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1 Introduction
In this paper, we study the following semilinear parabolic equation:

us=cAu+e*, (xt)eQ x(0,+00),
u(x,t) =0, (x, 1) € 922 x (0, +00), (1.1)
ulx,0) =), xe€,

where ¢ > 0 is a small parameter, 2 is a bounded smooth domain in RY, and ¢(x) is a con-
tinuous (nonnegative or sign-changing) function on Q. Equation (1.1) describes combus-
tion processes in a medium with thermal reactions; we refer to [1] for extensive references.
We know from [2] that a solution of (1.1) may blow up in finite time, that is, the maximum
norm | u(-, )| may diverge to oo in finite time. The maximal existence time of a solution
u of (1.1) in the classical sense is called the blowup time (when it is finite). We denote by
T (&) the blowup time depending on the small parameter ¢.

We first consider the corresponding ODE case. Suppose that z(¢; 0) is a solution of the
equation

dz

i e, z(0;6) =6 > 0. 1.2)

Clearly, z(t;0) is solved as

z(t;0) = —ln(e_e - t).
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We easily find that z(£;0) — oo as t — e, So it is interesting to study the asymptotic
behavior of blowup time of (1.1) when ¢ is small.

In fact, for positive initial data ¢(x), Friedman and Lacey [2] had studied the more gen-
eral equation u; = ¢ Au + f(u) and showed that if f(s) = ¢, then T'(¢) — e 1¢l>~ as & — 0.
We also refer to [3—5] for the estimates of blowup time for positive solutions. Later, Mi-

zoguchi and Yanagida [6] considered the Dirichlet problem

u,=sAu+ulPu, (xt) e Q x(0,+00),
u(x,t) =0, (x,£) € 922 x (0, +00), (1.3)
u(x,0) = p(x), x €,

where p > 1, Q is a bounded domain in R¥, and ¢ satisfies

—min ¢(x) < max ¢(x). (1.4)

xeQ xeQ2

They showed that the blowup time T'(¢) of the solution of this problem satisfies T'(¢) —
17%1 ||<ﬂ||;p as ¢ > 0. Moreover, when the initial value admits a Taylor expansion, there is
a more accurate estimate of T'(¢). Moreover, Mizoguchi and Yanagida [7] extended this
problem to the whole space and obtained similar results for the blowup time of (sign-

changing) solutions for the following Cauchy problem:

ve=Av+ Py, (x,t) € RN x (0, 00),
V(x¢ 0) = X‘P(x), X € RNy

where A > 0 is a large parameter. In order to overcome the difficulty of sign-changing so-
lutions, Mizoguchi and Yanagida used an energy functional technique introduced by Giga
and Kohn [8].

Recently, Payne and Schaefer [9, 10] studied the blowup phenomena and derived the
upper and lower bounds of blowup time for some semilinear equations under certain as-
sumptions on reactions and initial boundary data. Also, many authors considered the rate
estimates of the blowup or quenching solutions and also quenching time estimates; we

refer to [11-16] and the references therein.

Remark 1.1 We note that, under the assumption that the initial data are positive, Sato [5]
extended the results of Mizoguchi and Yanagida [6, 7] for power-type nonlinearity to a
more general nonlinear heat equation that includes exponential-type nonlinearity. How-

ever, here we study the more general initial data that satisfy (1.4) and are sign-changing.

In the present paper, we study problem (1.1) with exponential source, which can be
viewed as the limit case of (1.3) as p — 00. Also, since equation (1.1) is not scaling invariant
and the initial data are sign-changing, our arguments here are more complicated. Since the
energy method can be applied only to star-shaped domains, we derive here some crucial
estimates of solutions for the case of small diffusion equations and extend the adapted
method of comparison to sign-changing solutions on any bounded domains.

The first result is the following estimate of (1.1).
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Theorem 1.1 If ¢ satisfies (1.4) and € > 0 is small enough, then the solution of (1.1) blows

up in finite time. Furthermore, we have
T(e) > e ¢l ¢ 0.

The second result is a more accurate estimate of blowup time for (1.1).

