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Abstract

In this paper, we study the multiplicity results of positive solutions for a fractional
elliptic system involving both concave-convex and critical growth terms. With the
help of the Nehari manifold and the Ljusternik-Schnirelmann category, we prove that
the problem admits at least cat(€2) + 1 distinct positive solutions.
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1 Introduction and the main result
In this paper, we are concerned with the number of positive solutions of the fractional

elliptic system:

(=A) 3w = 2ul®u+ 25 |ul*ulvl inQ,
(Er) | A)2v=pv v+ Lju vy inQ,
u=v=0 on 39,

where Q is a bounded set in RN with smooth boundary, N > s with s € (0,2) fixed, 1 < g < 2,
Au>0,a,8>1satisfyo+ =27 = %, 2% is the fractional Sobolev critical exponent, and
(~A)3 is the fractional Laplacian. These types of operators are the infinitesimal genera-
tors of Lévy stable diffusion process and arise in anomalous diffusions in plasmas, flames
propagation and chemical reactions in Liquids, population dynamics, geophysical fluid
dynamics, and American options in finance; see [1, 2].

In recent years, a great deal of attention has been focused on studying of problems in-
volving fractional Sobolev spaces and corresponding nonlocal equations, both from a pure
mathematical point of view and for concrete applications. We refer to [3-7] for the sub-
critical case and to [8—12] for the critical case. In particular, set @ + = p < 2%, A = u,
and u = v, (E; ;) reduces to the following fractional elliptic equation with concave-convex

nonlinearities:

(~A)2u=AlulT%u + |ufPu  inQ,
u=0 on 4%,
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Goyal and Sreenadh [13] studied the existence and multiplicity of non-negative solutions
to (Ex). Moreover, by Nehari manifold and fibering maps, Chen and Deng [9] obtained
the existence of multiple solutions to (E;) for subcritical case and critical case. For the
fractional Laplacian system with concave-convex nonlinearities, He et al. [14] proved that
(E;,.) permits at least two positive solutions when the pair of parameters (A, ) belongs to
a certain subset of R?. Similar results were taken by Chen and Deng [15]. The tool of them
is the decomposition of the Nehari manifold.

Motivated by the results mentioned above, the purpose of this article is to get a better
information on the number of positive solutions of (E; ,), for A, > 0 small enough, via
the tools of the variational theory and the Ljusternik-Schnirelmann category theory. We
refer the reader to [16-21] for similar results to (E, ;) for Laplacian operator. Our main

result can be stated as follows.

Theorem 1.1 There exists A, > 0 such that if \, i € (0, A,), (Ex,.) has at least cat(2) + 1
distinct positive solutions. Here cat(2) denotes the Ljusternik-Schnirelmann category of Q
in itself.

Remark 1.1 If @ is a general domain, cat(€2) > 1, and Theorem 1.1 is the main result of
[14, 15].

Remark 1.2 Concerning regularity, one can get an a priori estimate for the solutions to
(E;,.) and hence obtain, as in [22], Proposition 5.2, u,v € C®(R) for s = 1, u,v € C*(Q) if
O<s<landu,ve C»1ifl<s<?2.

This paper is organized as follows: In Section 2, we introduce some notations and pre-
liminaries. In Section 3, we give some technical results which are crucial to the proof of
Theorem 1.1. In Section 4, we give the proof of Theorem 1.1.

2 Notations and preliminaries
In this section, we collect preliminary facts for future reference. First of all, let us write

the standard notations which we will use in this paper. We denote the upper half-space in
Rﬁ”l by

R o= {(,); (v, %0, ... xn,9) € RN,y > 0.
Denote the half cylinder with base Q2 by Cq = Q x (0,00) C RN*! and its lateral boundary
by 9,Cq = 92 x [0,00). We shall use C (C;, i =1,2,...) to denote any positive constant.

Let ¢;, A; be the eigenfunctions and eigenvectors of —A in 2 with zero Dirichlet bound-
ary data. The fractional Laplacian (—=A)7 is defined in the space of functions

Za,q),eL ||u|| (ZaW)l }

and ||«|| %( ) = ||(—A)%u||L2(Q). The dual space H™3(R) is defined in the standard way as
HE (@

well as the inverse operator (=A)"2.
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Definition 2.1 We say that (u,v) € H{ () x H{ () is a solution of (E;,,,) if the identity

/Q (A (=AY iy + (—A) Fu(=A): gy dx

o
= / (Ml ugy + plv|* v, di + / || ulv|P o1 dx
Q a+fB Ja

- / Wl VP 2vips dx
O{+IB Q

holds for all (¢, ¢2) € HZ () x HZ ().

