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1 Introduction and main results
Consider the nonautonomous second order Hamiltonian systems

i(t) = VF(t,u(t)), a.e.tel0,T], (L1)
u(0) — u(T) = u(0) — u(T) = 0,
where the constant T > 0, the function F(¢,x) = Fi(¢,x) + F5(t,x), and functions Fj, F, €
CY(R x R",R) with conditions that F; (¢ + T,x) = Fi(t,x) and F,(¢t + T,x) = F»(t,x) hold for
all t and x.
Let H}: = {u : [0,T] — R” | u be absolutely continuous, #(0) = u(T) and iz € L*([0, T,
R")} be a Hilbert space with the norm defined by

T 2 2 %
||u||,,1T=[/0 (@) + |ito)| )dt] .

We denote the inner products in H}. and R” by (-,-) and (-, -) respectively.
Define the functional
1 T . 9 T )
o(u) = 5 \u(t)| dt + (F(t,u(t)) - F(¢, 0)) dt, YueHj.
0 0
It is well known that the solution of problem (1.1) corresponds to the critical point of ¢.

As is well known, in much literature one has studied the existence of periodic solutions
for problem (1.1) with many solvable conditions via a variational principle, such as the
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coercive condition in [1] and [2], the bi-even subquadratic potential condition in [3], the
y -quasisubadditive potential condition in [4], the bounded sublinear gradient condition
in [5], the bounded linear gradient condition in [6] and [7], and other conditions in [8—
13], etc. To the best of the authors’ knowledge, [14] first studied problem (1.1) with F(¢,x)
having the decomposition form F(t, x) = F;(t, x) + F (¢, x), where Fj is a subconvex function
and F, satisfies

|VE(t,x)| <f(@©)lx]* +g(®), 1.2)
where o € [0,1), f,g € L}([0, T],R,) and

1

1 [T T
— | = Fi (¢, Ax) dt + E(tx)dt | — +00, |x| = +00.
e | Jo 0

Afterward, [7] generalized the corresponding result with & =1 (see [7], Theorem 1).

In this paper, we obtain two new existence results (Theorem 1.1 and 1.2) improving the
corresponding results in [5, 7, 14] without coercive condition.

A function G : R” — R is said to be (A, u)-subconvex for some A, pu > 0, if

G(A(x +y)) < M(G(x) + G(y)), Vx,y € R".
For our convenience, define two sets G and H as follows:

G=|G:RxR"— R,G(,x) € L'(R,R") | G(t + T,x) = G(t,x),
G satisfies (G) and (G)},

where

(G1) G(t,«) is measurable in variable ¢ for every x € R”, continuous in variable x for a.e.
t € [0, T] and satisfies |G(t,x)| < a(|x]|)b(¢t) for all x € R”, a.e. t € [0, T], for some a €
C(R,,R,) and some b € L'([0, T],R,),

(Gy) G(t,x) is (A, u)-subconvex about x for some A, & > 0.

H =1{he CR,,R,)| hsatisfies (h;) — (hg)}, where

(hy) there exists a constant Ky > 0 such that X(s) < k() + Ko, VO <s <,
(hy) there exists a constant Cy > 0 such that 4(s + £) < Co(h(s) + k(t)), Vs, t € [0, +00),
(h3) there exist constants K3, K5 > 0 and « € [0,1) such that

0 <h(t) <Kit* +K,, Vte]0,+00),
(hg) h(t) > +o0 ast — +00.

Theorem 1.1 Assume the function F = F; + F, and there exist T-periodic functions
p.q.f,g € LY[0,T],R,), G € G and a constant B € [0,2) such that

(H1) G(t,x) <min{F,(t,x), p(t)|x|? +q(t)} for |x| >M and a.e. t € [0, T],
(H2) there exists a function h € H such that |VF,(t,x)| <f(&)h(|x|) +g(t) holds for all x € R"
anda.e. t€[0,T],
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.. 1 1 T T C(2)T T 2
(H3) liminfiy_ 400 W[ﬁfo G(t,Ax)dt + [, Fa(t,x)dt] > 3= (fy f(¢)de)?, where h, Co

are as above.