Theorem 1.2 If ¢ satisfies (1.4), ¢(xo) = max,.g¢((x), Ap(xo) < 0, and & > 0 is small

enough, then we have
1
e Vi) 4 Ze’z“’(’“"){Aw(xo)|8 +o(e) < T(e) < €™ + &7 20| Ap(x) e + o(e).

Finally, we give an estimate of blowup time when the initial value ¢(x) satisfies ¢(x) ~

@(%0) — colx — x| with co, k > 0.

Theorem 1.3 If ¢ satisfies (1.4), p(xo) = max, g ¢(x), more precisely, ¢(x) ~ ¢(xo) — colx —
x0|2kfor constants co, k >0, k #1, and ¢ > 0 is small enough, then we have

e~¥®o) 4 Co{k)/ke_(k+l)w(x0)€k + O(gk) <T(c) <e ¥ 4 coyke"(k+1)“’(x°)8k + o(gk),

where ¢ = kK[ (k + 1)1, and yy satisfies

_ly=xo 12
T

e T
f le—xo|2,<dy=ykrk+o<rk) ast — 0.
Q

We organize this paper as follows: In Section 2, a preliminary estimate of solutions is
given. Sections 3-5 are devoted to proofs of Theorems 1.1-1.3, respectively. Finally, we

give some notes for the negative initial data in Section 6.

2 Preliminary estimates
First, we show a preliminary lemma. Throughout this paper, letting 2 := min, g ¢(x) and
M := max,_g ¢(x), we denote by T, and T the blowup times of solutions of (1.2) with

0 = m and 0 = M, respectively.

Lemma 2.1 Suppose that (1.4) is satisfied and ¢(a) = M. Then, for any T > 0, there exist «,
&1 > 0 such that if 0 < & < &1, then the solution of (1.1) satisfies

u(x,t)>0 inB,, CQ

fort € (0,min{z, T(¢)}), where B, , is the ball with center a and radius «.

Proof The solution « of (1.1) can be written as

t
u(x,t) = / 0(y)G(x, y;t) dy + / / UG, it —s)dyds = I + I,
Q 0 JQ
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where G(x, y; t) is the fundamental solution of the Dirichlet problem

U;=eAU in €,
u=0 on 0€2.

Since I = fot [ €“9)G(x,y;t — s)dyds > 0, here we only need to estimate 1.
Choose § > 0 such that B, s C Q2 and ¢(x) > %4 in B, s, and rewrite [; as

W= e0Gwrodis [ p0Gmn0d.
Bx,& Q\Bx,é
Then by Lemma 2.1 of [6] we have that there exist ¢y, o, &0 > 0 with o < §/2 such that if

0 <& < g, then

1 B \x;yf
(4mwet)N2 e "

G(x,,2) = (L —e )
for (x,7,t) € Byg X By X (0,7). Hence, for (x,t) € B,, % (0,7),

M
/ ()G, y,t)dy > TC (1 - 6_50/8),
Bx,ot

lx—y[?
where C = fooc me’ 7 dy,and0<C <1.

Onzthe other hand, by the comparison principle we have that 0 < G(x, y;£) < m X
_ =l

e %t , So we derive

1 lx—y12
G(x,y; 1) dy < 7/ e &t d
fQ\BW YOI Umer)e B i’

_gi 1 _\xgy\zd
<e 8t — e 8t
(4mwet)N2 Jpn 4

a2
Z N2,

)
Thus, [o 5, ¢WG@y;t)dy = —m [o p  Glx,y;8)dy > —2N2ype~ 85 and

MC o2
L > T(l — e ) _2NPyemssr, x € B,

for ¢t € (0, min{z, T'(¢)}).
Consequently, the solution u of (1.1) is estimated as

MC L!2
ux,t) > - (1 - e‘co/g) —2N2yeset,  x € B, (2.2)

for t € (0, min{z, T'(¢)}). If ¢ > 0 is small enough, it is easy to see that the right-hand side
of (2.2) is positive. The proof of Lemma 2.1 is complete. g
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3 Proof of Theorem 1.1
Proof of Theorem 1.1 By the comparison principle we have

0<Ty<T, and T(&)> Ty=e™. (3.1)
It is sufficient to show that

limsup T'(g) < Ty.

e—0

For convenience, we assume that the origin is contained in Q and ¢(0) = M. Fix 7 €
(Ta, Tyn)- By Lemma 2.1 we have that there exists a ball D C 2 centered at the origin and
&1 >0 such that if 0 < ¢ < g;, then u(x,£) > 0 in D for £ € (0, min{z, T(¢)}). For every p > 0,
there exists §,, > 0 small enough such that B, = {x € RN||x| <§,} CDand M - u < ¢(x) <
M for x € B,. We choose a continuous and radially symmetric function @(x) on D that is

decreasing in |x| and satisfies
0=<¢kx) <¢k), xeD,
and
ox)=M-pu, x€B,.