Associated with (E; ;) we consider the energy functional

Joop (V) := l (|(—A)%u}2 + |(—A)%V|2) dx
2 Ja

1 1
——f()»|u|q+//,|v|q)dx——/ || |v|? dx.
qJa 2% Ja

This functional is well defined in Ho% () x Ho% (2), and, moreover, the critical points of
Jo.u correspond to weak solutions of (E; ;).

To treat the nonlocal problem (E; ), we will study a corresponding extension prob-
lem, which allows us to investigate (E, ;) by studying a local problem via classical varia-
tional methods. We define the extension operator and fractional Laplacian for functions
in HZ ().

Definition 2.2 Given a function u € Hj (2), we define its s-harmonic extension w = E(u)

to the cylinder Cq, as a solution to the problem

div(y'*Vw) =0 in Cq,
w=0 on 9;Cgq,
w=u on © x {0},
and
s . 1—s aw
(-A)2u(x) = -K; lim y —° —(x,%),
y—07* ay

where K; is a normalization constant.

The extension function w(x, y) belongs to the space Hj ; (Ca) = C5°(2 x [0,00)), with

1
2
lollus , cq) = (KS/ yISIVwIdedy) .
, o

The extension operator is an isometry between Hg (2) and Hp 1 (Cq), namely,

Il oy =l 5 o Vit (), @D
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With this extension, we can transform (E, ;) into the following local problem:

—div(y' V) = 0, —div(y' V) =0 in Cgq,
w1 =wy=0 on 9, Cgq,

(Ex) ?,% = Mo |70 + ﬁ|w1|a_2w1|w2|ﬂ on Cq x {0},
52 = Man |01+ Lo | 2w, on Cq x {0},
w1 = U, wy =V on Cq x {0},

where
ow;
Li= K lim y' 2, i=1,2
avs y—0* y

In the following, we will study (f,w) in the framework of the Sobolev space H =
H; 1 (Cq) x Hy; (Cq) using the standard norm

1

(@1, @), = (KS/ Y (IVar* + [V ?) dxdy) .
Q

o~

An energy solution to (E, ;) is a function (w1, w;) € H satisfying

K / YV Vo, dxdy + K / YV Vo, dxdy
Cq C

Q
- / (Monl™2wrg1 + sl wsps) da
Qx{0}

o

a+ B Jaxo

-2
+ 1“2 |ws|P oy dox +

e f 1]l 2wapr dx
+ B Jaxo)

for all (¢, ¢2) € H.

o~

If (w1, w) satisfies (E,; ), then the trace (u,v) = (w1(-,0), w2 (-, 0)) is a solution of (E; ;).
The converse is also true. Therefore, both formulations are equivalent.
The associated energy functional to (Ex,u) is

1 1
Ly (w1, 02) = 3 ” (wl,wz)”f{ - ; /Q {0}()\|601|q + M|a)2|q) dx
X

- |y |* || dx.
27 Jaxqoy

Clearly, critical points of I; ,, in H correspond to critical points of J; ,, in Hg (2) x Hg ().
In the following lemmas, we will list some relevant inequalities from [14, 15].

Lemma 2.1 Foreveryl <r <2}, and every w € Hy,(Cq), we have

2
(/ |a)|’dx) §C/ Y75\ Vol dx dy (2.2)
Qx{0} Cq

Jor some positive constant C. Furthermore, the space H ; (Cq) is compactly embedded into
L"(2), for every r < 2.
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Remark 2.1 When r = 2}, the best constant is denoted by S(s, N), that is,

1-s 2
y S| Vol|* dx d
S(s,N):= _inf Jeg Zy (2.3)

S
C()GHO,L(CQ fQX |a)|2 dx

It is not achieved in any bounded domain and, for all € H* (Ri\[ 1),

1
S(s,N) (/ lw|® dx) N < / Y75\ Vo dx dy, (2.4)
RN x {0} RN+

S(s,N) is achieved for = RN by the functions w, which are the s-harmonic extensions of

Ue() = —————, &>0,xeRY. (2.5)
(&2 +[xl?) 2

The constant S(s, N) given in (2.3) takes the exact value
2w 30(HT ()T (E)v
FHOrER)r @)~

S(s,N) =

and it is achieved for © = RN by the functions w, = E;(u,).

We consider the following minimization problem:

s . fCQ S(IVen |2 + |V |2) dx dy
50,8 += .

