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Abstract

We investigate the existence of twin iterative solutions for a fractional p-Laplacian
equation with nonlocal boundary conditions. Using the monotone iterative
technique, we establish a new existence result on the maximal and minimal solutions
under suitable nonlinear growth conditions. We also consider some interesting
particular cases and give an example to illustrate our main results.
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1 Introduction
In this paper, we are concerned with the existence of twin iterative solutions for the fol-

lowing nonlocal fractional differential equation with a p-Laplacian operator:

~Z TN W) = ) (x(0), 0<t<1, @
x(0) =0, 2¢x(0) = P¢x(1) = 0, x(1) = fol x(2) dA(2), ’
where 7, P! are the standard Riemann-Liouville derivatives with 1 < o, < 2,
fol x(s) dA(s) is the Riemann-Stieltjes integral with respect to a function A of bounded
variation, and ¢, is the p-Laplacian operator defined by ¢,(s) = |s|’~%s, p > 1. Obviously,
@p(s) is invertible, and its inverse operator is ¢,(s), where g > 1 is the constant such that
% + j; =1

It is well known that the p-Laplacian equation can describe a fundamental mechanics
problem arising from turbulent flow in a porous medium; see [1]. Based on this back-
ground, some interesting results relative to the equation (¢,(¥'(£)))" = f (£, %(¢)) subject to
certain boundary value conditions have been obtained in [2—6] and references therein.
On the other hand, fractional calculus has been greatly developed in recent years. In par-
ticular, fractional-order models have been proved to be more accurate than integer-order
models for the description of many physical phenomena with long memory, such as vis-
coelasticity, electrochemistry control, porous media, electromagnetic, polymer rheology,
and some hereditary properties of various materials and processes (for the reseach of frac-
tional models and relative problems, we refer readers to [7-27]). Thus, fractional-order
differential equations with p-Laplacian operator have attracted great interest from the
mathematical research community.
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Recently, Wang et al. [22] investigated the existence of multiple positive solutions for
nonlocal fractional p-Laplacian equation

DE(@p(ZE0)®) +f(£,50) =0, te(0,1), 12
x(0) =0, x(1) = ax(&), Z¢x(0) =0,

where 0 < <2,0<8<1,0<a <1,0 <& <1. By using Krasnosel’skii’s fixed point the-

orem and the Leggett-Williams theorem, some results on the existence of positive solu-

tions are obtained. And then, by means of the upper and lower solutions method, Wang

et al. [28] studied the existence of positive solutions for the following nonlocal fractional

p-Laplacian equation:

x(0) =0, x(1) = ax(&), 2¢x(0) =0, Dex(1) = b x(n), (13)

{%%@mmwmmmw,mmn
where 1<,8 <2,0 <a,b <1, 0<&,n <1 More recently, Zhang et al. [29] considered
the following fractional-order model for turbulent flow in a porous medium:

~DE(0p(~D22)(1) = f(x(8), DL (D)), L€ (0,1),
D2x(0) = 2¢1x(0) = P2x(1) = 0, 27 %(0) =0, DY x(1) = fol DY x(s) dA(s),

where 27, @f , D¢ are the standard Riemann-Liouville derivatives, fol x(s) dA(s) is the
Riemann-Stieltjes integral, 0 < y <1<a <2< B <3,a -y >1, A is a function of bounded
variation, and dA can be a signed measure. In the case where the nonlinearity f(u, v) may
be singular at both # = 0 and v = 0, the uniqueness of a positive solution for a fractional
model of turbulent flow in a porous medium was established via the fixed point theorem
of the mixed monotone operator.

Motivated by the mentioned works, in this paper, we consider the twin iterative solu-
tions of fractional-order model for turbulent flow in a porous medium. Differently from
the mentioned works, we not only obtain the minimal and maximal solutions of the nonlo-
cal boundary value problem of the fractional p-Laplacian equation (1.1), but we also derive
estimates of the lower and upper bounds of the extremal solutions and construct a conver-
gent iterative scheme for finding these solutions. In addition, we consider some particular

cases and give an example to illustrate our main results.

2 Preliminaries and lemmas

Our work is carried out based on various definitions and semigroup properties of the
Riemann-Liouville fractional calculus. We give some preliminaries and lemmas for con-
venience of the reader.

Definition 2.1 (see [30-32]) The Riemann-Liouville fractional integral of order & > 0 of
a function x : (0, +00) — R is given by

I“x(t) = /t(t —5)*x(s) ds,
0

1
[(«)

provided that the right-hand side is pointwise defined on (0, +00).
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Definition 2.2 (see [30-32]) The Riemann-Liouville fractional derivative of order a > 0
of a function x : (0, +o0) — R is given by

avne 2 (AN [ e
@tx(t)_l"(n—a)(dt> /O(t s) x(s) ds,

where 7 = [a] + 1 with [«] denoting the integer part of a number «, provided that the
right-hand side is pointwise defined on (0, +00).

