma 2.2, in order to prove (2.9) we need only to show that ker(K — 1) = ker(K — 1).
In fact, assume ker(K — 1)%x = 0. Then ¥ = (K — A)x = (A1 = ABy})Borx € R(A™ — AB;}) and
0= (K-A)x = (A1 = ABy])Bo1%, s0 Bo1x € ker(A™ —1B}). Because A™! — AB] is self-adjoint,
(Boi#,¢) = 0, and X = 0.
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By Lemmas 2.1-2.2 and (2.9),
deg(Id - (AN + M), U,) = deg(ld — A™ Boy, U,) = (-1)"40o0),
Similarly,
deg(ld — (AN + M), Ug) = deg(ld — A™'By, Ug) = (-1)4©5,
Hence

deg(Id - (A™'N + M), Ug \ U,)
=deg(ld - (A'N + M), Uy) — deg(Id - (A7'N + M), U,)

— (_1)1/1(0,31) _ (_I)IA(OvBOI) 40,

since 14 (0, B1) —14(0, Bo1) = ia(B1) — ia(Bo1) (via Proposition A.1(ii)) is odd. Therefore (1.5)
has one solution x with ||x||y € (r, R]. O

Remark As M(x) = 0, (1.5) reduces to the equation
Ax =N(x).
When Y = D(JA| %), Theorem 1.1 reduces to [2], Theorem 7.3.1,as 0 (A) = 04(A) is bounded

from below, and to [2], Theorem 8.4.1, as 6 (A) = 64(A) is unbounded both from above and
below.

3 Applications to first order Hamiltonian systems

Consider the following problem:

x = JH'(t, %), (3.1)
x1(0) cosa +x2(0) sina = Mo (x(0), x(1)), (3.2)
x1(1) cos B +x,(1) sin B = M, (x(O),x(l)), (3.3)

where H € C'([0,1] x R?",R?>") and H'(t,x) is the gradient of H with respect to x, x =
(%1,%2), 21,42 € R”, o« € [0, ), B € (0,7], ] is the standard symplectic matrix and M; €
C(R* x R",R*") are bounded (i = 0,1). x : [0,1] — R*" is said to be a solution of (3.1)-(3.3)
if x € C1([0,1], R*") and x = x(¢) satisfies (3.1)-(3.3).

We also make the following assumptions:

(H;) There exists B: [0,1] x R* — L(R*") with B(-,x(-)) € L*([0,1], L,(R?")) for all x €
C([0,1],R?"), By, B, € L*([0,1], L;(R*")) such that

H'(t,x) = B(t,x)x + h(t, x), Bi(t) < B(t,x) < By(t)

for all (t,x) € [0,1] x R**, and k(¢t,x) : [0,1] x R¥* — R?" is bounded.
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(Hy) There exists By : [0,1] x R* — L (R¥") with By(-,x(-)) € L°([0,1], £;(R?")) for all
x € C([0,1], R¥"), Bo1, Bz € L®([0,1], £4(R?™)) such that

H'(t,x) = Bo(t, x)x, Bo1(£) < Bo(t,%) < Boa(t)
for all (t,x) € [0,1] x R*" with |x| < r for some constant r > 0.

Theorem 3.1 If H satisfies (H;) with i/ ﬂ(Bl) = z’;ﬁ(Bg) vgﬂ(Bz) =0, then (3.1)-(3.3) has
one solution. Furthermore, if (Hy) and (M) hold, then (3.1)-(3.3) has one nontrivial solu-
tion provided i, 4(Boy) = &, 5(Boa), v, 5(Boz) = 0 and i, 4(Bor) 1l 4(By) is oddl.

a,

Proof Let X = L2([0,1],R*"), Y = C([0,1],R?"), D(A;) = {x € H'([0,1], R*")|x1(0) cos o +
x2(0)sina = 0,x1(1)cos B + x2(1)sin B = 0}, A; : D(A;) C Y — X by (A1x)(t) = —Jx(¢) -
n1x(t) where 1 <0, g # B—a+kn, k € Zand By — 11z, > Iy, Boy — 1o, > Iy, Then Ay is
an unbounded self-adjoint and invertible operator in X with 0 (4;) = 04(41) = {f—a— 1 +
km|k € Z}. Ny : Y — Y by (Nix)(£) = H'(£,%(t)) — pax(2), (B(x)y)(£) = B(t,x(6))y(t) — p1y(2).
Hence (H;), (Hy) imply (N1), (N3), respectively. Set (Ax)(£) = —Jx(t), (Eix)(t) = Bi(t) - nux(t),
(Bow)(£) = Boi(t) — 1x(t) and (Bx)(t) = B(t), (Bo)(t) = Boy(t); then A; = A — y,1d, B; =
B; — puld, Bo; = By — uld (i = 1,2). By the definition in the Appendix, Vg,ﬂ(éz) = v4(Bo),
and

