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Abstract

In this paper, we present the abstract results for the existence and uniqueness of the
solution of nonlinear elliptic systems, parabolic systems and integro-differential
systems involving the generalized (p, g)-Laplacian operator. Our method makes use of
the characteristics of the ranges of linear and nonlinear maximal monotone operators
and the subdifferential of a proper, convex, and lower-semi-continuous functional,
and we employ some new techniques in the construction of the operators and in
proving the properties of the newly defined operators. The systems discussed in this
paper and the method used extend and complement some of the previous work.

MSC: 47H05; 47H09

Keywords: maximal monotone operator; coercive; (p, g)-Laplacian; parabolic
systems; elliptic systems; integro-differential systems

1 Introduction and preliminaries

1.1 Introduction

Nonlinear boundary value problems involving the generalized p-Laplacian operator arise
from many physical phenomena, such as reaction-diffusion problems, petroleum extrac-
tion, flow through porous media and non-Newtonian fluids, just to name a few. Hence, the
study of such problems and their generalizations have attracted numerous attention in re-
cent years. For example, based on Calvert and Gupta’s [1] result on perturbations of the
ranges of m-accretive mappings (stated as Theorem 1.1 in Section 1.2), Wei and Agarwal
[2] have studied the following nonlinear elliptic boundary value problem involving the

generalized p-Laplacian:

—div[(Cw) + [Vuul?) 2 V] + eluli2u + g(w, u(x)) = f(x), ace.in <,

p-2 (11)
—(9,(C(x) + |Vul®>) T Vu) € Be(u(x)), a.e.onT,

where 0 < C(x) € L#(R2), B, is the subdifferential of a proper, convex, and lower-semi-
continuous function, ¢ is a non-negative constant and ¢ denotes the exterior normal

derivative of I". It is shown that (1.1) has solutions in L*(2) under some conditions, where

%<p§s<+oo,1§q<+ooifpzN,and1§q§NN—iifp<N,forN21.
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Recently, the work on the generalized p-Laplacian operator problem (1.1) is extended to
the so-called p-Laplacian-like problem

—(8,(C() + |[Vul?) 2 | V" ' Vu) € B(u), onT. 12)

{ —div[(C() + |Vul?) 3 Vi Vu] + e|u|i2u + g(x, u(x)) = f(x), in$,
Using Theorem 1.1 again, it is shown in [3] that (1.2) has solutions in I7(2) under some
condltlons,where <p< +00,1 <g<+o0ifp>N,and1 <q< =L 1fp<N for N > 1.

Since one system, expressed by one equation, interacts with another system in reality,
the study of nonlinear systems with (p, g)-Laplacian is also an important topic. In the non-
Newtonian theory, the quantity (p, q) is a characteristic of the medium. Media with (p, q) >
(2,2) are called dilatant fluids, those with (p,q) < (2,2) are called pseudodoplastics, and if
(v, 9q) = (2,2), they are called Newtonian fluids. The studies on the p-Laplacian boundary
value problems have been extended to cases of nonlinear Neumann elliptic systems with
(p,q)-Laplacian. For example, in [4] the following system with Neumann boundaries has

been discussed:

—Apu + 1 ulP~2u + g(x, ulx), v(x)) =fi(x), ae.in$,

—Agv + &V + g(x, v(x), u(x)) = fo(x), ae.inQ, (1.3)
—(8,|VulP2Vu) € B,(u(x)), ae.onT, '
—(9,|VV|T2Vy) € B,(v(x)), ae.onT.

Inspired by Theorem 1.1 again, a sufficient condition on the existence of a solution in
L7(Q2) x L1(R2) is presented in [4].

On the other hand, based on Brezis’ result [5] (stated as Theorem 1.2 in Section 1.2),
Wei et al. [6] have studied the following nonlinear Dirichlet elliptic system in W?(Q) x
Wha(Q):

—Apu+e1|ulP?u— Agv+ e[V|72v = f1(x) + fo(x), a.e. in €,

1.4
nu =g (x), yov =go(x), a.e.onT, 14

and then extend (1.4) to the following two cases with generalized (p, q)-Laplacian:

—div(er (grad u)) + &1 |ul?P2u — div(aa(grad v)) + &5 |v|7 2y
=filx) + fo(x), ae.inQ, (1.5)
yiu = gi(x), v =g(x), aeonl

and

—div[(C (%) + | Vul2) T V] + 1 ulP2u — div[(Cy(x) + [V V[2) 2 Vo] + 5 |v]7 2w
=fi(x) + fo(x), a.e. in, (1.6)
yu = gix), vav=g(x), ae.onT.

Integro-differential equation is also a much-studied topic in applied mathematics. Most
of the existing techniques used to discuss the existence and uniqueness of the solu-
tion to integro-differential equation involves the finite element method. In [7], a new
method based on a result of Zeidler [8] (stated as Theorem 1.3 in Section 1.2) is employed
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to tackle the following nonlinear integro-differential equation involving the generalized

p-Laplacian operator with mixed boundary conditions:

—div[(C(x, t) + |Vu|2)p%2Vu] +elul’u+al [qudx
=f(x1t), (x1t)€ Q x (0,7),
—(0,(Clx,8) + | Vul>) T VM) €pi(w), xt)el x(0,7),
ulx,0)=uxT), xecQ.

