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Abstract

In this paper, we apply the Nehari manifold method to study the fractional
p-Laplacian differential equation

DY pp(oDFu(t) =f(t,u(®), tel0,T],
u@=u(M)=0,

where (D%, DY are the left and right Riemann-Liouville fractional derivatives of order
0 <« < 1, respectively. We prove the existence of a ground state solution for the
boundary value problem.
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1 Introduction
Fractional differential equations have played an important role in many fields such as en-
gineering, science, electrical circuits, diffusion and applied mathematics. In the recent
years, some authors have studied the fractional differential equation by using different
methods, such as fixed point theorem, coincidence degree theory, critical point theory,
etc. (see [1-12]).

By using the mountain pass theorem, Jiao and Zhou [13] studied the existence of solu-
tions for the following boundary value problem:

4 (LoD (w/(8) + LD W (9) + V@ u(®) =0, te[0,T],
u(0) =u(T) =0,

where 0 < 8 <1, OD;’S , and tD}’s are the left and right fractional integrals of order B, re-
spectively, F: [0, T] x RN — R, and VF(t,x) is the gradient of F with respect to x.

The authors in [14-19] studied the existence and multiplicity of solutions for the related
problems with the help of critical point theory. Furthermore, the author in [20] studied
the Boundary value problem with fractional p-Laplacian operator by using the mountain
pass theorem.
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Motivated by the above results, we would like to investigate the ground state solution

for the following fractional boundary value problem:

(D, 6D u) =f (6 u(®),  t€[0,T], )
u(0) =u(T) =0,

where (D¢, ;D% are the left and right Riemann-Liouville fractional derivatives of order
0 < a <1and ¢,(s) = s|?%s, p > 1. The technical tool is the method of Nehari manifold,
see [21, 22]. It is worth mentioning that there are real applications of such equations when
p=2in[23,24].

This article is organized as follows. In Section 2, some preliminaries on the fractional
calculus are presented. In Section 3, we set up the variational framework of problem (1.1)

and give some necessary lemmas. Finally, Section 4 presents the main result and its proof.

2 Preliminaries on the fractional calculus
In this section, we will introduce some notations, definitions and preliminary facts on

fractional calculus which are used throughout this paper.

Definition 2.1 (Left and right Riemann-Liouville fractional integrals) Let f be a function
defined on [a, b]. The left and right Riemann-Liouville fractional integrals of order « for
function f denoted by ,D;*f(¢) and ,D;*f(¢) function, respectively, are defined by

Df(t) = ﬁ /Ot(t—s)"lf(s) ds, tela,bl,a>0,

— 1 T a-1
tDTf(t):m/t (t-95)""f(s)ds, telabl,a>0,

provided that the right-hand side integral is pointwise defined on [a, b].

Definition 2.2 (Left and right Riemann-Liouville fractional derivatives) Let f be a func-
tion defined on [a, b]. The left and right Riemann-Liouville fractional derivatives of order
o for a function f denoted by ,D¢f () and .Djf(t), respectively, are defined by

n

d
DYf(t) = ﬁaD‘:‘”f (t)

= 1 d” ' n—o—1
) mﬁfo (t—s)""f(s)ds, telabla>0,
dn
Dif () = (1) = DEF(2)
(=" a”

b
= T ﬁ/ﬁ (s—t)"“f(s)ds, telabl,a>0,
provided that the right-hand side integral is pointwise defined on [a, b].

Definition 2.3 (Left and right Caputo fractional derivatives) If « € (n — 1,n) and f €
AC"([a,b],R), then the left and right Caputo fractional derivatives of order o for func-
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tion f denoted by $D?f(¢) and $D%f(¢) function, respectively, are defined by

SDLf0) = D5 S O

1

= TC() /:(t_s)n_a—lf(n)(s) ds, te [ﬂ, b],a 50,

dn
£Dyf (@) = (-1)":Dy ™" ﬁf (t)

n b
- réf)[ (s— )" "(s)ds, telabla>0,

respectively, where ¢ € [a, b].