Assume that # is a solution of

B, =eAli+e* inD x (0,+00),
ulx,t)=0 on 3D x (0, +00), (3.2)
it(x,0) = @(x) inD.

Then by comparison we have
u(x, t) > u(x,t) inD

for ¢t € (0, min{z, T'(e)}).
Assume that {7 is a solution of

U, =eAl in D x (0, +00),
Ux,t)=0 on 4D x (0, +00), (3.3)
U(x,0)=P(x) inD,

and we define
u(x,t) = z(t; U(x, 1) =- ln[e’a("’” —t].

Denote the blowup time of u by T (¢), that is,

T(e) = sup{t > O|e’”a("””°° >s,Vs€(0,1)}.
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Obviously,
u(x,t) = —ln[e‘ﬁ(x’t) -t] > —ln[e‘m’“'t)] =Ux,t) >0,

and since

zp=e?-&  zy=te? ¥ = z=¢,

we derive

u, (%, 8) — e A, £) — € = z(& U) + 29 (& L) U, — 299 (& U)| VU
—ezp(6)AU - A6
_ _te—é)eZz

<0.
Therefore, we see that u(x, £) is a subsolution of (3.2), and by comparison we get
0 <ulxt) <uxt) < uxt)

for ¢t € (0,min{r, T(¢)}) and x € D, and we can derive that T'(¢) < T(g). So, it is sufficient
to show that

limsup T(e) < T. (3.4)

e—0

Now we estimate || u (-,)|lco- By the choice of ¢ we know that it must attain at the origin.
Suppose that G is the fundamental solution of I, = e AU in D with the homogeneous
Dirichlet condition and that €; and §,, are positive and small enough. Then, by Lemma 2.1

of [6] on D it is easy to find that there is a constant ¢, > 0 such that, for 0 <& < ¢,

(47tst)N/Ze

G(0,;8) > (1—e0)
for (y,t) € B, x (0, 7). Hence, since M — u < ¢ <M for x € B, we obtain
|ac.o] =T

= / PG,y t)dy + / T(»)G(0,y;t) dy
By D\B,

—cole 1 —ﬁ
>M-p)(1-e 0/)W/B e dy
"

i 1 2
=M-p)(1-ef)|1- —nu it d
M-p)(1-e )[ (4 et)N/2 /H;N\BM °r y}

2

> (M_M)(l_6750/8)(1_2]\[/267%)

forO<t<r.
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By the last estimate, for every u > 0 and for ¢ > 0 small enough, we have
U, 0], =M-2u>0
for t € (0, 7). Then

e_”u('vt)uoo < e—M . ezﬂ - TM . ezlu

for t € (0, 7). Since Ty < Tar - €** < © for small u, we have

e IUCTMe oo < . 20
By the definition of T(¢) we obtain
T(e) < Ty - €.
Since u > 0 is arbitrary, (3.4) holds. The proof of Theorem 1.1 is complete. d

4 Proof of Theorem 1.2
In the following, we derive the lower and upper bounds of T'(¢) and give the proof of

Theorem 1.2. First, we prove an upper estimate.

Proposition 4.1 If ¢ satisfies (1.4), ¢(x9) = max, g ¢(x), and & > 0 is small enough, then
we have

T(c) < e ¥™0) 4+ e’z“’(x(’)’mp(xo)’g +o(e).