(2.6)
(w1,02)€H\{(0,0)} (fo{O} || |2 | f dx) 2;f

From [14], we establish a relationship between S(s, N) and S, ,4.

Lemma 2.2 For the constants S(s,N) and S; g introduced in (2.3) and (2.6), we have

B _a
(5 (0) oo

In particular, the constant S g is achieved for Q = RN.

To proceed, we introduce the Nehari manifold of I, ,, by setting
N)\.,IJ. = {(wlx 6()2) € H\{(Or 0) };I)/L,M(wlr (,()2)(6()1, wZ) = 0}

This enables us to construct homotopies between €2 and certain levels of I, ,. Clearly,

(w1, w2) € N, ,, if and only if

o= [ Glontts plant)ds+ [ ol ot d
Qx{0} Qx{0}
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On the Nehari manifold N;, ,, from Lemma 2.1 and the Young inequality, we have

1 1 1 1
L (01, @2) = <5 - F) ” (wl,wz)H?{ - (6—1 - —*) /QX{O}(MCOH{I + M|w2|q) dx

S

1 1 1 1
z(E—E)m%wm&—(5—E)u+mcm%wmm 27)
> (A +p)Y*9c, (2.8)

where C denotes positive constants (possibly different) independent of (wy, w,) € H. Let

1///\,;4(601,602) = 1),\_“(601,602)(601,&)2)

= H(wl,w2)||12_[—/ [ }()»|w1|q+p¢|w2|q)dx—/ |l |*|wa|? dx. (2.9)
Qx{0

Qx{0}

Then, for (w1, w2) € Nj

Vuonedone) ==l - (2 -a) [ ol ds @10
= (2-20) [ @, e,

(2 —61)/ (Man|? + plan|?) dx. (2.11)
Qx{0}
Similar to the method used in [14, 15], we split N, ,, into three parts:

N, = {(w1, @) € Ny s 5, (01, 02)(@1,02) > 0};

Ny, = {(w1, @) € Ny w3 5, (01, 00)(@1,0,) = 0};
N; , = {(w1, @) € Ny s 5, (01, 02)(@1,@2) < O}.

In the sequel, we shall use A, to denote different small parameters. Then we have the
following results.

Lemma 2.3 Suppose that (w1, ;) is a local minimizer for I, ,, on N, ,,. Then, if (0, w;) ¢
Nf,#, (w1, wy) is a critical point of I ;.

Lemma 2.4 There exists A, > 0 such that, for each 1, i € (0, A,), we have Nf,u ={.

By Lemma 2.4, for A, u € (0, A,), we write N, ,, = N/{’,ﬂ UNA"M and define

. . _ .
of = inf L (o, 0); ap, = inf L (0, w).
(wl,wz)eN):M (o1,02)eNy

Set

1

( 2 -, )l )z:z

Imax = > 0.
(2? _q) fQX{O} |w1|“|w2|5dx

Then we have the following result.
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Lemma 2.5 Foreach (w1, w;) € Hwith [q o 11| lw|? dx > 0, there exist unique 0 < ¢ <

tmax <t~ such that (t*w, tTws) € N{,M, (tTw, tTwy) € Nf’ﬂ, (tw,t"wy) € N);“ and

1 T, t = inf [ s ; 1 “w,t” = 1 , .
A»M(t w1 t (,02) Oftlgtmax A,M(ta)l ta)z) k,u(t w1 t a)z) ilzlg) Mi(ta)l ta)z)

Lemma 2.6 IfA,u € (0,A,), then
(i) a5, <0,
(if) o, > 8 for some § > 0.

For the proofs of Lemmas 2.3-2.6, the reader is referred to [14, 15] for similar proofs.

Remark 2.2 From Lemmas 2.5 and 2.6, it is easy to know that if (o, w;) € N

/ lw1|%|ws P dx > 0.
Qx{0}

Next we establish that I, , satisfies the (PS).-condition under some restriction on the
level of (PS).-sequences in the following.

Lemma 2.7 For each A, € (0, Ay), I, satisfies the (PS).-condition for ¢ € (00,0 , +
53 (KsSsa p)).

