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Abstract

In this paper, we consider the existence of at least three positive solutions for the 2nth
order differential equations with integral boundary conditions

X200y = £(e,x(0), X" (@), ..., X2 V), 0<t<T,
{x<2f>(0) = [ k(sxP(s)ds,  xP(1)=0, 0<i<n-1,
where (-1)"f > 0/is continuous, and ki(t) € L'[0,1] (=0,1,...,n - 1) are nonnegative.
The associated Green’s function for the higher order differential equations with
integral boundary conditions is first given, and growth conditions are imposed on f
which yield the existence of multiple positive solutions by using the Leggett-Williams
fixed point theorem.

Keywords: boundary value problem; integral boundary conditions; positive
solution; fixed point theorem

1 Introduction

The multi-point boundary value problems (BVPs) for ordinary differential equations arise
in a variety of different areas of applied mathematics and physics. The study of nonlo-
cal BVDPs for second order ordinary differential equations has been widely investigated in
[1-3]. Since then, nonlinear high order nonlocal BVPs have been studied by many authors.
We refer the reader to [4—13] and references therein. Recently, Guo et al. [14] used Leggett-
Williams fixed point theorem to obtain the existence of at least three positive solutions for
the 2nth order m-point BVP

yO(8) = £, 5(8), 5" (), ..., y20 (@), 0<t<],
y#0)=0, YW =Y"Phpy®E), 0<i<n-1,

where k;; >0 (i=0,1,...,n-1;j=1,2,...,m—-2),0 <& <& < <&y 9 <1, and (-1)"f:
[0,1] x R" — [0, +00) is continuous.

BVPs with integral boundary conditions for ordinary differential equations represent a
very interesting and important class of problems and arise in the study of various phys-
ical, biological and chemical processes, such as heat conduction, chemical engineering,
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thermo-elasticity, underground water flow, population dynamics, and plasma physics.
Such problems include two-, three-, multi-point and nonlocal BVPs as special cases. The
existence and multiplicity of positive solutions for such problems have received a great
deal of attention; see [15-19] and references therein. In particular, we would mention the
result of [19], Zhang and Ge investigated the existence and nonexistence of positive solu-
tions of the following fourth-order BVP with integral boundary conditions

@(t) = ot )f(t x(t),x"(t)), O0<t<l,
x(O) = /5 g(s ds, x(1) =0,
x//(o - fo h(S // S, ( )

where w may be singular at £ = 0 and (or) t =1, f € C([0,1] x [0, +00) x (—00,0], [0, +00)),
and g, i € L'[0,1] are nonnegative.

Motivated by [14, 19], in this paper, we consider the existence of at least three positive
solutions for the 2nth order differential equations with integral boundary conditions

xP0() = f(t,2(0),%"(0),..., a2 (), 0<t<1,

x29(0) = [ ki(s)x (s)ds x@)(1)=0, 0<i<n-1, 1)

where (—1)"f > 0 is continuous, and k;(t) € L'[0,1] (i = 0,1,...,1n — 1) are nonnegative.
For more precise conditions on f, let (-1Y[a, b] = [a,b] if j is even and (-1Y[a, b] =
[-b,—a] ifj is odd. Let

l_[[dp [ﬂOr bO] X - [an—l’ bn—l]'

We shall require that

n-1

-1)"f :[0,1] x [ [(-1Y[0, +00) — [0, +00).

j=0
We shall suppose the following conditions are satisfied:

(H;) ki(¢) € L'[0,1] are nonnegative, and K; € [0,1), where
1
K, :/ (1-s)k(s)ds, 0<i<n—1;
0

(Hz) (=1)"f:10,1] x [T S (=1)[0, +00) — [0, +00) is continuous.

2 Preliminary results
Definition 2.1 Let E be a Banach space over R. A nonempty convex closed set K C E is
said to be a cone provided that

(i) aue K forallu € K and all a > 0;

(i) u,—u € K implies u = 0.

Definition 2.2 The map « is said to be a nonnegative continuous concave functional on
K provided that « : K — [0, 00) is continuous and

a(tx +(1- t)y) > ta(x) + (1-ta(y)
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for all x,y € K and 0 < ¢ < 1. Similarly, we say the map y is a nonnegative continuous
convex functional on K provided that y : K — [0, 00) is continuous and

y(tx+ 1-t)y) <ty(x) + 1-1)y(y)
forallx,ye Kand 0 <t <1.