1.7)

It is proved that (1.7) has a unique solution in L?(0, T; W'?(Q)), where 1 < g < p < +00.
Inspired by the work on (1.7), the following nonlinear integro-differential system involv-
ing the generalized (p, q)-Laplacian is investigated in [9]:

WD iv[(Cy£) + [Val?) T Va4 ealul 2w+ g1, Vio) 4 @ 2 [ uda
=filxt), (%t e x(0, T)
3"“ —div[(Cyl, 2) + |[VV]2)* 7 Vvl + ea|vf v + go(x,v, Vv) + as L [ vdx
- fz(x, £), (xt)eQx(0,T) (1.8)
—(9,(Co(x, £) + [Vul?) T V) € Bu), (x,8) €T x (0, T),
—(9,(Colx, ) + VU2 V) € Buv),  (x,8) €T x (0,T),
u(x,0) = u(x, T), v(x,0)=v(x,T), x€€,

where Vu = (axl , 3"7”2 . 8xN) and x = (x1,%,...,%4y) € Q. Based on a result of [10] (stated

as Theorem 1.4 in Section 1.2), the existence of the unique non- trivial solution of (1.8) in
17(0, T WLP(Q)) x L1(0, T; W4(Q2)) is presented, whereN >1

and <s<m1n{q,q}<+oo (Here,;+ =1, —+ =1)

, N 1 <r <min{p,p'} < +o0,

Parabollc equations are equally important as elhptlc equations and integro-differential
equations. The generalized (p, )-Laplacian parabolic equation with mixed boundaries has
been extensively studied in [11],

—div[(C(x, t) + |Vu|2) Vu] +elulPPu=f(xt), xt)eQx(0,T),
—<19, (Clx,t) + |[Vu2) Vu) € B(u) — h(x,t), (x,t) €T x (0,7), (1.9)
ulx,0)=uxT), xe.

It is shown that (1.9) has a unique solution in L?(0, T; W?(2)) where p > 2. The discus-
sion of (1.9) in [11] is mainly based on Theorem 1.2 and a result of Reich [12] (stated as
Theorem 1.5 in Section 1.2).

From the above research, we notice that it is not easy to check the assumptions pre-
sented in Theorems 1.1-1.5. As such we are motivated to extend the previous work to new
problems and also to simplify the proof of the result. Indeed, motivated by the systems
(1.4)-(1.6), (1.8), and (1.9), in this paper we shall employ a result of Zeidler [8] (stated
as Theorem 1.6 in Section 1.2) as the main tool to obtain sufficient conditions for the
existence and uniqueness of solutions for three nonlinear systems - the first is a nonlin-
ear elliptic system involving the generalized (p, g)-Laplacian with Neumann boundaries,
the second is a nonlinear parabolic system involving the generalized (p, q)-Laplacian with
mixed boundaries, and the third is a nonlinear integro-differential system involving the
generalized (p, ¢)-Laplacian with mixed boundaries. The three systems considered are as

Page 3 of 24
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follows:

—div[(Ci(x) + IVMIZ)!%2 Vul + e1|u|2u — div[(Cy(x) + |Vv|2)§ V]
+ &2 [VIS2v + g (x, u, Vi) + g2 (x, v, VV)
=) +fox), % e Q, (1.10)
—(0,(C1 (%) + | Vu|? ) = Vu) — (3, (Cyx) + | Vv|? )
€ Bu(u) + Bx(v), x€T;

dnl) _ div[(Cy (v, £) + IVul?) 52 V] + &1 |ul”2u +g1(x, 1, V) + 240
—div[(Calx, 8) + VY2 T VV] + &V + g%, v, V)
=il 1)+ falx,t), (1) eQx(0,T),
~(9,(Cil5,8) + [Vu) T Vi) = (9, (G, 1) + [V02) 2 V)
€ Bu(u) + Bx(v), (x,2) e’ x(0,7),
ux,0) = ulx, T), v(ix,0)=vix, T), xe€;

(1.11)

”’”) dlv[(Cl(x, £) + |Vul) 7 Vu] +e|lul2u +g1(x, u, Vu)
+ar L [ udx+ 220 B"’” le[(Cz(x, )+ |Vv2)s Vv]
+ & V2 + go(x, v, VV) +ard [ovdx
=)+ falx,t), (1) e x(0,T), (1.12)
(0, (G0, 0) + [Vu) T Var) = (9, (Cal, 1) + [V0) 2 W)
€ Bu(u) + Bx(v), (x,2) e’ x(0,7),
u(x,0) = u(x, T), v(x,0)=v(xT), xec.

The investigation of systems (1.10)-(1.12) will be presented in Sections 2-4, respectively,
and more details of these systems will be introduced in these sections. Finally, in Section 5
we shall present some examples of (1.10)-(1.12).