Proof Let {(w,n, w2,4)} C H bea (PS).-sequence for I, , and ¢ € (—00,a; , + 5% (KiSa,8)").
Note (2.7), it is easy to see that {(w1,, @o,,)} is bounded in H. Thus, there exists a sub-
sequence still denoted by {(wy,,, w5,,)} and (w1, w;) € H such that (@, ws,) = (@1, ®2)
weakly in H. Furthermore, we get

/ (x|wl,n|q+u|w2,n|q)dx=/ (Rlaorl? + ploal?) dx + o(L);
Qx{0} Qx{0}

b ||(601,n - W1, Wy — W) ||Z = || (a)l,mwz,n)“f{ - ||(601,602) ||]2{ +o(1);

. / |1, — w1|% |, — o |P dix
Qx{0}
- / || onl? i — / jon[lws? dax -+ (1),
Qx{0} Qx{0}

Moreover, we can obtain 1)/\,# (w1, w2) = 0. Since I, (w11, w2,,) = ¢ +0(1) and IQ‘M (w1 W2) =
0(1), we deduce that

N =

2 1
(@10 = @1, 00 — 2) |}, — == / |10 = 01| w2, — w2 dix
25 Jaxio)

=c—1IL (w1, w2) +0(1) (2.12)
and

0(1) = Ii,u (wl,m wZ,n)(wl,n — w1, W, — 0)2)

= (I, (@1 @2,) = I}, (@1,02)) (@10 — 01,02, — @2)

2
= H (a)l,n — W1, W — 0)2) ”H - / |w1,n - w1|a |w2,n - a)2|ﬁ dx + 0(1)
Qx{0}
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Now we may assume that
2
(@1 — 1,00, — )|, — | and

/ |a)1,,,—w1|“|a)2,,,—a)2|ﬁdx—>l asyn — 00
Qx{0}

for some [ € [0, +00).
Suppose [ # 0. Using (2.6) and passing to the limit as # — 0o, we have

2
l > I<sSs,a,/Slz§ »

that is,
1> (KiSap)N". (2.13)

Then by (2.12)-(2.13) and (w1, w2) € N;,, U {0},

2 2%

S

1 1 s
C= Ik,;t(wl’ (1)2) + (— - —>l > Ol}tu + ﬁ(KsSs,a,ﬁ)N/S,

which contradicts the definition of c. Hence / = 0, and the proof is completed. O

Lemma 2.8 For A, u € (0, Ay), the functional I, has a minimizer ((a’l)zw (wZ);,u) EN;,
and it satisfies:

() Bul(@)f 0 (@)],) = i R

(ii) ((1); ,» (@2)3 ) is a positive solution of (E; . );
(il) Lu((@1)] ) (@2);,) = 0asi,u—0;
)

(iv) limy 0 [((@1)5 > (@2); )l = 0.

Proof (i)-(ii) are consequences of [14]. It follows from (2.8) and Lemma 2.6 that
0> L (@), (@);,) = - + )20 C,

We obtain IA,M((a)I)KW (wZ)I,M) —0asi,u—0.
Now we show (iv). By (i)-(iii),

0= AB‘BOL\,M ((wl):{w (602){,”)

. S
_ lim (ﬁ” (@) (@))%

B u—0
1 1 + |4 + |4
-\=--= ()‘|(“’1)A,u| +u|(a)1)ML| )dx . (2.14)
q 25 Jaxo
Since 1;,,, is coercive and bounded below on N ., ((@1);, w7 (w2);, u) is bounded in H and
so that
: + |4 + |4 _
x,l,irgo QX[O}(/\\(CUI)W| + wf(@);, ") dx =0. (2.15)

Therefore, we obtain the desired result. O



Fan Boundary Value Problems (2016) 2016:196 Page 9 0of 18

3 Some technical results
In this section, we shall introduce some useful results which are crucial for the proof of
Theorem 1.1.

Lemma 3.1 Let {(w1,, w2,,)} C H be a non-negative function sequence with
2
/ |||l dx =1 and |[(&1n 02|}, = KiSsap-
Qx{0}

Then there exists a sequence {(y,,&,)} C RN x R* such that

N-s N-s
2 2

(Wl,n(x)r W2,n (x)) = (Es (871 W1,n (Enx + yn; 0));Es (En wZ,n(Enx + ym 0)))
contains a convergent subsequence denoted again by {(W1,,(x), Wa,,(x))} such that
(Win(x), Wau(x)) = (Wi, Wa)  in H.

Moreover, we have &, — 0 and y, — y € Q as n — .

