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1 Introduction
Let 2 be a bounded, simply connected domain in R3 with smooth boundary 9€2, and v
be the unit outward normal vector to d€2. First, we consider the regularity criterion of the

Boussinesq system with zero heat conductivity:

divu =0, (1.1)
osu+u-Vu+Vr — Au=0e;s, (1.2)
00 +u-VO=0 inQ x (0,00), (1.3)
u-v=0, curlu x v=0 ondQ x (0,00), (1.4)
(,60)(-,0) = (uo,60) in Q2 CR?, (1.5)

where u, 7, and 6 denote the unknown velocity vector field, pressure scalar, and temper-
ature scalar of the fluid, respectively. @ := curl & is the vorticity, and e; := (0,0,1)".

When 6 =0, (1.1) and (1.2) are the well-known Navier-Stokes system. Giga [1], Kim [2],
and Kang and Kim [3] have proved some Serrin-type regularity criteria.

The first aim of this paper is to prove a new regularity criterion for problem (1.1)-(1.5).

Theorem 1.1 Let uy € H> and 6y € WY with3 <p <6 anddivug=0in Qand uy-v =0,
curlug x v =0 on 92. Let (u,0) be a strong solution of problem (1.1)-(1.5). If u satisfies

Vu € L'(0, T; BMO(R)) (1.6)

© 2016 Fan et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13661-016-0598-3
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-016-0598-3&domain=pdf
mailto:yinjp829829@126.com

Fan et al. Boundary Value Problems (2016) 2016:90

Page 2 of 19

with 0 < T < 0o, then the solution (u,0) can be extended beyond T > 0. Here BMO denotes

the space of bounded mean oscillation.

Secondly, we consider the blow-up criterion for the 3D MHD system

divu=divb =0,
Lo
oiu+u-Vu+V n+§|b| —Au=b-Vb,

0b+u-Vb—b-Vu=Ab in Q x (0,00),
u-v=0, curlu x v =0, b-v=0, curlb xv=0
on 92 x (0, 00),

(u,b)(+,0) = (19, bg) InQC R3.

Here b is the magnetic field of the fluid.

(1.10)

(1.11)

It is well known that problem (1.7)-(1.11) has a unique local strong solution [4]. But

whether this local solution can exist globally is an outstanding problem. Kang and Kim

[3] proved some Serrin-type regularity criteria.

The second aim of this paper is to prove a new regularity criterion for problem (1.7)-

(1.11).

Theorem 1.2 Let ug, by € H® with divug =divby =0 in Qand ug - v =bo-v =0, curl uy x
v =curlby x v =00n 0. Let (u, b) be a strong solution to problem (1.7)-(1.11). If (1.6) holds,

then the solution (u, b) can be extended beyond T > 0.

Remark 1.1 When Q := R3, our result gives the well-known regularity criterion

w:=curlu e L'(0, T; BY, ),

but the method of proof we use is different from that in [5, 6]. Here B9, ., denotes the

homogeneous Besov space [7].

Next, we consider the following 3D density-dependent MHD equations:

divu =divb =0,

0:0 +div(pu) =0,
1
0:(pu) + div(pu ® u) + V(JT + §|b|2) —Au=b-Vb,
0:b+u-Vb—b-Vu=Ab in Q x (0,00),
u=0, b-v=0, curlb x v=0 onaQ x (0,00),

(10’ pu, b)(’ O) = (:001 Polho, bO) inQC Rg'

(1.12)

(1.13)
(1.14)

(1.15)
(1.16)

(1.17)
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For this problem, Wu [8] proved that if the initial data py, 1o, and by satisfy

0 < po € H?, uo € Hy N H?, by € H?,
) (1.18)
—Auo + V(T[o + §|b0|2) = b() . Vb() + A/ Pog

for some (770, g) € H' x L2, then there exists a positive time T, and a unique strong solution
(p,u, b) to problem (1.12)-(1.17) such that

pE C([O’ T*];HZ)’ ue C([O, T*]rH(l) N H2) mLZ(Or T*;HZ),
u € L0, TisHy),  /pur € L%(0, Tus L?), (119)
beL™(0, T H)NL* (0, TsH?), b€ L¥(0, T(sL*) N L0, Ty HY).

