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Abstract

In this paper, we investigate the existence of solutions for fractional differential
equations of arbitrary order with nonlocal integral boundary conditions. The
existence results are obtained by applying Krasnoselskii's fixed point theorem and
Leray-Schauder degree theory, while the uniqueness of the solutions is established by
means of Banach's contraction mapping principle. The paper concludes with
illustrative examples.
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1 Introduction

The study of boundary value problems of fractional differential equations has gained con-
siderable attention and several interesting results involving a variety of boundary condi-
tions have appeared in the recent literature on the topic. The tools of fractional calculus
have been effectively employed to improve the mathematical modeling of several phenom-
ena occurring in scientific and engineering disciplines such as viscoelasticity [1], electro-
chemistry [2], electromagnetism [3], biology [4, 5], optimal control [6, 7], diffusion process
[8-10], economics [11], chaotic theory [12], variational problems [13], etc. For a theoretical
development of the subject, concerning the existence and uniqueness of solutions for non-
linear fractional order initial and nonlocal boundary value problems, we refer the reader to
[14—26] and the references cited therein. There has also been a great emphasis on studying
fractional differential equations supplemented with integral boundary conditions; for in-
stance, see [27—-32]. Motivated by recent studies of nonlocal nonlinear integral boundary
value problems of fractional order, we go a step further and consider a more general prob-
lem of nonlinear fractional differential equations of arbitrary order with nonlocal integral

boundary conditions. Precisely, we investigate the following problem:

Dy x(t) = f(t,x(t)), te],

1.1
28(0) = by + ftigk(s,x(s))ds, k=0,1,2,...,n-1,0 €J, (L)
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where J = [ty, T1, CDZ) is the Caputo fractional derivative of order «, n = [a] + 1, by € R,
and f,gx : J x R — R are given continuous functions.

The paper is organized as follows. In Section 2, we outline some basic concepts of frac-
tional calculus, and establish a lemma which plays a key role in the sequel. The main results
dealing with the existence and uniqueness of solutions for the problem (1.1) are discussed
in Sections 3 and 4. We make use of the standard tools of the fixed point theory to obtain
the desired results. The paper concludes with some interesting observations.

2 Preliminaries

First of all, we fix our terminology and recall some basic ideas of fractional calculus [14].
Let C(J,IR) be a Banach space of all continuous real valued functions defined on J en-

dowed with the norm defined by ||x|| = sup{|x(¢)|,t € J}.

Definition 2.1 The Riemann-Liouville fractional integral of order r for a function /4 €
C(J,R) is defined as

o= L [
I'h(t) = 0 ) oo ds, r>0,

provided the integral exists.

Definition 2.2 Let/: [y, 00) — R be such that # € AC"(J,R). Then the Caputo derivative
of fractional order r for / is defined as

CDZOh(t) = I — )" U ds, n-1<r<mn=[r]+1,

where [r] denotes the integer part of the real number r.

Lemma 2.3 Letx € AC"(J,R), f € AC(J,R), and ci € R, then

“Dg (1°f(t) = f(2),
1*(D§ x(2)) = %(2) + co + 1 (t — to) + ca(t — to)* + - -+ + cur (£ — t0)" .
The general solution of the equation CD‘;‘Ox(t) =0is

x(t) =co+ 1t —to) + ot —£0)* + -+ + cuun (£ — )" .

We need the following result in the sequel.

Lemma 2.4 Let {u,} be a sequence of real numbers, and n,k € N, such that 0 <k <n-1.

If v is a positive real number, then

n-k-1n—k-m-1
Vr+m

(_l)rwumﬁ-kw = Uk. (2.1)

Proof The left-hand side of equation (2.1) can be rearranged as

n—-k-1

> (S

0
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By a binomial expansion, the inner sum takes the form

1 & mer (M)

for all m > 1. This completes the proof.

3 Associated linear problem
In this section, we consider the linear variant of the problem (1.1) given by

DY x(t)=f(t), te,

0
x<k>(9)=bk+/gk(s)ds, k=0,1,2,...,n-1,0 €],

to

where x € AC"(J,R), f € AC(J,R) and g; € C(J, R).