Proof Let Z,1(x) = w1,,(x,0), Z,,2(x) = wy,,(x,0), we have
/ 1Zua“1Zual dx =1 and 1Zyi 20y + 1Zna s ) = KiSup a7 o0,
Q

By the proof of Lemma 2.2, we know that {Z,;} and {Z, >} are minimizing sequences
for the critical Sobolev inequality in the form (2.3). Thus we deduce from [23], The-
orem 3 and [23], Theorem 5, that there exist a sequence of points {y,} € RV and a
sequence of numbers {¢,} C (0,00) such that 21,1(90) = 8,1,\%2,,,1(8,@ + Yy) = Z(x) and
2,,,2(96) = S%Zn,z(e,,x + Yy) — Z}(x) in H*(RY) as n — 0o. Moreover, we have ¢, — 0
and y, — y € Q as n — oo. Denote W, = ES(Z,,I), Wa,, = ES(Z,,Z) and W; = ES(Z),
W, = Es(fz). Then we obtain the result. O

Lemma3.2 Suppose that X is a Hilbert manifold and F € C*(X,R). Assume that, for co € R
and K e N:

(i) F(x) satisfies the (PS). condition for ¢ < cy,

(i) cat({x € X;F(x) <co}) > K.
Then F(x) has at least K critical points in {x € X; F(x) < ¢o}.

Proof See [24], Theorem 2.3. O

Up to translations, we may assume that 0 € Q. Moreover, in the following, we fix r > 0
such that B, = {x € RY; || < r} C Q and the sets

Q= {x e R¥; dist(x, ) < r}, Q= {x € Q;dist(x, 02) > r}

are both homotopically equivalent to 2.
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Noting Remark 2.2, below we can define the continuous map @ : N, — R by setting

fo{O} x|w1|0l|w2|/3 dx

DO(wy,wy) = .
fgx{o} |w1|a|a)2|ﬁ dx
Denote
eyt s N/s
G =0, + ——(KiSsap)

2N

and

N; (co0) = {(@1,2) €N i L u(@1,0) < cop}
Lemma 3.3 There exists A, > 0 such that if 1, ju € (0, A,) and (o1, ) € N;,, (€3,0),

(w1, wn) € Q7.
Proof By way of contradiction, let A, uy — 0, {(01,4, w2,0)} C Ny o (Cnpn) and @ (w1,
wy,) ¢ 2. From (2.7), we see that {(wi,, w,,)} is bounded and fﬂx{o}()\n|w1,n|q +
Unlwz,,|T) dx — 0. Thus,

. . S 2
nlingo I)W,,ltn (wl,m (1)2,;1) = nlig)lo ﬁ H (wl,nr 0)2';1) “H
= lim — |1 |3, dx

S
—N(Ksss,a,ﬁ)N’S. (3.1)

Defining

(Wi Wi )—( i Con )
1 ) = ) )
(fQX{O} |@w1Ln%|@2,0|P dux)V(e+h) (fQX{O} |01 |%|@2,0]P dx)Ve+h)
we see that fo{O] |Wiu|%| W ,|? dx = 1. By (3.1) and the definition of Ss,a,8, We obtain
. 2
nlingo || (Wl,n: Wz,n) ”H = I(sSs,a,ﬁ-

By Lemma 3.1, thereis a sequence {mwen)} € RN x R* such that g, — 0, Yy —> Y € Q and
(Es (sn2 Win(en + yu)), E. (8;12 Wou(enx +y))) = (W1, W) in H as n — oo.
Considering ¢ € C°(RN) such that ¢(x) = x in , we infer

qD(wl,m w2,n)

fQX{O} x|wl,n|a |w2,n|ﬁ dx fRNx{O} go(x)l Wl,n|a | WZ,nVS dx
fQX{O] |w1.n|a|w2,n|ﬂ dx f]RNx{O} |W1,n|a|W2,n|ﬁ dx

N-s

fRNX{O} (et + 9) Ex(En® Winlens + )1 |Es (e Win(enx +y))IP dx

N-s N-s
fRNx{O] 58;12 Wln(gnx+yn))|a|E( 2 Wln(anx"'yn)”ﬁdx
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Moreover, by the Lebesgue theorem, we have

Nes Nes
f]RNx{O} @(enx + yn)lEs(€n2 Win(enx + yu))|%|Es(en > Win(enx +yn))|ﬂ dx —
N N —-yeq,
fRNX{O} |Es(e,” Wl,n(gnx + )’n))l"‘ |Es(e,” Wl,n(gnx + yn))|ﬁ dx

as n — 00, so that lim,_, o ®(w1,, wy,) =y € Q, in contradiction with D(wy,, 2,0) & Q.
a

Next, we will use w, = Eg(u,), the family of minimizers to the inequality (2.4), where u,
is given in (2.5). Let n € C*°(Cq), 0 < n(x,y) <1 and for small fixed p,

