Kang Boundary Value Problems (2017) 2017:43 0 BOU nda ry Va | ue PrOblemS

DOI 10.1186/513661-017-0774-0

a SpringerOpen Journal

RESEARCH Open Access

CrossMark

General stability for the Kirchhoff-type
equation with memory boundary and
acoustic boundary conditions

Jum-Ran Kang’

“Correspondence:
pointegg@hanmail.net
Department of Mathematics,
Dong-A University, Busan, 604-714,
Korea

@ Springer

Abstract

In this paper we consider the existence and general energy decay rate of global
solution to the mixed problem for the Kirchhoff-type equation with memory
boundary and acoustic boundary conditions. In order to prove the existence of
solutions, we employ the Galerkin method and compactness arguments. Besides, we
establish an explicit and general decay rate result using the perturbed modified
energy method and some properties of the convex functions. Our result is obtained
without imposing any restrictive assumptions on the behavior of the relaxation
function at infinity. These general decay estimates extend and improve some earlier
results, i.e, exponential or polynomial decay rates.
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1 Introduction
In this paper, we are concerned with the general decay of solutions to the Kirchhoff-type

equation with memory boundary and acoustic boundary conditions:

(|Vu|| )Au Au' +f(u) = in Q x (0, 00), (1.1)

g(t - <M ||Vu s) || —(s) —(s)> ds=0 onT{ x (0,00), (1.2)
M([|Vull® ) W 2—”}’) =y onT} x (0,00), (1.3)
u' +px)y +qx)y=0 onTy x (0,00), (1.4)
u(0) = uy, #0)=wu; in$, 1.5)

where 2 is a bounded domain of R” with sufficiently smooth boundary I', v represents the
outward unit normal vector to I' = I’y UT; for I'g and I'y be closed and disjoint. The relax-
ation function g is positive and nondecreasing, the function f € C}(R) and M € C'([0, ool),
and p, q are functions satisfying some conditions to be specified later.
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On the other hand, problem (1.1) with # = 0 on 92 has its origin in the mathematical
description of small amplitude vibrations of an elastic string. The existence of global solu-
tions and exponential decay to this problem has been studied by many authors (see [1-4]).
In fact, a mathematical model for the deflection of an elastic string of length L > 0 is given
by the mixed problem for the nonlinear wave equation

En (*

ol = (po + 3L ui dx) Uy, forO<x<L,t>0, (1.6)
0

where u is the lateral deflection, x is the space coordinate, ¢ is the time, p denotes the mass

density, / is the cross section area, py is the initial axial tension and E is the Young modu-

lus. Eq. (1.6) was introduced by Kirchhoff [5] as a nonlinear model of the free transversal

vibrations of a clamped string.

The asymptotic behavior of solutions for nonlinear wave and plate equations with mem-
ory boundary condition has been proved by many authors [6-12]. In the aforementioned
£
g(0)’
tion decays exponentially (polynomially) to zero provided k decays exponentially (polyno-

results, denoting by k the resolvent kernel of — ==, they showed that the energy of the solu-
mially) to zero. The decay result of Santos [9] was generalized by Messaoudi and Soufyane
[13] without assuming the exponential (polynomial) decay of k. They obtained general sta-
bility for a wave equation under weaker condition on the resolvent kernel k such as

K@) <o0, K'@®=y®(-K©), 1.7)

where y is a nonincreasing and positive function. Kang [14], Mustafa and Messaoudi [15]
and Santos and Soufyane [16] investigated the general decay for the Kirchhoff plates, the
Timoshenko system and the von Karman plate system with viscoelastic boundary condi-
tions under condition (1.7), respectively. Recently, Kang [17] established a more general
decay result of the differential inclusion of Kirchhoff type with strong damping term and
boundary condition of memory type when a relaxation function satisfies the condition
(1.7). This result improved the earlier decay results of Santos et al. [11]. More precisely, we
studied that the energy decays at the rate similar to the relaxation functions, which are not
necessarily decaying like polynomial or exponential functions.

Moreover, Beale and Rosencrans [18] introduced acoustic boundary conditions of the
general form, and then Beale [19, 20] proved global existence and regularity of solutions
for wave equations with acoustic boundary conditions. In these cases, the solution u of the
wave equation is the velocity potential of a fluid undergoing acoustic wave motion and y
is the normal displacement to the boundary at time ¢ with the boundary point x. Recently,
wave equations with acoustic boundary conditions have been treated by many authors
[21-24]. They considered the existence of solutions, but gave no decay rate for solutions.
As regards uniform decay rates for solutions to problems with acoustic boundary condi-
tions, there is not much literature [25—-29]. Most of these are concerned with exponential
decay rates of solutions.