Proposition 2.1 (see [30-32])
(1) IfxeL}0,1) and o > B >0, then

FIPx(@t) =1"Px(t),  DPI%() =1°Px(t),  DPIPx(t) = x(0).
(2) Ifa>0,B>0, then
9?ﬁ4=—£@L¢W“P
Proposition 2.2 (see [30-32]) For « > 0, if f(x) is integrable, then
I"Px(t) =f(x) + a4
wherec; e R (i=1,2,...,n), and n = [«].

Now consider the following linear fractional differential equation with nonlocal bound-
ary condition:

-¢x(t)=r(t), te(0,1),
1 (2.1)
x(0) =0, x(1) = [, x(t) dA(2).
Let
R L)) 0<t<s<l,
N ®) { (-9~ (=91, 0=s<r<l 22
Lemma 2.1 (see [29]) Given r € L}(0,1), the boundary value problem
{ -Dx(t)=r(t), 0O0<t<l], (2.3)
x(0) =x(1) =0,

has the unique solution

x(t) = /1 Gy (t,s)r(s) ds.
0

On the other hand, it follows from Proposition 2.1 that the unique solution of the prob-
lem

{ -2¢x(t)=0, 0<t<l, (2.4)

x(0) =0, x(1) =1,
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is t*71. Let
1 1
A:f *LdA(t), QA(s)zf G, (t,s)dA().
0 0

According to the strategy of [31] and [32], we have the following lemmas.

Lemma 2.2 (see [33]) If1<a <2 and r € L'(0,1), then the boundary value problem (2.1)

has the unique solution

1
x(t):f H(t,s)r(s) ds, (2.5)
0
where
toz—l
H(,) = 7—94(6) + Gult). 26)

Lemma 2.3 (see [31]) Let 0 < A< 1and Ga(s) > 0 for s € [0,1]. Then G,(t,s) and H(t,s)
have the following properties:

(1) Gu(t,s) and H(t,s) are nonnegative and continuous for (¢,s) € [0,1] x [0,1].

(2) Gu(t,s) satisfies

a-1 1- 1— a-1 -1
T a-0sl-9) sGa(t,s)Sa

a-1
@) r -9 foroselo]. (27)

(3) There exist two constants a, b such that
at*1Ga(s) < H(t,s) < bt*™Y, s,t€][0,1]. (2.8)

Let % + }7 =1, where p is given by (1.1). We consider the associated linear boundary value
problem

:—ﬁf(wp(—@:‘x»(t) =r(t), te(0,1), 09)

x(0)=0,  Zfx(0)= Z¢x(1)=0,  x(1) = [, x(t) dA(t)
for r € L'(0,1) and r > 0.

Lemma 2.4 The associated linear BVP (2.9) has the unique positive solution

1 1 -1
x(t) = / H(t,s) </ Gﬁ(S,T)V(‘L’)dT)q ds.
0 0

Proof Let w = -Z¢x and v = ¢, (w). Consider the boundary value problem

~IPv(t)=r@t), t€(0,1),
v(0) =v(1) = 0.

By Lemma 2.1 we have

1
v(t) :/ Gp(t,s)r(s)ds, te][0,1]. (2.10)
0
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Noting that —-Z¢x = w, w = w;l(v), we get from (2.9) and (2.10) that the solution of (2.9)
satisfies

~Z¢x(t) = 0,"(f, Gp(t,s)r(s)ds), £ (0,1),
x(0)=0,  x(1)= [ x(t)dA(t).

By Lemma 2.2 the solution of the BVP (2.9) can be written as

1 1
x(t) = / H(t,s)<p1;1 (/ Gﬁ(s,r)r(t)dr) ds, te]l0,1].
0 0

Since r(s) > 0, s € [0,1], the solution of equation (2.9) is

1 1 -1
x(t) :/ H(t,s) </ Gﬂ(S,‘L')V(‘L’)d‘E)q ds, te][0,1]. 0
0 0

For convenience of presentation, we list some assumptions to be used throughout the
rest of the paper.
(HO) A is a function of bounded variation satisfying G4(s) > 0 for s € [0,1] and
0<A«<1.
(H1) f:[0,+00) — [0, +00) is continuous and nondecreasing, and there exists a
constant € > 0 such that, for any x € [0, +00),

Sflpx) > pf(x), YO<p <1 (2.11)

(H2) & > 0 satisfies
1
0< / s(1 = )P h(s) ds < +o0. (2.12)
0

Remark 2.1 By (H1), for any v > 1, it is easy to get
fvx) < vef(x). (2.13)

Remark 2.2 There are a large number of functions that satisfy (H1). In particular, (H1)
can cover mixed cases of the superlinear and sublinear cases. Some basic examples of f
that satisfy (H1) are:

(i) f(s) =Y ais", wherea;, ;> 0,i=1,2,...,m.