Lemma 2.1 ([25]) The left and right Riemann-Liouville fractional integral operators have
the property of a semigroup, i.e.

b b
/ [«D;*f(0)]g(e) dt = / [:D,°g®)]f(©)dt, «>0,

provided that f € L”([a,b],R), g € LY([a,b],R), and p > q, g > 1
q;/l,13+5:1+oz.

IA

l+aorp#1,

S -
=

Lemma 2.2 ([25]) Assume thatn—1<a <nandf € C"(a,b]. Then

D7 (SDEf(8)) = f(2) - Zf (a) (t—a

n-1
Dy (FDRF®) = (1) - Z( 1y{ (b—ty
j=0

fort e [a,b].

Lemma 2.3 ([25]) Assume that n—1 <« < n, then

-l 0 (g

CDEf(0) = D (E) - Zréf#(t <, telab,
j=0

CDf(t) = DY (t) - Z f () )(b—t)]“ t € [a,b).

3 Avariational setting

To apply critical point theory of the existence of solutions for boundary value problem
(1.1), we shall state some basic notation and results, which will be used in the proof of our
main results.

Throughout this paper, we assume that the following conditions are satisfied.

(Hy) f€CHR xR);
(Ha) £(£,0)=0=L(z,0) for every ¢ € R;
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(H3) fort€[0,T],x € R, one has

F(t,x) (Dla+ 1)

lim sup
W—o  |xlP prer

here
S
F(t,s) = / f(t,x)dx;
0
(H4) there exist constants u € (0,1/p), M > 0 such that
0<FE(t,x) < uxf(t,x), Vtel0,T],x€Rwith |x| > M;

(Hs) the map ¢t — t~?~Vsf(x, ts) is increasing on (0, +00), for every x € R and s € R.

In order to establish a variational structure which enables us to transform the existence
of solutions for boundary value problem (1.1) into the existence of critical points for the
corresponding functional, it is necessary to construct an appropriate function space. In

the following, we introduce some results from [13, 14].

Definition 3.1 (see [13, 14]) Let 0 < ¢ <1 and 1 < p < 0o. The fractional derivative space
E” is defined by

Eq? ={ue17([0, T1,R)|;DYu € L7 ([0, T], R), u(0) = u(T) = 0}

with the norm

ST

ltllap = (lll5y + |§DYu|?,)7,  Yue Eg?, (3.1)
where ||u||;» = (fOT |u(2) P dt)V'? is the norm of LZ([0, T],R).

Remark 3.1 For any u € Ey”, noting the fact that u(0) = u(T) = 0, we have {D%u(t) =
oDYu(t), DG u(t) = [D5u(t), t € [0, T].

Lemma 3.1 (see [13,14]) Let 0 <o <1and 1< p < 0o. The fractional derivative space Eg’p

is a reflexive and separable Banach space.

Lemma 3.2 (see [13,14]) Let 0 <a <1and 1< p < co. For u € Ey*, we have

T "
llullzr < m”gDr””w' (3:2)

Moreover, ifoa >1/p and 1/p + 1/q =1, then

1
T b
lulloo < 1605 ul| s (3.3)
I'(a)((e —1)g +1)4

where ||u|| o = maxe[o,7] |4(t)| is the norm of C([0, T], R).
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Remark 3.2 According to (3.2), we know that the norm (3.1) is equivalent to the norm of
the form

lllap = 6D (3.4)

uf -
Hence, we can consider Ey” with the norm (3.4) in the following analysis.

Lemma 3.3 (see [13,14]) Let O < ¢ <1 and 1 < p < 00. Assume that a > 1/p and the se-
quence {uy} converges weakly to u in Ey”, i.e. ux — u. Then ux — u in C([0, T],R), i.e.

ik — ttlloo > 0, k — o0.
Now we give the definition of weak solutions of boundary value problem (1.1).

Definition 3.2 By a weak solution of boundary value problem (1.1), we mean that the
function u € Ey” such that (-, u(-)) € L'([0, T, R) satisfies the following equation:

T T
/0 [:DG¢p (0D u()) |v(t) dt = /0 f&u@)v(e)dt, VveE”.

Then define the functional I : E;” — R by
1 7 T
Iw) == / | Du(e)|” dt - / E(t,u(p) dt, (3.5)
PJo 0

where F(¢,s) = [, f(t, 7)dt.