Page 3 of 13

(3.1)

Lemma 3.1 The fractional boundary value problem (3.1) is equivalent to the integral equa-

tion

0
b + / gk(s)ds-lakf(e))u“f(t), te].

to

Proof For « = n, problem (3.1) reduces to the nth order classical problem:

a" ~
0=, te),

[
x<k)(9):bk+/gk(s)ds, k=0,1,2,...,n-1,0 €],

to

which can be integrated # times to have

n-1
~ (t _ Q)k 0 1 t e
x(t) = ,;20 k! (bk + /to gx(s) ds) + TR /{; (t—9)""f(s)ds.

Using binomial expansion, we find that

1
(n—1)!

/ t(t —8)" Y (s)ds
6

1
(n—-1)!

/ (-5 ds

to

! n-17
fm O L

0
:I"f(t)— (nil)!/t (t—9+9—s)”’1]~”(s)ds

0

n-1
_ny (t_e)k 1 ¢ n-k-17
-3 (G [ -t i)

. n-1 _ k .
-rfw -3 ),
k=0 ’

(3.2)

(3.3)
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which together with (3.3) yields (3.2). Next, for » — 1 < & < n, by Lemma 2.3, we have

n-1
If(e) = I (°D )x(t) = x(0) + ) exlt — to). (3.4)
k=0

Differentiating (3.4) k times, we get

n-k-1

2

m=0

(k + m)!

ekt = o)™ = I**F(2) — 2 (2), (3.5)

for 0 < k < n - 1. In view of the integral boundary conditions in (3.1), we can express

equation (3.5) in the form of the following array:

r }—;(9—1’0)1 %(9_t0)2 (Z ;;:(H—t())n 2 EZ } (Q—t)n U]
Lo-t)0 20-t) - &?w_ty3 ?%w—m
0 0 29 — £,)° RO -t RO -10)"
0 0 0 0 ("6,) 6-10)° O - t0)
0 0 0 0 0 - 5)° i
_ @ - - Iajc(@) —bo— ftﬁgo(s) ds
o 760) - by - [ @i(s)ds
s 1°2f(0) = by - [, &(s)ds

cua | |19 (0) ~ buoa — [}, gu-als) ds
Cu-1 | 17 (60) = by — Sy &n-1(5)ds |

Solving this system for ¢,, ¥ =1,2,...,n, we obtain

r-1 k 0
= 1 Z (-1)*(0 —tO) <1a n+r—kf( ) = byrak — / Gnrk(S) ds),

(n—r) P k! 0

which, for m =0,1,2,...,n -1, can be written as

1" (DO = 0 (i ’
en=— kXOj T"(z “F(0) = bk — / gm+k(s)ds). (3.6)

Indeed, by Lemma 2.4 with v = 0 — 5, and uy = I""ka( — by — ft gx(s) ds, (3.6) is a solution
of (3.5) with ¢ = . By means of (3.6) and (3.4), we obtain

n-k-1

v S (—1)7(6 — to)™ (t — to) o ok
x(t) = If t)+k2(; m?k‘ 0 (bm+k+ / Gmsk(8) ds — 17 f(9)>

to

m=0
which can alternatively be written as

n-1

0
x(e) = I°F(0) + 3 yle) (bk + / (s ds —I”‘kf(9)>, (37)
k=0 b
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where

(0 = 10) " (£ —t)"
vi() = Z(lk T

Next, for ty < 6 < T, it follows by a binomial expansion that

Ot K\ (=t )", sm Ot (-0 \ (-6)
vidld) = k! Z(m)(@—to) D= k! (Q—to)_ ko

which, on substituting in (3.7), yields (3.2).
On the other hand, applying the operator CD%, n-1<a <nto (3.2), and using
Lemma 2.3, we obtain (3.1). This completes the proof. d

Remark 3.2 We can solve different kinds of boundary value problems involving integral
(classical) and multi-point boundary conditions by applying the method of proof used for
Lemma 3.1. Here, we enlist the following two cases.

(a) The two-point boundary value problem of the form

C o
{ Dex(t) =f(@), tel, (3.8)

() =bo  AO(T) = by + o gds)ds, k=1,2,...,n-1,

has an integral solution given by

T—to)k—(T—t)k)

o -1
t)_b0+/ (t_s) 1 Z‘
to k=1

T T (7 _ oya—k-1_
x(bk+/ gk(s)ds—/ %f(s)ds), te].