(i) If0 <y, d;<+00 (i=1,2,...,m) and §,c > 0, then

m s
fls)= [c " det)xn} .
i=1
(iii) f(s) = % +55,v,8,1>0,y >86.
(iv) f(s) = @ a,b,y,8,15 0,15 5.

b+s®

Proof (i) and (ii) are obvious. For (iii) and (iv), obviously, f : [0, +00) — [0, +00) is contin-
uous and nondecreasing, and for any 0 < ;¢ <1, noticing that y, 4,/ > 0, we have

o aS

nes” 10 Ms” ] max(y.dy (S
s) = +u's > +u's > &
S(us) 1+ pdsd ’ T 1+s° ps=H 1+

+Sl) _ Iumax{y,l}f(s)
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and

~ (a+prs)ulst - (a+p’s)ulst oyl (a+s")st
b+uds  — b+st - b+sb

Sf(ns) = Y (s). 0

Let N be the set of all positive integers, R be the set of all real numbers, and R, be the
set of all nonnegative real numbers. Let C([0,1],R) be the Banach space of all continuous
functions from [0, 1] into R with the norm

ll]| = max{x(¢) : £ € [0,1]}.
Define the cone P in C([0,1],R,) by

P= {x € C([O, 1],]R+) : there exist two nonnegative numbers , <1 < L, such that

L™ < x(t) < La* ™t € [0,1]]

and the operator T by

1 1 q-1
(Tx)(0) = f H(t,s) ( / G(s, D) (x(x)) dr) ds.
0 0
Then each fixed point of the operator T on P is a positive solution of the BVP (1.1).

Lemma 2.5 Assume that (HO0)-(H2) hold. Then T : P — P is continuous, compact, and
nondecreasing.

Proof For any x € P, we can find two positive numbers L, > [, > 0 such that
Lt Y <x(t)<L,*Y, telo,1]. (2.14)

It follows from (H1) that T is increasing with respect to x, and thus by (2.8) we have

q-1

1 1
(r)(0 < bee | ( | Gﬁ(s,f)h(fy(x(f))df) ds

B 1 1 g-1 B B )ml
a-1 _ \B-1 o-1
<bt ./o ( TG t(1-1) h(t)f(th )dr ds

B 1 1 g-1 B B q1-1
a-1 _ \B-1 € a-1
< bt ‘/o ( \ F(ﬁ)r(l ) ()L (r )dr) ds

1 -1
5b<§(—jg§Lff(1) /0 r(l—r)ﬂ_lh(‘r)d1:>q !
=Lt

and

1 1 p-1(7 _ B -1
> at*! f gA(s)< / U li)(rﬂ()l ) h(t)f(lxr"“l)dt>q ds
0 0
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1 1 .B- _ _ B- -1
> at*! / gA(s)< f S 16:‘)(7;3()1 2 lh(t)lfcre(“‘l)f(l)dt)q ds

e q-1
(F(ﬁ)> /gA(s)sﬂW(l 911 ds

1 q-1
x ( / r<a-1>f+1(1—f)ﬂ-1h(r)dz> Y
0

where

€ 1 -1
li=a (F(ﬂ )q ng(s )5V )‘“ds(/o <a-1>€+1(1—r)ﬁ-lh<r>dr)q ,

q-1
= £-1
L} (F(ﬁ LJ(I)/ —1) h(r)dr) ,

which implies that T is well defined and T'(P) C P. Moreover, T is also uniformly bounded
for any bounded set of P. In fact, let D C P be any bounded set. Then there exists a constant

L > 0 such that ||x|| < L for any x € D. Moreover, for any x € D, s € [0,1], from ||x|| <L <
L +1 and (2.13) we have

F(x(9)) <fL+1) < L +DFQ).

Consequently,

|<bt°‘1/ (/ h(x)f (%(x)) r)q_lds
e [

1-1
/ (/ (/3) )P (o)L + 1)f(QQ) dr)q ds

- (’B—(L 1)7(1)/ t(l—t)ﬂ‘lh(t)dr>q_l<+oo.
—\T(B) 0

1-1
1-7)h(z )f(L+1)dr>q ds

Therefore, T(D) is uniformly bounded.