Proof Let w(x,t) = —In(V(x,t) —t), where V(x, £) = U(x, et), and U (x, t) satisfies U, = AU.
Then

V-1 AV [VV|? 1
- +e —¢€ -
V-t V-t (V-2 V-t
V,—eAV
<-———— =0

V-t

w,—eAw—¢é" =

So we see that w is a subsolution.
Next, let U (x, T) satisfy

Ux,0) =e*Y, xeQ,

Ux, 1) = Z +1, (x¢) €9 x(0,Ceg),
£
where C > 0 is a constant. Then

w(x,0) = —In(U(x,0)) = p(x) = u(x,0), x€,

w(x, ) = —In(U(x,et) —£) =0,  (x,¢) € 9Q x (0,C).
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Thus, by the comparison principle
u(x, t) > wix,t), (xt) e x(0,C).

Notice that the boundary values of U(x, 7) are bounded, that is, 0 < U(x,7) < C +1 for

(x,7) € 92 x (0, Ce¢), so we can write
U(xg, et) = U(xo,0) + et (x9,0) + o(e) (4.1)

forO<t<C.

We take £ = U(xo, ¢t). By the definition of w(x, £), w(x, £) — oo as t — £, so that the func-
tion w(x, t) blows up at time < Z.

Choosing C > U(xo,0) + 1, by (4.1) we have

t = Ul(xo, ef)

(x0,0) + £EU; (x0,0) + o(e)

(x0,0) + eU(xg, 1)Uy (%0, 0) + o(e)

u
u
U(x0,0) + &[U(xo, 0) + 62U (%0, 0) + 0(e) | U (0, 0) + o(e)
u

(x%0,0) + el (x9,0)AU + o(z).

Since U(xo,0) = e #%0) and Vg(xo) = 0, we have Al(x,0) = —e %0 Ap(x,). Thus, as

e—0,

t=e ™) 4200 Ag(xg)|e + ofe).
Since T'(¢) < %, Proposition 4.1 is proved. d
Now, we show a lower bound of T'(¢).

Proposition 4.2 If ¢ satisfies (1.4), ¢(x¢) = max,.g ¢(x), Ap(xo) <0, and ¢ > 0 is small

enough, then we have
T(g) > e ™0 4 %e‘z‘p("O)|Ago(x0)|8 +o(e).
Proof Without loss of generality, let xo = 0. We construct a supersolution of the form
w(x, t) = —ln(e""(o) - t) + Wix,t), (x1t)ex(0,C),
where C € (0,e7%©) is a constant, W (x, t) = Z(x, £t), and Z(x, 7) satisfies
Z.=NAZ, xe€,0<t<Cs,

Z(x,0) = p(x) —9(0), x€€, (4.2)
Z(x,1) = —(0), x€092,0<1<Cs.



Zhu Boundary Value Problems (2016) 2016:155 Page 9 of 15

Clearly, by the maximum principle, Z < 0, and hence W(x,t) = Z(x,¢t) < 0 for (x,¢) €
Q2 x (0,C). We get

eW

e—‘ﬂ(o) —t

wy—eAw—e" = + Wi—eAW -

e¢(0) —t

1-eV ~0
_e*‘/’(o)_t_

and also
w(x,0) = p(x) = u(x,0), xe€,
and
w(x, t) = —ln(e“’(o) - t) -9(0)>0, x€9R,0<t<C.
It follows that
wix, t) > u(x,t), x€0R,0<t<C.
Choose p > 0 small enough and 5 > 0 sufficiently small depending on j such that
—-Ap(x) > -Ap(0)—u for |x| <n.
Then, when |x| < 7,

Z(x,7)=Z(x,0) + Z:(x,0)T + o(7)
= p(x) — 9(0) + Ap(x)T + o(T)
< Agpx)T +0(T)

< (A@(0) + )T +o(r)
as T — 0. When |x| > n and x € , Z(x, ) < 0. It follows that, when |x| < 1,

u(x, C) <w(x,C) = —ln(e“p(o) - C) + Wi(x,C)
= —ln(e_‘”(o) - C) + (A(p(O) + /L)SC +0(g)

as ¢ — 0, and, when |x| > n,

u(x, C) <w(x,C) = —ln(e“p(o) - C) + Wix,C)
< —ln(e"p(o) - C).
Denote by #(x, ) the solution of
T, = e Al + €, (x,1) € Q x (C, +00),

i(x,t) =0, (x,8) € 02 x (C, +00), (4.3)
ulx, C) =wkx,C), xe€,
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and by T the blowup time for . By the comparison principle,
T(e)>T > C + e ™au:C),
On the one hand, when maxgq u(-, C) arrives at {x||x| < 1}, we have