Motivated by these results, we study the stability for the Kirchhoff-type equation (1.1),
which contains both memory boundary conditions and acoustic boundary conditions for
resolvent kernel k satisfying

K'(£)= H(-K'(t)), Vt=0, (1.8)
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where H is a positive function, with H(0) = H'(0) = 0, and H is linear or strictly increasing
and strictly convex on (0,r] for some 0 < r < 1. Recently, Mustafa and Abusharkh [30]
and Kang [31] showed the general decay result for plate equations and von Karman plate
system with viscoelastic boundary damping when a relaxation function satisfies (1.8) and
uo = 0 on Iy, respectively. We obtain an explicit and general decay of the solution for the
Kirchhoft-type equation without assuming that o = 0 on Iy when relaxation function
satisfies (1.8). Since problem (1.1) does not have a homogeneous Dirichlet condition on
portion of the boundary, we introduce a close subspace V of H'(), as in [24], where
Poincaré’s inequality is satisfied. Moreover, to prove the existence of a weak solution to
the problem, we use the Galerkin method and compactness arguments. After this, we
obtain the general decay rates by employing the multiplier method and some properties
of convex functions including the use of general Young’s inequality and Jensen’s inequality.

The paper is organized as follows. In Section 2 we give some notations and material
needed for our work and state the main results. In Section 3 we consider the existence of
global weak solution for problem (1.1)-(1.5). In Section 4 we show the general decay of the
solutions to the Kirchhoff-type equation with memory boundary and acoustic boundary
conditions.

2 Statement of main results

In this section, we provide some material needed in the proof of our main result and state
main results. Let us consider the Hilbert spaces L?($2) and L?(I") endowed with the inner
products

(u,v):Lu(x)v(x)dx, (u,v)p:/ru(x)v(x)dl",

and the corresponding norms || u||22(9) = (u, u) and ”””iz(r) = (u, u)r, respectively. For sim-
plicity, we denote || - ||iz(9) and | - ”22(1“) by || - || and || - ||, respectively.
Following the idea in [24], we consider

V:va,

xel
where, for each point x, fixed in T,
Vio = {u e CHL) s ulxy) = 0}.
Then Poincaré’s inequality holds in V. From density, we see that Poincaré’s inequality still
holds in H(€2) closure of V which we denote by W = V#'(@_ Let A and A, be the smallest
positive constants such that

Mull> < IVul®,  Mllul}: <IIVul?, VYueW. (2.1)

Moreover, we let x° be a fixed point in R”, m(x) = x — x° and R = max{|x —«°| : x € Q}, and
assume that

m(x)-v(x) >0, xel. (2.2)
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We formulate the following hypotheses.
(H1) With respect to M € C}([0, oo[), we assume that

0<my<M(),  M(E)<M@E), VY¢=0, (2.3)

where M(¢) = f(f M(s) ds.
(H2) Letf € CHR) satisfy f(s)s > 0, Vs € R. We suppose that f is superlinear, that is,

z
f(s)s=> (2 +8)F(s), F(z) = / f(s)ds, VseR (2.4)
0
for some 8§ > 0 with the following growth condition:

f@x) =fO)| <co(l+ 1"+ 1y ) —yl, VxyeR (2.5)

for some ¢y >0 and p > 1 such that (n - 2)p < n.
(H3) For the functions p and g, we assume that p,q € C(I';) and p(x) > 0 and g(x) > 0
for all x € T'y. It implies that there exist positive constants p;, g; (i = 0,1) such that

po <px) <pi1, go<qx)<q, VYxeli. (2.6)

(H4) In addition, we assume that k : R, — R, is the resolvent kernel of —‘f—’ which is a

£(0)’
twice differentiable function such that

k(0) > 0, lim k(¢) =0, k() <0, (2.7)

t—00

and there exists a positive function H € C}(R,) and H is a linear or strictly
increasing and strictly convex C? function on (0, 7], r < 1, with H(0) = H'(0) = 0,
such that

K'(t) = H(-K'(t)), ¢>0. (2.8)
To simplify calculation in our analysis, we introduce the following notation:
t
€00 - [ gle-swis)ds,
0
‘ 2
@Ov)(¢) = / gt—- s)|v(t) - V(s)| ds.
0
First, we shall use Eq. (1.2) to estimate the term M(|| Vu||?) g—’: + %—’fj Differentiating Eq. (1.2),

we get the following Volterra equation:

M(IVul?) ou . ou’ . 1 s (M(1va?) du . ou’ 1,
—+t — + — ul|)—+ — ) =——u.
" dv  dv g(O)g v Jv 2(0)

Using the Volterra inverse operator, we have

u ow 1 ,
M(||Vu||2)a—z + a_b,[, =—@{u’+k*u 1
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where the resolvent kernel & is given by the solution of

/

1
k+ —g xk=-—g.
¢ OM

5(0)
Denoting t = ﬁ, we obtain

/

0 0
M(||Vu||2)a—z + a_b,t, = —t{u + k(0)u — k(t)uo + k' * u},

which is equivalent to condition (1.2). Then we get the following equivalent problem:

u’ —M(||Vu||2)Au —Au +f(u)=0 inQ x (0,00), (2.9)
nou U , ,
M(lquH )8_ + o —t{u +k(0)u — k(t)ug + k' * u} on 'y x (0, 00), (2.10)
v v
nou o
M(||Vu|| )— +—=% onTy x(0,00), (2.11)
v v
u' +px)y +qx)y=0 onT x (0,00), (2.12)
u(0) = uy, #(0)=u; inQ. (2.13)

By differentiating the term g[lv, we have the following lemma.

Lemma 2.1 Ifg,ve CY([0,00):R), then

d t
(g*v)V = —%g(t)|v(t)|2 + %g/DV— %%[gljv— (/0 g(s)ds)|v|2].

The energy of system (2.9)-(2.13) is given by
1 2 1. 2 T 2
E@t) = 5 || + 5M(||Vu|| )+ [ Flu)dx+ 5k(t)||u||ro
Q

T 1
- —/ K'Oudrl + —f q(x)|y|*dr.
2 Jro 2 Jn,
Now, we are ready to state our main results.

Theorem 2.1 Suppose that (H1)-(H4) hold. If (uo, u1) € (W NH?(Q)) x W and satisfy the
compatibility condition

d a
o + ah +1up =0 onTy, (2.14)

M(|I Vo ||2)W 3

then, for all T > 0, there exists a unique pair of functions (u,y), which is a solution of system
(2.9)-(2.13) satisfying

uel®(0,T; WNH*(Q), ' e€L™(0,T;L*(Q) NL*0,T; W),

u" € L%(0, T;L*(Q)),

yeL®(0,T;L%(I)), ¥y €L*(0, T;L*(I)).
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Theorem 2.2 Suppose that (H1)-(H4) hold. Assume that D is a positive C* function, with
D(0) = 0, for which Hy is a strictly increasing and strictly convex C* function on (0,r] and

+00 _k/(s)
‘/0 md&' < +0Q. (215)

Therefore, there exist positive constants ci, ¢y, ¢3 and €y such that the solution of (2.9)-(2.13)

satisfies
E(t) < csH'(at+¢), VE=0, (2.16)
where
L |
H@®)=| ——d d Hy(t) = H(D()).
0) /tsHé(eos) s and  Ho(t) = H(D())

Furthermore, Lffo1 H(t) dt < +o0, for some choice of D, then we obtain

E(t) <3G Nt + ), (2.17)
where
L |
G(t) = / SH'(e0s) ds. (2.18)

In particular, (2.17) is valid for the special case H(t) = ct? for1 <p < %
Remark 2.1 For large £y > 0, there exists a constant d > 0 such that

K'(t) > —dok'(t), Vte[0,%]. (2.19)
Indeed, from (H4), we find that lim;_, ,(—=k’(¢)) = 0. This implies that lim,_, , o, k”(£) can-
not be equal to a positive number, and so it is natural to assume that lim;_, ;o k”(£) = 0.
Then there is £, > 0 large enough such that k'(y) < 0 and

max{k(t),—k'(¢),k"(t)} <min{r, H(r), Ho(r)}, Vt = t. (2.20)
Because k' is nondecreasing, k’(0) < 0 and k'(y) < 0, we get

0<—K(t) <-K(t) <-K(0), Vtel0,t]. (2.21)
From H is a positive continuous function, we have for some positive constants ¢; and ds,

dy <H(-K't)) <da, Vt€[0,8]. (2.22)
Therefore, by (2.8), (2.21) and (2.22), we see that (2.19) holds.