Then problem (1.1) possesses at least one solution which minimizes ¢ in Hx..

Obviously, if G(t,x) = Fi(t,x) and h(s) = s%, then Theorem 1 in [14] is the direct corol-
lary of Theorem 1.1. If G(¢,x) = Fy(¢,x) = 0, then Theorem 1.1 in [5] is a special case of
Theorem 1.1. Functions satisfying Theorem 1.1 do really exist, such as Example 3.1 and
Example 3.3 in Section 3, which cannot be covered by Theorem 1 in [14], Theorem 1.1 in
[6] and Theorem 1.1 in [5].

Theorem 1.2 Assume function F = F; + F, and there exist T-periodic functions s,v €
LY([0, T1,R,) such that

(H1*) G(t,x) < min{F\(t,x),p(t)|x|* + q(t)} for |x| >M and a.e. t € [0, T], where G€ G,
(H4) there exists a function h € C(R.,R,) satisfying (h1), (h2), (ha) in H, and

(h3) there exist constants Ky, Ky > 0 such that 0 < h(t) < Ki? + Ky, ¥t € [0, +00) such
that Fy(t,x) > —s(t)h(|x|) — v(t) holds for all x € R" and a.e. t € [0, T], where
[ p(e)de + CoKy [ s()de < &,

(H5) liminfjy .00 m fOT G(t, ax) dt > Cy fOTs(t) dt, where h and Cy are in (H4).

Then problem (1.1) possesses at least one solution which minimizes ¢ in Hr..

Functions satisfying Theorem 1.2 do really exist, such as Example 3.2 in Section 3, which
cannot be covered by Theorem 1.5 in [5] and Theorem 1 in [7].

Different from [7] and [14], rather than imposing the subconvex condition and the re-
striction of |x|” (generally, 0 < m < 2) on F;(¢,x), we use a subconvex condition on the
function G in condition (H1) or condition (H1*), which shows that the function F;(¢,x) in
assumptions (H1) and (H1*) can be out of the control of both subconvex condition and
|x|”" (Vm € R), such as Example 3.1 in Section 3.

There also exist some multiplicity results for problem (1.1), if F(t, x) satisfies the follow-
ing condition (H6), such as [5, 11, 15, 16] and [17].

(H6) There exist constants k € N*, w = 27”, r> 0, such that
1 2 2.2
—E(k+1) w”|x|” < F(t,x) — F(t,0)

1
< —§k2a)2|x|2 forall |x| <randa.e. tel[0,T].

Among them, [15] obtained a multiplicity result if F(¢, x) satisfies (1.2). Afterward, [5] gen-
eralized the corresponding results in [15] and [17].

Different from the multiplicity results in [5, 11, 15, 16] and [17], we list our multiplicity
results corresponding to Theorem 1.1 and Theorem 1.2 respectively.

Theorem 1.3 Assume that F = F, + F, conditions (H1), (H2), (H3), and (H6) hold, then
problem (1.1) has at least two nonzero solutions in H..

If G(¢t,x) = F1(t,x) = 0, then Theorem 1.4 in [5] is a special case of our Theorem 1.3.
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Theorem 1.4 Assume that F = F; + F,, conditions (H1*), (H4), (H5), and (H6) hold, then
problem (1.1) has at least two nonzero solutions in Hy.

There are functions F satisfying Theorem 1.3 (Theorem 1.4) but that cannot be covered
by Theorem 1.4 in [5] (Theorem 1.8 in [5]), such as Example 3.3 in Section 3.

2 Proof of theorems
For every u € H}, set iu(t) = u(t) — u with % = % fOT u(t) dt. Page 9 of [1] tells us that

T T
22| Eﬁ/ |L't(t)|2dt (Sobolev’s inequality).
0

_ . 1, .
Reference [14] tells us that |lu| = (|#|* + ||u||iz)7 is equivalent to the norm ||u||H1T.

The least action principle (see [1]) If ¢ is weakly lower semicontinuous on a reflexive
Banach space X and has a bounded minimizing sequence, then ¢ has a minimum on X.

