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Abstract

In this paper, the authors consider the following fractional boundary value problem
for impulsive fractional differential equations:

{DFEDFU(D) + au(t) = Ft,ul®),§Dul®), t#t,ae.tel0,T],
A(rD‘%H GOru) =), j=12,...n,
u(0)=u(l) =0,

wherea € (1/2,1],0=tg<t;j <th <+ <ty <tp =T,f:[0,T] x Rx R— R and
i"R—R,j=1,2,...,n,are continuous functions, a € C([0, T]) and
AGDF (GDT ) () = DF ' GDF ) (1) = D7 GO u) (6),

D5 GO = im DT GOF, D5 GOF(E) = lim (D5 (GDFW) 0

By using the variational method and iterative technique, the authors show the
existence of at least one nontrivial solution to the above boundary value problem.

Keywords: fractional differential equations; critical point theory; variational method;
impulsive equation; iterative technique

1 Introduction

Fractional calculus has applications in many areas including fluid flow, electrical networks,
probability and statistics, chemical physics and signal processing, etc. For details, see [1-6]
and the references therein. In recent years, there are many papers dealing with the exis-
tence of solutions of nonlinear initial (or boundary) value problems of fractional equa-
tions by applying nonlinear analysis such as fixed point theorems, lower and upper so-
lutions method, monotone iterative method, coincidence degree theory. However, up to
now, there are few results on the solutions to fractional boundary value problems that are
established by the variational methods; see, for example, [7-18]. It is often very difficult to
establish a suitable space and variational functional for fractional boundary value problem,
especially for the fractional equations including both left and right fractional derivatives.
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For the first time, Jiao and Zhou [7] showed that the critical point theory is an effective
approach to tracking the existence of solutions to the following fractional boundary value
problem (BVP for short):

DG (0DYu(t)) = VE(t,u(t)), ae.te(0,1],
u(0) =u(T) = 0.

(1.1)

From then on, problem (1.1) and its related forms have been further studied by researchers,
see, for example, [8-18], and interesting results on the existence of solutions, such as one
nontrivial solution, three solutions or infinitely many solutions, were obtained by using
the variational methods and the critical point theory.

On the other hand, impulsive boundary value problems for differential equations were
intensively studied by topological methods over the past decade. Such problems appear in
mathematical models with sudden changes of their states in population dynamics, phar-
macology, optimal control, etc. [19]. The existence of solutions of impulsive problems was
also treated by the variational methods and critical point theorems (see [20—22]). The pi-
oneering work in this direction is the paper of Nieto and O’Regan [23], where the second-
order impulsive problem

—u" + u=f(t,u), t#t,aetel0,T],
AU () =Lu(y), j=1,2,...,n,
u(0) = u(T),

is studied by the minimization and the mountain pass theorem.

Investigating the impulsive problems for fractional equations via variational method is
interesting. Recently, Bonanno et al. [16] and Rodringuez-Lépez and Tersian [17] first
studied the following Dirichlet boundary value problem for fractional differential equa-
tion with impulsive effects:

(DEEDYu(t)) + a(O)u(t) = A (t,u(t)), t+#t,ae tel0,T],
AGDSHEDY W) (4) = nl(u(t), j=1,2,...,m,
u(0) =u(T) =0,

where o € (1/2,1],0 =fo <ty <ty <--- < t, <tyy1 = T, f, I; and a are continuous functions.
Under the condition 0 < a; < a(t) < a,, the authors obtained the existence results of at
least one solution or three solutions by using the minimization and three critical point
theorem.

More recently, Nyamoradi et al. [18] investigated the following impulsive fractional
boundary problem:

(DD ut)) + a(tyu(t) = f(t,ult)), t#t,aetel0,T],
AGDTEDFu) (@) = [u(ty), j=12,...,n,
u(0) =u(T) =0,

where @ € (1/2,1], 0 =tp <ti <tr < <ty <tyn =7, f:[0,T] x R x R — R and
I;:R— R, j=12,...,n are continuous functions, a € C([0, T]). Under the condition
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essinfye[o,7) a(t) = m > —X1, the author proved the existence of at least one solution or in-
finitely many solutions by using critical point theory and variational methods.

In this paper, the authors consider the following fractional boundary value problem for
impulsive fractional differential equations:

DLEDEu(t)) + a()u(t) = f(t, ult), (D u(t), t#t,ae tel0,T],
AGDEEDAu) ) = Lu()), j=12,...,m, 1.2)
u(0) =u(T) =0,

wherea € (1/2,1],0 =tg <ty <ty <+ <ty <ty =T,f: [0, TIxRxR — Rand/;: R — R,
j=1,2,...,n, are continuous functions, a € C([0, T']) and

A(DT (5DFu))(6) = D7 ((DF ) (8) = DT (607 ) (57),

DF (GDfu) () = lim DT ((Dfu) @), (D (Dfu) (&) = lim D7 (5D ) @).
=t Y

Owing to the occurrence of the fractional derivative {D¢u(t) included in the function f,
the BVP (1.2) is not variational and it is unable to dealt with (1.2) directly as in [16—18] by
constructing some functional ¢ such that its critical point is exactly the solution to BVP
(1.2). To overcome the difficulty appearing here, we shall apply the iterative technique
combined with the variational method to BVP (1.2). Roughly speaking, for a certain u,
consider the following BVP:

DFEDYu(t)) + a®u(t) = f(¢, u(t), iDf ui(t)), t#t,ae tel0,T],
AGDEGDEOG) = [us), j=12,...0m,
u(0) =u(T) =0,

by using the mountain pass theorem, we can obtain one solution u; corresponding to the
above BVP. Repeating this step, we will find a sequence {u,}, which will converge to a
solution of BVP (1.2).