The well-known Jensen’s inequality will be of essential use in establishing our main re-
sult.
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Remark 2.2 If F; is a convex function on [a,b],f : @ — [a,b] and & are integrable func-
tions on £, &(x) > 0, and fQ h(x)dx = ho > 0, then Jensen’s inequality states that

1 1
Fo(h—o /Q f(x)h(x)dx) <5 fg Fo(f(x)) h(x) . (2:23)

3 Proof of Theorem 2.1

In this section, we study the existence of a global weak solution for problem (2.9)-(2.13)
using Faedo-Galerkin’s approximation. Since the problem is not normal, we cannot apply
directly Caratheodory’s theorem. So we use a degenerated second order equation on I';.
To this end, let {w;};en and {zj}jen be orthonormal bases of W and L*(T"), respectively. For
each m € N, let W,,, = span{wy,w,...,w,,} and Z,, = span{z;,z5,...,z,}. For each € € (0,1)
and any T < 0, standard results on ordinary differential equations guarantee that there
exists only one local solution for 0 < T, < T

Upe (%, 8) = Za/m(t)w,(x), x€Q,
j=1
yme(xr t) = ijm(t)zj(x)r xeTh,

=1

~.

satisfying the approximate perturbed problem

(MZ“,W]‘) + (M(”V"‘me”z)vume’ VWJ’) + (Vu;,,e, VWJ') + (f(”mé)’ Wi) - (y/me’wi)[‘l
+ T (e + k(0)ttyse — k() thyne (0) + k' ¢ thye, W/)ro =0,

€WperZi)p, + (Upne + PY e + Wmer 7)), = 05 (31)

m m
Ume(0) = thom = Y (o, W), 14}, (0) = 1y = Y (1, W)W,
j=1 j=1

8140,,, 8M1m

>1 )’/me(o)=y1m=M(||Vu0m||2) v + v )

Ui + DYy (0)
q

yme(o) =Yom = _(

forj=1,2,...,m. Now we need estimates which allow us to extend the solutions to the
whole interval [0, 7] and pass to limit as m — oo and € — 0. Hence, uniform estimates
with respect to m and € are needed. Indeed, from (3.1), we obtain the approximate equa-
tions

(s W) + MVt 1) Vitre, VW) + (Vi VW) + (f (thme) w) = (y’me,w)r1

+ t(z/m6 + k(0)thype — k() 1y (0) + K * Uy, w) =0, YweW,, (3.2)

Io

e(y;/,,e,z)rl + (u;/ng +Py;ng + qyme,z)rl = 0’ Vze Zm

Estimate I Taking w = u,,. and z = y,,_ in (3.2) and integrating over (0, ¢), we get from
Lemma 2.1

d €d , , ’
%E(t’umf) + 5% b’me ”12“1 + ”Vu;nen2 +‘/r1p(x)|yme|2dr +T||MWI€ ”?‘0

T /
= K Ol tme |1, +r/

k() uomid,,, dT — = / K'Clttyye dT". (3.3)
2 o 2

To
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Using Young’s inequality and (2.7), we have

T T
v | Koty dT < [t 5+ 7K Olluon - (3.4)
T'o

From (2.6)-(2.8), (3.3) and (3.4), we obtain

d de T
T EW ) + = e [Fy Vit |+ ol I+ 5 lote I,

< ~K2(0)lluomll%,-

Then, employing Gronwall’s inequality, we conclude that there exists a constant C = C(T),
independent of m, € and ¢ € [0, T'], such that

|t |* + MLVt 1) + f Flte) dx + Th(E) e 12,
Q

- 'C/ K Ottyne dT + qol|yme I},
Io
;o2 4 ;o2 ! ;o2
- Hn +v/0 |V, ||” ds +po/0 |77e | rds<C. (3.5)

Estimate II First, we will estimate ||, (0)[|* and |y;,,.(0) ||}, . Taking £ = 0 in (3.2), replac-
ing w and z by u/,_(0) and y,,(0), respectively, and using (2.14), we get

||u;;15(0)||2 =/M(||Vu0m||2)Au0mu;;6(0)dx+/ Auytil] (0) dx
Q Q
- / Sfuom)ul (0)dx + / Vimth (0)dT (3.6)
Q I'

and

'

€ ||ym€ (0) ||i1 + (ulm + Py + qyom,y/,;e(()))rl =0. (3.7)

From the assumptions on the initial data, f and M, we have that there exists a constant

C > 0, independent of € and m, such that

/ 2 2
lup @ <C 7O <C. (3.8)
Differentiating (3.2) with respect to ¢ and substituting w and z by u/,,. and y,, respectively,
we see that
1d