When b = 0, Kim [2] proved the following regularity criterion:

ue L3 (0,T;L5,(Q) with3<s < oc. (1.20)

Here L}, denotes the weak-L* space, and L = L™,
The aim of this paper is to refine (1.20) as follows.

Theorem 1.3 Let py, uy, and by satisfy (1.18). Let (p, u, b) be a strong solution of problem
(1.12)-(1.17) in the class (1.19). Suppose that u satisfies one of the following two conditions:

2s
0 /T @)1} 5 3 s < L21)
i <00 Wi <8< 00, .
o 1+log(e+ [lu(®)lzs,)
(ii) ueL*(0,T;BMO(Q)) (1.22)
with 0 < T < oo. Then the solution (p, u, b) can be extended beyond T > 0.

Finally, we consider the 3D Landau-Lifshitz system:

8:d— Ad =d|Vd)? +d x Ad, ld|=1 in € x (0,00), (1.23)
9,d=0 ondQ x (0,00), (1.24)
d(-,0) = do, |dol =1 inQ CR3 (1.25)

Carbou and Fabrie [9] showed the existence and uniqueness of local smooth solutions.
When Q2 :=R” (n =2,3,4), Fan and Ozawa [10] proved some regularity criteria. The aim
of this paper is to prove a logarithmic blow-up criterion for problem (1.23)-(1.25) when €2
is a bounded domain. We will prove the following:

Theorem 1.4 Let dy € H*(Q) with |dy| =1 in Q and 3,dy = 0 on 2. Let d be a local
smooth solution to problem (1.23)-(1.25). If d satisfies

29

7-3
/T Vil
0

dt<oo with3<qg<oo 1.26
1+log(e + | Vd|0) 1= (1.26)

and 0 < T < 00, then the solution can be extended beyond T > 0.



Fan et al. Boundary Value Problems (2016) 2016:90 Page 4 of 19

In Section 2, we give some preliminary lemmas, which will be used in the following
sections. The proof of Theorem 1.1 for problem (1.1)-(1.5) will be given in Section 3. The
new regularly criterion of Theorem 1.2 for the 3D MHD problem (1.7)-(1.11) will be proved
in Section 4. In Section 5, we prove Theorem 1.3, and in Section 6, we give the main proof
of final Theorem 1.4.

2 Preliminary lemmas
In the following proofs, we will use the logarithmic Sobolev inequality [11]

3
[Vull e < C(L+ [ Vulsmolog(e + lullwsr))  withs>1+ B (2.1)

and the following three lemmas.

Lemma 2.1 ([12]) Let € R3 be a smooth bounded domain, let b : Q@ — R> be a smooth
vector field, and let 1 < p < co. Then

1 _2
—/ Ab-blb)P? dx = —/ |b|P-2|Vh|2dx+4p—2/|V|b|‘%|2dx
Q 2 Ja r° Ja

—/ 1bIP2(b- V)b -vdo —/ |blP~2(curl b x v) - bdo. (2.2)
a0 FYe)

Lemma 2.2 ([13, 14]) Let Q2 be a smooth and bounded open set, and let 1 < p < 0o. Then
we have the estimate

1-1 1
1611702 < CIBI Ll 1611 (2.3)
forall b e WY?(Q).
Lemma 2.3 We have
1
If @) < C(L+ IIf Mooy log? (e + [Ifllwis () (2.4)

forall f € Wy*(Q).

Proof When  := R3, (2.4) is proved by Ogawa [15]. For a bounded domain € in R?, we
define

~ f inQ,
0 inQ:=R3\ Q.

Then we have [13], p.71,

I lwrasy = IIf lwragy

and it is obvious that

Il zeo @3y = If ooy If IBMo®3) = IIf IBMO(Q)-

Thus, (2.4) is proved. O
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Finally, when b satisfies b - v = 0 on 92, we will also use the identity
b-Vb-v=—(b-V)v-b ondQ (2.5)
for any sufficiently smooth vector field b.

3 Proof of Theorem 1.1
Since it is easy to prove that problem (1.1)-(1.5) has a unique local-in-time strong solution,
we omit the details. We only need to establish a priori estimates.