The paper is arranged as follows. In Section 2, the authors present some necessary pre-
liminary facts that will be needed in the paper. In Section 3, the authors establish the exis-
tence of nontrivial solutions for BVP (1.2) and give one example to show the effectiveness
of the result obtained.

2 Preliminaries
To apply the variational method with the iterative technique to the existence of solutions
for BVP (1.2), we shall state some basic notations and results, which will be used in the

proof of our main result.

Definition 2.1 ([6]) Let f be a function defined on [a, b]. The left and right Riemann-
Liouville fractional integrals of order y for function f denoted by ,D,”f(¢) and .D,”f(2),
respectively, are defined by

PP S L
D f(t) F(y)/ﬂ(t )" f(s)ds, telabl,y>0,
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and
1 b
DY) = 5 / (-0 Yf(5)ds, telably>0,

provided in both cases that the right-hand side is pointwise defined on [a, b], where I is
the gamma function.

Definition 2.2 ([6]) Let f be a function defined on [a, b]. The left and right Riemann-
Liouville fractional derivatives of order y for function f denoted by ,Df(¢) and .D}f(t)
respectively, exist almost everywhere on [a, b]. . D} f(¢) and ,D},f () are represented by

DIf(0) = / (t—s) " f(s)ds, telabl

( y) de"

and

N o VA ney-1
DO = s g || 6= s telab)

where n—1 <y <nand n € N. In particular, if 0 < y <1, then

«DIf(t) = F(ll— ) % /;t(t—s)yf(s)ds, t€la,b],
and
d b
Dy f(t) = _F(I;—y/)ﬁ / (s—t)7f(s)ds, te&la,b).

Definition 2.3 ([6]) If y € (n—1,n) and f € AC"([a, b], R), then the left and right Caputo
fractional derivatives of order y for function f denoted by ¢D}f(¢) and gDZf(t), respec-
tively, exist almost everywhere on [a, b]. ¢ D f(t) and fDZf(t) are represented by

SDIf(t) = D] "f"(t) =

nyl
F(_ /(ts £0(s) d.

and

DLf(8) = (<1)". D} " f")(t) =

n—y-
~ / (s— £y £0(s) s,

respectively, where ¢ € [a, b]. In particular, if 0 < y <1, then

/t(t—s)yf/(s)ds, tela,bl,

cry _ V=1pro N _
DO =D 0= |

and

cryy —_pVleny — 1 b a-Y
Dy f(t) =—.D 1@ F(l—y)/t (s=t)7"f(s)ds, te€la,b].
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Let us recall that, for any u € LP[0,T], 1 < p < oo, |lull, = (fOT lu(t)|? dt)VP, and u €
Cl[0, T, llullco = maxeefo,ry |u(t)].

Definition 2.4 Let 0 <@ <1and 1< p < cc. The fractional derivative space E;” is defined
by the closure of Ci°([0, T'], R) with respect to the weighted norm

T T 1/p
ll2tllg,p = (f |u(e)|” dt+/(; | Du(t)|” dt) , YuekE?”.
0

As in [7], we note the following.

Remark 2.1
(1) The fractional derivative space E;” is the space of functions u € L?([0, T], R) having
an a-order Caputo fractional derivative {DYu € L”([0, T],R) and #(0) = u(T) = 0.
(2) Forany u € E;”, noting the fact that u(0) = 0, we have §D%u(t) = ¢D%u(t), t € [0, T'.

Lemma 2.1 ([7]) Let 0 < @ <1 and 1 < p < co. The fractional derivative space Eg’p isa
reflexive and separable Banach space.

Lemma 2.2 ([7]) LetO<a <land1l<p<oo.Foranyuée Eg’p, we have

o
llullp = m”% ful,

Moreover, ifoa >1/p and 1/p + 1/q =1, then

a—1/p
c o

(@)@ —1)q +1)Va Hth u”p.

oo < =

According to Lemma 2.2, we can also consider the space E,” with respect to the equiv-
alent norm,

T 1
lutlla,p = ||§DF ], = </0 e D% u(t)|” dt)p, Yu e Eg7. (2.1)

Lemma 2.3 ([7]) LetO<a <land1l<p<oo.Ifa >1/p and the sequence {u,} converges
weakly touin Ey?;i.e., u, — u, then u, — win C([0, T],R), i.e., ||tty — tt]| oo — 0, as n — o00.