On the other hand, according to the Arezela-Ascoli theorem and the Lebesgue domi-
nated convergence theorem, it is easy to get that T : P — P is completely continuous. It
follows from (H1) that the operator T is nondecreasing. O

3 Main results
Define the constant

(B -1 (1) /1 B ot
A=b| T2 -0 h(x)dr| . (3.1)
[ rE Jo
Theorem 3.1 Suppose that conditions (H0)-(H2) hold. If there exists a constant ¢ > 0 such
that

(c+1@D <4, (3.2)
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where A is defined by (3.1), then the BVP (1.1) has the minimal and maximal solutions x*
and y*, which are positive, and there exist some nonnegative constants m; < n;, i = 1,2, such
that

mt ™t <xt(@) <mt*, omat* T <yr(E) <mot™!, tel0,1]. (3.3)

Moreover, for initial values xy = 0, yo = ¢ + 1, let {x,,} and {y,} be the iterative sequences

generated by

xu(t) = (Txpa) () = T"%0(8),  yu(t) = (Tyna)(2) = T"yo (). (34)
Then

Jdim =ats lim n =y

uniformly for t € [0,1].

Proof Let P[0,c] = {x € P:0 < ||x|| <c+1}. We first prove that T(P[0, c]) C P[0, c].
In fact, for any x € P[0, c], since

0<x(t) < maxx(f) = ||x|| <c+1, (3.5)
te[0,1]

from (H1) and (3.5) we have

1 1 q-1
|| Tx|| = max {/ H(t,s)(/ Gﬁ(s,r)h(r)f(x(r)) dr) ds}
0 0

te[0,1]

1 1/3_1 i )qll
§b/0 ( ; 1_‘(/3)1:(1 )P h(n)f(c+1)dr ds

= !

-1
ORI 1(1-r)ﬁ1h(r)dTT (c+1)<@D

=A(c+1) Y <c+1,

which implies that T(P[0, c]) C P[0, c].
Let xo(¢) = 0 and x;(¢) = (Txo)(¢), t € [0,1]. Since xo(£) € P[0, c], we have x; € P[0, c].
Denote

K1 = Ty = Ty, n=1,2,....

It follows from T'(P[0, c]) C P[0, c] thatx, € P[0, c]. Noticing that T is compact, we get that
{x,} is a sequentially compact set.
Since x; = Txog = T0 € P[0, c], we have
x1(8) = (Txo)(8) = (TO)(£) = 0 =xo(¢), ¢€[0,1].

By induction we get

Xl = Xny n=0,1,2,....
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Consequently, there exists x* € P[0, c] such that x,, — x*. Letting » — +00, from the con-
tinuity of T'and Tx,, = x,,.; we obtain Tx* = x*, which implies that x* is a nonnegative solu-
tion of the nonlinear integral equation (1.1). Since x* € P, there exist constants 0 < m; < m;
such that

0<mt*t<x*(t) <mt*t, te(0,1),

and consequently x* is a positive solution of the boundary value problem (1.1), and (3.3)
holds.

On the other hand, let yo(t) = c+1, y1 = Ty, t € [0,1]. Then yo(¢) € P[0, c] and y; € P[0, c].
Let

Vn+1 = Tyn = Tﬂﬂyo, n=12,....
It follows from T'(P[0,c]) C P[0, c] that
yn €Pl0,c], n=0,1,2,....

By Lemma 2.3, T is compact, and consequently {y,} is a sequentially compact set.
Now, since y; € P[0, c], we get

0 <y1(®) < lnll < c+1=y0(2).
It follows from Lemma 2.3 that y, = Ty; < Ty, = ;. By induction we obtain
Yl <Yy n=0,1,2,....

Consequently, there exists y* € P[0, ¢] such that y, — y*. Letting n — +00, from the con-
tinuity of T and T¥, = y,-1 we have Ty* = y*, which implies that y* is another nonnegative
solution of the boundary value problem (1.1) and y* also satisfies (3.3) since y* € P.

Now we prove that x* and y* are extremal solutions for a fractional differential equation
(1.1). Let x be any positive solution of the boundary value problem (1.1). Then xg = 0 <
x<c+1l=yp,and x; = Txog < Tx =% < T(c + 1) = w;. By induction we have x, <x <y,,
n=1,2,3,.... Taking the limit, we have x* < x < y*. This implies that x* and y* are the
maximal and minimal solutions of the BVP (1.1), respectively. The proof is completed.