A e R B L T
1 1

= ~M(|| Ve |?) / Vi, Vul dx
Q

—2M' (I Ve I?) (/Q Ve Vit dx) </Q Vthyne VUil dx)
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/f (U )l Uy A — T |14, ”r / k(0)u,, u,, dU
T / kK (&)t (0)ed),,. dT — T / (K umé)/ »edr. (3.9)
o To
From the first estimate, assumption on M and Young’s inequality, we obtain

MVt ) /Q Vid, Vil d < | Vid, |+ £ [V, | (3.10)

mel”
and
M’(uwmeuz)(/Q Vuméth’,nedx) (/Q VumGVu;’“dx)
= ¢ Vi, !!2+—||v el (3.1)

Using generalized Holder’s inequality, assumption (2.5), (3.5), the Sobolev imbedding and
Young’s inequality, we find that

/7
/f Upne) umeumE dx

50/(1+2|um5|p_1)‘u ||u !dx
Q

<ol [ o2y an) ([l an) ([ a)’
<ol [ amvnnryan) ([ i) ([ )

§c||Vu H +c||u || (3.12)

Noting that
(k/ * umg)/ = k' ()t (0) + K 1),

and using Lemma 2.1, we get
r/ (K % thyne) ), AT
To
= r/ K (£)t4e (0t dT — —k )] ), “r / k"0Ou,,, dT
To 2 Jro

k(0)u,,, ), dT" — [ / K'Oul, dT — k(¢ ||um5||r0] (3.13)

o
Combining (3.10)-(3.13) with (3.9), we deduce that

1d

: dt[“u el + / 4@y, T + kO], 2. ~ ¢ /Fok/mu;mdr]

+_||w P+ / PG|y [2dr
I
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T
N e i L L o Ol T

L / K'Od,, dT. (3.14)
2 [,

Integrating (3.14) over [0, ] and applying Gronwall’s inequality and (H4), we conclude that

there exists a constant C, independent of € and m, such that

t t
[+ €Dl + ollc I, + [ 19s P dsepo [ Dyl ds<c. @19

From (3.5) and (3.15) and Lions-Aubin’s compactness theorem [32], we can pass to the
limit in (3.1). This completes the proof of Theorem 2.1.

4 Proof of Theorem 2.2
In this section, we shall prove the general decay rates in Theorem 2.2. Let us consider the

following binary operator:

(kov)(¢) := /Ot k(t - s)(v(t) - V(s)) ds.

Then, using Holder’s inequality for 0 < o <1, we have

t
(ko)) < [ / |k(s)[*4 ds] (IKI22T0) (2). (4.1)
0
Lemma 4.1 The energy E satisfies, along the solution of (2.9)-(2.13),

T, , T T
E@0) <-|Vi|" =S |5, + 5K Olluollf, + K @)l

_5/ k”DudF—/ p@)|y| dr. (4.2)
2 ) I

Proof Multiplying Eq. (2.9) by ' and integrating by parts over €2, we obtain

1d

m[uu/||2+z\z(||vm|2)+z/QF(u>dx+/ﬁ Q(x)lylzdl“] ; ||Vu’||2+/rlp(x)|y/|2dl"

=-1 / (u/ + k(0)u — k(t)ug + k' * u)u/ dar.
Lo

From Lemma 2.1 and Young’s inequality, we get estimate (4.2). O

To this system, we introduce the functional

1
d(t) ::‘/.{m-Vu+<E—9)u}u’dx+/ uydl"+—/ pX)|y|*dr,
Q 2 I 2 I

where 6 is a small positive constant. The following lemma plays an important role in the

construction of the Lyapunov functional.



Kang Boundary Value Problems (2017) 2017:43 Page 11 of 19

Lemma 4.2 There exists C > 0 such that
R
®'(1) < -6||u|” = (1 -6 — ec — )M (| Vue]*) | Ve]* + (ce + 2—)\1) |vu|?
- (ga - 56 -29> f F(u)dx + c/ (|'|” + [k@u|” = KOu + |k(&)uo|*) dT
Q o

Cey 7112 2
+ <Cq + mOM)Hy I - fr AP dr (4.3)

Proof Direct computations and (2.9) yield

1ig) _ ’ . ’ ﬁ_ 712 7 _ 2
CD(t)—/Qu(m Vu)dx+<2 9)/9‘”‘ dx+/rluy dr /qu(x)|y| dr
+/|:(m~Vu)+ (E—9>u]{M(||Vu||2)Au+Au/ —f(u)) dx.