First, thanks to the maximum principle, it follows from (1.1) and (1.3) that

101120, 52y = C. (3.1)

Testing (1.2) by # and using (1.1) and (3.1), we see that

1d 1 1
—— uzdx+/ |curlu|2dx§/«9€3-udx§—/szx+—/uzdx,

which gives
leell poc 0,722y + Netll 20,71y < C. (3.2)
Applying curl to (1.2) and setting w := curl u, we find that
oiw+u-Vo—Aw=w-Vu+curl(fez). (3.3)

Testing (3.3) by w and using (1.1) and (3.1), we infer that

1d
——/ |w|2dx+/ Icurla)|2dx:/(a)~V)u~wdx+/Gegcurlwdx
2dt Jgo Q Q Q

1
< ||Vu||Loo/a)2dx+—/ |curlw|?dx + C,
Q 2 Ja

which implies

d 2 2 2

— | |lw|“dx+ | |curlw|“dx < C||Vulieo [ |o|°dx+C

dt Jg Q Q

< C(1+ | Vullso) log(e + ule) f ol dx+ C,
Q

and therefore

t
f lw|? dx + / | curla)||%2 dr < C(e + )¢, (3.4)
Q to
provided that
t
/ [Vullpmo dt <€ <1, (3.5)
to

and y(¢) := supy, , llull 3 forany 0 < fp < £ < T, and Cy is an absolute constant.
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Applying 9 to (1.2), we deduce that
Bfu +u-Vu; + Vo, — Auy = —uy - Vi + Gse3. (3.6)

Testing (3.6) by u; and using (1.1), (1.3), (3.1), and (3.2), we derive

1d
——/ Iut|2dx+/ | curl u,|? dx

:—/ut-Vu~utdx+/9tegutdx
Q Q

:—/ ut~Vu~utdx—/ div(u0)eszu, dx
Q Q
:—/ ut~Vu'utdx+/u0V(egut)dx
Q Q
2 1 2
< |IVullgoo | |us|”dx+ |curlu;|“dx + C
Q 2 Jo

1
§C(1+ ||Vu||BM0)10g(e+y)/Q|ut|2dx+ E/Q|curlut|2dx+C,

which yields

t
/|u[|2dx+/ / |curl u,|* dxdt < C(e + y) 0. (3.7)
Q to JQ

On the other hand, thanks to the H2-theory of the Stokes system, if follows from (1.2),
(3.1), (3.4), and (3.7) that

lullpe < Cll=Au+ V|| 2
< C||0u+u-Vu—_~0es| 2
< Clluellp2 + Cllullzs [ Vulls + ClIOI 2

< Clluel2 + CIVul Ll 2, + C,
which implies
ltll 2 < Cllaell 2 + ClI V32 + C < Cle+5) . (3.8)
Applying V to (1.3), testing by |[VO|P2V8 (2 < p < 00), and using (1.1), we get

d
2 1VOlr = ClIVull=l VOl

< C(1 + IVullsmo) log(e + ) VO 1z,

which leads to

VO || o 0,507y < Cle + )0 with 2 < p < o0. (3.9)
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Testing (3.6) by —Au; + Vi, and using (1.1), (1.3), (3.7), (3.8), and (3.9), we obtain

1d
——/ |Curlut|2dx+/ |-Au, + Vo, | dx
2dt Q Q
= f (—us - Vu+0ie3 —u- Vi) (—Au; + V) dx
Q
< (IIVull s llotell 5 + Nleell oo VOl 2 + el oo | Vgl 2) 1= Aty + Vg2
< Noallg (1Nl + VO 2) - Aty + V]| 12
1
< EH_AMt + V7 + Cllul o (el 70 + 1VO117),

which leads to
t
/ | curl u,|? dx +/ ||ut||f{2 dr < C(e +y)“°°. (3.10)
Q to

On the other hand, if follows from (3.3), (3.10), (3.9), and (3.8) that

lulls < C(1+l|A@]12)
< C(l + || dw+u-Vo—-—w-Viu— curl(9e3)||L2)
< CA+[0wl2 + =l Vol 2 + ol 4| Vulla + VO] 2)

< Cle+»°,
which gives
2l oo o, sm3) < C (3.11)
and
101l oc0,7.w1ry < C with3 <p <6. (3.12)
This completes the proof of Theorem 1.1.