Remark 2.1 If the functional ¢ is coercive, that is, ¢(u) — +00 as ||u|| = +o0o, then we
have a bounded minimizing sequence {¢(u,,)} such that ¢(u,,) — infe < +00. In fact, for
any minimizing sequence {¢(u,,)}, if {1,,,} is unbounded, then ¢ to be coercive implies that
¢(u,,) = +00, which is a contradiction.

Remark 2.2 Under the assumption that Fj, F, € C'(R x R”,R), similar to the proof of
Proposition 4 of [3], we claim that the weak solution satisfying (1.1) is the desired classical
solution. In fact, if there exists a function # € C?(R, R") satisfying fOT(ft +VE(tu) - hdt =
0 for Vi € Hp, then we have [, [i(t) — it(£)|* dt = 0, which implies that |u(t) — ii(t)| <
[ 1i(s) = in(s)| ds < ~/T |lia(s) — a(s)ll 2 = 0, V£ € [0, T]. Hence, u € C*(R,R").

Lemma 2.1 (see Theorem 4 of [18]) Let X be a Banach space with a direct sum decompo-
sition X = X1 ® Xo with k = dim X, < 0o and let ¢ be a C' functional on X with ¢(0) = 0,
which satisfies (PS) condition. Assume that for some R > 0,

0, ueX; with||u| <R,

¢(u) =0,
,  u€eX,with ||ul| <R.

= 2.1
o) <0 @1)

Assume also that ¢ is bounded below and infx ¢ < 0. Then ¢ has at least two nonzero
critical points.

Proof of Theorem 1.1 By condition (G;), we see that |G(¢,x)| < aob(t) holds for |x| < M,
where ay = maxo<jy<um a(|x]). Then by (H1), one has

Fi(t,x) > G(t,x) —agh(t) — M;, a.e.te[0,T]andallx € R", (2.2)

where M; = max;e[o,7) MaXx<p |F1 (£, %)].
From (2.2), (H1), and Sobolev’s inequality, one has

T T
/ Fi(t,u(t))de > / G(t,u(t)) dt — M,
0 0

1 T _ T .
> ﬁfo G(t,m)dt—/0 G(t,—u(t)) dt — M,
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v

1 T
- / G(t, i) dt — / G(t,-u(r)) dt
Mn Jo (te[0,T)||a(t)|>M)

—/ G(t,-u(t)) dt — M,
(eel0, Tl <M}

1 T T T
[ ewamae-na, [ pod- [ arde-a
® Jo 0 0

v

v

1 (7T

—/ G(t, Air)dt — My (llie)?, +1),  Vu € HY, (2.3)
nJo

where constants My = MiT + ag fOT b(t)dt > 0, M3 = My + ag fOT b(t)dt > 0, and My =

max{( fo p(t)dt, fo t)dt + M3} > 0.
Using (H2), (hy)-(hs), and Sobolev’s inequality, we have

T
’ /0 (Ex (&, u(t)) - F>(¢, ) dt‘

1
(VEy (¢, + sia(t)), u(t)) ds dt’
T 1
5/ /[f(t)h(|£t+s17¢(t)|)+g(t)]|it(t)|dsdt
0 0
T 1
5/ /Cof(t)[h(|it|)+h(s|£t(t)|)]|£t(t)|dsdt
0 0
T T
K u(t)| d U d
. 0/0 £ t+/0 ¢)i(0)| e
T T T
5/ Cof(t)[h(|i¢|)+h(\ﬁ(r)])+1<0]yz}(t)\dt+||a||oo(1<o/ f(t)dt+/ g(t)dt)
0 0 0
T
< Collitll /0 [(1al) + (Jitlloo) + 2Ko £ (8) dt + Ml 2
<C0|:%|| 2+ ) (/ £0) dt)}
+coh(||a||oo)||a||oo/ F6)de + Ml 2
1 T
Z||M||L2+Th2( al) I 1%
r
+M7[1<1<£/ |it(t)|2dt) +1<2]||u||L2+M6||u||Lz