Next we will establish a variational structure of boundary value problem (1.1) on E”.
Also, we will show that the critical points of I are weak solutions of boundary value prob-
lem (1.1).

Remark 3.3 From Lemma 3.3, we can see that the functional u — fOT F(t,u(t))dt is
weakly continuous on Ey”. As the above functional is convex continuous and weakly con-
tinuous, we know that / is a weakly lower semi-continuous functional on Ey” with @ > 1/p.
Then following [26], we can see that I € C'(E;”, R) and we have

T T
I'(w)yv = / dp (605 u(t)) gD v(t) dt — / f(Lu@)v(o)dt, VveEy”. (3.6)
0 0

Lemma 3.4 Let 0 < o <1 and I be defined by (3.5). If (H,) is satisfied and u € E;” is a
solution of the corresponding Euler equation I'(u) = 0, then u is a weak solution of boundary
value problem (1.1).

Proof For u,v € E,”, by Remark 3.1 and Definition 2.2, one has

T

T
/0 [:D5¢p (0 D5 u(®)) |v(t) dt = /0 [:D5¢p (5D u(2)) |v(t) dt
T
- [ oL, (5]

T
= fo (D57, (505 u(t)) |V (1) dt.
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Thus, from Lemma 2.1, we have
T T
f [:D5¢p (0D u(0)) |v(2) dt = / Gp(§DF u())o DV (¢) dt
0 0
T
= f &p (5D u(t))§Dsv(t) dt,
0

which together with (3.6) and I’(#) = 0 shows that

T T
0=1'wv= [ [:D5¢y(oDu®)|vt)dt— [ f(t u(®))v(t)dt
0 0

for any v € E;”. Hence, according to Definition 3.2, u is weak solution of boundary value
problem (1.1). The proof is complete. O

4 Main result
In this section, we shall investigate the solvability of boundary value problem (1.1) with
the aid of the Nehari manifold method.

There is one-to-one correspondence between the critical points of I and weak solutions
of boundary value problem (1.1). Now, we define

N = {u € Eg? \ {0} (u)u = 0}. (4.1)

Then we know any non-zero critical point of I must be on . Define

T

T
Gu)=I'(u)u= /(; oy (gD‘;‘u(t))f)D‘t"u(t) dt - /0 f(t, u(t))u(t) dt. (4.2)

Lemma 4.1 Assume the hypotheses (Hy)-(Hs) hold. If u € N is a critical point of I| s, then
I'(u) = 0.

Proof For u € N, together with (Hs),
T ]
G (wu = fo Pdy (BD‘;‘u(t))gD‘;u(t) - ﬁf(t, u(t)) “u2(t) —f(t, u(t))u(t) dt
T
= /O pf (& u(t))u(t) - %f(t, u(t)) - u?(6) - f (& u(t))u(t) dt

= f(f(p = 1)f (& u(t))u(t) - ;—uf(t, u(t)) - u*(t)dt < 0. (4.3)

If u € N is a critical point of I| 5, then there exists a Lagrange multiplier A € R, such that
I'(u) = LG'(1). Then we have

I'(w)u=AG (u)u=0.

By (4.3), G'(#)u # 0, we have A = 0. So we can see that I'(z) = 0. The proof is complete.
O

Lemma 4.2 Assume the hypotheses (H)-(Hs) hold. For any u € Ey* \ {0}, there is a unique
y = y(u) such that y(u)u € N and we have I(yu) = maxy=o I(yu) > 0.
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Proof First, we claim that there exist constants ¢ > 0, p > 0 such that /(x) > 0 for all u €
B,(0)\ {0} and I(u) > o forall u € 3B,(0). That s, 0 is a strict local minimizer of . In fact,
by (Hs) we can see that there exist ¢ € (0,1), § > 0 such that

1-e) (T (a+ 1))1’| v

F(t,x) < xl?, tel0,T],x€R with |x| <4. (4.4)
prer
Letp = %8 >0and o = go”/p > 0. Then, by Lemma 3.2, we have
w1
letlloo < 1 ”u”ot,pZSr UGEg’p with ”u”a,p:pr