In this paper, we consider problem (1.2) in the context of the Hilbert space X¢ := Eg'z fur-

nished with the norm | ||, = ||#|,2 as defined in (2.1). Note that, under certain conditions
imposed on the function a, we also consider the inner product

T
(u,v) = /0 ((gDi‘u(t)) (f)D‘t"v(t)) + a(t)u(t)v(t)) dt,

Yu,v e X% which induces the norm (2.2)

T 2 2 :
e 2= (/(; (|6 D8 u(e)| +a(e)|u(®)| )dt) ;

this is equivalent to || «||,, as defined in (2.1).
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Definition 2.5 A function u € {u € AC([0,T]) : f;/“ (D% u(t)? + |u(t)?) dt < 00,j =
0,1,2,...,n} is said to be a classical solution of problem (1.2), if u satisfies the equation
a.e. on [0, TI\{t1, ts,...,t,}, the limits tD‘;fl(f,D‘;’u)(l,‘;), and the limits D‘;‘fl(f)D‘t”u)(t]?) exist
and satisfy the impulsive conditions

ADF(EDYw))(6) = L(u(y)), j=12,...,n
and the boundary condition #(0) = #(7) = 0 holds.

Definition 2.6 A function u € X* is said to be a weak solution of problem (1.2) if, for
every v € X%, the following identity holds:

T n
/0 ((6DFu(®) (sD5v(®)) + ayu(v(e)) dt + Y Ii(u(t))v(e)

i1
T
- [ S sptuw) o

By a discussion similar to [16], we can obtain the following lemma.

Lemma 2.4 The function u € X* is a weak solution of (1.2) if and only if u is a classical
solution of (1.2).
For the following BVP:

D3 (DY u(t) = Au(t), te(0,T],

(2.3)
u(0) =u(T) =0,

in terms of [18], we call u € X*\{0} is a eigenvector with respect to the eigenvalue X, ifu € X*
satisfies BVP (2.3). Similarly, by [18], we call u € X* is a weak solution (2.3) if

T

T
/ (6D u(®)) (6D v(e)) dt = A / u(t)v(t) dt,
0 0

holds for every v € X*. Certainly, u is a classical solution of BVP (2.3) ifonly ifu € X* isa
weak solution of BVP (2.3).

The following two lemmas are established in [18].

Lemma 2.5 Suppose that 0 < « < 1. Then each eigenvalue of problem (2.3) is real and, if
we repeat each eigenvalue according to its multiplicity, we have 0 < Ay < Ay < A3 <--- and
Ax = 00 as k — 0o. In particular, .y can be characterized as

T
o Jo 16D u(e))* dt
1= inf —————
ueX*\{0} fO |M(t)|2dt

Lemma 2.6 Suppose that 0 < o < 1. If essinfie[o, 1) a(t) = m > —Ay, then the norm || - || and

the norm || - || o2 are equivalent, i.e., there exist two positive constants 1y, 1y such that

Mmlullas < llull <n2llullaz  VueX*.
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As in the proof of Lemma 5 (18], we can take 1 = /¢ and ny = (1 + %)%. We take ¢ =
3 )L1+WI}
47 N

min{

To establish our result, we consider the function ¢,, : X* — R for any fixed w € X* as
follows:

— 1 ’ [ a %% 2 2 - Lt(t]') :
bu(u) = 5/0 (15D u®)|” + a(®)|u(t)| )dt+1zl:/o Li(s)ds

T
- / F(t ult), §DIw()) dt (2.4)
0

for u € X*, where F(t,u,y) = [, f(t,5,9) ds.
Similarly to [18], by the continuity of a, f and I, the functional ¢, is clearly continuous
and differentiable on X“ and for every u,v € X%, the following relation holds:

T
&, () = /0 [(ngu(t)) (gD‘;‘v(t)) + a(t)u(t)v(t)] dt

n

T
+le(u(t/))v(tj)— /0 S (& u(@),§ DY w(t))v(e) dt. (2.5)

j=1

Hence, u € X* is a weak solution of BVP (1.2) if and only if 4 € X* satisfies ¢/ (u)v = 0 for
allve X@.

For convenience, we state some necessary definitions and theorem.

Definition 2.7 ([24]) Suppose that X is a Banach space and ¢ € C'(X,R). We say that ¢
satisfies the Palais-Smale condition if any sequence {u,} C X such that ¢(u,) is bounded

and ¢,,(1,) — 0 as n — 0o possesses a convergent subsequence in X.

Lemma 2.7 ([24]; mountain pass theorem) Let X be a Banach space and let ¢ € C'(X,R)
satisfy the Palais-Smale condition. Assume that there exist uy, u; € X and a bounded open
neighborhood 2 of uy such that u; € X\ and max{¢(uo), ¢ (u1)} < inf,cgq ¢(v). Let

A= {h € C([O,l],X) 1 h(0) = uy, h(1) = ul}, T = hlén(\fg{&(t)ﬁ}d)(h(s)).
Then t is a critical value of ¢, that is, there exists u* such that ¢'(u*) = 0 and ¢(u*) = 1,

where T > max{¢(ug), d(u1)}.

Definition 2.8 ([25]) We say that ¢ satisfies condition (C) if, for any {u,} C X, {u,} has a

convergent subsequence if ¢(u,) is bounded and (1 + ||u,||)||¢'(u,)|| = 0 as n — oo.

As shown in [25], a deformation lemma can be proved with condition (C) replacing the
Palais-Smale condition and it turns out that the mountain pass theorem holds true under
condition (C).