1.2 Preliminaries

Let X be a real Banach space with its dual X* being strictly convex. We shall use (-,-)
to denote the generalized duality pairing between X and X*. For any subset G of X, we
denote by int G its interior and G its closure, respectively. For two subsets G; and G, in
X, if G; = G, and int G; = int G,, then we say that G; is almost equal to G,, denoted by
G1 >~ G,. We use ‘w-lim’ to denote the weak convergence. A mapping T : D(T) = X — X* is
said to be hemi-continuous on X [13] if w-lim,_,o T'(x + ty) = Tx, for any x, y € X. A mapping
T :D(T) = X — X* is said to be demi-continuous on X [13] if w-lim,,_, o Tx, = Tx, for any
sequence {x,} strongly converges to x in X.

Let J, denote the duality mapping from X into 2X°, which is defined by

X = {f € X" f) = Il IFI = =), xeX,

where r > 1 is a constant. If r = 2, then we use J to denote /5, which is called the normalized
duality mapping. It is well known that, in general, J,(x) = ||x||"~%/(x), for all x # 0. Since X*
is strictly convex, J is a single-valued mapping [1, 14].

A multi-valued mapping B: X — 2X" is said to be monotone [14] if (u1 — uz, w1 —w3) > 0,
for any u; € D(B) and w; € Bu;, i = 1,2. The monotone operator B is said to be maximal
monotone if R(J + rB) = X*, for any r > 0. The mapping B: X — 2X" is said to be strictly
monotone [14] if (ug — us, w1 —wy) = 0, for w; € Bu;, i = 1,2, implies u; = uy. The mapping B
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is said to be coercive [13, 14] if lim,,_, yo0 (%, %)/ [|%, || = +00 for all x,, € D(B), x}; € Bx,, such
that lim,,_, o0 [|%,]| = +00.

Let B: X — 2% be a maximal monotone operator such that 0 € B0, then the equation
J(u; — u) + tBu; > 0 has a unique solution u, € D(B) for every u € X and ¢ > 0. The resolvent
]tB and the Yosida approximation B, of B are defined by ]fu =u; and B;u = —%](ut — u) for
allu € X and ¢ > 0 [14].

For k € (00, +00), a multi-valued mapping A :D(;l) C X — 2X is said to be k-accretive
[10] if

(vi = va, J(uy — ) = kllug — us 1%, (1.13)

foranyu; € D(A) andv; € Aul, i =1,2.For k > 0 in inequality (1.13), we say that A is strongly
accretive while for k = 0, A is simply called accretive. An accretive mappmg A is said to
be m-accretive if R(I + LA) = X for some A > 0. We say that a mapping A:X > 2% is
boundedly-inversely-compact [1] if, for any pair of bounded subsets G and G’ of X, the
subset GNA(G) is relatively compact in X.

Let C be a closed convex subset of X and let A : C — 2X"be a multi-valued mapping.

Then A is said to be a pseudo-monotone operator [14] provided that
(i) for eachx € C, the image Ax is a non-empty closed and convex subset of X*;
(i) if {x,} is a sequence in C converging weakly to x € C and if f, € Ax,, is such that
limsup,,_, o (*x —,f,) < 0, then to each element y € C, there corresponds an
f(y) € Ax with the property that (x — y,f(y)) < liminf,_, oo (%, — %, £,);
(iii) for each finite-dimensional subspace F of X, the operator A is continuous from
C N F to X* in the weak topology.

A function ® is called a proper convex function on X [14] if ® is defined from X to
(—00, +00], not identically +00, such that ®((1 - 1)x + Ay) < (1-1)P(x) + AD(y), whenever
xyeXand0 <A<l

A function ® : X — (—o00,+0o¢] is said to be lower-semi-continuous on X [14] if
liminf,_,, ®(y) > ®(x), for any x € X.

Given a proper convex function ® on X and a point x € X, we denote by d®(x) the set
of all x* € X* such that ®(x) < ®(y) + (x — y,x¥), for any y € X. Such element x* is called
the subgradient of ® at x, and d®(x) is called the subdifferential of ® at x [14].

For easy reference of the reader, Theorems 1.1-1.5 mentioned in Section 1.1 are stated as
follows.

Theorem 1.1 [1] Let X be a real Banach space with a strictly convex dual space X*. Let
Jr : X — X* be a duality mapping on X and there exists a function n: X — [0, +00) such
that for all u,v € X,

WJru =TIl < n(u—v). (1.14)

Let A,Cy : X — 2% be accretive mappings such that
(i) either both A and C; satisfy the following condition (1.15), or D(A) C D(C;) and C;
satisfies the condition (1.15):

foru € D(A) and v € Au, there exists a constant C(a, f) such that

(1.15)
(v—f,J-(u—a)) = C(a,f);
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(i) A+ Cy is m-accretive and boundedly-inversely-compact.

Let Cy : X — X be a bounded continuous mapping such that, for any y € X, there is a
constant C(y) satisfying (Co(u + ), J,u) > —C(y) for any u € X. Then the following results
hold:

(@) [R(A) + R(C)] CR(A+ C + Cy);

(b) int[R(A) + R(Cy)] C intR(A + C; + Cy).