4 Proof of Theorem 1.2
We only need to prove a priori estimates.
First, testing (1.8) by u and using (1.7), we see that

1d

VT u dx+/ |curl u|? dx = f(b V)b - udx. (4.1)

Testing (1.9) by b and using (1.7), we find that

1d

27 bzdx+/ |curl b|? dx = /;z(b-V)u~bdx. (4.2)

Summing up (4.1) and (4.2), we get the well-known energy inequality

1d

—— (u2 + bz) dx + / (|curlu|2 + |curlb|2) dx <0. (4.3)
2dt Jq

Q
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Testing (1.9) by |b|P~2b (2 < p < 6) and using (1.7), (2.2), (2.3), and (2.5), we derive

1 1 -2
—if |b|de+—/ 1612 Vb dx + 4 - /|v|b|‘%|2dx
pdt Jq 2 Jq 7 Jo
:—/ |b|P—2(b.V)v-bd0+/b.vu,|b|p—2bdx
aQ Q
SC/ |b|pdx+||Vu||Loo/ b dx
Q2 Q

52"7;22/\V|b|§]2dx+c(1+ ||Vu||Loo)/ \b|P dx
)4 Q Q

-2
Szp_z /‘V|b|§|2dx+C(1+ ”VM”BMO)/ bIP dxlog(e + y),
V4 Q Q
which implies
t
”b||L°°(to,t;LP)+/ /|b|2|Vb|2dxdr 5C(e+y)c0E with2 <p <6, (4.4)
tg JQ2

with the same y and € as in (3.5).
Taking curl to (1.8) and (1.9), respectively, and setting w := curl # and j := curl b, we infer
that

dw+u-Vo-Aw=w-Vu+b-Vj+y Vb x db, (4.5)

1

dj+u-Vi—Aj=b-Vo+ )y Vb x du-Y Vu; x d;b. (4.6)

Testing (4.5) and (4.6) by w and j, respectively, summing up the result, and using (1.7),

we have

1d
——/(w2 +j2)dx+/(|curla)|2+|cur1j|2)dx
:/(w-V)u-wdx+Z/(Vbix8ib)a)dx

Q i Q

+Z/(Vbi x 8,~u)~jdx—Z/(Vui x 3;b) - jdx

PRAY ;Y@
§C||Vu||Loc/(a)2+j2)dx
Q

<C(1+ I Vullsmo) f (0* + %) dxlog(e + ),
Q

which implies

t
/ (0 +/%) dx +/ / (lcurlw]? + | curlj|*) dxdt < Cle + y)<0°. 4.7)
Q to JQ
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Thus, it follows from (1.8), (1.9), and (4.7) that

t
/ / (|ut|2 + |b[|2) dxdr <Cl(e +y)C°‘. (4.8)
to JQ2
Applying 9; to (1.8), we have
Bfu +u-Vuy + Vi, — Auy, =div(b ® b)y — u; - Vu. (4.9)

Testing (4.9) by u, and using (1.7), we get

1d
——/ Iut|2dx+/ | curl u,|? dx
:—Z/(bibj)tajuidx—/ u-Vu - uydx
IR Q
< ClIbell 3 11bll s | Vatell 2 + 1 Vaell 2 e 17

1 1 1 3
= Cllbell s | curl b |l /Il curlaeell 21161 6 + ClIVaell 2l 72 Nl curloge |l

< 8l curluel|7; + 8| curl b |2, + Cllbel 721181 s + ClI Vel 2 [l 7 (4.10)

for any § € (0,1).
Applying 9 to (1.9), we have

332b+u-Vb,—Ab;=b,-Vu+b-Vu, —u, - Vb. (4.11)

Testing (4.11) by b, and using (1.7), we deduce that

1d
§%L|bt|2dx+/9|011ﬂbz|2dx

:/(bt-Vu+b-Vut—ut-Vb)btdx
Q

2
< WIVull21bellye + 101 s 1V arell 2 1Dell 3 + VDI g2 llate |l 4 1Dl 14
<S8 curl b7, + 8| curl |2,

+ CIVul 2167 + Cllbls bl + CUVDI (el + 16:072) (4.12)

for any § € (0,1).
Combining (4.10) and (4.12), taking § small enough, and using (4.7) and (4.8), we have

t
/ (|ut|2 + |bt|2) dx+/ / (|cur1u,¢|2 + Icurlbt|2) dxdr < C(e + )¢, (4.13)
Q tg JQ2
It follows from (1.8), (1.9), (4.7), and (4.13) that

”"‘”Loc(to,t;HZ) + ||b||L°O(t0,t;H2) <Cle +y)Coe. (4.14)
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Testing (4.9) by V(7 + %|b|2)t — Au, and using (1.7), we find that

1d 1
——/ |curlut|2dx+/ V{n+=1b?) - Au,
2dt Jo Q 2 .