3 Main result

For convenience, we first list the following conditions which will be used in this paper.
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(H1) There exist constants b>0,c>0,6>0,b;>0,j=1,2,...,m,and y >1,£>1,0<6 <
2,¥>1,j=1,2,...,n,such that

f(t,x,9) <blx|]” +clx*|y|°, for|x| <8,y eR,ae. tel0,T],

Ii(s) = =bjls|, j=1,2,...,n,for |s| <8.

(H,) There exist constants u>2,/>0,m>0,d>0,0 <0,7,0/<2,[;>0,j=1,2,...,n,
and L > 0, such that

xf(t,x,9) — uF(t,x,y) > —l|x|° —m|y|" —d, forx,yeR,ae. t€l0,T],

" / [(s) ds — () > ~4 %, for |ul > L.
0

(H3) There exist constants 8 >0, A >0,/ >0,M>0,8>0,j=12,...,n,and 0 > 1,
0<¢<1,0<wj<1,j=12,...,n such that

ft,x,y) > Bx® = Ayl =M, x>0,yeR,ae.tel0,T],

Ii(s) < Bis”, s=].

(H4) There exist nonnegative functions p,q € L?, and constants ;> 0,j=1,2,...,n, such
2 pq /A J
that

If (&,%2,y2) = f (&,%1, 1) | < p(8)|22 — 1| + q(£) ]y — 31

for x1,x, € [-K1, Ki] and y1,9, € R, ae. t € [0, T,

|Ii(x) = L()| < ajlx -y,

Te-1/2

for all x,y € [-K3, Ki], where K3 = @V

K and K is described as in the sequel.

We give some notations which will be used in the sequel:

1 T
itg = —ug € X%, A(Z) = |luoll® = / (|6D‘j‘u0(t)|2 +a(t)u%(t)) dt and
0

Ao

1t te[0,T/4],

1 T/4,3T/4 B pr@+3) = M
Uy = = 3 = )
L telT/a,sT/al, 2w+ D+ 2)AGT 47,

(T -1), te(BT/4,T),
= Bilao())t! - —
) = T, M}' =M/M0(tj), d= ledl + dT, Mj = 51’51?;(]|L(S)|,
d /xl()d Ii(x) =T 0" o (Y
i = max ils)das — 1;(x)x|, m= i m, = NV ]
A ) / g mI (e +1)

Ta—1/2

z,_l(i)g’ i (mf‘
77 m(a)v2a -1 ’ _Tlfl\o 4-¢ '
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_ = _ b
F=2 {i% 8u I ’ m*:2 Trh% 8t ’
2 nw—2 2 nw—2

o;

o "/
1*:2_07% 8o )a’ l$:2—012%<8n01> ;’

2 w—2 / 2 w—2
1 I I W-DA/ 24 \&I
A=—+ ) + i+ M+, B= (_ ) )
2 = = o+l \Blw+1)

2 " -
C=max{A,B}, E-= —(,uC+m* +15 + X:ZTk +d>, K = /2E,
nw—2 j

j=1
T2a—l/2 TZ
Py - Slplla + —— p Z @,
[()T (o + 1)V 2 — 17} (T (e)*(2a = Dny <
Tot—l/Z

Qo = m“ﬂz

The above g, g, d, d;, M, Mj, ... etc., are described as in (H)-(Ha).

We are in a position to state our result as below.

Theorem 3.1 Suppose that l <o <1, infieo, T] a(t) = m > —\ and the conditions (H)-
(Hy) hold. Moreover, assume that Py<1 and < 1. Then problem (1.2) has a nontrivial
classical solution.

Proof The proofis divided into five steps.
Step 1. For any fixed w € X* with ||w| < K. Take §; = ~ Z“Tarl,z 18 then, for any u € X“
with | u|| < &y, it follows from Lemma 2.2 and Lemma 2.6 that |u(¢)] < § for all £ € [0, T'].

Thus, by (H;) we have

f(t5,5D¢w(t)) < bls|” +cls|* [5DF

fora.e.t €[0,T],|s| <

Ii(s) = —bj|s|”, Is| < |u(t)], j=1,2,...,n,
and therefore

F(t,u(t), iDY w(t)) = f(t,s,5Dfw()) ds

S~
s

lu(@®)]
5/ (Blsl” + clsl* 5Dy w(o)|") ds
0

_ b y+1 L E+l1¢ ma [
=3 +1|u(t)‘ + : +1|u(t)‘ |sDiw(o)|”, forae.te[0,T].