Definition 2.3 Let 0 < a < b be given and let @ be a nonnegative continuous concave
functional on K. Define the convex sets P, and P(«, 4, b) by

P, = {x e K||lx|| < r} and P(a,a,b) = {x e Kla < a(x), ||x]| < b}.

Theorem 2.4 (Leggett-Williams fixed point theorem [20]) LetA : P, — P, be a completely
continuous operator and let a be a nonnegative continuous concave functional on K such
that a(x) < ||x|| for all x € P.. Suppose there exist 0 < a < b < d < c such that

(C1) {xePla,b,d)|a(x)> b} #0, and a(Ax) > b for x € P(«, b, d),
(Co) |Ax|| < a for ||x|| <a,and
(C3) a(Ax) > b forx € P(a, b, c), with ||Ax|| > d.

Then A has at least three fixed points x,, x,, and x3 such that
[l%1]] < a, b<a(xy) and |x3|l>a witha(xs)<b.

Remark 2.5 If we have d = ¢, then condition (C;) of Theorem 2.4 implies condition (C3)
of Theorem 2.4.

3 Preliminary lemmas
Lemma 3.1 Suppose (H;) holds. Then gi(t,s) <0 (0 <i < n-1), where gi(¢,s) is the Green’s

function for the problem

x"(£)=0, 0<t<l,
x(0) = [ ki(s)x(s)ds, (1) =0.

Proof 1t is easy to see that g;(¢,s) <0 (0 <i <n—1) by using Lemma 2.1 of [19]. O

Let Gi(t,s) = gy—2(¢,5), then for 2 <j < n —1, we recursively define
1
Gj(t, S) = / gn—j—l(t: T)Gj_l(T,S) dr.
0
Lemma 3.2 Suppose (H) holds. If y € C[0,1], then the BVP

:mezﬂg 0<t<l, (3.1)

*(0) = [3 knetin (6@ (s)ds,  x®)(1)=0, 0<i<l-1,

has a unique solution for each 1 <1 < n-1, where G(t, s) is the associated Green’s function
for the BVP (3.1).
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Proof We will prove the result by using mathematical induction.
When [ = 1, which implies that i = 0, then the BVP (3.1) reduces to

{x”(t) =y(t), 0<t<l, (3.2)

x(0) = fol k2 (s)x(s) ds, x(1) = 0.
By using Lemma 3.1, it is easy to see that the BVP (3.2) has a unique solution
1
x(t) = / Gi(t, s)y(s) ds.
0
Therefore, the result holds for / = 1.

We assume that the result holds for / — 1. Now, we deal with the case for . Let x”(¢) = u(¢),
then the BVP (3.1) is equivalent to the following BVPs:

() =ut), 0<t<l,
1 (3.3)
%(0) = [y kn-i1(s)x(s)ds,  x(1)=0
and
uPt(@) =y, 0<t<1,
oo 1 , , . (34)
u' (O) = fo kn_[.,.l‘(S)M(ZL)(S) ds, M(ZZ)(I) =0, 0<i<l-2
By applying Lemma 3.1, the BVP (3.3) has a unique solution
1
50 = [ guraltrutr) (35)
0

Replacing / by / -1 and x by u in (3.1), by applying the inductive hypothesis, the BVP (3.4)
has also a unique solution

1
u(t):/ Gi-1(2,8)y(s) ds. (3.6)
0

Substituting (3.6) into (3.5), we see that the BVP (3.1) has a unique solution

1 1
() = / Guia() f Groa(r,s)y(s) dsdr
0 0

1 1
= f ( f 8n-11(t, )G (1, 5) dr)y(S) ds
o \Jo

1
- / Gilt, $)y(s) ds.
0

Therefore, the result holds for /. Lemma 3.2 is now completed. d

For each 1 </ <wn -1, we define A;: C[0,1] — C[0,1] by

1
A;u(t):/ G(t,T)u(r)dr.
0
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With the use of Lemma 3.2, for each 1 </ < #n —1, we have
Aw)® (@) =u(), 0=<r<l,
(A ®0) = [3 kptsr @A @ () ds, A1) =0, 0<i<i-1.
Therefore (1.1) has a solution if and only if the BVP
u"(t) = f(t, Apau(t), Apau(t), ..., A1u(t),u(t)), 0<t<l, (3.7)
u(0) = [y ki (u(s)ds,  u(1)=0 '

has a solution. If x is a solution of (1.1), then u = x@*-1)

if u is a solution of (3.7), then x = A,,_; u is a solution of (1.1). In addition if (-1)"'u(¢) > 0
(#0) on [0,1], then x = A,,_yu is a positive solution of (1.1).
ForO<i<mn-1,let

is a solution of (3.7). Conversely,

1-t
m; = min / |gl(ts)|ds and M; = max/ |gl(ts)|ds (3.8)

te[r,1-7] J;