iay(By) —ia;(B) = Y wa (1=W)Bi+ABy) = >~ va((1-1)By +ABy)
0<i<l 0<i<l

=1, 5(By) ~ 2, 4(By).

Hence, iglﬂ(Bz) = i};ﬁ(l_%l) implies i4(B) = i4(B;) and / (Bo1) /a,,s (B,) is odd means that

ia(Bo1) — ia(By) is odd. Therefore, in order to finish the proof we need only to show that
(3.1)-(3.3) can be written in the form of (1.5). Noticing that (3.1) is equivalent to

&' () = Jx(t) = J (H' (£, %) — pax(t)) = JA ().

Multiplying the equation with the integral factor e/*1 and integrating over [0, ¢], we can

get

x(t) = &*1%(0) + /te]‘”(”)]fl(s) ds
0
Considering (3.2)-(3.3) yields
1 (1,, sin(u; — B) I,sina ) (M())
x(0) = —
Ay \I,cos(u; —B) —I,cosa) \ M

. 1
~ 1 ( I,sina ) <1n cosp I, sinﬁ)/ e/m(l—sUfl(S) ds,
0

Ay \-I,cosa

where A = sin(u; — 8 + «). Then (3.1)-(3.3) is equivalent to

1
x(t) = / Gi(t,s)fi(s) ds + M*(x) = AT Ny (x) + M (x), (3.4)
0
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where,as 0 <s<t <1,

1 I,si
Gi(t,s) =M — — < o ) (In cosB I, sinﬂ) M=y,

Ay \-I,cosax

as0<t<s<l,

1 { Isi
Gi(t,s) = ——— ( S ) (In cosB I sinﬂ) M=y,

Ay \-1I,cosu
and
(M) (z) = 1 (Lysin(uy - B—mt)  Iysin(a + ) | (Mo ‘
Ay \I,cos(py — B —uit)  —I,cos(a + uit) ) \ M

It is easy to see that M (x) is a compact operator satisfying ||M!(x)||y < p for all x € Yand
some p >0 and (M;) implies (M). Hence Theorem 3.1 follows from Theorem 1.1. O

Asan application of Theorem 3.1 we investigate the following second order Hamiltonian

systems:
X+ V'(tx) =0, (3.5)
x(0) cosa — x'(0) sina = My (x(O),x(l),x/(O),x/(l)), (3.6)
x(1) cos B — &'(1) sin B = M; (x(0),x(1),4'(0),x'(1)), 3.7)

where V € C!([0,1] x R*,R), V' denotes the gradient of V with respect to x, @ € [0,7),
B € (0,7], Mo, M, : R¥ — R" are continuous and bounded. x : [0,1] — R” is said to be a
solution of (3.5)-(3.7) if x € C%([0,1], R") and x = x(¢) satisfies (3.5)-(3.7).

Corollary 3.1 If V satisfies (V1) with &5, ;(B1) = &5, 4(Ba), v}, 4(B2) = 0, then (3.5)-(3.7) has
one solution. Furthermore, if (V,) and (M) hold, then (3.5)-(3.7) have one nontrivial so-
lution provided fo g (Bo1) = i;,ﬂ(Boz), Vo p (Boz) =0 and fo g (Bo1) — Iy g (By) is odd.

Proof Define y = —x, z = (x,y), H(t,z) = %Iyl2 + V(t,x). Then (3.5)-(3.7) are equivalent to
(3.1)-(3.3). If (V1) holds, then

H'(t,z) = diag{é(t,x),ln}z + (h(t,x),O);
and if (V) holds, then
H'(t,z) = diag{Bo(t,x),I,,}z

for all (¢,2) € [0,1] x R*" with |z| < r. By Proposition A.2, v;ﬁ( o1) = vg’ﬁ(diag{l_%m,l,,}),
vS,5(B1) = v, 4(diag{By, 1)), and & 4 (Boy) = i}, 5(diag(Bois 1)), &, 5(B:) = &, 5(diag(B:, 1)) (i =
1,2). Hence, the results follow from Theorem 3.1. O
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Remark
1. Whena =0, 8 =, (3.6)-(3.7) reduce to (1.2)-(1.3), so that Corollary 3.1 contains
Theorem 1.2 as a special case.
2. When My(£) = 0, M1(£) = 0 for £ € R*", the first part of Theorem 3.1 reduces [17],
Theorem 3.4.3.