Thus, in view of Lemma 2.2 and Lemma 2.6, we have

T
/ F(t,u(t),{D w(t)) dt
0

T 1 ¢ e 0
S / s Dew(e)| di
y+1 E+1 0

Page 9 of 20
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bT Toz—l/Z y+1
< < ) flae
Yy + 1\ mD(a)v2a -1

c Tot—l/2 §+1 20 ) £
’ €+ Dy \mT(e)v20 - 1 R

A 1, - (4 1 1 1, =t 1
= bllul”* + il )T < bllul T + K lu] S,

ra-1/2 el 7ol eq 20
where b = 25 (- m=)" = e r@vaas) L2 and

ul(ty) lu(t)| b, . b,
f Ms)dsz—bff |57 ds = ———|u()|"" = ——=|ullo"""
0 0 yi+1 yi+1

b; To-1/2 i+l o
J i+1 i+1
7" = =bj||lul| 7™,

Y\ (@20 -1
-— h- a-1/2 ’
where b = -5 ( mr(Ta) W)”/”. Hence, by (2.4), we have

1 L _
Gulae) = llull® = D Byl = bllull !~ K a1,
j=1

Owing to the fact that y >1, ;> 1,j=1,2,...,n and § > 1, we can choose p small enough
so that

.
o b,'/oy/'_1 —bp? P —eKptl >
j=1
Then
L,
Pw(u) > 2P = 0 (3.1)

for any u € X* with |Ju| =

Step 2. We show that ¢,, satisfies (C) condition, i.e., for any {u,} C X* has a convergent
subsequence if {¢,,(1,)} is bounded and (1 + [|u,|)|¢;, (e2,) || = O as n — oo.

Let

d; = max
|x|<L

j=12,...,n

M/(; Ii(s) ds — Ii(x)x|,

Then by (H;), we have
xf (t,x,y) — uF(t,x,9) > =l|x|° —m|y|" —d, forx,yeR,ae tel0,T],
,u/(;ulj(s)ds—lj( wu>-Llul —-d, j=12,...,muck.

Thus, by Lemma 2.2 and Lemma 2.6, it follows from (2.4)-(2.5) that
W (uaic) — ¢y, (i) i

T
= (% - 1) lloarc || + /0 (F (& ux (0), 5D w(t) ) uac(£) — WF (8, wie(2), 5D w(t))) ddt

Page 10 of 20
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n

U, (t])
+Z(u / k I,(s)ds—z,-(uk(r,-))uk(t»)
j-1 0

T T
= (-1 )m = [ (lof”aeem [ o] ar)

- (Z (4u®)|7 + dj) + dT)

Jj=1

2-0 r T
> (% —1>||uk||2 - (Tvlnuknzz +mf |6 D w()] dr)
0
n ) n
—<Zz,||uk||og+2d,+dT>
j=1 j=1
n 2 20 I ’ o ’ ¢ o T
> (= -1 T —— Dw(t)|" dt
_<2 >|Iukll ( (mr(a+1)> Ilzex || +m/0 6Dy w(t)| )
n Ta—1/2 0j n
- I ————— ) w7+ d+dT
<Z’(mr(a) za—1> I + 4 )

Jj=1 Jj=1

iz 7 ' ’
= (5 —l)llukll2 - <lllukll” + M/ oD w()] dt)
0

- (Zl‘,nukn"f +Y di+ dT), (3.2)
j=1 j-1

G TR T e ] T g
where [ = [T (mr(a+1)) y/ _l}(mr(a)m) &

Hence, noting that the assumption 0 < 0,0; < 2, 1 > 2 and the fact that {¢, (u)} is
bounded and ¢}, (ux)ux — 0 as k — oo, from inequality (3.2), we see that {u} is bounded
in X*. So, in view of the reflexivity of space, there exists a subsequence {uy;} with u, —
u € X“. For simplicity, we still denote {ug } by {u}. It follows from Lemma 2.2 that u — u
in C[0, T]. Owing to the fact that ¢, (ux) — 0, ux — u as k — oo, and boundedness of the
sequence {u; — u}, we get

| (), (i) — @), (1)) Cuase — )| < | @], (o) | et — ull + | b, () (uise — )| — ©

as k — oo. Thus

n

ot — ull* = (&), (i) — by () (e — 1) = Y [ L (e (ty)) = I (w(8y)) ] (s () — ()

j=1

T
+ /0 (f(t, ui(t), SD‘;‘w(t)) —f(t, u(t), SD‘;‘w(t))) (uk(t) - u(t)) dt— 0

as k — 0o, because of the continuity of f and [;, j =1,2,...,n, and the fact that uy — u in
C[0, T']. Thus ¢,,(u) satisfies the condition (C).
Step 3. We will show that there exists a point u* € X* with ||u*|| > p satisfying ¢, (u*) < 0.
In fact, let M; = maxo<,<; |1i(s)|, then by (H3) we have

flt,x,y) > Bx® —Alyl* =M, 0<x<oo,yeR,ae te[0,T],

Ii(s) < B;s” + M, 0<s<o00,j=12,...,n
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and therefore

F(t,u,y) = /(; f(ts,

u .
/ Li(s)ds < b 7yt +Mju, foranyu>0.
0 wj + 1

As before, for the choice i = Aiouo € X%, Ao = |luoll, llto |l =1, and

2t te[0,T/4],
up =141, te[T/4,3T/4],
2(T-1), te(3T/4,T),

then iz9(¢) >0, t € (0, T), A2 = fOT (156D%uo ()] + a(t)u3(t)) dt, and

1o, tel0,T/4],
4
oDYuo(t) = ( ) gt), tel[T/4,3T/4],
h(t), te((3T/4,T],

where g(t) = 7% — (t — T/4)'"%, h(t) = % — (t — T/4)'"% — (t - 3T/4)'.