Theorem 1.2 [5] Let T : X — X* be a bounded and pseudo-monotone operator, and K be
a closed and convex subset of X. Suppose that ® is a lower-semi-continuous and convex
function defined on K, which is not always +00, such that ®(v) € (—o00, +00], for any v € K.
Suppose there exists vy € K such that ©(vy) < +00, and

v=vp, Tv) + ®(v)
vl

’

as ||v|| = oo, v € K. Then there exists u € K such that (u — v, Tu) < ®(v) — ®(u), for all
vek.

Theorem 1.3 [8] Let X be a real reflexive Banach space with X* being its dual space. Let
C be a non-empty closed convex subset of X. Assume that
(i) the mappingA:C — 2X" is a maximal monotone operator;
(i) the mapping B: C — X* is pseudo-monotone, bounded, and demi-continuous;
(ili) if the subset C is unbounded, then the operator B is A-coercive with respect to the
fixed element b € X*, i.e., there exist an element uy € C N D(A) and a number r > 0
such that

(u — uo, Bu) > (u — uo, b), (1.16)

forallu e Cwith |u| >r.
Then the equation b € Au + Bu has a solution.

Theorem 1.4 [10] Let X be a smooth Banach space, A : D(A) C X — 2X be an m-accretive

mapping, and S : D(S) C X — X be continuous and strongly accretive with D(A) C D(S).
Then, for any z € X, the equation z € Sx + AMx has a unique solution x;, for any X > 0.

Theorem 1.5 [12] Let X be a real reflexive Banach space with both X and X* being strictly
convex. Let ] : X — X* be the normalized duality mapping on X. Let A and B be two max-
imal monotone operators in X. If there exist 0 < k <1 and Cy, Cy > 0 such that

(a, ] Bw)) = —k||Bv|* - Ci[|Bv]| - Cs, (117)

foranyv e D(A),a € Avand t > 0 (B, is the Yosida approximation of B), then R(A) + R(B) ~
R(A + B).

The following results will be needed in subsequent discussion.

Lemma 1.1 [14] If A and B are maximal monotone operators in X such that (int D(A)) N
D(B) # 0, then A + B is maximal monotone.
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Lemma 1.2 [14] If ® : X — R is proper, convex, and lower-semi-continuous, then 3 is

maximal monotone.

Lemma 1.3 [14] IfB: X — 2X" is everywhere defined, monotone, and hemi-continuous,

then B is maximal monotone.

Theorem 1.6 [8] Assume that X is a real reflexive Banach space and the following condi-
tions hold:
(H1) The linear operator L : D(L) € X — X* is maximal monotone in X.
(H2)
(H3) The functional ¢ : X — (—00, +00] is convex, lower-semi-continuous, and ¢ # +00.
(H4)

The operator A : X — 2X" is monotone.

One of the following conditions is satisfied:

(H4.1) A:X — X* is single-valued and hemi-continuous;

(H4.2) A is maximal monotone and int D(A) N D(d¢) # ¥;

(H4.3) A is maximal monotone and D(A) Nint D(d¢) # @.

(H5) Thesum L +A + ¢ : X — 2% is coercive with respect to 0, i.e., there exist r > 0
and uy € D(L) N D(A) N D(d¢) such that

(u — U, u*) >0,

forall (u,u*) € L +A + d¢ with ||u|| >r.
(H6) D(L)ND(A + d¢) # 0.
Then the equation

Oclu+Au+dp(u), uel,

has a solution.

Definition 1.1 For 1 < p < +oo0 and 1 < g < +00, we use Y to denote the product of
two spaces W#(Q) and W(Q), i.e., Y = W(Q) x WH(Q) = {(u,v) : u € WP (Q),v €
W4(Q)}. The dual space of Y will be denoted by Y*. Also, Y will be endowed with the

norm

l@n)|y = J1ull o + V2,0 V)€Y,

where || - [l10 and || - [l1,5,o denote the norm in W'*(Q) and W4(Q), respectively.

Definition 1.2 [15] For 1 < p < +00, let L7(0, T;X) denote the space of all X-valued
strongly measurable functions x(t) defined a.e. on (0, T) such that [x(¢)|% is Lebesgue
integrable over (0, T). It is well known that L?(0, T; X) is a Banach space with the norm
defined by ||x| (0, 1;x) = (fOT ll(£) I dt)% .If X is reflexive, then L? (0, T’; X) is reflexive, and
its dual space coincides with L7 (0, T; X*), where }7 + 1% =1. Moreover, L(0, T; X) is reflex-
ive in the case when X is reflexive, and L?(0, T; X) is strictly (uniformly) convex in the case

when X is strictly (uniformly) convex.

Definition 1.3 For 1 < p < +00 and 1 < g < 400, we use Z to denote the product of
two spaces L7(0, T; W'(Q)) and L1(0, T; W“4(R)), i.e., Z = LP(0, T; W"?(2)) x L1(0, T;
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Wh(Q)) = {(u,v) : u € LP(0, T; W (R)),v € L1(0, T; W4(Q2))}. The dual space of Z is de-
noted by Z*. Also, Z will be endowed with the norm

— 2 2
||(I/i, V) ||Z - \/HMHLP(O,T;WLP(Q)) + ”v”L‘I(O,T;erq(Q))’ (Ll, V) € Z'

2 Discussion of (p, g)-Laplacian elliptic system (1.10)
Throughout the paper, we shall assume that

1 1 1 1 2N
>1, <P <400,
/ q 49 N+1 N+1

< g < +00,

2N
N+1

<s<min{q,q'} < +o0.