Next we discuss the problem
x = JH'(t, %),

x(1) — Px(0) = M, (%(0),x(1)), (3.8)

where P € S,(R*"), M, : R x R*" — R* is continuous and bounded. x : [0,1] — R*" is
said to be a solution of (3.1) and (3.8) if x € C([0,1],R*") and x = x(¢) satisfies (3.1) and
(3.8). We will use the following assumption:

(M) M(&) =o(|]) as [§] — 0.

Theorem 3.2 If H satisfies (H;) with i’;(Bl) = i’;(Bz), U;(Bz) = 0, then the problem (3.1)
and (3.8) has one solution. Furthermore, if (Hy) and (My) hold, then the problem (3.1) and
(3.8) has one nontrivial solution provided i};(l—%m) = i’;(Boz), V;(Boz) =0and i’;(l—%m) - i’;(l_%l)
is odd.

Proof Let X = L%([0,1],R?"), Y = C([0,1],R?*"). Define D(A,) = {x € H'([0,1], R?")|x(1) =

Px(0)},and A, : D(A;) C Y — X by (Ayx)(t) = —Jx(£) — uox(t) where we choose p, < 0 such
that the operator A, is invertible, the matrix (¢/#2 — P) is also invertible and By — j2 Iy, > I,

Boy — oIy, > I, Then Aj is an unbounded self-adjoint and invertible operator in X with
0(A2) = 04(A2). N2 1 Y — Y by (Nox)(t) = H' (£, x(2)) — prox(t) = fo(2).
Similar to the proof of Theorem 3.1, if x = x(¢) is a solution of (3.1) and (3.8), then

x(£) = €"2tx(0) + / t 129 1f (5) dis.
0

Considering the boundary value condition (3.8) yields

1

x(0) = ("2 —P)f1 (MZ —/ 209 1f (s) ds).

0
Then the problem (3.1) and (3.8) is equivalent to
1
x(t) = / Gy (t,s)fo(s) ds + M2 (x) = AglNgx + M2 (x),
0

where

Gy(t,s) = _eluzt(elﬂz _p)_le/MZ(I—S)] + e/uz(t—S)]
forO0<s<t<l;

Ga(t,s) = —€/"2H (/"2 _P)_le]uz(l—s)]
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for0 <t <s<1;and
(M%) (8) = &2 (€2 — P) ™ My (%(0), x(1)).

M?(x) is a compact operator and satisfies || M?(x)||y < p for some p > 0. Hence (Hy), (Hy),
(M;) imply (N;), (N3), (M), respectively. Hence, Theorem 3.1 follows from Theorem 1.1. [

Remark When M,(£) = 0 for £ € R*, the first part of Theorem 3.2 reduces to [17], The-
orem 3.5.3.

4 Applications to second order Hamiltonian systems
We discuss the problem

X+ V'(t,x)=0, (4.1)
x(1) — Gx(0) = Mo (x(0), x(1), x'(0), (1)), (4.2)
&'(1) - Hx'(0) = M; (x(0),x(1),5'(0),4'(1)), (4.3)

where M; : R¥ — R” (i = 0,1) is continuous and bounded, G,H € GL(n), GTH = I,.
x:[0,1] = R” is said to be a solution of (4.1)-(4.3) if x € C%([0,1], R”) and x = x(¢) satisfies
(4.1)-(4.3).

Theorem 4.1 If V satisfies (V1) with ijw(l_gl) = ijV[(Bg), v/s\,[(Bz) =0, then (4.1)-(4.3) have one
solution. Furthermore, if (V3) and (M) hold, then (4.1)-(4.3) have one nontrivial solution
provided ijw(l_%m) = ij\,[(Boz), vfw(Eoz) =0 and ij\,I(Bm) - iﬁw(Bl) is odd.