Hence, by (2.4), we have

T t/

T
Ii(s)ds - / F(t, Tilg(2), ngw(t)) dt
0

dw(ting) = —r +Z/

n

1 :3}' wi+l (= wj+1 -
5‘[2 + Z (ﬁ‘[ /+1(u0(tj)) L 'L'M]‘I/l()(tj))

jar N

IA

w+1
/ (/3 o (0)° - AruoioD‘)‘w(t)| —Mtuo)dt
0 w+1

Z( ol 1 (t])) @+t +‘L'M]‘Ijl()(tj))

=1

T
+ u/ ito(£) [s D2 w(0)| dt
0

r ,3 T w+1
+Mr/ To(2) dt — —r’””/ (0 (2))" dt
0 w+1 0

T _ulyl® —Mu, foru>0,ae.tel0,T)],

Page 12 of 20

(3.3)

for any 7 > 0. Since 0 < wj <1, w >1 and fOT(uo(L‘))‘“’r1 dt > 0, from the above inequality,

we see that there exists a 7o > 0 large enough so that ¢, (toitg) < 0 with || 7oio] > p. Let

u* = tolly, then ¢y, (4*) < 0 with |u*| > p. Also, obviously, ¢,,(0) = 0.

Now, applying Lemma 2.7 (the mountain pass theorem), we see that there exists a point

u € X* satisfying ¢,,(«) = 0 and ¢,,(ir) > o > 0.

Step 4. We show that we can construct a sequence {u,}°; in X* satisfying that

,;H(u,,) =0and ¢,,_,(u,) > a7 with ||lu,|| <K, n=12,....
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First, for a certain u; € X with |li;]] < K, by the conclusion proved in Step 3, we know
that there exists a point u; € X* such that d),’“ (u2) = 0 with ¢, (42) > 0. We claim that
luzll < K.

In fact, by the previous proof in Step 3 and noting that we have (3.3), we obtain

¢u1(u2) < max ¢u1(fﬁ0)
7€[0,00)

< max)|:%r2 + Z M 79 4 ZM uo(t)t

™ (wj+1)

2-¢

A r 24 p
+ n—i_ ([) (I/t()(t)) t)
:3 w+1 T w+1
P MO

1 no "o _ _ B
< max |:§‘(2 + ;ﬁ/rw/’” + (ZM, +M)r +AK T — ﬂr"’+1:|, (3.4)

7€[0,00) -
j=1

T
llea || T +Mt/ o (t) dt
0

where f; = Blioe)7" M = Muo(t,) M= M []a®dt, B = L= [T (@) dt =

w1+1

_ BlodT ¥ fo )2 3 dt)

2(w+1)(w+2)Aw+1 L((3 HT ) %" and the relations

77f Ao 4-¢

[N
I~

T T L
/ L_lo(t)|8D‘fu1(t)|{ dt < </ (i10(2))*® t> el
0 0

T 2 A |
S(/O (it0(2)) *¢ ) n—fllulllg

)

and ||z || < K are used.

Applying the Young inequality, we have

c
. 1/1-\7 1 2- T -2
AKST < —(—M) + = (8oK*Y = 2 86n? c( 8ug ) Bk, (3.5)
g \¢o p m—=2 16u
2.\ &
wherep:% q-= 22§ an dsoz(gu—?)L
£7 o s
Denote 7 = 2 252 ( -2, Then from (3.4), it follows that

1, 2o N 2 7 =2
< max | -t°+ R A M+ M|t +7rt2? + K%
¢m(u2)_rdo,§o)[2 ;ﬁ; (Z / P e

Jj=1

- — - 2 -
Let H(t) = 312 + Py Bt + (O My + M) + 777 — Br*!. Then

-2
¢uy (u2) < max H(z) + K2,
T 161

€[0,00)
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(1) If0 <t <1, then

H(t) <

Zﬁ, ZM +M+7:=A

I\Jl’—‘

noting that 0 < ¢, w; < 1.
(2) If 1 < 7 < 00, then

H(t) < (% +251+2M1+;)72—.3_Tw+1 C AT frot s (o),

Jj=1 Jj=1

noting that 0 < £, w; < 1.

By ®'(zr) = 24t — ﬁ(w + 1)7%, if let ®'(r) = 0, then 7 = T := (B(iil) aTand d(7) =

2
a0 B(7) = U4 (iil =8

Thus, summing up the above discussions (1) and (2), we always have

®(r) <max{A,B}:=C, 1 €[0,00),

and therefore

nw—2
Guy (2) < C + 60 K.
On the other hand, because

1y (42) = @, (u2) s

" T
= (5 - 1) llua|* + / [f (8, s (2), §DF 1 (£)) 1 () — o F (8, i, §Df ) | it
0

n

+Z< / s)ds — I (uz(8) ) ua (8 ))

and ¢, (u2) = 0, ¢y (u2) < C+ {2 L2 g2 by (Hs) and by a discussion similar to (3.2), we have

16/
" 2
——1)|u
(2 )n o

T
< ey () + /0 [ILF (£ ua(2), §Df ur (8)) — f (t, ua(£), G0 ua (£))ua(2) ] dt

u (t)
+Z( Uz (4)) ua (8) - u/ I(S)dS>

§M<C+ 1<2) + 1w +Zl ll242]|°7 +Zd +dT+m/ |6Dui(8)|" d
j=1 j=1
< nC+ EoZ1 Ll + 3 Gl | + d + K (3.6)