1, (xy) EB% :={(xl,xg,...,xN,y);\/x%+x§+---+x12\, +)2<5,y>0},

n(x,y) =

0, (%) éB; = {(x1, %2, ..., XN, Y); x% +x§ e +x?\, +y2<p,y>0}L
We take p < 7 small enough such that
Bi(x-zy) C Cq
for all z € Q;, where

Bi(x—2z9) = {(x1,%2,...,0x,9);

V@ —21)* + (0 —22)> + - + (an —2n)? +9% < p,y > 0},
Assume
Vez = 10X — 2, Y)we(x - 2,9) = n(x - 2,9)Es (ue(x - 2)), z€2;,

where u, is defined in (2.5). We obtain from [11]

”Va,z”?{gi(cﬂ) =K ‘/H;NH J’175|Vwa|2 dxdy + O(gNis); (3.2)

N
/ Ve, |5 dx=/ e | % dx+O(eN):/ (%) dx+0(eV).  (3.3)
Qx{0} RN x {0} RN \ €7 + |x]

Then we have the following.

Lemma 3.4 There exist €y,0(¢) > 0 such that, for ¢ € (0,&0) and o € (0,0 (¢)), we have

sup L. ((@1)], + tV/ave, (@2)), + t\/ﬁvm) <cu—0 uniformlyinze Q;,
=0

where ((w1); ,, (@2)5,) is a local minimum in Lemma 2.8. Furthermore, there exists
Lame) > 0 such that

((wl)x,u + t&,u,g,z) \/avs,zv (wZ)X,M + t(}\.,ﬂ,,{:‘,l) \/,EVE,Z) € N):M (CA,;L -0)
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and
@((wl);# + t(;wyz)\/avg,z, (@), + t(j\%glz)\/gvm) €Qr.
Proof Since

Ly ((wl)z,u + t\/avs,m (WZ)I,H + t\/ﬁvs,z)
_ K;

5 y1’3(|V((w1)j{]ﬂ + t«/&vm) |2 + |V((w2){,ﬂ + t\/ﬁvs,z) |2) dxdy

Cq

- ;/;ZX{O}(M(M)IM + t/an(x - z,0)u (x — 2)|*
+ M’(wz)I,M + t\/,gn(x —2,0)up(x — Z)|q) dx
1

-— ’(wl);,u +t/an(x -z, O)Lts(x—z)|a
25 Jaxo)

x |(@2)],, + t3/Bn(x — 2, 0)ue(x - 2)|” dx
2o+ p

1
=3 ” ((w1):{,ﬂ, (0)2):{,#) ||]21 +2 - ||V8’Z||12_16,L(CQ)

+tI(S< / V(w);, V(vav.:) dxdy + / V(wz);’MV(\/BvM)dxdy)
Cq Cq

1

1 f (@), + t/an(x - z,0)ue(x — 2)|*
q Jax{o}

+ (@)}, + 6/ Bn(x — 2, 0)ue(x - 2)|") dx
1

- = |(w1)/{lﬂ +tﬁn(x—z,0)ug(x—z)|a
2% Jaxo

x |(@)}, + £/ Bn(x —2z,0)u, (x — z)|'3 dx

,a+p 9
= IA,;;_ ((wl)x,w ((»02);,“) +t 5 ||V€’Z||H8,L(CQ)

1 o

- (1)}, + tv/an(x — z,0)u, (x — 2)|
2% Jaxo

1 o
x |(@2)],, + t3/Bn(x — 2,00 (x - 2)|” dax + E/Q {}|(w1);#| |(@2)],|” dx
s x{0

1 o
to i {0}a|(w1)z'”| 1|(w2)IM\ﬁ(t\/&n(x—z,O)ug(x—z)) dx
1 o _
*55 Jo o Plonil @, | (Bt =2, 0 - 2) s
ol +K(®), (3.4)

where

a+p
K(0) = £ == Ivesllfy o)

1

-— (@), + tv/an(x — z,0)us (x — 2)|*
2% Jaxo
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X \(wz){,ﬂ + t\/,En(x —z,0)u;(x —2) |ﬁ dx

toe | @) N, | dx
s JQx{0}

-1
too | @i @) (e~ 2, 0ue(x - 2)) dx
23 Jaxqoy
1
L
25 Jaxio)

Bl@Di || @2);,|” (/B - 2, 0)ue (e~ 2) dx.
In the following we shall show that

supK(¢) < %(KSSS,aﬂ)N /s for & >0 small enough.

t>0

It is easy to see that

lim K(¢) = 0.

t—0
Thus, for all ¢ sufficiently small, there exists £y > 0 such that

N

E(Kssm,ﬂ)‘v /s forall t € (0,¢]. (3.5)

K() <
From [25], Lemma 4.1, we see that there exist C;(«), C2(8) > 0 such that

(a+b)(c+d)P? >a*cP +a%dl + b*P + b*dP + Ci(a)a*"bc? + Cr(a)a® ' bd?