Proof Let X = L2([0,1],R"), D(43) = {x € H2([0,1],R")|x(1) = Gx(0),x'(1) = Hx'(0)}, ¥ =
C([0,1],R"). The inclusion maps D(A3) — Y, Y — X are compact. Define Az : D(43) —
L2([0,1],R") by (A3x)(t) = —%(t) + x(£). So A3 is an unbounded self-adjoint operator in X
with o(A3z) = 04(A3). Define N3 : C'([0,1],R") — L2([0,1], R") by (N3x)(t) = V'(t,x(2)) +
x(t) =f5(¢). Then (4.1) is equivalent to

(@ (1) =x0) + (' (1) = 2(0)) = ~£(0).
Multiplying the integral factor e’ and integrating over [0, t], we can get
t
& (t) - x(t) = 7 (x'(0) — x(0)) — e‘t/ e'fz(1)dr.
0

Multiplying the integral factor e and integrating over [0, ¢] again yields

t
x(t) = €'x(0) + sh(x'(0) — x(0)) — / sh(t — s)f3(s) ds.
0
Considering (4.2)-(4.3), we get the following system:

sh1x(0) + (ch 1L, — H)x'(0) = Mo + f; ch(l - s)f3(s) ds,
(ch1L, — G)x(0) + sh1x'(0) = M, + [ sh(l - s)fs(s) dis.
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The system is equivalent to
K 0\ [x0)\ [ shl,  H-chll,) (M + f;ch(l-s)f(s)ds @)
0 K)\x0)) \G-chi, shi, Mo + [y sh(l=s)fs(s)ds )’ '
where K = I, + ch1(H + G) - HG, Ky = I,, + ch1(H + G) — GH. Then
1
x(0) = Kfl{sh 1M, + / [sh1ch(1 - s)I, + sh(1—s)(H — ch1I,)]f3(s) ds},
0
1
% (0) = K;* { (G —-chll,)M, + f [ch(l —5)(G —chll,) + shlsh(l - s)I,,]fg(s) ds}.
0

Then (4.1)-(4.3) are equivalent to

1
x(t) = / Gs(t,s)fs(s)ds + M>(x) = AglNgx + M3(x),
0
where

Gs(t,s) = chtsh1ch(l — s)K;* — ch¢sh(l — s)K;*(H — ch1I,)

+shtch(l - s)Kz’l(G —ch1l,) + shtsh1sh(l - S)KZ’1 —sh(t —s)I,
forO0<s<t<l;

Gs(t,s) = —chtshlch(l - s)Kf1 +chtsh(l — s)[(fl(H —chll,)

—shtch(l -s)(G - ch1l,) — shsh1sh(l - 5)K;"
for0<t<s<1,and

M?(x) = [chtK'(H - ch1l,) + shtsh1K;" M
+ [ch£sh1K]" + sh K3 (G - ch1l,) M.
It is easy to check that M3(x) is a compact operator and satisfies ||M>(x)||y < o for some

p > 0. Because (V1), (V2), (M) imply (N1), (N2), (M), Theorem 4.1 follows from Theo-
rem 1.1. O

5 Applications to first order Hamiltonian system with impulses

We first consider the following first order Hamiltonian system with impulses:

x=JH (t,x), te(0,1),t#t,i=1,2,...,p, (5.1)
Ax(t) =1 (x(ti - 0)), i=12,...,p, (5.2)
x1(0) cosa +x2(0) sina = Mo (x(0), x(1)), (5.3)

x1(1) cos B + x5 (1) sin B = My (x(0), %(1)), (5.4)
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where Ax(t;) = x(t; + 0) — x(t; — 0), % = (x1,%2), x1,%2 € R* and I; : R¥ — R*", My, M, :
R*" x R* — R" are continuous and bounded. x : [0,1] — R?" is said to be a solution of
(5.1)-(5.4) ifx € C([0, 1]\ {t:};, R*"), x(t; + 0), x(£; — 0) exist and x = x(¢) satisfies (5.1)-(5.4).
We need the following assumption:n

() Li(¢)=o(|&)as |E]| = 0 (i=1,2~~-,P)'

Theorem 5.1 If H satisfies (Hy) with i, 4(B) = i}, 5(B2), VI, 4(B2) = 0, then (5.1)-(5.4) have
one solution. Furthermore, if (Hy), (My) and (1) hold, then (5.1)-(5.4) have one nontrivial
solution provided i, ;(Boy) = i, 4(Boz), v, 4(Boz) = 0 and i, 5 (Boy) - i, 4(B1) is odd.