Obviously, 0 < m; < M;. Let E denote the Banach space C[0,1] with the maximum norm

|ze]| = max

and define the cone K C E by

K= {u € E|(—1)”‘1u(t) > 0,(-1)"u(t) is concave on [0,1],and

min_ (-1)"u(®) = 7?|ull}.
te[r,1-1]

Finally, we define the nonnegative continuous concave functional & on K by

o(u)= min |u |
telr,1-1]

for each u € K and it is easy to see that a(u) < ||u]|.

4 Main results
Theorem 4.1 Suppose conditions (H;), (Hy) hold. In addition assume there exist nonneg-
ative numbers a, b, and c such that0 <a < b < mln{r2 W }c and f(t, uy_1,Un_2,..., U1, Up)

satisfies the following growth conditions:

(Hs) (-1t thn-1sthnss- s uinsth0) < gy, for (bubn-y, by, i, th0) € [0,1] X
[T (F1Y1910, TS, Ml x (- Do)

(Ha) (C1f (6 ttnorsthnas o smrmi0) < gpt= for  (Gbnotsn-zs... ot th0) € [0,1] X
1_[1 1 (=170, 1_[“1 M,_a] x (-1)"71[0,al;

(Hs) (-1)"f(t, thy-1, ;.. ., U1, 4p) > L for (t, 1, Up—2y ..., U1, Ug) € [T,1 — 7] X
H}=n_1(—1>"*1*"[r1’,*§mn b, T15 Mai ] x (<) [b, 1.

Page 5 of 11
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Then the BVP (1.1) has at least three positive solutions x,, x,, and x3, which satisfy

||x(12("_1))(t )|| < a b< a(x(zz(”_l))(t)) and

||x3 D) (4 | >a with o:(x3 (t)) <b.
Proof Define the completely continuous operator A by
1
Au(t) = / 1t 8)f (5, Apauals), ..., Ayu(s), u(s)) ds
0

We will first verify that A : K — K. Let u € K, then (-1)"Au(t) > 0, (-1)"Au)"(t) =
(D)"Y (¢, Apau(®), ..., Ayu(t), u(t)) < 0,0 <t <1, and by Proposition 2.2 of [19], we have

lAul| = max |Au(?)|

te(0,1]
1
= max / gn_l(t,s)f(s,A,,_lu(s),...,Alu(s),u(s)) ds
te[0,1] 0
1 1—t¢ 1
= ten}g,)l(]/o [h(t,s)+ 1_I<n—1/(; h(s,t)k,,_l(t)dti|

xf(s,A,,_lu(s), .. Au(s), u(s)) ds

1 1
5/0 |:h(s,s)+ 1—}@1-1/ h(t,r)l(,,_l(r)dr]

X |f (8, Apa2a(s), ..., Ayus), u(s))| ds.

On the other hand, by Proposition 2.3 of [19], we obtain

min (1) Au(z)

telr,1-1]

1
= min (—1)"’1/ 1t 8)f (5, Anauals), ..., Ayu(s), u(s)) ds
0

te[r,1-1]

) 1 1-t 1
:ter[rg,llrjr](—l) / |:h(t s) + K /o h(s,t)k,,_l(r)dt]
xf(s,A,,_lu(s), . Au(s), u(s)) ds

1 1

X V(s, 1 U(8), ..., A1u(s), u s))| ds

> 2| Aul.

Consequently, A : K — K.
Itis a standard argument to show that the operator A is completely continuous. Equicon-
tinuity and uniform boundedness follow readily from the properties of G;, 1 </ <n-1.
If u € P,, then ||u|| < c. For each 1 <j < n -1, note that inductively (using (3.8)) we have

/G(ts ds
1] 0

|1A;ull = max
telo,

J+1

<1_[M,, iC.
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From the condition (H3) and (3.8), we obtain

[ Aul| = max |Au(t)|
te[0,1]

1
= ax / 1t 8)f (5, Ancaua(s), Ayous(s), ..., Aru(s), u(s)) ds
Al Jo
< t d =
—Mnlfé}g?/'g“ s)|ds=c.
So,A:P.— P,.