Jj=1
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where d = 27:1 di+dT,m= %" n; *m and the formulas

T
2-1 2-1 2-1
/ (5D ()] dr < T i, < TF i i |” < T3 K
0

are used.
By use of the Young inequality, similarly to (3.5), we get

2-1 8t \7F u-2 -2
KT < m22< ) +“—1<2=m*+“16 K2,

2 w—2 16
- 2-0- 86 \?% -2 _2
lull” = =207 () + B = o2,
2 w—2 16 16
%
- 2-0j-1% [ 8n0; \ T -2 -2
ol < =27 () E St = B,
2 7 \p-2 16n T
2 -2 2 4—% 81107 | 2
where m* = Itz (B5) 77, 1 = B2l (8%, 1 = = (527
So, it follows from (3.6) that
n=2 2 * 4 * m=2 2
o lwal* < uCorm Y Frds K
j=1
||u2||2<i MC+m*+l*+Xn:lf*+5l e
Tu-2 j=1] 2

Take K = /2E, where E = ZuCm 4 I+ 3 I d), then ||us||2 < K2, ie., |ua]| < K.
Assume that ||u,_;|| < K, by the same process as above, we can deduce that ||u,|| < K.
Thus forallz € N, ||u,|| < K.
Step 5. We show that {u,,} converges to u* € X*. In fact, by the proofin Step 4, we know
that |lu, || < K. It follows from Lemma 2.2 and Lemma 2.6 that

a—1/2 Tvt—l/Z

mI(a)v2a -1 ]l < mI(a)v2a -1

and therefore, by (H,) we have

”Mn”oo = K=K,
T
‘/(‘) [f(tr un+1(t): SD(; un(t)) _f(t7 un(t)rngun—l(t)) (un+1 (t) - un(t))] dt‘
T 2
< /0 [p(0)[ts1(8) — ()] + q(O|5DF (1 — 1n1) ()| |41 (8) — s (2)|] At

T T
< a0 - 1,0 ( /O PO trer(£) = 1, (8)] dlt + /0 (|5 D% 1ty — 1y 1) 1) dt)

= Hun+l(t) - un(t) HOO(HPHZ : ”un+l - un”Z + ||¢I||2 ' H(C)D?(un - un—l)Hz)

T2a—1/2 5
< N2 - 4na — tnll
()T (a + 1)v2a —1n? P e
oa—1/2
+ ——————=1qll2 - ltp1 = thnl - 1ty — 1 (3.7)

C(o)v/2a —1n;
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and

|Ij(un+1 (tj) - Ij(un(t/)) | |un+1(tj) - un(tj)|
< &) () = 8|

T2a—1 i

SW”M wil®, j=1,2,..,m. 68)

On the other hand, because ¢;, (t6,41)(@11 — un) =0, ¢, () (U1 — 1) = 0, in view of
(3.7)-(3.8) and the following relation:

(¢,/4n (tne1) — ¢1;n71 (un))(unﬂ — Uy)

= U1 — Un ” + Z un+l(t) (un(t ))] (”n+1(t/) - Mn(tj))

T
- /0 [ (£ ne1(0), § DY 1n(£)) = f (&, 1 (£), § D thn1.(£)) ] (a1 () — 1 (£)) At
we obtain

2
l2tp11 — |

T
= fo [f (& a1 (8), § DY 1 (8)) = f (8, 1n(£), D thn—1 (£)) | (s () — 1 (2))

n

— Z [Ij(un+1(tj)) - Ij(un(tj))](unﬂ( ) — un(t ))

j=1

T2a 1/2 20—1 n )
F(OZ)F(OI +1)\/2(x——ln% Plir (F(O{))Z(ZO(—I)U% ]:Zl j n+l n

a—1/2
+ —————=— lqll2 w1 — tnll - |ty — 1 ||

()2 — 197

2
= Pollttpr — unll” + Qoll s — thn |l - 2ty — 1l

T20— -1/2 T20-1 n ) To= 1/2
Where PO I"(a)l"(oul)\/_ ||I7||2 + ))2(211 1) 2 j=1 ﬂ}’ QO mnz ||¢I||2
Hence

”Mn+1 - un” = P0||Mn+l - un” + QO”M}’I —Mn—1||'

By the assumption Py <1, we have

”Mn+1 - un” =

- P 2ty — 1 |- 3.9)

Owing to the assumption 0 < IQI‘} < 1, it follows from (3.9) that the sequence {u,} con-

verges to a point u* € X%, and so, u,, — u in C[0, T]. Thus, ||u*|| < K and ||#*| s < Kj.
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Finally, because