. /
<r§m1n{p,p}<+oo, N7l

In (1.10)-(1.12),  is abounded conical domain of the Euclidean space RY with its bound-
ary I' € C1, ¥ denotes the exterior normal derivative to I', and &1 and &, are non-negative
constants. Let ¢ : I' x R — R be a given function such that, for each x € T, ¢, = ¢(x,) :
R — R is a proper, convex, and lower-semi-continuous function with ¢,(0) = 0. Let 8, be
the subdifferential of ¢,, i.e., B, = d¢,. Suppose 0 € B,(0) and for each ¢ € R, the function
xeT — (I +AB,)"(t) € R is measurable for A > 0.

In (1.10)-(1.12), suppose that g; : @ x RN*! — R are given functions (i = 1,2) satisfying
the following conditions, which can be found in [8, 16]:

(a) Carathéodory’s conditions.

Fori=1,2, x — gi(x,r) is measurable on &, for all r € RN*L; r — gi(x, 7) is
continuous on RN*!, for almost all x € .
(b) Growth condition.

N+1
@51, 5n0) <@ +k Y s

i=1
N+1

2,81,...,5841) < ha(x) + ko Z Is;:|17%,

i=1

where (s1,52,...,5n41) € RN*L, Iy (%) € LP(R), ha(x) € L4(R2) and k; are positive
constants, i =1,2.
(c) Monotone condition.
Fori=1,2, gi(x,r,...,rns1) is monotone with respect to ry, ie.,

[gi(x,Sb oo Sne1) — &l b, tN+1)](51 -t4)>0,

forallx € Q and (sy,...,Sn41), (t1, ..., Ene1) € RVFL
(d) Fori=1,2,g(x,0,...,0)=0, forx € Q and (0,...,0) € RN+,

Specific to system (1.10) In(1.10), f1, />, C1, and C, are given functions with f; (x) € 17 (),
folx) € L7(Q), 0 < Ci(x) € LP(R2) and 0 < Cy(x) € L1().

Lemma 2.1 [2, 16] Define the operators By : WP(Q) — (WP(Q))* and B, : WH(Q) —
(WH())* by

p-2
2

(w,Blu):/<(C1(x)+|Vu|2) Vu,Vw)dx+81/ || 2uwdx, w,we WY (Q)
Q Q
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and

q-2
2

(w,Bzv)=/<(C2(x)+ IVv|?) VV,Vw)dx+82/ W2 vwdx, v,we WH(Q).
Q Q

Then B;, i = 1,2, is everywhere defined, strictly monotone, hemi-continuous, and coercive.
Moreover, it is noted from Lemma 1.3 that B;, i = 1,2, is maximal monotone. (Here (-,-) and

| - | denote the Euclidean inner-product and Euclidean norm in RN, respectively.)
Definition 2.1 Define A: Y — Y™ by A(u,v) = (Biu, Byv), for (u,v) € Y.

Proposition 2.1 The mapping A:Y — Y* is everywhere defined, monotone, and hemi-

continuous.
Proof Step 1. A is everywhere defined.
In fact, for any (u,v), (w1, wy) € Y, we have |((w1, ws), A(u,v))| = [((w1, wa), (B1u, Bov))| <
|(wy, Biu)| + |(wa, Byv)|. Since B; and B, are everywhere defined, A is everywhere defined.
Step 2. A is monotone.

To show this, let (wg) , w(21)), (wﬁz), W(ZZ)) €Y, then

(04, W87) = (22, A (A7, ) = A (2 2)

1 2 1 2 1 2 1 2
= (w§ '~ w®, B! — Bk )) + (w(z) —w®, Bywll) - Byw )).

Since both B; and B, are monotone, A is monotone.
Step 3. A is hemi-continuous.
It suffices to show that for any (i1, u3), (v1, v2), (w1, w,) € Y and k € [0,1],

(w1, w2), A((u1, u2) + k(v1,v2)) — Ay, u3)) — 0,

as k — 0. In fact, notice that both B; and By are hemi-continuous, A is also hemi-

continuous. O

Lemma 2.2 [2] The mapping ®,: W'?(Q) — R defined by
®1(u) = / @ (ulr () dl(x), ue W ()
r

is proper, convex, and lower-semi-continuous on WY (). The subdifferential 3®, of ®; is

maximal monotone in view of Lemma 1.2. Moreover,
(w1,0®1(w)) = / Be(ulr (X)) mIr @) dT (%),  u,wy € WH(Q).
r
The mapping ®, : WH(Q) — R defined by

(1) = / (V- @) dT (), ve WH(Q)
T
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is proper, convex, and lower-semi-continuous on W4(Q). The subdifferential d®, of ®, is

maximal monotone in view of Lemma 1.2. Moreover,

(w2 002(1)) = /F Be (VI () walr AT (), v wy € WH(Q).