:/((b-Vb)t—ut~Vu—u-Vut)<V(n+%Iblz) —Aut> dx
Q t

< C(Ibll=e1Vhell2 + bl 61Vl + Nluells | Vaell 3

1
V(n + —|b|2> - Auy
2 t

1 1 2
<Z|\V 7 +=1b*) - Au,
4 27 ),

+ C(llull2o0 + 11Vl %) | Vite||%
+ C(16l1 7 + IVDI2) V12, (4.15)

2
dx

+ llll o | Vare | 12)

12

12

Similarly, testing (4.11) by —Ab;, we infer that

1d
EE/Q|cur1bt|2dx+/9|Abt|2(;lx

:/(Mt-Vb+l/£-Vbt—bt~Vu—b-Vu£)Abtdx
Q
< (el 61V 5 + Nl oo 1Vl 2 + 1 Vatll 3 1Bl + 1D 1100 [ Vatel2) | Al 2

< ~NAb I + C(llullz + IV ull7) VBT + C(1B17 + I VD) IVuell7s. (4.16)

N

Combining (4.15) and (4.16) and using (4.14) and (4.13), we have
t
/ (leurlu|* + | curlb,|?) dax + / / (1Au | +1Ab,?) dxdr < Cle+y)°.  (4.17)
Q to JQ

On the other hand, it follows from (4.5), (4.6), (4.3), (4.17), and (4.14) that

|u@®] 5 + [6®)] 1 < CA+ IAGIL + 1A1l,2)

8tw+u'Vw—a)'Vu—b'Vj—ZVbi><Bib

L

§C(1+

12

+

)

8tj+u~Vj—b-Va)+ZVu,» X Bib—ZVb,- X 0;U
Cope
<Cle+y®)™,
which yields

lell poo (0, 7:113) + 1Bl oo, 73y < Cs

This completes the proof of Theorem 1.2.
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5 Proof of Theorem 1.3
We only need to establish a priori estimates.
First, it follows from (1.12) and (1.13) that

llollze, ;) < C.

Testing (1.14) by # and using (1.12) and (1.13), we see that

1d
E%Lpuzdx+/g|Vu|2dx:/9(b'V)b~udx

and testing (1.15) by b and using (1.12) and (1.16), we find that

1d
——/ |b|2dx+/ |curlb|2dx:/(b-V)u-bdx.
2dt Q Q Q

Summing up (5.2) and (5.3), we get the well-known energy inequality

P|u|2+|b|2)dx+/(|Vu|2+|curlb|2)dx50.

2at Jo .

(I) Let (1.21) hold.

Testing (1.15) by |b|P2b (2 < p < 00), using (1.12), (2.2), (2.3), and (2.5), setting ¢ =

and using the Gagliardo-Nirenberg inequality [3]
1-3 3 .
91l 25 2 = Cligll2" Idll;n with3 <s =00
and the generalized Holder inequality [7]

Wfgllzra < Clif lzevar Ig p2a2

withi=L1 4+ Landl=2L 4L wederive
» n m 9 a1 @

1d 1 -9
——/ |b|1’dx+—/ \bP-2|Vb[ dx + 4 - /|v|b|§|2dx
pdt Jq 2 Ja 7 Jo
:_/ |b|p_2(b'v)v-bda+/(b.v)u. |bIP~2bdx
aQ Q
SIIVvllLoc/ |b|pd0—2/hiuai(|h|p_2b)dx
19 i Q
sc/ ¢2dG+C/ lupVe| dx
Q2 Q
= C/ > do + Cllalizz o1l 25 1Vl 2
Q2

1-2 1+2
< Cligli2l@llg + Clizllzs @l IVl *

p—2 52_3'
< zp—Z/ VP dx + Cllg |2 + Clull;* 112,
Q

Page 11 of 19

(5.1)