Proof Let X = L2([0,1],R*"), Y = C(0,1,£;R*") = {x: [0,1] — R*"|x(¢) is continuous for ¢ €
[0,1]\ {t,-}le,x(ti +0),x(t; — 0) exist,x(t;) =x(¢; — 0),i =1,2,...,p}, As in the proof of The-
orem 3.1, (5.1)-(5.4) are equivalent to

X = Al’lle + M*(x),
where A;, Nj are defined as in Theorem 3.1 and
M (x) = (Mlx)(t)

. . p
+ Aile/mt ( I, sinx ) ( I, sinx ) (In cosp 1, sinﬂ) Ze]m(u,-)]i(x(ti))

—I,cosa —I,cosa =

+ Z e]ILZ(t_ti)]i (x(tl))

t>t;
Hence Theorem 5.1 follows from Theorem 1.1. O

As an application of Theorem 5.1 we investigate the following second order Hamiltonian

systems with impulses:

¥+ V(t,x)=0, te(01),t#t,i=12,...,p, (5.5)
Ax(t;) = Ii(x(t; - 0)), AX () =Ji(x (6 -0)), i=12,...,p, (5.6)
x(0) cos & —x'(0) sinar = Mo (%(0), +(0), x(1), %' (1)), (5.7)
x(1)cos B — &'(1) sin B = M; (x(0),'(0),x(1),4'(1)), (5.8)

where Ax/(t;) = x'(¢; + 0) — x'(t; — 0) and Mo, M1 : RY — R", I,,J; : R" - R" (i = 1,2,...,p)
are continuous and bounded. x : [0,1] — R” is said to be a solution of (5.5)-(5.8) if x €
CH([0, 1]\ {t:}7_, R"), x(¢; + 0), x(¢; — 0), x'(¢; + 0), &/ (£; — 0) exist, x(¢;) = x(¢; — 0) and x = x(¢)
satisfies (5.5)-(5.8). We need the following assumption:

() Ji(€) =o(l&D as [§] > 0 (i=1,2,...,p).

Corollary 5.1 If V satisfies (V1) with i, 5(B1) = &, 4(Ba), V5 4(Ba) = 0, then (5.5)-(5.8) have
one solution. Furthermore, if (V3), (M), (1) and (]) hold, then (5.5)-(5.8) have one nontrivial
solution provided i;’ﬂ(BOI) =y g (Boz), Vg (Boz) = 0 and b (Bo1) - I (By) is odd.



Hu Boundary Value Problems (2017) 2017:45 Page 14 of 18

Proof Similar to the proof of Corollary 3.1. Then we consider the problem

x=JH (t,x), te€(0,1),t#t,i=12,...,p,

Ax(t;) = Li(x(t; - 0)), i=12,...,p,

x(1) — Px(0) = M, (x(0), x(1)), (5.9)
where I; : R — R* (i = 1,2,...,p), My : R¥ x R¥ — R*" is continuous and bounded.

x:[0,1] — R” is said to be a solution of (5.1), (5.2) and (5.9) if x € C}([0,1] \ {;}\;,R*"),
x(t; +0), x(¢; — 0) exist, x(¢;) = x(¢t; — 0) and x = x(¢) satisfies (5.1), (5.2) and (5.9). O

Theorem 5.2 If H satisfies (H;) with i);,(Bl) = i’;,(Bz), V;)(Bz) = 0, then the system (5.1),
(5.2) and (5.9) has one solution. Furthermore, if (Hy), (My) and (1) hold, then the system
(5.1), (5.2) and (5.9) has one nontrivial solution provided 4(301) = g)(éoz), vaJ(Boz) =0and
#,(Boy) — th(B,) is odd.