(b) The integral solution of the three-point boundary value problem

Dex(t)=f(t), te],
x(to) = bo, xt)=b, to<t<T, (3.9)
x(k)(T)=bk+ft0gk s)ds, k=2,...,n-1,

is

t _ o)1 t _ o)1 —
x(t)=/t0 (tF(So)z) f(s)ds+bo—<bo—b1+/t uf(s)ds>t fo

o (o) 1 —1o

o (-1
+ L= t)(T = 1) = (¢ - ta)(T - to)* = (11 — to)(T - 1)\ ]
k=2 ’
1 T T (T _ S)ot—k—l "
X P (bk+/t‘0 gk(s)ds—/t0 7}_‘(0[_1() f(s)ds), te].

4 Main results
In this section, we show the existence of solutions for the problem (1.1) by applying some
fixed point theorems.
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In relation to the problem (1.1), we define the fixed point problem
Wy = x, (4.1)

where the operator ¥ : C(J,R) — C(J,R) is defined by

n-1 k _ a—k-1
W(t) = Z ¢ /:9) (bk +/ 2k (s,%(s)) / %f(s,x(s)) ds)

k=0

t (t— )a—l
+ /to F(Sa) £(5,%(5)) ds. (4.2)

Observe that the problem (1.1) has solutions if the operator equation (4.1) has fixed
points.

Lemma 4.1 The operator ¥ : C(J,R) — C(J,R) given by (4.2) is completely continuous.

Proof Obviously continuity of the operator W follows from the continuity of the functions
fand g, k=0,1,...,n — 1. Let Q be a bounded subset of C(J,R), then for any ¢ € J, and
x € , there exist positive constants Ly, and Ly, k = 0,1,...,n -1, such that If (&, x(2)| < Ly,
and |gx(¢,%(2))| < Lg. Then we have

|(Wa)(2)

n-1

0 (0 _ s)a—k—l

m lf(S, x(s)) | dS)

t_ek [
= (|bk|+ [ a5 s +
to

- to

t(t_ )a—l
/t F(Soz) [f(s,x(s))’ds

0

+

,_.

n—

lt-61
k!

IA

a—k a
(1014 0 -wte S )+ £

IMNoa—-k+1) ! +F(a+1) 4

>~
i

0

N
=

which implies that ||(Wx)|| < L. Furthermore,

(W) (t2) — (W) (1)

§Z|(t2_0)k (- 0)~|

0 _ oa—k-1
X (Ibk|+/ |gk(s,x(s))|ds+/ %[f(s,x(s)ﬂds)

to

5] |(t2 _ S)a—l _ (tl _ S)a—1| t (t2 _ S)a—l
+/£ @ [f(s>‘,x(s))|als+/t1 WV(S”C(S))WS

0

(2 —e)k (t )| (6 —to)**
SZ 2 1- (Ibk|+(9—t0)Lk+r(a_—(;<+1)Lf>

L
L
Mo +1)

(21t = 0] + (12 — £0)* = (&1 — t0)”

)
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which tends to zero independent of x as £, — £;. This implies that W is equicontinuous on /.
In consequence, it follows by the Arzela-Ascoli theorem that the operator W is completely
continuous. g

Our first existence result is based on Krasnoselskii’s fixed point theorem (4.2).

Theorem 4.2 ([33]) Let M be a closed convex and nonempty subset of a Banach space X.
Let A, B be the operators such that
(i) Ax+ By € M whenever x,y € M;
(ii) A is compact and continuous;
(iii) B is a contraction.
Then there exists z € M such that z = Az + Bz.

Theorem 4.3 Assume that

(A1) Foranyte] and k =0,1,...,n -1, there exist positive constants C; and Cy such that
[f (&%) —f(&,9)| < Crlx -1, |gk(t,%) — g(t,9)| < Clx -1,
Sorall x,y € R, and we can find s, i € C(J,R*) such that
Ift,0] <ur®),  |atx)| <ule), forallxeR;

(Ap) n<1, where

n-1

e (T-6) Cr(6 — to)**
n= ZO [Ck(e —to) + m]

Then the problem (1.1) has at least one solution on J.