C:T .
|| ill7 + —h2(| DI +Mgllielgs" + Mollall2,  Yu € Hr, (2.4)

where constants M; >0,i=5,6,7,8,9.
Using (2.3) and (2.4), one has

1 . T T _
o(u) = 5||u||§2 +/0 Fi(t,u(®)) dt+/0 (F>(t, u(t)) - Fx(t, ) dt

T T
+/ Fy(t,u) dt—/ F(¢,0)dt
0 0
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1. CT ,, _ ) . .
= Nl = == 1> (@) If 1 — Ma(|litl)?, +1) — Ms it 3" — Mollitl| 2
1 T T
+ —/ G(t,kﬁ)dt+f F(t,u)dt + C, (2.5)
® Jo 0

where C = —fOTF(t,O) dt.
If ||| — +00,but 0 < |iz| < +00, then (2.5), @ € [0,1), B € [0,2),and ||u| = (|z|* + ||it||iz)%
imply that ¢(u) — +oo. If ||u|| = +oo with || — +00, using (2.5), we have

.2 . 1 . . 0B
il — Mgllaell3s" = Mo lliell 2 — Ma(llie]]}, +1)

e 1 1 [T ) T 3 CT .,
+h (|u|)|:m(;/0 G(t,Au)dt+/0 Fz(t,u)dt>— 3 |[f||L1]
+C. (2.6)

o(u) >

N

By (2.6), (hy), (H3), @ € [0,1), B € [0,2), and ||u]| = (|&|? + ||it||i2)%, one has ¢(z) — +00. So
we have ¢(u) — +00 as ||u|| = +00. According to the least action principle and Remark 2.1

and Remark 2.2, we complete our proof. d

Proof of Theorem 1.2 (H1*) still implies that (2.2) holds. Similarly to (2.3), from (2.2) and

Sobolev’s inequality, we have

T 1 T
/ Fi(t,u(t))de > — / G(t, Au) dt - / G(t,—(t)) dt
0 K Jo {te[0,T]l|i(t)|>M)

- f G(t,—u(r)) dt — M,
{tel0, TT|la(t)| <M}

1 T T T
—/ G(t,xﬁ)dt—nﬁniof p(t)dt—/ q(®)dt — M;
Mn Jo 0 0

v

v

1/TG(t A dt T||'||2 /T () de
— ,Au)dt — — ||u
n Jo 127 ), b

- My, YueH?,, (2.7)

where constant Mg > 0.

Using (H4) and Sobolev’s inequality, we have

T T
/ Ey(t,u(t) dt > / [=s@h(|u(®)]) - v(6)] de
0 0

> _[Co(h(1) + k(i) +K0]/0Ts(t) dt—/OTv(t) dt

CoKiT . T
oLl / s(0)dt
0

- My, YVueHr, (2.8)

T
z—COh(|i¢|)/0 s(t)dt -

where constant M;; > 0.
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From (2.7) and (2.8), we know that

1 7 (7 CokiT T 1 (7 _
u) > ———/ £)de - /s(tdt)zkz+—/ G(t,  ir) de
o( (2 2 ), p(t) 2, )de ) [l2c]l7 7, (t, Au2)

T
—Coh(|ﬁ|)/ s(t)dt — My, Yu e Hy, (2.9)
0

where constant M, > 0.
If |u|| — +o0, but 0 < || < +00, then (2.9), fOTp(t) dt + CoK; fOTs(t) dt < £ in (H4) and
llull = () + ||it||iz)% imply that ¢(u) — +00. If ||u|| — +o0o with |iz| — +00, then (2.9)

implies that

1 7 (7 CokiT T )
“’(”)2<E‘E/O p()dt - —2 /Os(t)dt)llulliz

_[1f) Gt rm)de T

By (2.10), (H4), and (H5), and ||| = (|i|? + ||l;t||i2)%, we get (1) — +00. So one has ¢(u) —
+00 as ||u|| = +o0. According to the least action principle and Remark 2.1 and Remark 2.2,

we complete our proof. O

Proof of Theorem 1.3 (Theorem 1.4) The idea comes from [11].