T(s) > C + e "xu(-0)
> C 4 e 0-C)~(Aap(0)+p)eCrole)]
>C+ (e""(o) - C) [1 - (Ago(O) + ,u)sC + 0(8)]
> e —eC(e?? ~ C)[Ap(0) + 1] + ole).
Since u > 0 is arbitrary and A¢(0) < 0, we get

T(e) > e + eC(e?? — C)|Ap(0)] + ole). (4.4)

In order to get the optimal estimate, we choose C = %e"”(o), which maximizes the coeffi-

cient of ¢, that is,
—¢(x0) 1 —2¢(x0)
T(g) > e ") + 2° 0 |Ag0(x0)|8 +o(e).
Since maxg u(-, C) arrives at {x||x| > 1}, we have

T(s) > C + e mxu(-0)
>C+ eln(e""(o)—C)

= %0
In conclusion,
00, 1 200
T(e)>e? 4 2 |Ap(0) e + o(e).

Proposition 4.2 is proved. d

Combining Propositions 4.1 and 4.2, we get the proof of Theorem 1.2.

5 Proof of Theorem 1.3
In the following, we derive the lower and upper bounds of T'(¢) and give a proof of Theo-

rem 1.3. We first prove an upper bound of 7'(g).

Proposition 5.1 If ¢ satisfies (1.4), ¢(xy) = max, g ¢(x), and, moreover, there exist con-

stants co,k > 0, k #1 such that ¢(x) > ¢(x0) — co|x — x0|** as x — x, then, for & > 0 small

enough,

T(e) < ™) 4 coype ®r D0k 4 o(eh),
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where yy satisfies

_ %1%

e 4t
‘/szm|y—xo|2kdy=ykfk+0(fk) ast — 0.

Proof Similarly to the proof of Proposition 4.1, we construct a subsolution as
w(x, t) = — ln(V(x, t)— t),

where V(x,t) = U(x,et), and U(x, ) satisfies U, = AU. Then by the proof of Proposi-

tion 4.1 we get
u(x, t) > wix, t)

for 0 < £ < C. Assuming that 41 > 0, we take §,, > 0 small enough such that B, = {x € RN||x—
xo| <8,) C Qand ¢(x) > @(xo) — colx — xo|* for x € B,,.

Next, we consider the Dirichlet problem

U,=AU inB,,
Ux,t)=0 ondB,,

and we denote its fundamental solution by G(x, y; £). Then by a comparison to the funda-
mental solution of U, = AU on RN we derive
2

lx-y1
it

e
(4 E)N2

G(x,y;8) < for (x,y;t) € B, x B, x (0,00).

Thus,

_ g2
e 4t

)
(4m TN dy

U(xo,T) :/ e o
B

I

_lxo—y?
e 4t

—¢(x0) | o9 0) a2k a2k
S/Bu[e 0 4 e ¥ 0) gy — xo[* + 0|y — %ol )](4nt)N/2dy

_ g2
e 4t

—o(x0) k
< /RN[G P +°(|)’—9Co|2 )]Wdy

_xg-y?
4T

—0(%0) . 10 _ o 2676
+/}; [e eoly — %ol ](4nr)N/2dy

"

< e ¥ 4 O(Sik) +e eyl + O(Tk)‘

Since §,, > 0 is sufficiently small,

U(xo,7) < e #®0) 4 e7#®0 ey rk 4 o(rk).
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We take 7 = U(xo, £f). By the definition of w(x, £) we know that w(x, £) — oo as t — £. So
the function w(x, t) blows up at time < f. We have
T = U(xg, ef) < e %0 4 ¢ #G0) oy (e1)F + o(&")
< e 0 1 e oy ek [U(xo, 0) + €U (%0, 0) + o(s)]k +0(e")
=70 4 ™) oy eX U (g, 0)F + o(&)

= V0] 4 oy IO K | o (eK),
Since T(¢) < %, we complete the proof of Proposition 5.1. d
We next give a lower estimate of 7'(g).