In a completely analogous argument, the condition (H4) implies the condition (C,) of
Theorem 2.4 is satisfied.
We now show that condition (C;) is satisfied. Note that, for 0 <¢ <1,

u(t):(—l)”‘lgep@,b,%) and a(u)= 2> b,

2

Thus,

{u eP(a,b, %) ’a(u) > b} Z0.
T

Also, if u € P(a, b, T%), then b < (-1)"lu(t) < T% for t € [1,1- 7], implies for each 1 <j <
n-1,t € [7,1- 7], inductively,

J+1

b
()" Au() < [ [Mo-i—,
i=2

j+1

>b/ ts)|ds>1_[mn,

(-4 u(t)—‘ / Gj(t, s)u(s) ds

With the use of condition (Hs) and (3.8), we get

1
a(Au) = min fgn_l(t,sy( s A u(s),. .., Ajuls), u(s)) ds
te[r,1-7]| Jo
1-t
> ter[nillg : / Gu1 (& S)f (8, Apaua(s), ..., Aquuls), u(s)) ds

> /Ignlts)|ds_
my,_ 1[6[1’1 7]

Therefore, condition (C;) is satisfied.

Finally, we show that condition (Cs) is also satisfied. That is, we show that if u € P(«, b, ¢)
and ||Au| > d = T%, then «(Au) > b. This follows since A : K — K. In particular, since
(=1)""}(Au) is concave and mine[r1-7(—1)" "2 (Au)(t) > 72| Aul|.

That is,

a(Au) = min |Au(t)| = t*||Aull > b.
ter,1-1]
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Therefore, condition (C3) is also satisfied. By Theorem 2.4, there exist three solutions
U1, Uy, uz € K for the BVP (3.7). Moreover, let

1
50 = A= [ Graleu s, i-1,23
0
then x1, x;, x3 are three positive solutions for the BVP (1.1) and satisfy

Consider the following 2nth order differential equations with integral boundary condi-

D) (¢) | <a, b< a(x2 (t)) and

(
x
(3 )4 | >a with a(x3 (n-1) (t)) <b. O

tions:

x@0(t) = f(£,x(2), 2" (t), ..., 220 D(r)), 0<t<1,
x®0)=0,  2®(1) = [k (s)x)(s)ds, 0<i<n-1, (4
where (-1)"f € C([0,1] x ]_[ L-1)[0, +00) — [0, +00)) and k(¢) € L'[0,1] (i = 0,1,...,n—
1) are nonnegative.

Now we deal with problem (4.1). The method is just similar to what we have done for
the problem (1.1), so we omit the proof of main results in this section.

For convenience, we list the following assumptions:

(H;) k;(¢) € L'[0,1] are nonnegative, and K;* € [0,1), where

K

l

1
:/ ski(s)ds, 0<i<m-1.
0

By analogous methods, we have the following results.

Lemma 4.2 Suppose (H}) holds. Then gi(t,s) <0 (0 < i < n - 1), where g} (t,s) is the

Green’s function for the problem

x"(t)=0, 0<t<l,
x(0)=0,  x(1)= [k (s)x(s) ds.

ForO<i<mn-1,let

1-t 1
m} = min / lg¥(t,5)|ds  and M;“:max/ g7 (t,5)| ds.

te[r,1-7] J; te[0,1] Jo

Theorem 4.3 Suppose condition (HY) holds. In addition assume there exist nonnegative

m*
M'l*i Yeand f(t, Uy 1, Uy ;... U1, Up) Sat-

numbers a, b, and c such that 0 < a < b < min{t?,
isfies the following growth conditions:

(H;) (_l)nf(t Un-1,Up-2; .-, U1, Uo) = M;:«—l’ fOV (& thy1, Uz, ..., U1, ) € [0,1] X%
[Tj-na (D710, T M el x (<1 [0,cl;
(Hé) ( 1) f(t Un-1)Un-2;..., U1, MO) < ﬁ’ fOV (t: Mn—l»btn—z,m,uhuo) S [0,1] X

[Ty (C1"7910, T, M;_al x (-1)"[0, l;
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(HZ) (_1)nf(t)un—1yun 25 1”1)”0) > mL fO}" (tyun—lyun—b«n:ubuo) € [T»l - T] X

T DI b T M 5] x (<116, 51,

Then the BVP (4.1) has at least three positive solutions xi, x,, and xs, which satisfy

[x2 D @)) <a,  b<a(@P" @) and

||x(32("71))(t) | >a with ot(x(gz(nfl))(t)) <b.