(5.2)

(5.3)

(5.4)

)4
b2,

(5.5)

(5.6)
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which yields

d 25
—/¢2dx+C/ Vol dx < C(1+ [l Ip 12,
dt Jq Q "

IA

2
lull;;? ,
C(l —)||¢||Lz(1+log(e+||u||Lgv))

+
1+log(e + flullzs,)

2
lull;

c(1 P L —
T+ Togle + flz3)

IA

)(1 +log(e +)) 1117,

from which it follows that

Coe

t
1Bl ooy + / / R2IVBP dxdr < Cle+ (1))
tg JQ
with

¥(2) := sup ||l yra
[to,t]

for any 0 <ty <t < T, where Cj is an absolute constant, provided that

2

T flaell ;5

/ b gr<exi (5.8)
o 1+1og(e+ |lullzs)

Testing (1.14) by u, and using (1.12) and (1.13), we infer that
1d ) N
—— | |Vul*dx+ | plu“dx=~- [ pu-Vu-u;dx+ | b-Vb-udx
2dt Q Q Q Q
= 111 +12. (59)
We first compute I:
12=/div(b®b)-utdx=—/b®b:Vutdx
Q Q
d
= ——/b@b:Vudx+2/b®bL:Vudx
d
5——/b®b:Vudx+CIIbt||Lz||b||L6||Vu||L3
dat Jq
d 1 1
S—E/b@b:wdx+cnbtnpnane||Vu||§2||u||:ﬂ
Q

d
= ‘af b®b: Vuds +5l|bel72 +8llulf + Clbl 6 I Vully, (5.10)
Q

forany0<é<1.
We use (5.1), (5.5), and (5.6) to bound I; as follows:

L= IVpudlzllv/pllellul, IVul 2
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1-3 3
< Clipull 2 sl IV ull 5 Null
2s
< 8IINugll> + Slullzp + Cllull > IVuell 7 (5.11)
forany 0 <4 <1.

On the other hand, by the H2-theory of the Stokes system, using (5.1), (5.5), and (5.6),

we obtain

1
lull e < C“—Au + V(n + E|b|2)

12
< Cllpdu+ pu-Vu—-b-Vb|2

= Cllvpul> + Cllull, I Vull 25, + Cllb- VDI
1-3 3
< Cllv/pulp2 + Cllulgg, IVl o * Null o + Cllb - VD12,
which gives

leellzz < CliV/puel2 + Cllb - Vbl 2 + Cllull ;52 | Val 2. (5.12)

Testing (1.15) by b, — Ab and using (5.5) and (5.6), we deduce that

d
—/ |curlb|2dx+/(|bt|2+|Ab|2)dx
:/(b~Vu—u~Vb)(bt—Ab)dx
Q

< (IIMIIL;IIVbIILS%,Z + 116116Vl 3) (1Bell 2 + 1 ADII12)

1

3 3 1 1
(||M||L§V||Vb||Lz“‘ 161> + Cliblis ||Vu||L22||M||f,z)(||bt||L2 + | AD|2)

=

25
< = (1Bl 72 + 1 ADI2,) + 8llullzy + ClbI s |Vl 7, + Cllull;? Vb7, +C  (5.13)

Nl= 0

forany 0 <6 < 1.
It is easy to compute that

d
E/ﬂlbﬁdxf C/le|3|bt|dx

< CIbIEsNbell2 < 8bell3, + Clb| S (5.14)

forany 0 <4 <1.
Combining (5.9), (5.10), (5.11), (5.12), (5.13) and (5.14), and taking 8 small enough, we
obtain

d
o (|Vz,t|2 +lcurlb?+b®b:Vu+ C0|b|4) dx
Q

. / (ol + 1bel? + | ABP) dix + 1l
Q

25
< ClIbllgsIVulZ + Cllul ;> (IVull}s + Il curlbl7,) + Cllb - VB, + C. (5.15)
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Using (5.4), (5.7), (5.8), and the Gronwall inequality, we have
/ (IVul* + | curl 5> + b® b: Vi + Co|b|*) dx
Q
< |;/ (IVuol? + | curl bo|* + by ® by : Vg + Colbo|*) dx
Q

t t
S I ||b-Vb||§2dr]
0 0

£ 25
X exp(/ ||u||z;3 dt)
to v

=

t lleell s
< Cle + )¢ ex /—Wdr 1+ log(e + ]
(e+7) p[ . TrTog(e+ i) (1+1logle+y))

<C(e +y)C°€.