Proposition 5.2 If ¢ satisfies (1.4), ¢(xo) = max, g ¢(x), and, moreover, there exist con-
stants co,k > 0, k #1 such that ¢(x) < (xo) — colx — x0|** as x — x, then, for & > 0 small
enough,

T(e) > e 4+ coype K0k 4 o(ek),

where ¢ = K/ (k + 1)\, and yy satisfies

_ %1%

e 4t
/le xo|*dy = yt¥ +0(c*) ast—o0.
Q

Proof Without loss of generality, taking x, = 0, we construct a supersolution as
w(x,t) = —In(e™” ¢(0)- )+ Wix,t)

for 0 < t < C, where C € (0,e%©), w(x, t) = Z(x, et), and Z(x, 7) satisfies equation (4.2).
Then we estimate Z(x, 7). There exists 1 > 0 such that B, = {x € R¥||x| < n} C Q and
@(x) < 9(0) — co|x|* for x € B,,.
By the fundamental solution we write Z(x, 7) as

\x—y\z

Z(x,f)—/ (o) - 90(0))(4 N2

dy.

When |x| < 1,

_lol?

Z(x,T)S/B [—Co|y| ﬁ}dy

n

= —coyt® + o(rk),
whereas when |x| > 1 and x € , Z(x, ) < 0. It follows that, when |x| < 1,

u(x, C) < w(x, C)
=-In(e?? - C) + W(x,C)

=—In(e™9 — C) - coyie*C + o)
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as ¢ — 0 and that

u(x, C) < w(x, C)
= —ln(e""(o) -C)+W(xC)
= —ln(e_("(o) - C)

when |x| > nand x € Q.
By the same arguments as in Proposition 4.2,

T(s) > C + e Mxu(:0),

On the one hand, if maxgq u(-, C) arrives at {x||x| < n}, we have

T(S) >C+ e[ln(e"P(O)—c)+coykska+o(ek)]

— 00 Coykgkck[e“/’(o) - c] + o(Sk).

In order to get the optimal estimate, we choose C = k/(k + 1)e"#?), which maximizes the
coefficient of &, that is,

Ik
T(e) > ¥ 1 ¢, T yrekrelo) gk o(ak),

- (k+1)

whereas if maxgq u(-, C) arrives at {x||x| > n}, then we have
T(e) > C + e MU0 - o=¢(0),

In conclusion, as ¢ — 0,

T(e) > e + colryre ® VPO ek 4 o(eh),

where ¢ = k¥/(k + 1)**1, and y satisfies

i

et ok k k
‘/leyl dy=yt" +0o(r") ast—0. 0
Now, combining Propositions 5.1 and 5.2, we get the proof of Theorem 1.3.

6 Extension

We note that the assumption of (1.4) implies that ¢ is nonnegative or sign-changing func-
tion. However, when ¢ is negative, it is very interesting whether the blowup phenomenon
still occurs, and if it does, how to describe the asymptotic behavior of the blowup time as
e— 0.

When ¢ is negative, letting v(x, £) = —u(x, £), we can change equation (1.1) into

vi=eAv—e, (xt) e Q x(0,+00),
v(x,t) =0, (x, ) € 982 x (0, +00), (6.1)
v(x,0) = —px), xe€Q.
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We also consider the zero diffusion case of ODE. Suppose that z(¢; 0) is a solution of the

equation

dz

i -e%, z(0;0) =6 > 0. (6.2)

Then z(¢;0) is solved as

2(t;0) = In(e? — ¢).

Clearly, z(¢;0) — —oo as t — €. So we suspect that if ¢ were negative, then the blowup
time 7'(g) of (1.1) would satisfy

T(g) — el ase — 0. (6.3)

In fact, by comparison, v(x, ) < z(£; ||¢|l«), and we have T'(g) < el?ll<, that is, v will reach

—00 (u will reach +00) faster than z. On the other hand, by the similar arguments as in the
proof of Theorem 1.1 we can derive that T'(¢) > el?l~ as ¢ — 0. Therefore, (6.3) holds.

However, when ¢ is negative and ¢(xy) = ming ¢(x), we can easily find that e**0) <1 <

e #%0), and the arguments in the proofs of Theorems 1.2-1.3 will not be valid for this case.

In order to get more accurate estimates of T'(¢) for negative initial data, some new way is

needed. We leave it to the interested readers.
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