5 Example
Example 5.1 As an example of problem (1.1), consider the following sixth order BVP:

©)(£) = £ (&, 2(2), 8" (1), s (1)), 0=<t<1,
x(0) = [y x(s)ds,  x(1) =0,
x"(0) = fol sx(s) ds, x'(1)=0

4(0) = fol s2x@(s) ds, x®1) =0,

(5.1)

where
St uz, w1, u)
6,050 2+sin(t+uq +u:
841 Y0 (31 2, 0<up <1,
112,640 _ 6,050 _ 6,0507 . 2sin(t+ug+uz)
-[(6 x gz~ — %ar Mo — 1) + g 3 » 1=ug <2,
3 x 11725%450 uo - 2+sm(t;u1+u2) 2 <up < 32,
= 112,640 , (8 . 6,050 112,640
-[96 x S5 + (G X gy - 7559 ) (o —32)]
2ts
.w, 32 < uy < 256,
24sin(t
~256 x ©050 . Ztsinltun o) o > 256.

We notice that 7 =3, ki(s) =s' (i=0,1,2) and Ko = 3, K1 = ¢, K3 = 5.

If we take 7 = i, by calculation we obtain

mg = min/ |gots)|ds—3—54 Mo—maxf |g0(ts)’ds—g
]

tef0,1

tely,3 I
i 97 ! 121
m; = min / |g1(t,s)|ds =—, M, = max/ }gl(t,s)’ds =—,
tel},31J1 1,280 te[0,1] Jo 800
7,559
my = min / |g2(t s){ds = max/ |g2 (t, s)|ds— —
elt.31/1 112,640’ tef0,1]

In addition, if we take a =1, b = 2, ¢ = 256, then

O0<a=1<b=2<min rz,ﬂ c
M,

[/ 1\* 7,559 x 6,050
—min} (=), 22" U056 =16,
4] 7112,640 x 841

and f (¢, uy, uz, up) satisfies the growth conditions (Hs)-(Hs).
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Therefore all the conditions of Theorem 4.1 are satisfied. Hence, the problem (5.1) has
at least three positive solutions x1, x;, and x3, which satisfy

max |x1 ®)| <1, 2< ter[n%né |x(24)(t)| and
31<151<xl|x3 )| >1 with r{nn |x3 )| <2

Example 5.2 As another example of problem (4.1), consider the following sixth order

BVP:
©)t) = f(t, (), 2" (1), xV(2)), 0<t<],
x(0)=0,  x(1)=[;x(s)ds, 52)
x'(0)=0,  x"(1) = [ysx"(s)ds, ‘
@WO)=0,  *M(1) =[5 2xW(s)ds,
where
f(tr Uz, Ui, MO)
_&uo . 24sin(t+ug +up) 0< uy < 1
32 3 ’ <up =<1,
[(6 320679270 _ &)(u _ 1) 4+ 225 225 2+s1n(t;u1+u2)’ 1 <up < 2,
=] _3x 320079270 uo - 2+sm(t;u1+u2), 2 <up < 32,
—[96 32(?079270 + (% % % _ % x 32(?07920)(140 _ 32)] . 2+sin(t;u1+u2), 32 < uy < 256,
~256 x 22 . 2esinltrusi) 1o > 256.

We notice that 7 =3, kf(s) =s' (i=0,1,2) and K§ = 3, K{ = 1, K = 1.
If we take 7 = i, by calculation we obtain

3
i 35
m) = min / *(t,8)|ds = —, = max/ (t,s) ds-—
0 etd 3.1 [ | 384 Mg fis |
123 81
*— —_— _
mj —ter&&]/ lgi (t,5)| ds = T02d’ My = max/ lgi (&,5)| ds = =’
2,097 32
Y= t,s)|ds= ———, M = t,s)|ds= —.
i terﬁ,zl/ @9l ds= 255 2 fn[aX/ &5(65)]ds = oo

In addition, if we take a =1, b = 2, ¢ = 256, then

o oy mi) . [(1) 2,097 x 225 B
O<a=1<b=2<min T’M ¢=min 1) "30720 <32 x 256 =16,

5 30,720 x 32

and f (¢, uy, u1, ) satisfies the growth conditions (Hj;)-(Hj).
Therefore all the conditions of Theorem 4.3 are satisfied. Hence, the problem (5.2) has
at least three positive solutions x1, x,, and x3, which satisfy

gr<1§1<xl|x1 B <1, 2< IPIH ‘xz )| and

max |x3 (t)| >1 with mm |x3 (t)| <2.
O<t=<1 te[z
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