Plugging (5.16) into (5.15) and integrating over [y, ], we have

t t
/ / (,O|Mt|2 + b + |Ab|2) dxdt +/ ||u||]2_12 dr < C(e+y)C°€.
to JQ to

Applying 9; to (1.15), testing by u,, and using (1.12) and (1.13), we obtain

1d
5$/9p|ut|2dx+/g|Vut|2dx

:—/pro|ut|2dx—/pu~V(u~Vu~ut)dx
Q Q

—/put~Vu~utdx+‘/b®bt:Vutdx+/bt®b:Vutdx
Q Q Q

< Cllulls Ilv/puell 3 Vuaell 2 + Cllaell s 1V aell s el g6 | Vel 2
2 2
+ Cllull7e | Aull 2 llucll e + Clinlipe I Vull e Vel 2

+ Clly/ouel7a IVl 2 + Clbll s l1bell3 | Vil 2
1 1
< ClIVull 2l puell 2 I/ ouell [ I Vel 2

1 3
2
+ ClIVullpp llull 2 1V el 2 + CIVull 21l puell f 1/l s

+ Clbll s bl 3 1 Vel 2
< ClIVull2 /B 5 IVt + CIV a2, el | V]2

+ CIVull 2 /Bl IVl + Il s b2 1Vt 2
< LIVl + CIVal (17wl + luli) + ClbIZ bl
< %nwtniz + ClIVaull 2 (I/puel 72 + lll72) + %n curl b7,

+ ClIbls 1b:ll72-
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(5.16)

(5.17)

(5.18)
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Applying 9; to (1.15), testing by b,, and using (1.12), we get

1d
5%'/Q|bt|2dx+/n|curlbt|2dx

= —/ (Mt -Vb - tiu -b- Vut)btdx
Q
< el s IVBI 21BN 3 + 1 Vull 2 151120 + 1 Vot 21161 g6 1Bl 3
1 1
Va7, + 2 curl bl|2, + CIVB 3, 11Bell2 + ClIVaul| 22 116l 2.

< -
4

Combining (5.18) and (5.19) and integrating over [ty, ], we have

t
/(|put|2+|bt|2)dx+/ /(|Vut|2+|curlbt|2)dxdr§C(e+y)C°€.
Q to JQ2

Similarly to (5.12), we deduce that

lllzz < Cllv/puellz2 + Cllwll s |Vl s + CllbI s VD 13

1

1 1 1 1
< CliVpuellz2 + Cllull s Va5 el 7o + CllBN 6 VBN 22 11611
L H L H:

which leads to
1
lull2, < Cll/oudlZ, + ClIVulgy + CIVDIS, + Ellbllﬁp
Similarly, we have

1612 < Cllbe + u- Vb —b-Vul 2
< Clibeli2 + Cllull s IVl s + Clibl 6 I Va3
1o 1o
< Cllbell2 + Clluli s VDI 161l + ClN 6 Vit 72 ] 25

which implies

1
1612, < Cllbel?, + ClIVull$, + CIIVD| S, + 3 lull2,.

Combining (5.21) and (5.22) and using (5.20) and (5.16), we conclude that

2 2 C
el + 101l < Cle +9)™°¢,

and thus
lll poo (0, 7112) + 1Bl oo, 702y < C.
Now it is standard to prove that

lull 20, 7:m3) + 181l 200, 75m3) < Cs
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(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)
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llollLooco, 702y < C. (5.26)

(I1) Let (1.22) hold.
Similarly to (5.7), we take s = co and using (2.4), we still get (5.7), provided that

T
‘/]W@w;mdt§e<l. (5.27)

We still have (5.9), (5.10), (5.11) with s = 0o, (5.12) with s = 0o, (5.13) with s = 0o, and
(5.14), (5.15) with s = 0o, and then using (5.27) and (2.4), we arrive at (5.16) and (5.17). Then
by the same calculations as those in (5.18)-(5.26), we conclude that (5.18)-(5.26) hold.