O

Corollary 3.1 Suppose that conditions (H0)-(H2) hold. If

1
O<ex< , (3.6)
qg-1

then the BVP (1.1) has the minimal and maximal solutions x* and y*, which are positive,
and there exist some constants 0 < m; < n;, i = 1,2, such that

mtt <xt(t) <mt*,  omat* Tt <yr() <mat*t, tel0,1]. (3.7)
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Moreover, there exists a positive constant c such that for initial values xy = 0, yo = ¢ +1, the
iterative sequences generated by

xp(8) = (Tou-1)(8) = T"%0(8),  yu(t) = (Tyu-1) (@) = T"y0(2) (3.8)
converge uniformly to x* and y* for t € [0,1], namely,

lim x, =%, lim y, =y
n—+00 n—+00

Proof From (3.6) we have

x€@-1)
lim =0,
X—>+00 X

which implies that we can find a constant ¢ > 0 large enough such that
(c+ 1)@ D1 o 471,
By Theorem 3.1 the conclusion of Corollary 3.1 holds. g

Remark 3.1 Corollary 3.1 is an interesting case of the boundary value problem (1.1). Be-
cause of the independence of € and g, condition (3.6) is easy to be satisfied. For example,
forg=4ande = %, the BVP (1.1) has the minimal and maximal solutions if (H0)-(H2) are
satisfied.

In addition, note that, when p = 2, the nonlinear operator @tﬂ (p(Z¢)) reduces to the
linear operator 9{3 (2¢), and if 0 < € < %, then (3.6) naturally holds, and so we have the
following corollary.

Corollary 3.2 Suppose that p = 2 and (HO), (H2) hold. Moreover, suppose that f satisfies
(h1) f:[0,+00) — (0, +00) is continuous and nondecreasing, and there exists a constant
O<e< % such that, for any x € [0, +00),

flex) > c¢f(x), Y0<c<l.

Then the BVP (1.1) has the minimal and maximal solutions x* and y*, which are positive,
and there exist constants 0 < m; < n;, i = 1,2, such that

it <xf () <mt*, mprT  <yt(E) <mt*,  re0,1]. (3.9)

Moreover, there exists a positive constant c such that for initial values xy = 0, yo = ¢ +1, the
iterative sequences generated by

xn(8) = (Txn-1)(8) = T"%0(6),  yu(t) = (Tyn-1)(£) = T"y0(2) (3.10)

converge uniformly to x* and y* for t € [0,1], namely,

. * . *
lim x, =x%, lim y,=y"
n—+00 n—+00
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4 Example
Consider the following nonlocal boundary value problem of the fractional p-Laplacian

equation:

4 3
~P (p3(-DE)(t) = BT e (0,1),
s (=03 (2+49) (4.1)

x(0) =0, 22x(0) = 22x(1) = 0, x(1) = fol x(s) dA(s),

where y, 8, [ are positive constants satisfying / > 8, y + [ < 2, A is a bounded-variation

function satisfying

0, tel0,3)
A =12, tel33)
1, tel3].

Then the BVP (4.1) has the minimal and maximal solutions x* and y*, which are positive,

and there exist constants 0 < m; < n;, i = 1,2, such that
1 1 1 1
mit? <x*(t) < mt?, myt? < y*(t) < myt2, tel0,1]. (4.2)

Moreover, there exists a positive constant ¢ such that for initial values xo = 0, yo = ¢ + 1,

the iterative sequences generated by
xn(6) = (Txn-1)(8) = T"x0(6),  yu(t) = (Tyn-1)(8) = T"yo(2) (4.3)

converge uniformly to x* and y* for ¢ € [0,1], namely,

lim x, =«%, lim y, =y*.
Let
3 4 (3 + & )t 1 1
=, ==, =3, =, h(t)=-(1-1t)3.
=3 ey p=3 [W=Tooin k)= 0-0

Then by simple computation problem (4.1) is equivalent to the following multipoint

boundary value problem:

4 3
~ P (p3(-ZE)(t) =~ e (0,1),
3

t(l—t);a‘ (2+x9)

x(0)=0,  Z2x(0)=22x(1)=0,  x(1)=2x(3) - x(3).

First, we have

1 1\?  /3\?
A:/ to“ldA(t):Zx(—) —(—) =05482<1,
; 2 4

and by simple computation we have G4(s) > 0, and so (HO) holds.
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Next, from Remark 2.2, for any 0 < u <1, we have

Slpx) < ' f (),

and thus (H1) holds. Now we compute

1 1 )
f s(1—s)P " h(s)ds = / s(1-5)3h(s)ds =1,
0 0

so (H2) is satisfied.
Thus, by Corollary 3.1 the BVP (4.1) has maximal and minimal solutions that satisfy
(4.2) and (4.3).
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