F(e)((@-1)g +1)4

which together with Lemma 3.2 and (4.4) implies that

1 T
I(u) = I;||u||§’p —/0 F(t, u(t)) dt
l” 2, - (1 )T (a +1)) / | ‘pdt

p o pTr
1 1-
> —lullf, ——Ilullp
p p
& o, .
= I;Ilull =0, VueEy” with|lulg,=p

Next, we claim that I(yu) — —00, as y — o0o. In fact, by (H,), there exists a constant A > 0
such that F(t,u) > A|u|%i for |u| > M. On the other hand, we can see that there exists a
constant B such that F(¢,u) > B for |u| < M. For any u € E;* \ {0}, y € R*, noting that
n€(0,1/p), we get

1 T
= — po_
1(yu) pllyulla,p /0 E(t,yu(t)) dt

yp T 1
< ;nuu{:,p—A/ lyu®)|* dt — BT
0

yP 1
= —llulf, Ay“ lul”, -BT
p Iz

— —00, y—> 00.

Let g(y) := I(yu) for y > 0. From what we have proved, there has to be at least one y, =
y(u) > 0 such that

g(y,) = max g(y) = maxI(yu) = I(y,u).
yz0 yz0
We will prove g(y) has a unique critical point for y > 0. Consider a critical point
g0)=I'(yuyu

1 T
- Sl [ e
y 0

=0.
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Then together with (Hs), we have

/" _p—l Taf(t’yu)
g (y) - y—2||yu”(’;,p_/0 B(yu)

o T (& yuu B Taft,yu)
= 1)/0 y /0 o) LY

u? dt

RPN [Ty, }
—y2 |:(p 1)/0 ft, yu)yudt /0 20u) (yu)= dt

< 0.

So we know that if y is a critical point of g, then it should be a strict local maximum. This
implies the uniqueness of the critical point. The proof is complete. d

Remark 4.1 From
J ! 1 !
g =I'lyuwu= ;I (yu)yu,

we see y is a critical point if yu € N. Define m = infxrI. Then we can see that m >
infagp(())l >0 >0.

Lemma 4.3 Assume the hypotheses (H1)-(Hs) hold and m = infxr I. Then there exists u €
N such that I(u) = m.

Proof From Remark 3.3, we can see that the functional u — fOT F(t,u(t))dt and I is a
weakly lower semi-continuous functional on Eg” with a > 1/p. Similarly we can see that
G is a weakly lower semi-continuous functional on Ey* with o > 1/p.

Since F(t,x) — uxf (¢, %) is continuous, there exists ¢ € R* such that

F(t,x) < pxf(t,x)+c, tel0,T],|x] <M.
Thus, together with (Hy4), we get
F(t,x) < pxf(t,x)+c, tel0,T],xeR. (4.5)
Let {ux} C Ey” where
|I(uk)| <K, I'(ug) - 0 ask— oo.
According to (3.6), one has
T
I g = e, — /0 6 u®) (o) d,
which together with (4.5) shows that

K > I(u)

1 T
- il [ F(u) de
p 0
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T
= Ll [ f(eu@)ato di e
0

(-
(-

where ¢ is a constant such that 1/p + 1/q = 1. Since I’(ux) — 0, there exists Ny € N such
that

’E

) luaicllF, , + I’ (i) g = T

*mlr—‘

ety = ), il T,

"t:lr—‘

1
K> (1—9 —u) Nkl , = Nkl =T, k>No.

It follows from p € (0,1/p) that {uy} isbounded in Ey”. Since E,” is a reflexive space, going
to a subsequence if necessary, we can assume that u; — u in E;”. Hence we have

(I'(wie) = I' () (e — ) = T’ () (e — ) — I' () (uae — 1)

(T Y T ey 7 Y

IA

-0, k— oo. (4.6)

Moreover, by Lemma 3.3, we see that u; is bounded in C([0, T], R) and ||ug — #] o — O as

k — 00. Then we get

/OT(f(t, ui(t)) = f (& u(0))) (ur(t) — u(®)) dt — 0, k — oo. (4.7)
Noting that

(I' () = 1' () (o — w0)