This completes the proof of Theorem 1.3.

6 Proof of Theorem 1.4
We only need to establish a priori estimates.

First, using the formula a x (b x ¢) = (a - ¢)b — (a - b)c and the fact that |d| = 1 implies
dAd = —|Vd|?, we have the following equivalent equation:

1 1
Edt - Ed x dy = Ad + d|Vd|?. (6.1)

Testing (6.1) by d; and using (@ x b) - b =0 and d - d; = 0, we get
d 2 2
— [ IVd|*dx+ | |d|"dx <0. (6.2)

Testing (1.23) by —Ad, and using |d| = 1, we find that

1d
—— | |Ad)*d vd,|*d
2dt/9| |x+fg| P dx

= _/ (dIVd|* +d x Ad) - Ad, dx
Q

:/ V(d|Vd|* +d x Ad) - Vd, dx

Q

< C(IVAllaIVAI® 4y + IVAlallAd] 24 + IV Ad||2) IVl 12
172 L92

< C(IVdlalAdll 2 +IIVAd|2) Ve,
L2

1-3 3
< C(IvVdllzall Adll " Nl + 13 ) [ Vel 2
29
a

IVal3, + 8lldIs + CIVAI L | A, (6.3)

=<

N

for any 0 < § < 1. Here we have used the Gagliardo-Nirenberg inequalities

IVd|? 4, <ClldllzlAd] 2, (6.4)
L2 L4-2

1-3 3
”Ad”u% < ClAadl " ldll s (6.5)
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Applying 9; to (1.23), we get
didy — Adid = 8;(d|Vd|*) + 9:d x Ad +d x Adid.

Testing this equation by Ad;d, summing over i, and using (6.4) and (6.5) and |d| = 1, we
obtain

Il < C(Idl 2 +IVAd]|2)
< C+ClIVdy 2 + C|V(dIVAP)| 2 + Y Clldid x Adl2

< C+C|IVdy |2 + CIVd|| 4| VAI* &, +ClIVAlalAdl| 24
172 L4-2

< C+ClVdll2 + CIIVdIILqIIAﬂllququ2

3

1-3
< C+ClIVdll2 + ClIVAlall Adll " 1l s
which yields
a
ldllzs < C+ ClIVdyll2 + CIVAl [ | Adll 2. (6.6)

Plugging (6.6) into (6.3) and taking § small enough, we have

d
—/ |Ad|2dx+/ \Vd,|* dx
dt Jg Q

29

q

< C+C|Vd)[ I1Ad)2,

29
Ivdi )
< Ad||%, 1 vd
<C+ 1+10g(H”W”M)n 12, log(e + Vel 14)
29
Ivdi’
< L | Ad|I, log(e + ),

+
B 1+log(e + [IVd||La)

which implies
t
/ |Ad)|? dx+/ / |Vd,|* dxdt < C(e +y)<°, (6.7)
Q to JQ

provided that

29
r vl
/ IVdll dr<e<l,
, 1+1logle+||Vd||1a)

with y(£) := supy, 4 |4l for any 0 <Zo < ¢ < T, where Cj is an absolute constant.
It follows from (1.23), (6.6), and (6.7) that

t
/|dt|2dx+/ Id|I2, dT < Cle +y)<°. (6.8)
Q to
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Applying 9; to (1.23), testing by —Ad,, and using |d| =1, (6.7), and (6.8), we have

1d
EE/Q|th|2dx+/Q|Adt|2dx

= —/ [0:(dIVd|?) + d; x Ad]Ad, dx
Q

< C(IVAIlZslldelizs + VAl s I Vel 3 + el | Al 2) [ Adyl 2

1 1
< C(IVdljslidlizs + 1Al 2 Ve || 5 | Ady |, + | A 2 lldell 2 ) | Ad |l 2
1
=3 IAd | + Clldll} 2 ldel2n + CldllF 2 de)l 2,

which implies

t
/ |Vd,|* dx + f | Ady |2, dT < C(e +y). (6.9)
Q £

0

It follows from (6.6), (6.7), (6.8), and (6.9) that
ldllz < C+ ClIVdyll2 + ClIVA|I 76| Adll 2 < Cle+ ),
which leads to
ldll Lo, 73m3) < C.

This completes the proof of Theorem 1.4.
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