Step 1. We claim that functional ¢ satisfies the (PS) condition.

In fact, suppose a sequence {u,,} is a (PS) sequence, that is, {¢(u,,)} is bounded and
¢ (u,,) > 0 as m — +00, then the proof of Theorem 1.1 (or Theorem 1.2) tells us that ¢ is
coercive, which implies that {u,,} is bounded. Hence, there exists a subsequence of {u,,},
still denoted by {u,,}, such that u,, — u in Hy.. By Sobolev’s embedding theorem, we have
u,;, — u in C([0, T, R"). A simple calculation tells us that

T
/ it () — ia(2)|” it
0

T
= (¢ (tm) — @' (W), iy — 1) — /0 (VE(t, um(0)) = VF(t, u(t)), wm(t) — u(t)) dt

— 0 asm — +0o0,

which implies that ||i,, — it]| ;2 — 0. So we have u,, — u in H}. Hence ¢ satisfies the (PS)
condition.
Step 2. We check that (2.1) holds. Let X = HY, X = X1 & X5, X, = Xj- with

k
X, = {Z(a}-cosjwt+ b;sinjwt) ‘ a, b eR",j = 0,...,k}.
j=0
A simple calculation tells us

K a2+ b?

T ) T ) kKo a?+b?
./o |u(t)| dt:TZ% and /(; |in(t)] dt:Ta)Zij%, Yu e X,.
j=0 Jj=0
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By the Sobolev embedding theorem, there exists a constant M;3 > 0 such that ||#||« <
Mz ”u”HlT
It follows from the condition (H6) that

1 h e [T r 2
o) = 5 | |w@] dt- ke | |uo)|"de
0 0

r
<0, VYuelX,with ||u||H1T < Mo (2.11)
13

In the same way, we obtain

1 /7. 1 T
o(u) > 5/0 |u(t)|2dt-5(k+1)2a)2f0 |u(o)| de

r
>0, VYuelX; with|u|p <—.
T My

Case 1. If infy ¢ < 0, by Lemma 2.1, then we see that ¢ has at least two nonzero critical
points.

Case 2. If infy ¢ > 0, by (2.11), then we get ¢(u) = 0 for all u € X, with ||u||H1T < MLB
Therefore, ¢ has infinite many critical points.

We complete our proof. d

3 Examples
Example 3.1 Choose T =2, functions G € C}(R x R%,R), F; € C}(R x R%,R) (i =1,2), and
r € C\(R,R") as follows. Let G(t, %) = |3, Fi(£,x) = ™’ and Fy (¢, ) = In>( + |x) + (r(£), %),
where r(t) = (sin(¢),0,...,0).

We can check that G(¢, x) is (1, +/8)-subconvex. In fact, |x +y|% <|lx| + |yl |% < 25 (|x|% +
|y|%). G(t,x) < min{e, |x|3} holds for all £ € R, and x € R”. If we choose a(t) = t> and
bt)y=1,p(t)=1,4(t)=0,8= %, then assumption (H1) holds.

Obviously, |VF,(t,x)| < 2In(1 + |x|?) + 1 holds for all x € R” and ¢ € R. If we choose
h(s) =In(1 + s%), f(£) = 2, and g(¢) = 2, then assumption (H2) holds.

ﬁ S 1212 de+ [EIn2 (1+1x)?) de+ 2 () 0) de

In2(1+x2)

We also obtain limjy— ;0 — +00, so assumption (H3)
holds for A =1 and p = /8.

Therefore, the function F(£,x) = e’ +In%(1 + |x]2) + ((£), x) satisfies Theorem 1.1. Mean-
while, the function F(t, x) is out of quadratic growth as |x| — +00, which extends the sub-
linear conditions for F(t,x) in Theorem 1 of [14], Theorem 1.1 of [5] and Theorem 1.1

of [6].