o 2

Integrating by parts and using Young’s inequality, we have

1
®'(r) < E/(m-u)|u/|2alr—6>||u’||2—(1—9—ec)M(||vM||2)||W||2 re| va|)?
r

+/F(M(||Vu||2)2—:‘ ¥ %’:)(;ﬂ Vu+ (g —9>u> dr

1 2 2
—E/F(m-v)M(HVuH )|Vu| dar

+n/S;F(u)dx—<g—9> /Qf(u)udx+/; uy/dF—/; q(x)|y|*dr. (4.4)

We know that

(K" s ) (£) = — (K 0 u) () + ulz) [k(t) - k(O)]. (4.5)
From (4.5), the boundary condition (2.10) can be written as

d ou'
M(||Vu||2)a—u + 8_u = —t{u' +k(u—-k o u—k(t)uo}. (4.6)
v v

Applying Young’s and Poincaré’s inequalities, (2.11), (4.6) and (4.1) with « =
for ¢; >0,

du o
/(M(||Vu||2)—”+—” >(m-Vu+ (E_e>u> ar
r v dv 2
, (n S nou U
€ lm-Vul>+ (= —=0) |ul* )dT +cq M(IVul?) — + —
r 2 r v v

< e / (m - M (IVull?) V> dT + ¢ |y |2,
r

%, we obtain,

2
dar

IA

+ c/ (|o']” + |k(@u]* = KDu + |k(@)uo|*) dT. (4.7)
Lo
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By (2.1), (2.3) and Young’s inequality, we get, for €; > 0,

2

/ Ce 112 Ce /
/F w/dr < exmo|Vall* + S|y, = xM(IVal?) IVl + Sy [, @8)
and
1 / R !
E/F(m.v)|u Far <o (4.9)

Substituting (4.7)-(4.9) into (4.4) and using (2.4), we deduce that
I

d'(t) < -0 ||»/H2 - (1-0-ec—e)M(IVull®)IVul* + (ce + %) v
1

_ (ga - 56 —26) / F(u)dx + C/ (’1/’2 + ‘k(t)u|2 —kKOu + ’I<(t)u0’2) dar
Q To

Cey 7112 _ 2
(e s sz I, - [ ot ar

1
- (5 —elc) /F(m VM(IVull®)|Vul* dr.

Using (2.2) and choosing €; small enough, we have estimate (4.3). O

Proof of Theorem 2.2 Let us introduce the Lyapunov functional
L(t) := NE(t) + ®(¢)
with N > 0. From (4.2) and (4.3), we obtain, for all ¢ > ¢,
L'(t) < -0||u ”2 -(1-0-ec—e)M(IVul®) | Vul* - (ga -850 — 29) /QF(M) dx

N / R ! N /
: <’7k o)+ Ckz(t)> lul?, - (N— - 271) [vi |2 - (’7 - c) ),

N N
+<%+c>k2(t)||uon%o—% f K'Oudl - C | KOudrl
To

To

—/ qx)|yl* dr - (pON_Cq _ e )||y/||il-
'y

moA1

We take 0, € and €5 > 0 so small that
n
(5—9)8—29>0, 1-0—-€ec—¢€>0.
And then, choosing N large, for some positive constant 6,, we have

L'(t) < —60E(2) + (% + C>/<2(t)||uo||%0 - Cf K'Oudr,
I

0
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which, using the fact that lim,_, o k(¢) = 0, yields, for large ¢,

L'(t) < -60E(t)-C | KOudl, Vt=>t. (4.10)
Iy

Meanwhile, we can choose N even larger so that
L(¢) ~ E(¢). (4.11)

Therefore, from (2.19), (4.2) and (4.10), we get

L'(t) < -60E(t) + dg /0 N0 |u(t) - u(t - 5)|* dT" ds

0 o

. C/tk/(s) () — (¢ - 5) > dT" dis
to To

< —60E(t) - jTCTE’(t) -C / tk/(s) lu@) - ut-s)[*dTds, Vi>to. (4.12)
to To

We take L£(£) = L(t) + ;O—CrE(t), which is clearly equivalent to E(z). Then by (4.12) we arrive
at

L/(t) < —60E(t) - C / *e) / |u(e) - ult )| dr ds. (4.13)
to Ty

(A) The special case H(t) = ct’ and1 <p < %:
Case 1. p = 1: From (2.8), (4.2) and (4.13), we have

L0 = 00EO - ZE0), Vit

which yields
(C + %E)(t) < —09E(t), Vt=>to.