T
/0 [[6D% (un = ) D[P v@)] + [a(®)] [ (6) - w @) ] v(0)| e

= (6D (=), - [6DE V], + Nlalloo ot = ] - IVil2

1 TZot

—_— —_— * . —
< 12”74;4 u*| ||V||+||ﬂ||ool_,2(a+1)n%|

|t —u*|| - IVl
n

for all v € X%, the convergence u,, — u* implies
T
/ [6D5 un(t) - §Dv(E) + a(O)u,(e)v(t)] dt
0
T
— / [6D5u*(2) - §DYv(t) + a(t)u* (O)v(t)] dt
0

as n — 00. Also, obviously,

D5 )vig) = 35w 6))v()

j=1 j=1

as n — 0. By (H,), observing

T
’ /0 [f (& un(8), § D una (8)) = f (&, (2), D (1)) ] w(£) dt‘

T
< /0 [p®)|un(£) = (@) | + q(0)[§DF (s — ) (8)] - [W(2)|] dt

)

< Wlloo(Ipll2 - [Jtn = ||, + ligllz - | 5D (s = *) )

TD[ * 1 *
< Wl (W gy =0+ Ul =

we know that
T T
/0 S (& un(t), D 1,1 (2))V(2) dt — /0 (& u*(8), 5D u*(0))v(t) dt

as n — 00. Also, by (2.5), the fact that ‘151/4”,1(”")" = 0 means that

T
0= / [6D un(t) - §Dv(t) + a(t)u, (t)v(t)] dt
0

T
+ ) L (ua()) () - /0 St wn(2), 6D w1 () v(2) it

j=1

for all v € X¥. The above equality combined with (3.10)-(3.12) implies

T
0= / (607w (@) - D v(e) + altyu” ()v(®)] dt
0

T
+ )L )vy) - /0 f(&u* (), 6D u* (£))v(t) dt

Jj=1

Page 17 of 20

(3.10)

(3.11)

(3.12)
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forallv e X%, i.e., ¢,.(u*)v = 0. This means that #* is a weak solution of BVP (1.2). Similarly,
we can prove thatlim,_, o ¢y, , (4,) = ¢, (u*). Because ¢, , (u,) > o1 > 0, we conclude that
¢+ (u*) > a1 > 0. This means that #* is a nontrivial classical solution of BVP (1.2) taking
into account Lemma 2.4. (I

Example 3.1 Consider the following BVP:

tDlg (SDt% u(t)) + tu(t) = f(¢, u(t),gD§ u(t)), t#3,telo0,1],
AGD;? (D7 u(®)(3) = L(u(2)), (3.13)
u(0) = u(1) = 0,

with respect to BVP (1.2), where o = %, j=1,T =1, a(t) = t, and functions f, [; have the
following forms, respectively:

ft,x,y) = be~tx° + cltzxa‘(siny)% —cy(cost)h(x)g(y), te[0,1],x,y€R,

where b >0, ¢1,¢3 >0,

0, y=<0,
0, <0,
¥, 0<y<],
h(x)=1x, 0<x<1, g =1,
)’3, ISySLO;
1, 1<x<o0, 1
Ly, Ly<y<oo,

where the constant Ly > 0, and
LI(s) = —bisls|, seR,b;>0.

We verify that the conditions hold corresponding to (H;)-(H,) in Theorem 3.1.

(Hy) f(t,x,y) <b|x|> + c1|x|3|y|%, te[0,1], %,y e R; I,(s) > —by|s|?, s R.

(Hp) «xf(t,x,y) —3F(t,x,9) >0,t€[0,1], x,y € R; 3/0” Li(s)ds —L(w)u>0,xeR.

(Hs) f(t,%,9) > bx® —caly|3, £ €[0,1], 6> 0,y € R; [i(s) <0, 5> 0.

(Ha) [f(&;%2,52) = f(&,x0,01)] < p@)|x2 — 21| + q(@)|y2 — 1], £ € [0,1], y1,02 € R, x1,%2 €
[-K3,K5] and

|L(x) - L(y)| <2b:1Kilx -yl Vx,y € [-Ki, K],

1
where p(t) = 5bK'e™" + 3c1K2t? + ¢y L cost, q(t) = 31Kt + 3cy cos £, £ € [0,1].

Compared with the conditions in Theorem 3.1, here n; =3/4,b=8>0,w=y =5, =3,
0=4/3,n=2,u=3,A=¢>0,0=1/3,a; =2b)Ky,l=m=d=L=M=]=0,M; =8, =
d1=ll=0,andsoM=o_i=rh=Z=0,Zl=31=M1=O,aswellasm*=l*=lf=0

_ _ 2 6 -
By direct computation, we know that 8 = %, 7= %(%)5(2—20)3 and A = % +7, B=
0

24 (7A\1 A3 _ _ _ 43 _ 16 16
3 (Zb)ZAO, C = maX{A:B}; K= \/m and I(l = 31-.(%)[<! PO = 3F(%)F(%) ||p||2 + S(F(%))Zal’
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_ 16v3
Qo = 55 lla,

9 1 1\, 1 5 1
Ipl3 = gcfl(f + (E sin2 + E)chg +30b101K? <2 - —) +beier KL (2cos1 —sinl)
e

1 inl-cosl 25
+5bey LK (1 ¥ u) + THK (1),
e

16 1 1
||q||§ = ch](f + 9cf <Z sin2 + E) + 8011(13(2 cos1l—sinl).

Obviously, we can choose the suitably small constants b, ¢;, ¢; such that Py <1 and Qg <
1— Py and therefore it follows from Theorem 3.1 that BVP (3.13) has at least one nontrivial
classical solution.
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