Proof Let X, Y be defined in the proof of Theorem 5.1, and let D(A,) and A, be defined in
the proof of Theorem 3.2. Then (5.1), (5.2) and (5.9) are equivalent to

x(t) = AglNzx + M°(x),
where A,, N, are defined as in Theorem 3.2 and

MS(x) _ e]/xzt(ehtz —P)_le _ e/#zt(e/ltz _P)‘le]ltz Zeflﬂzli]i
1>t;

+Hat Z e_]/j“zti[l' (x(tl))

t>t;

It is easy to check that M®(x) : Y — Y is a compact operator and satisfies || M°(x)||y < p
for some p > 0. O

6 Applications to second order Hamiltonian system with impulses
Consider the second order Hamiltonian system with impulses

X+ V'(t,x)=0, te(0,1),t#t,i=12,...,p, (6.1)
Ax(t;) = I(xi(t; - 0)), AX' () =Ji(¥ (6 -0)), i=12,...,p, (6.2)
x(1) — Gx(0) = Mo (%(0),x(1),%'(0),x'(1)), (6.3)
/(1) — Hx'(0) = M; (x(0), (1), 4'(0), %' (1)), (6.4)

where Ax(t;) = x(¢; + 0) — x(¢; = 0), AX'(&;) = x'(t; + 0) — X' (¢; = 0), I,,]J; : R" — R"” (i =
1,2,...,p), M; :R¥ — R” (i = 0,1) are continuous and bounded and G, H € GL(n), GTH =
I,.x:[0,1] — R" is said to be a solution of (6.1)-(6.4) if x € C>([0,1] \ {ti}le,R”), x(t; + 0),
x(t; — 0), X' (¢ + 0), x'(¢; — 0) exist, x(¢;) = x(¢t; — 0) and x = x(¢) satisfies (6.1)-(6.4).

Theorem 6.1 If'V satisfies (V1) with ijw(Bl) = iﬁ\/[(Bz), vfM(Bz) =0, then (6.1)-(6.4) has one
solution. Furthermore, if (V3), (M), (1) and (]) hold, then (6.1)-(6.4) has one nontrivial
solution provided ij\,[(Bm) = ifM(Boz), vjw(l_%oz) =0 and ij\,[(Bm) - ijw(l_i’l) is odd.
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Proof Let X = L*([0,1],R"), Y = CY(0,1,£;R") = {x: [0,1] — R"|¥'(¢) is continuous for ¢ €
[0,1]\ {t:}7_,, %' (& + 0), %/ (t; — 0) exist, x(t;) = x(¢; — 0),'(t;) = x'(¢t; = 0),i = 1,...,p}, and let
D(A3), Az be defined in the proof of Theorem 4.1. Then (6.1)-(6.4) are equivalent to

1
x(t) = / Gs(2,s)f3(s) ds + M° (x) = AglNg(x) + M° (%),
0

where G3(t,x), f3(s) are defined in the proof of Theorem 4.1. We have

MO (x) = M?(x) + (shtK;" — sh1chtK') Az + [sh1shtK;! — ch K (H - ch1l,)] A4

t
+eé Zet’li +é / e Zeti Ui —1))ds

ti<t 0 ti<s

and

p » 1 »p
Ag = —Z2sh(1—t,-)1i - Z€_1+ti]i—f el"ZSZeti(]i—Ii)ds,
i=1 i=1 0 i=1

p 1 p
A4 = Z e_l”ili - /0 61—25 Z et" (]i — 1,) ds.
i=1 i=1

Hence Theorem 6.1 follows from Theorem 1.1. O

Appendix

In this section we will recall some results concerning index theory for self-adjoint operator
equations from Dong [2, 17]. For index theories for Hamiltonian systems and symplectic
paths we refer to [18, 19]. Let X be an infinite-dimensional Hilbert space, and let A be an
unbounded self-adjoint invertible operator satisfying o (A) = 04(A). For any By, B; € L4(X),
we write B; < By w.r.t. X (a subspace of X) ifand only if (Byx, x) < (Box, x) for allx € X; \ {0};
and write B; < B, w.r.t. Xj if and only if (Byx,x) < (Byx,x) for all x € X3. If X = Xj we just
write By < By or B; < B,.

Definition A.1
(i) For any B € L(X), the space of bounded self-adjoint operators on X, we define
v4(B) = dimker(A — B), v4(B) is called the nullity of B.
(ii) For any By, By € L(X) with By < By, we define

Io(B1, By) = Z va((L=2)By + AB,)

r€[0,1)

and for any By, B; € L;(X) we define
IA (Blr BZ) = IA (Bl’ kld) - [A (B21 k[d),

where Id : X — X is the identity map and kld > B, kId > B, for some real number
k>0.
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(iii) For any B € L(X), we define
ia(B) = ia(Bo) + 1a(Bo, B),
where By € L(X) is fixed and i4(By) is a prescribed integer.