By (4.11), we find that £ + 2E ~ E. Then we easily obtain
E@)<ce =G,

where

L | 11 Int
G(t):/ ds= | —ds=-—,
. sH'(eps) . SC c

Case2.1<p< %: We see that

‘/OO(—/(/(S))]_SO ds < 0o (4.14)
0
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for any §p < 2 — p. Using (4.14) and taking ¢, even larger if needed, we get, for all £ > ¢,

1(t) = / t(-k/(s))l““’ / |u(t) - ut - 5)|” dT" ds < cE(0) / t(-k/(s))l“s" ds<1. (4.15)
I'o to

to

From Holder’s inequality, (2.8), (2.23), (4.2) and (4.15), we deduce that

/ —K'(s) / ‘ u(t—s)|2dFds

_/ (—K'(s ))(p Ledo)( P-1+50 ( k/(s))l_ao/ |u(t)—u(t—s)|2df‘ds
To

to
5

< ([ rey™ )™ [ o -ue-of aras)

X (/t‘:(—k/(S))lﬁo /1,0|u(t)_u(t_5)’2dI‘ ds>p_1+,;0

_%

1 ! ’ -1+50 / 0 P15
- m)(M /to (=K' ()" (=K' () / |u(®) - u(t -9)|° dl“ds)
(K@) - drd> e
S(/to( (s)) /r0|u(t —ult s)| s
< G)m (-E/(0)) 7% (4.16)
Hence, by (4.16), estimate (4.13) yields, for 8y = %,
o .
L'(£) < —60E@®) + —— (—E' (1)) ¥ . (4.17)

ch—l

Multiplying (4.17) by EY (¢), with y = 2p — 2, and using Young’s inequality, we have

1
+1

C B @(-EW®)7

7+l

(LEY) () < —0oE7*1(2) +

< —0E"*'(8) + eEV*(¢) + C. (-E (1)),

where we have used the fact E'(t) < 0, V£ > £;. Then, taking ¢ < 6,, we obtain, for some
C1 > 0,

Ly(t) < -CiLy ™ (8),
where Ly = LE” + C.E ~ E. Hence we get

E@) < % (4.18)
(¢ +c't)r

On the other hand, using (4.18), we have, for p < %,

t t [ee]
/ |u(t)—u(t—s)|2dr‘ds§c/ E(s)dsf/ %dr<+oo. (4.19)
0 Jry 0 0

(¢ +c"t)2
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Therefore, by Holder’s inequality, (2.8), (4.2) and (4.19), estimate (4.13) yields

p-1

¢ v 1
L'(t) < -00E() + c< / / |u(t) - u(t —5)|* dT ds> ’ ((=K'())" Oue)?
0 JIp
< “00E(t) + c(K'Du)? < —60E(t) + c(~E(£)) 7. (4.20)
Then, multiplying (4.20) by E¥ (¢£) with y = p—1 and repeating the above steps, we see that

E@t) < =cG! (a' +a't),

1
(c+c't)r

where

1 | 1 1
G(t):j/ S_PdS:7P—1<tp_1_1>'
cpey  Jt cp(p — e

(B) The general case: Because of the ideas presented in [30, 31, 33], this case is obtained
as follows. We define n(t) by

—k'(s) /
u(t) —u(t —s)|” dI' ds,
/ Hy (k" (s)) | i
where Hj satisfies (2.15). Like in (4.15), we see that 1(¢) satisfies
n(t) <1, V>t (4.21)

Moreover, we define « (¢) by

K(t):=/ k”() k” /|u(t) u(t — s)| dar ds.

to

Because H((0) = 0 and Hj is strictly convex on (0, r], then
Ho(Ax) < AHo(x) (4.22)

provided 0 < A <1and x € (0,7]. From (2.23), (4.21) and (4.22), we get

/t—k/(s)/ |u(t) - u(t—s)|2dF ds < Hy' (k(2)). (4.23)
to I'o
Indeed,

k(t) = ( 7). U(t)Ho[Hal(k”(S))] l(k”( ))/ |u(t) - u(t - s)| dl'ds

17/ —K(Ss 2
> %\/to Hy[n(0)Hy' (k (s))]mﬁo|u(t)—u(t_s)| dr ds

wl [ - —ult - Zdl“d).
> o(/ (s)/r0|u(t> ult - 5)| dr ds
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Then by (4.23) estimate (4.13) yields
L'(t) < -6E(t) + CHy' (k (1)), VYt > to. (4.24)

Now, for € < r and «g > 0, we define the functional

F(®) = ( ]f((o)))at)mog(t)

which satisfies, for some o,y > 0,
a1 Fi(8) < E(8) < o Fi(2). (4.25)
By using a similar analysis as in [30, 31], we can compute to find

F{(t) < —(6oE(0) — EOC) E®) o( 0 E@)

( ) € m) - CE/(t) + (X()E/(t).