+ Cz(ﬂ)bacﬁ_ld + Cg(ﬁ)aacﬁ_ld + C](Ol)Cz(,B)da_thﬂ_ld

for any a, b, ¢,d > 0. Consequently,

(=N

2% C(%,B % * *_
K(t)Stzjsn"g’z”zédcn)_ 5 t2s/ [Ve 2% dx—CI/ [Ve )% dx  (3.6)
- s Qx{0} Qx{0}

with some constant C; > 0. Note that

/ e dix
Qx{0}

:f |n(x = 2,0)us (x = 2)| " dx
Qx {0}
0
T dx
BypL(e2 + [x|?) 7
€N2+s
Z/ ————&Vdx
By eN*s(e? + |x|2) 2"
s (P N
SYYS S R AR—
o 1+r?)2

= ngj% (37)



Fan Boundary Value Problems (2016) 2016:196 Page 14 of 18

for some C,, C3 > 0. It follows from (3.2)-(3.7) that

[ShsN

a%,B
%

(O“",B)”Ve,z”?.(s C ¥
< i( O'L( @) ) _ C481\%
(J;

N-s

% / |V5,Z|2: dx—Cue 2
Qx{0}

2*
2 2
K(t) <t —2s ”V&Z“HS‘L(CQ) -

2 o B 2% 2%
Qx{O}a2'82 |V8,Z| s dx) s

s (((a)offﬁ (,3)55,3)I(SfRN+1y1‘S|Vw£|2dxdy+O(sN‘S)>Af Nes
— +| — * 5 —Cye 2

JRANNY. « (o (g ¥ i + O(EN) T

e2+|x|?

N-s
2

= %(I(SSs,a,ﬂﬁ +0(eN™) = Cue

N N
— (KsSsa,p) 5 3.8
< oy KsSsarp) (3.8)

for ¢ sufficiently small and ¢ € [£y, +o0). Noting the compactness of @, it follows from
(3.4)-(3.5) and (3.8) that there exist 9,0 (¢) > 0 such that, for ¢ € (0,&9) and o € (0,0 (¢)),
we have

sup L. ((@1)F, + tV/ave, (@2)), + L‘\/va) <cyu—o uniformlyinze Q.
0

t>

Arguing as the proof of [11], Lemma 4.4, we conclude that there exists £; ,. >0 such
that

(@054 + ooy VUVerss (@25, + 85000V BVeiz) € Ny (€ = 0).

Moreover, we obtain from Lemma 3.3

(@) + LoV OVe (@2)5 ) + eV BVes) € 2
for A, € (0, Ay). O

From Lemma 3.4, we can define the map y : @ — N; (¢, — o) defined by

y(2):= ((wl)zyu +Loue) Vavez, (@), + t(_)»yuye,z)\/gvaZ)'

Furthermore, by Lemma 2.6 and Lemma 2.8(iv), we can define the map @, , : N (c;,. -
o) — RN by setting

fQX{O} xlwl - (601)};'” |a|w2 - (a)Z)X,u_lﬁ dx

fgzx{o} |y = ()5, 1* w2 = (@2)} ,|P dx ’

q’x,u (w1, w7) =

Then, for each z € Q, note that u,(x) is radial, we have

(D poy)z) =z
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Next we define the map H,,, : [0,1] x N} (¢3,,. —0) — RN by
H; . (t, (wl,wz)) =t®, (w1, w2) + (1 - )Py (w1, @2).
Lemma 3.5 Foreach ¢ € (0, &), there exists A, > 0 such that if A, u,0 € (0, A,),
H,,,.([0,1] x Nj_ , (c1,u — 0)) C ;.

Proof Suppose by contradiction that there exist ¢, € [0,1], A, 4y, 0, = 0, and (w1, w3,,) €
Ny Con = 0,) such that

Hyppa (En (@1, 0,,)) € 27 for all n.