- [ laDr0) =0y (50)) 0 D1t
- /0 (1 0) — £ (60) (10— )

then from (4.6) and (4.7), we have

/OT(¢p (605 ux(9)) — ¢ (D5 u(2))) (5D ux(£) — § D5 u(2)) dt — 0 (4.8)

as k — oo.
Following [27], we can see that there exist ¢;, ¢, > 0 such that

T
| @0 (61m00) - 6,50 D500 - D5 ut0) s

a f0T|gD“uk(t> CD“ (>|Pdt p>2,

> o ¢ o
el D uy(t)- oDf u
cy fo IOD”uk MODQ —dt, l<p<2.
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When 1 < p <2, one has

T
/ |6 DX ui(t) — § DY u(t)|” dt
0

B < /T 6% i (1) — § D5 (e) > dt)’f’
=\ U5DFm(®1+ DEu®)>?

2-p

T 2
: </o (|6Df uic(0)] + |5D§‘u(t)|)"dt>

Noting that (s; +s3)7 <277L(s} +s}), where 51,52 > 0, y > 1 (see [28]), we have
T
/ |6 D i () — D u(t)|” dt
0

p

< (2, + i) ([ DO 5P N
=C3 uk”a,p"'”u”a,p) ¢ o ¢ o 2
0 (|0Dtuk(t)|+|oDru(t)|) »

with ¢z = 2-VC2)2 which together with (4.9) implies that

T
|| @600 - 0,5 5100)) (% ) 5Dy uto)

_2 p-2
pr

> cxey” (el + 1ull2,) 7 Nug -l 1<p<2. (4.10)

When p > 2, by (4.9), we get

T
| @61 0) - 6,50 (D500 - 5Dy ut0) s

> aillug —ullly ,, p=2. (4.11)

It follows from (4.8), (4.10), and (4.11) that
ok — tllep — 0, k— o0.

Namely {u} converges strongly to u in E;”. Since G is weakly lower semi-continuous and
{ur} € N, we have

G(u) < lim G(ug) =0

k— o0

and u #0. In fact, if u = 0, then u; — 0 in E;”. From G(uy) = 0, we get l4klla,, = O. This
is a contradiction with {u;} € V.

Then from Lemma 4.2, there exists a unique y > 0 such that yu € N. Together with the
fact that I is weakly lower semi-continuous, we have

m <I(yu) < lim I(yux) < lim I(yuy) < lim I(uy) = m.
k=00 k— 00 k— 00

Then we see that m is obtained at yu € N. The proof is complete. O
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Theorem 4.1 Assume the hypotheses (H;)-(Hs) hold, boundary value problem (1.1) has a
weak solution such that I(u) = m, i.e. there exists a ground state solution of boundary value
problem (1.1).

Proof By using Lemmas 4.2 and 4.3, we can see that there exists u € N such that I(«) = m =
infar 1. Then u is a critical point of /| . From Lemma 4.1 we have I'(x) = 0. So boundary
value problem (1.1) has a weak solution such that I(z) = m. The proof is complete. O

5 Anexample
In this section, we will give an example to illustrate our main result.

Example 5.1 Consider the following boundary value problem for a fractional p-Laplacian
equation:

1 1
D7d3(0D7 u(t) = cos® ¢ - u(t) lu(®)’, tel0,T], (5.1)
u(0) =u(T) =0.
Corresponding to boundary value problem (1.1), we see that p =3, o = %, and

ft,u) = cos®t - ulul®.
Then we have

F(t,u)zf f(t,s)ds=/ cos®¢t-s|s|> ds.
0

0

Obviously, (H;) and (H;) hold. Furthermore,

, E(t,u) (T(3 +1))?
lim sup > =0<——7—.
u—o |ul 37323

Then we see that (H3) holds. Choose u = i and M = 1. By a simple calculation, we can see
that

1
0<F(tu) < Zuf(t,u), vVt €[0,T],u € R with |u| > 1.

So, (Hy) holds. On the other hand, ~?Vsf(x,ts) = cos?x - £2s%|s|> is increasing on ¢ €
(0,+00), for every x € R and s € R. So, we see that (Hs) holds.

Then, boundary value problem (5.1) satisfies all assumptions of Theorem 4.1. Hence,
there exists a ground state solution of boundary value problem (5.1).
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