Proposition 2.2 The mapping ® : Y — R defined by

(1, v) = /F (1l () dT'(x) + /F (V- @) T, (wv)eY

is proper, convex, and lower-semi-continuous on Y. The subdifferential d® of ® is maximal
monotone in view of Lemma 1.2. Moreover,

D (u,v) = (9P1 (), D2 (v)).

Proof Since ®; and @, are proper, it is not difficult to find that ® is also proper.
For 0 < XA <1and (u1,v1), (2, v5) € Y, we find

D((1 = 1) (1, m1) + Az, 1))

= @((1 - Muy + Ay, (1= M)vy + Avp)
- /F 0u((1 = Wiaa |1 (x) + Aty |1 () T (x) + /F e (L= 11 (®) + Avar () dT (@)
<1-2) / 0 (11]1-()) T () + 2 f 0 (1211 () dT" ()

T I

F(1=2) fr 0x (M () AT (@) + 1 /F s (121 () dT'(x)

= (1= 1) DP(u1,11) + AP (ua,12),

which implies that ® is convex.
For (w,z) € Y, since ®; and ®, are lower-semi-continuous, we have

liminf ®(zx,v) = liminf |:./r wx(u|p(x)) dF(x)+/Fgox(v|r(x)) dF(x)]

(u,v)— (w,2) (u,v)— (w,2)

> / 0u (Wl () dT'(x) + f (2l () dT(x) = D(w,2),
r r

which implies that ® is lower-semi-continuous.
For (u,v), (w,z) € Y, in view of the definition of the subdifferential, we get

D1 (u) + Or(v) < D1(w) + (u - w,8d>1(u)) + Oy(2) + (V—z, 8<I>2(v)).
Then
[ outr)are + [ oufvir)dre
r r

< / @x(Wir(x)) dI' (x) + (1 — w, 0D1 () +/gox(z|r(x)) dr' (%) + (v — 2,0 D, (v)),
r r
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which implies that
D(u,v) < Dw,2) + ((,v) — W, 2), (091 (), 0P>(v))).
Thus,
0D (u,v) = (BCDl(u),Bd)z(v)).
This completes the proof. d

Lemma 2.3 [16] Define G, : W?(Q) — (W?(Q))* by
(w, Giu) = f al,u, Viywdx, u,we W2(Q).
Q

Then G, is everywhere defined, monotone, and hemi-continuous on W ().
Define Gy : WH1(Q) — (W(Q))* by

(w, Gyv) = f L@V, Vvwdx, v,we WH(Q).
Q

Then G, is everywhere defined, monotone, and hemi-continuous on W 1(Q).

Proposition 2.3 Define G: Y — Y* by
(w,2),G(w,v)) = (W, Giu) + (2, Gav),  (w,v) €Y.

Then G is everywhere defined, monotone, and hemi-continuous on Y. Moreover, G is max-
imal monotone.

Proof The result follows from Lemma 2.3 and the definition of G. d

Theorem 2.1 For fi(x) € 17 (Q) and folx) € LY(Q), the nonlinear (p,q)-Laplacian elliptic
system (1.10) has a unique solution in Y.

Proof Define T:Y — Y* by

((Wl! W2)7 T(M, V)) = ((Wl: Wg),A(M, V)) + ((WI: WZ)! G(u! V))
2

—/flwldx—/fwzdx,
Q Q

for (u,v), (w1, ws) € Y. From Propositions 2.1 and 2.3, T : Y — Y™ is everywhere defined,
monotone, hemi-continuous, and then it is maximal monotone.

Combining with Lemma 1.1 and Proposition 2.2, we know that 7'+ d® is maximal mono-
tone.

Next, we shall show that

((u,v), T(s,v) + 0P (s, v))

(vl y —+00 (e, V)|l y

= +0Q.
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Noting that 9®(0,0) = (0,0), G(0,0) = (0,0) and G is monotone, we have

((u,v), T(u,v) + 0P (14, v)) - (4, Biu) + (v, Byv) B foludx + fogvdx

Il (@, v) Il - Il v)lly G, )1y
(u! Blu) + (VrBZV)
T ”fi”u/(g) - ”f2”1‘q’(g)~

Il (e, V)l

Let ||(z, v)[ly — +00, then |ull1p0 — +00 or ||[V]l1,40 — +00.

Case 1. If || u||1,p0 = +00 and ||V|l;,4o < const, then

((t,v), T(u, v) + 0P (14, v)) - (14, B1u) ~ ||.fi||[}7/(§2) ~ |[fz||Lq/(Q)

Il (, V)1l y @)y
(4, Bru) 1
= X Al o — 2l
lell1,p0 W2, q re e
lul} 0
— +00,

as ||(«, v)||y — +00, since B; is coercive.
Case 2. 1f || u|1po < const and ||v||1,4,c — +00, then the proof is similar to that of Case 1.