Furthermore, we can assume that ¢, — £, € [0,1]. Then by Lemma 2.8(iv) and argue as in
the proof of Lemma 3.3, we have

Hippin (b (@10, 02,)) > 2€Q asn— o0,
which is a contradiction. g

4 Proof of Theorem 1.1
We begin with the following lemma.

Lemma 4.1 If (w1, w,) is a critical point of I,,, on N, ,, then it is a critical point of I ,, in H.

w’

Proof Assume (w1, @2) € N; ,, then I; (w1, @2)(w1, @2) = 0. On the other hand,

L (o, a0) =09, (01, w) (4.1)

for some 6 € R, where , , is defined in (2.9).
Remark that (o1, w2) € N, and so ¥} (w1, @2)(w1, @2) < 0. Thus by (4.1),

0= 91/’;,,1(601, w2)(w1, w2),
which implies that 6 = 0, consequently ij(a)l, wy) = 0. O
Below we denote by INZ,M the restriction of I, , on N;, u

Lemma 4.2 Al’ly sequence {(wl,m wZ,n)} C N):# such that ]N;M (wl,m a)Z,n) —>CE (—OO, C)L,u)
and Iz/\z; (w11, w2,,) = O contains a convergent subsequence for all A, i € (0, A).
"

Proof By hypothesis there exists a sequence {6,,} C R such that
I),L,M (wl,nx w2,n) = 9n1/f§,“(w1,m wZ,n) + 0(1)
Recall that (w1, wy,,) € N; , and so

Wﬁ,u (wl,nr wZ,n)(wl,m (1)2,71) <0.
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If 1//1# (1,1, W2,4) (@11, W2,,) — 0, we see from (2.10) and (2.11) that there are two positive

numbers C;, C, independent of (w; ,, w5 ) and A, u such that

| @i @2.0) | < il (@i @2,0) |5 +0(1) and

| (@1 @2) [, < (4 W) Co || (@10 02| + 01)

or

|(@im @)= C 57 +0(1) and

2
l@rm s | < O+ WFTcET + (1),

If &, u > 0 is sufficiently small, this is impossible. Thus we may assume that ¥/} , (1,4,
W) (@1, W3,,) = 1 < 0 as m — 00. Since Ig’ﬂ(wl,n,a)z,,,)(wl,n,wz,,,) = 0, we conclude that
6, — 0 and, consequently, Iivﬂ(a)l,,,, wy,,) — 0. Using this information we have

I)»,/l, (wl,rn a)Z,n) —>CE (—OO, Ck,u) and I;»,/J« (a)l,m (1)2,71) - 0)

so by Lemma 2.7 the proof is complete. O

Lemma 4.3 IfA,u,0 €(0,A,), then
cat(N; (e — 0)) = cat(<).
Proof Suppose that

N-

(G =) = A U= UA,,

where Aj, j =1,...,n, is closed and contractible in N):/L(C;h# - o), i.e., there exists i €
C([0,1] x Aj’Nx_,u(CA,u — o)) such that

hj(0,2)=z and hi(l,z) = forallze A,

where w € 4; is fixed. Consider B, := y‘l(A,), 1 <j < n.The sets B; are closed and
Q =B U---UB,.

Noting Lemma 3.5, we define the deformation g; : [0,1] x B; — Q by setting
g(t,y) == Hyu (6 hi(t, vy ()

for A, u,0 € (0, A,). Note that

g(0,y) := H;,,.(0, (0, y(y))) =y forallyeB,
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and

g(Ly) = H(Liy(Ly(®)) = ®1u(e) € Q.
Thus the sets B; are contractible in 2. It follows that
cat(Q2) = catgy (Q;) <n. O
Now, we can give the proof of Theorem 1.1.

Proof of Theorem 1.1 Applying Lemmas 2.7 and 4.2, IN{,N satisfies (PS), condition for all
¢ € (-00,¢;,,). Then, by Lemmas 3.2 and 4.3, IN{,M contains at least cat(€2) critical points
in N (¢, — o). Hence, we deduce from Lemma 4.1 that I, , has at least cat(€2) critical
points in Niu' Moreover, by Lemma 2.6 and N/{’,# N Niu =¥, I,,, has at least cat(€2) + 1
critical points in H. If we change the definition of /; ,, as follows:

Jontn) = = [ ()il + | -a)ivP) dx
2 )

1 1
- /SZ(AuZ +uv?) dx — > /Q u*vP dx, (4.2)

where u, = max{y, 0} and v, = max{v, 0}. Then all the steps of our paper for (4.2). Thus we
see that /, , has at least cat(£2) + 1 non-negative critical points. By the maximum principle
[26], we complete the proof. d
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