Therefore, with a suitable choice of ¢y and «g, we have, for all £ > ¢,

, E(t) E(t) E()
5o = “3( <0))H( E(o>> “BHZ(%) (4.26)

where a3 > 0 and H,(¢) = tHj(eot). From
H,(£) = H)(eot) + eotHy (€ot)

and the strict convexity of Hy on (0, r], we find that H}(¢), Hz(t) > 0 on (0,1]. We denote

o Fi(t)

J(t) = FOR

which is clearly equivalent to E(¢). From (4.25) and (4.26), we obtain

]/(t) < _ala?)H (E(t)

E(0) E(O)) —koH(J(2)), V> to,

where ko = % > 0. Consequently, a simple integration gives, for some ki, ko > 0,

J@t) < Hi'(kat + ky), Yt >to, (4.27)

where H(t ft 1-1 ds Here, we have used the properties of H, and the fact that
lim,_, ¢ Hl(t) = +00 and H, is a strictly decreasing function on (0,1]. Using (4.27), we see
that (2.16) holds.

Furthermore, if fOtHl(t)dt < +00, then 0+°°H1‘1(t)dt < +00. From (2.16), we get
Jo T E(t)dt < o0 and

t t
/ |u(t)—u(t—s)|2d1"ds§cf E(s)ds < +00.
0 JIy 0
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Analogously, we define, for large £,

&(r) ::/t/ }u(t)—u(t—s)|2d1"ds<1
to 4T
and

x(t) = /tk”(s) i |u®) - u(t —5)|” dT ds.

to

Using (2.8), (2.23) and the strict convexity of H, we find that

[ x6) [ Jutt-ute-9F aras <117 a0). 428)
Indeed,
t) > %f |u(t u(t —s)|* dr ds
> sif EOK (s) FO]u u(t—s)|* dr ds

K —u(t-s)|d d>.
zH(/to (S)A0|u(t) u(t s)‘ I'ds

Hence, by (4.28), estimate (4.13) becomes
L) <-0E®) + CH' (x(1)), V&=t

Consequently, repeating the same procedures, we deduce that for some c;, ¢z and ¢3 > 0,
E(t) < 3G Heit + c2),

where G(t ds. O

ft SH'(egs) eos)

Examples We give some examples to explain the energy decay rates given by Theo-
rem 2.2.
(1) Asin [30],let0<g<1

K () = —exp(~t),

then k”(¢t) = H(-k'(t)), where H(t) =

— for t € (0,7], r < 1. Therefore,
[1n(1/:)]?

E(t) < cexp(—wt").

(2) Asin [31], if

1
a+t1

K(t) = -
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forg>3anda>1,then k”(t) = H(-K'(t)), where

H(t) = qt2<% —a) .

Since
1+ 1L -2a1) 247 204 (p - 2ANA S VP L LEVA
H/(t) - 1 q H//(t) _ 2aq 2aq
1 ’ -
(I -a)s (-—a)”'

S g’
then the function H satisfies hypothesis (H4) on the interval (0, 7] forany 0 < r < %.

By taking D(¢) = t*, (2.15) is satisfied for any o > ﬁ. Then an explicit rate of decay can be
obtained by Theorem 2.2. The function Hy(¢) = H(¢t*) has derivative

/ qot* 1+ L - 241
Hi(0) = .

Therefore,

1 p 1 [@—a]% p
H(¢) = ———ds= .
0 / sHileos) / qasleos) L+ & —2aleos)]

Now, we see that if & < 2L

1+q’
1 = 1
€ 1 —a—a
/ Hy(t)dt < 0 - / [tq—q ! ~1]dt
0 a(a—q+aq)[1+;1—2aeg‘] 0
q-a-aq
€

= T — < +00.
aRqg-a—-ag)l+ 7 —2aef]

Choosing $ =vand € < a”!, we have

1

Lo L ()" @1 (v—a)ivt
G(t):/ 7615:/ Ol—ds:/ v o)t al)qu dv
. sH'(€os) ¢ sq(l+ 7~ 2aeos) Logq+ -2

[ (@) - ()]
(1+——2a60) 1+——2aeo €ot €

1

Hence,

Gl <

Q=

60[(%) +(1+ é —2aeo)t]’1.

Consequently, we can use (2.17) to conclude that the energy decays

Bt < —2

Cy + C3t‘1

where ¢; (i = 1,2, 3) are constants.
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