Proposition A.1
(i) Forany B e LX), (v4(B),ia(B)) eN x Z.
(ii) Forany By,By € Ly(X), if By < By, then is(B1) < ia(B>),
Va(B1) +ia(B1) < va(By) +ia(By); if By < By, and By < By with respect to ker(A — By),
then va(By) + ia(B1) < ia(Ba).
(iti) Ifinfo(A) > Ag for some Lo € R, we can choose By = hold and is(By) = 0, then the
index defined by Definition A1 satisfies

ia(B) =) va(B+ AId).

A<0

Define X, = L*([0,1],R?"),

D(A)) = {x € H?([0,1], R¥")|x,(0) cos & + x2(0) sine = 0, %1 (1) cos B + x(1) sin 8 = 0}
and (Ayx)(t) = —Jx(t) for all x € D(A,). For any By, By € L*([0,1], L(R")), we define
By < B, ifand only if B\(t) < By(t) for a.e. t € [0,1]; and define B < B, if and only if
By < By and By(t) < By(t) on a subset of (0,1) with positive measure. For

B e L™([0,1], Ls(R")) we define (Bx)(t) = B(t)x(¢) for all x € X,. It is easy to check
that By < By means that By < By w.r.t. ker(4; — B;).

Definition A.2 For any B € L*([0,1], L;(R*")), we define

V), 4(B) = dimker(A, - B),
i

a’ﬁ(12}’l) = i(sx,ﬂ(ln)i

i, 5(B) = i, 4 (Io) + I, (I, B),

where &, P (1) will be defined in Definition A.4, and as B; < B, and

Ié,ﬁ(B_l,B_z) = Z Vg,ﬁ (@ = 2)By +ABy);

A€[0,1)

and for any By, B, € L>®([0,1], £,(R*")), we define

lg,ﬂ (B1,B,) = Iﬁ,ﬁ (By, klyy) — Ifa,ﬁ(BZ’ klyy),
where k € R, kI, > By, kI, > B.
Define X, = L*([0,1],R*"), D(A;) = {x € H*([0,1],R*")|x(1) = Px(0)}, P € S,(2n) and
(Ayx)(t) = —Jx(¢t) for all x € D(A,).
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Definition A.3
(i) Forany B e L>®([0,1], £;(R*")), we define

Vj(B) = dimker(4, - B).
(i) For any By, By € L*®([0,1], L,(R*")) with B; < By, we define

By, By) = Z Vé((l —$)By +5By),

s€[0,1)

and if By < B, does not hold, we define
f;(Bsz) = f;’(Bl; cly,) - f;(Bz, clay),

where ¢ € R such that ¢k, > B; and ¢y, > Bs.
(iii) For any B € L*®([0,1], L(R*")), we define

1(B) = 1(0) + (0, B),

where i};(O) € Z is prescribed and depends only on P.

Define X3 = L2([0,1],R"),
D(As3) = {x € H*([0,1], R")|x(0) cos o — ' (0) sine = 0,x(1) cos B — x'(0) sin 8 = 0} for
some constants @ € [0,7), 8 € (0,7] and (A3x)(¢) = ¥(¢) for all x € D(A3).

Definition A.4 For any B € L*([0,1], Ly(R")), we define

Vap (B) = dimker(43 — B),

ih5(B) =Y v3 4(B+ 1),
A<0

where (Bx)(t) = B(t)x(t) for all x € X.
Define X, = L%([0,1],R"), D(A4) = {x € H*([0,1], R®)|x(1) = Mx(0),x'(1) = Nx'(0)} where
M,N € GL(n), MTN = I,,, and define (A4x)(t) = =%(¢t).

Definition A.5 For any B € L*([0,1], £;(R")), we define

v3,(B) = dimker(4, — B),

B4(B) = "viy(B+ ML)
A<0

Proposition A.2
(l) For any BI!BZ € LOO([O, 1]’ ‘CS(Rn))’ U(‘Bl = BZ: then lfxyﬁ(Bl) =< i‘;,ﬁ(BZ):
B (B1) + vy 5(B1) < i, 5(B2) + v, 5(Ba); if By < By, then iy (B1) + v, 4(B1) < iy, 5(B2).
(i) For any B e L*([0,1], L,(R™)),

vs 5(B) = V., ;(diag(B, 1,}),

i 4(B) = i};ﬂ (diag{B,1,,}).
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