Example 3.2 Choose T = 3, functions G € C'(R x R",R), F; € C/(R x R, R) (i =1,2) and
r e CY(R,R") as follows. Let G(¢,x) = Fy(t,x) = 2 sin2(3’7”1.‘)|x|2 and

cos(%”t)

Ftx)= ——2"
2(6%) = S5 Tn(100 + 1]

lxl* + (r(2), %),

where r(t) = (% sin(%nt),O,...,O).
We can check that G(¢, x) is (1, 4)-subconvex. In fact, 2 sinz(%’t) lx+y2 <2 sin2(37”t)(|x| +

ly)? < 8sin®(3£)(|x[* + [y[*). When |x| is large enough, we see that G(¢,x) < min{F; (¢, %),
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2|x|?} holds for all ¢ € R. If we choose a(t) = 2t> and b(t) = 1, p(t) = 2, q(t) = 0, then
assumption (H1*) holds.

For F,(¢,x), there exists a constant L > 0 such that F,(¢,x) > —% — L holds for all x €
R” and ¢ € R. If we choose k(s) = 5%, K1 =1, K = 0, s(t) = 5, v(t) = L, and Cp = 4, then
assumptions (H4) and (H5) hold.

37
Therefore, the fungtion F(t,x)=2 sin2(37’ft)|x|2 LS

SO0 l%|% + (r(¢), %) satisfies Theo-

3
rem 1.2. However, '/"Ilj%)dt < +00, 80 F(t,x) cannot be covered by Theorem 1.5 in [5] and

Theorem 1.1 in [7] if we choose /4(t) = . In addition, if the function F(¢,x) has the above
decomposition, then we see that F (£, x) is out of control of assumption (H2). In this case,
F(¢,x) cannot be covered by Theorem 1.1.

Example 3.3 Choose T =1, » = 2%, functions F; € C'(R x R,R) (i=1,2) and G € C'(R x
R, R) as follows:

247 _ e

Fi(t,x) = gee . 128’2 1.2, 3\.4_ (1,2, 1y.6 >t
Flogots® + Got + Pt - G’ + x%l Ikl <1,
212 2 21,2 71n2

F(t,x) = In°(L+#%) - 51" 2 + 5%, Il > 1,
M0’ + (507 + Pt - (o + %), al <1,

F(t,) = Fi(t,%) + F>(t,%) and G(t,x) = 2 |x|2.

We can check that G(¢, x) is (1, +/8)-subconvex. In fact, %|x +y|% < ¥(|x|% + |y|%). We
choose L > 0 large enough, a(t) = £5 and b(t) = 1, then we see that |G(t,x)| < a(|x|)b(¢)
holds for all x € R and ¢ € R. Setting p(¢) = 3, 4(t) = 0, G(£,x) < min{3 x[3, %e"“z} holds
for |x| large enough and all £ € R. So (H1) and (H1*) hold.

For any x € R, we see that |%§f’x)| < 2In(1 +x2) + L holds for t € R and

. 3
Jo 3lwl2 de

S+ Jo Btwde

li .
|x]—+00 In (1 + xz)

— +00,

hence, assumptions (H2) and (H3) hold for 4(t) = In(1 + £2), f(t) =2, g(t) =L, A =1, and
©=/8.

In addition, F,(¢,x) > —|x| — L; holds for a positive constant L;, all x € R, and ¢ € R. Set
s)=Lvit)=L, h(t) =t, K1=1,Co=1,and A =1, u = /8, then we have folp(t) dt +

12,3
CoKy [ s(t)dt < 6 and Timy o 34
hold.

Choosing x with |x| small enough, we can only consider the main part —%(e +In2)w?x?

— +00, hence, assumptions (H4) and (H5)

of F(t,x), so we have —%(e +In2) e (-2, —%), which implies that assumption (H6) holds for
k = 1. Therefore, F(t,x) satisfies both Theorem 1.3 and Theorem 1.4.

Obviously, F(t,x) is out of quadratic growth as |x| — +0o. But Theorems 1.4 and 1.8 in
[5] imply that VF satisfies the sublinearity or linearity condition. So Example 3.3 cannot
be covered by Theorems 1.4 and 1.8 of [5].
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