Case 3. 1f ||u|l1,p0 — +00 and ||v]l,4,0 — +00, then we split the discussion into the fol-

lowing cases:
(i) Suppose 14Lr2 _, | In this case,

vlige
u,v), T(u,v) + 00 (u,v u,Biu
(@) Twn) +00@n)  @BW)
1€at, V)1 Nal? o+ V2o @ 7@
Y lully,0 + VI 0
(uﬁBlu)
= ™ - Hfl”uﬂ’(g) - ”f2||Lq’(Q)
8
llhpe/1+ 0
— +00,
since B; is coercive.
(i) Suppose H:Vﬁig — +00. Similar to case (i), the result follows.
(ili) Suppose m% — const # 0. In this case,
h
u,v), T(u,v) + 00 (u,v u,Biu
(W) T D +000) B
[l (, V)1l y 1 Mo
Iy 1+ o
P

— +00,

since B; is coercive.
Therefore, for r > 0, there always exists (0,0) € D(T) N D(d®) such that

(), T, v) + 9P (u,v)) > 0,

for all (&, v) € Y with || (&, v)||y > r.
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Then, in view of Theorem 1.6, the equation
(0,0) = T(u,v) + 0®(u,v) (2.1)

has a solution in Y, which is denoted by (#, v). From the strict monotonicity of B; and By,
(24, v) is unique. Next, we shall show that this (z, v) is the solution of (1.10).
For (¢, ¢) € C3°(R2) x C°(2), using (2.1) we find

2
/((Cl(x)+ |Vl )TVM,V¢>dx+£1/ |u|”2u¢)dx+/gl(x,u,Vu)qodx
Q

Q
+/((C2(x)+|Vv| )qTVv,Vgo>dx+82/ [v|*~ 2v<pdx+/g2(x,v,Vv)<pdx
Q
—/ﬁ(pdx—/fzgodx+((p,ad>1(u))+((p,8d>2(v))
Q Q
p-2
——/ div[(Ci(x) + [Vul?) =
Q
q-2
—/ div[(Cz(x)+|Vv|2) 2 Vv]<pdx+82/ |u|s_2u<pdx+/g2 x, v, VV)p dx
Q Q

Q
—/flgodx—/fgwdxzo.
Q Q

From the property of generalized function, we have

Vu]godx+81/ |u|’_2u(pdx+/g1 X, u, Vi) dx
Q Q

q-2

Vu] +erlul u + g (%, u, Vi) — div[ (Co(x) + [Vv[*) Z V]

p2
2

—div[(Ci(x) + [Vul?)

+ 8V + @ (%, v, V) = fi(x) + fo(x). (2.2)
Using Green’s formula and (2.1), we have, for (w1,0) € Y,
2
/((Cl(x)+|Vu| )TVM,VW1>dx+81f |u|”2uw1dx+fgl(x,u,Vu)wldxdt
Q Q
—/flwldx+(w1,8<b1(u))
Q
p-2 p-2
——/ diV[( 1(%) + | Vul )T ]wldx+/(z‘/‘ (Ci(x) + 1Vl )T u)wldF(x)
Q r
+81/ |u|r_2uw1dx+/gl(x,u,Vu)wldx—/flwldx+/,Bx(u)wldf‘(x).
Q Q Q r
Then

_2
2

Vi) + (9, (G + 1Vu?) T v
" 2u + g1 (%, u, Vi) — fi + Be(u). (2.3)

0= —div[(Cl(x) +|Vu| )

+é&1|u
Similarly, using Green’s formula and (2.1), we have, for (0,w,) € Y,
q-2
0= /((Cz(x) +|Vv|*) 2 Wy, sz)dx+82f V2w, dx + / 2%, v, VV)wy dx dt
Q

—/ngzwzdx+(wz,8d>2(v))
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:_/ div[(Co(x, 0) + |Vv|2)#Vv]wzdx+/(z?,(Cz(x)+|VV|2)%VV)W2dF(x)
Q r

+82/ |v|S‘2vwzdx+/gz(x,v,Vv)wzdx—/ﬁwzdx+/,Bx(v)wzdF(x).
Q Q Q r
Then

0= —diV[(Cg(x) + |Vv|2)%Vv] + (19, (Cg(x) + |Vv|2)%_2Vv)

+ &V 2y + 2, Vv) = fo + Be(v). (2.4)

Since (u, v) satisfies (2.2), by using (2.3) and (2.4) we have

pr=2 92
—{(0, (CLx) + [Vul*) T Vi) = (9, (Cox) + |VVI*) 2 Vv) € Bu(u) + Bu(v), ae.x€T.
Thus, (i, v) is the solution of (1.10). This completes the proof. O

3 Discussion of (p, g)-Laplacian parabolic system (1.11)
We recall that 2, T, ¥, €1, €2, Bx, g1, and g, satisfy the conditions stated at the beginning
of Section 2.

Specific to system (1.11) In (1.11), T is a constant, fi, f», C;, and C, are given functions
with fi(x) € (L7(0, T; W'(Q)))*, fo(x) € (LU(0, T; W1()))*, 0 < Ci(,£) € LP(2 x (0, T)),
and 0 < Cy(x,¢) € L1(2 x (0, T)).