Proof Let us define a set B, = {x € C(J,R): ||x|| <r}, where r is a positive constant satisfy-
ing the inequality

g+ Z (IhI+IIM I+l ||M>
—r( s k! AT T -+ )

Introduce the operators ® and ® on B, as

t _ a-1
(©@x)(t) = / %f(s,x(s)) ds,

n-l _p)k 0 a—k-1
@90 -3 7 (b [ alos f o) as).

k=0

For x,y € B,, t € ], using assumption (A;), we find that

—to)”
F( )II wrll

< |T -6 (6 —to)e*
b — L )<
+k:0 T <| k|+||uk||+||uf||r(a_k+1) <r

|Ox(t) + Dy(t)| <
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Thus, ®x + ®y € B,. By assumption (A;), for x,y € B,, t € ], we have

-1
— (T-6) Cr(0 —to)**
|(d>x><t)—<<1>y)<t>|s§ i [Ck(e—tmﬁ}ux—yu
< nllx-yl,

that is, ||(®x) — (Py)|| < nllx - y||. Since n <1 by (A;), ® is a contraction.
Continuity of f implies that the operator ® is continuous. Also, ® is uniformly bounded

on B, as

(1 tO)u
® < - 7 .
” x” = 1_,( +1) ||/'Lf||

Now we show the compactness of the operator ®. In view of assumption (A;), we define

sup  |f(t,)| = fnax < 00.
(t,x)€] x Br

Then, for t1,t, € J, we have

/“ [l —5)"" = (1 —9)"""]

|(©x)(&) - (©2)(11)] @)

-f (s, x(s)) ds

0

ty _ )41
+ / Mf(s,x(s)) ds

')
< fmax

2|ty — 11]* ty —tg)* — (t — tp)*
_F(a+1)(|2 U+ (2 — t0)* — (5 — fo)

)

which is independent of x and tends to zero as £, — £. So © is relatively compact on B,.
Hence, by the Arzela-Ascoli theorem, ® is compact on B,. Thus all the assumptions of
Theorem 4.2 are satisfied. Therefore, the problem (1.1) has at least one solution on /. This

completes the proof. d

Our next result deals with the uniqueness of solutions for the problem (1.1) and is based

on the contraction mapping principle due to Banach.

Theorem 4.4 Assume that (A;) holds and that B < 1, where

n-1
-0 00 ), (Tt
B= kXZO: X (Ck(9 —to) + me) + mcﬁ (4.3)

Then there exists a unique solution for the problem (1.1) on J.

Proof Setting sup,; |f(¢,0)| = Ay, sup,; |gk(Z,0)| = Ag, and

n-1

4 (T -6)k (0 —to)** (T —to)*
r>=Q1-p) [;; 0 (wH+AA9—m)+rm_k+ly#)+IY“+DAJ,
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we show that B, C B,, where B, = {x € C(J,R) : ||x|]| < r}. For x € B,, we have

n-1
|t—9|k 0 0 (9 _ )a—k—l
|Wx(t)| < Z k! (lbk| +/t0 !gk(s,x(s))‘ds+/;0 ﬁy(s,x(s)ﬂds)

k=0

t _ -1
U F(S<J)t) V(s, x(s)) ‘ ds

n-1 _9 k 0
= £ 0 | ('bk|+/t (g (s %()) — gi(s, 0)| + |gk(s,0)|) s
k=0 0
0 _ oya—k-1
¥ /t %(V(w(s)) ~f(5,0)] + |f(5,0)]) ds)
t _ o)1
+/t (tr(so)l) (If (s,%(5)) =f (5, 0)| + | f (s, 0)[) ds
n-1 0 k
= - X | (|bk| + (0 = to) (Crllxll + Ax)
k=0 '
0 —t a-k a
7;(0[ _‘;3+ D (Crllxll +Af)> (r(a +°) D (Crlixll + Ay)
- T -0k 0 — t)k T — )
skZ' e R VA RE e
=0

n-1

T-0* (0 —to)*™* (T -~ to)
+<Z (Ck(Q—to)+r(a_k+1)Cf>+ @ )Cf)n I

<{A-B)yr+Br=r.

Now, for x,y € C(J,R) and for each ¢ € /, we obtain

|(Wx)(2) = (W) (1)

SO oty O
S Fla—k+1)

G ey

*Ta+n?

n-1

|T - 9|k 6 —to)** (T —tp)*

<< L (C" D e kDY) Tarn & )1
<Ble—yl,

where 8 is given by (4.3). As B <1, ¥ is a contraction. Thus, the conclusion of the theorem

follows by the contraction mapping principle. This completes the proof. O

Theorem 4.5 Letf,gi:J xR — R (k=0,1,...,n-1) be continuous functions and let there
exist positive constants Dy, Er, Dy, Ex, M, and N such that

[f(t,x)| < Dylxl +Ef,  |g(t,%)| <Dilxl +Er, Vie],x€R,
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n-1
T —ty)* |T 9|’< Ef(0 - t)**
M: —t)E + 21— ,
F(a+1) Tk <|bk|+(9 WE Tk ) 7O
DH(T —to)* AT -0k Dr(0 — to)**
DTl NTOF (o O
Mo +1) P k! MNoa-k+1)

Then the problem (1.1) has at least one solution on J.

Proof Define a suitable ball Bx C C(J,R) with radius R > 0 as Bg = {x € C(J,R) : ||x|| < R},
where R will be fixed later. Then it is sufficient to show that ¥ : By — C(J, R) satisfies

0¢ (I-2V)(dBg), (4.4)
for any x € 9By, and A € [0, 1]. Define the homotopy

h(x)=HOMx)=x—-AVx, xecC(,R),Aec][0,1].
Then, by the Arzela-Ascoli theorem, /4, is completely continuous. If (4.4) is true, then
the Leray-Schauder degrees are well defined. Let I denote the identity operator. Then the

homotopy invariance and normalization properties of topological degrees imply that

deg(h;., B, 0) = deg((I — AW), B, 0) = deg(h, Br, 0)
= deg(hO: BR) O) = deg(lr BR; 0) = 1,
since O € Bg. By the nonzero property of the Leray-Schauder degree, /1;(x) =x — Wx =0

for at least one x € Bg. In order to find R, we assume that x(z) = AWx(¢) for some A € [0,1]
and for all £ € /. Then

<)
t (t— )o:—l
= [A ()| Sft ﬁy(s,x(smds

n-1 _ o)a—k-1
+Z(t klg) (|bk|+/ |gksxs) |ds+f 6—s) ( x(s))’ds)

pry INCE k
=SB (14 6 - )@l + £ + E (i 4 )
ST\ TR B R Ty T

(t—t0)*

D E,

+ LR oy + )

_E(t-1)" ! k Ef(0 —to)**

f( 0) . [t - 9| (Ibk|+(9—t0)Ek+ (0 — o) )

Ia+1) P IMNa-k+1)

Dyt —to)* <X |t-0IF Dy(0 - to)**
+ (71“(04 D + 2T ((9 —to)Dy + To—keD > [l]]

0

=M+ Nllx|,
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which, after taking the supremum norm and solving for |x||, yields

M
Ixll < ——
1-N’
Letting R = Ml‘_ ]X[” , (4.4) holds. This completes the proof. d

Remark 4.6 Following the method of proof employed in this section, we can obtain the
existence results for nonlinear variants of problems (3.8) and (3.9).

Remark 4.7 (Special cases) We obtain the existence results for an initial value problem
with initial conditions: x(8) = by, k = 0,1,2,...,n—1by taking 6 = t; in the results of this
paper. In this case, the operator given by (4.2) takes the form

-1

= t)k 1 [ o
Z 0 m/to (t-s) 1f(s,x(s))als

k=0

Further, our results correspond to the ones for a problem with classical nonlinear integral

conditions:
T
(k)(T) =bi + / gk(s,x(s)) ds, k=0,1,2,...,n-1,
to

if we fix 8 = T in the obtained results.

Example 4.8 Consider the following nonlinear fractional boundary value problem:

16( 1+\x( )\) 16’ (4.5)

CD*/_ x(t)— oL, 7 te[O 1],
1+f0 D sin(% )ds, k=0,1,2,3.

Here o = /10,0 = 0.5, by = 1, f(¢,x(t)) = % + 1¢, and g (t,x(2)) = 2(k+1) s1n( )). With
the given values, it is found that 1/ (¢) = & 16, wi(t) = ,:rl with [lusll = 3, llpkll = k+1)

2,
k=0,1,2,3, and

5.1 (3)viok
"= Zok_[ (k+1) 16T (/10 -k +1)

] ~0.333942 <1,

that is, the assumption (A;) of Theorem 4.3 is satisfied. Thus, all the conditions of Theo-
rem 4.3 are satisfied. Hence the problem (4.5) has a solution on [0, 1]. Also 8 given by (4.3)
is such that g >~ 0.3424.07 < 1. This suggests that the problem (4.5) has a unique solution
by the conclusion of Theorem 4.4.
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