Lemma 3.1 [9] Define the operators By : LP(0, T; W(Q)) — (L?(0, T; W*?(R)))* and B, :
L1(0, T; WH(Q)) — (L4(0, T; WH1(S2)))* by

~ T p=2 T
(w,Biu) = / /((Cl(x, )+ |Vu|2)p2 Vu, Vw)dxdt + 81/ / lu|"2uw dx dt,
0o Ja 0o Ja
u,w e LP (0, T; W (RQ))
and
~ T q-2 T
(W, Byv) = / /((Cg(x, t) +Vv[*) T Vv, Vw)dxdt + 82/ / IS 2vwdx dt,
0o Ja 0o Je
v,weL1(0, T; WH(RQ)).

Then B;, i = 1,2, is everywhere defined, strictly monotone, hemi-continuous, and coercive.
Moreover, B;, i = 1,2, is maximal monotone.

Definition 3.1 Define A:Z — Z* by Z(u, v) = (Biu, Byv), for (u,v) € Z.

Proposition 3.1 [9] The mapping}{ 1 Z — Z* is everywhere defined, maximal monotone,
hemi-continuous, and coercive.

Lemma 3.2 [7,9] The mapping o, 1 LP(0, T; WY (2)) — R defined by

~ T
@1(u):/(; /rwx(ulr(x,t))dl"(x)dt, ueLp(O,T;Wl'p(Q))
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is proper, convex, and lower-semi-continuous on LF (0, T; W' (R2)). The subdifferential 3 o,
of @, is maximal monotone in view of Lemma 1.2. Moreover,

T
(wl,a&il(u)):/o /;ﬁx(u|r(x,t))w1|r(x,t)dF(x)dt, u,w € L7(0, T; W“’(Q)).

The mapping ®, : L1(0, T; W1(Q)) — R defined by

_ T
¢2(V)=[) /Fgox(vlr(x))dl“(x)dt, veL1(0,T; WH(Q))

is proper, convex, and lower-semi-continuous on L1(0, T; WY4(R)). The subdifferential d o,
of ®, is maximal monotone in view of Lemma 1.2. Moreover,

T
(wz,852(v))=/0 /F,Bx(v|r(x,t))wz|r(x,t)dl"(x)dt, v,wy € L1(0, T; WH(Q)).

Proposition 3.2 The mapping VAR A defined by

T T
5(u,v):/(; /wa(ulr(x,t))dl"(x)dt+/0 /Fgox(vlr(x,t))dl"(x)dt, (u,v)eZ

is proper, convex, and lower-semi-continuous on Z. The subdifferential d® of ® is maximal

monotone in view of Lemma 1.2. Moreover,
dD(u,v) = (991 (u), 8D, ().
Proof The proof is similar to that of Proposition 2.2. d

Lemma 3.3 Define Gy : L7(0, T; W™ (Q)) — (L2(0, T; W (Q)))* by
- T
(w,Gu) = / / g u, Vu)wdxdt, u,wel? (O, T; Wl‘p(fz)).
0 Q

Then G, is everywhere defined, monotone, and hemi-continuous on LP(0, T; WP (Q)).
Define G, : L1(0, T; W4(R)) — (L1(0, T; W4(R)))* by

T
(w, Gov) = / f &, Vv)wdxdt, v,we L1(0,T; WH(Q)).
0 Q

Then Gy is everywhere defined, monotone and hemi-continuous on L1(0, T; W4(Q)).
Proof The proof is similar to that of Lemma 2.3. O
Proposition 3.3 Define G:Z— Z* by

((w,2), G(u, V) = (w, Gu) + (2,Gav),  (u,v) € Z.
Then G is maximal monotone.

Proof The result follows from Lemma 3.3 and the definition of G. O
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Lemma 3.4 [7, 9] Define S : D(Sy) = {u € L?(0, T; W (Q)) : %—’: e (L7(0, T; W (Q)))*,
u(x,0) = u(x, T)} — (LP(0, T; WP ()))* by

0
Siu(x,t) = 8_btl

Then S is a linear maximal monotone operator possessing a dense domain in LP(0,T;
WP ().

Define S, : D(Sy) = {v € L1(0, T; W*(Q)) : 3 € (L1(0, T; W1(Q)))*, v(%,0) = v(x, T)} —
(LU0, T; WH(2)))* by

ad
Sov(x, t) = B_‘t/

Then S, is a linear maximal monotone operator possessing a dense domain in L1(0, T;
wti(Q)).

Proposition 3.4 [9] Define S:Z — Z* by
((W, Z), S(I/l, V)) = (W’ Slu) + (Z, SZV)r (I/l, V) € D(S)'
Then S is linear maximal monotone.

Theorem 3.1 For (fi(x),f2(x)) € Z*, the nonlinear (p, q)-Laplacian parabolic system (1.11)
has a unique solution in Z.

Proof Define T : Z — Z* by

(w1, w2), T(u, v)) = (w1, wa), A, V) + (w1, wa), ), G(u, v))

//flwldxdt //fzwzdxdt

for (u,v), (w1, w,) € Z. From Propositions 3.1 and 3.3, T:Z—Z%is everywhere defined,
monotone, hemi-continuous, and then it is maximal monotone.
Using Lemma 1.1 and Propositions 3.1 and 3.2, we know that T + 8 is maximal mono-
tone.
Next, we shall show that
(1, v), S(u,v) + T, v) + 0D (1, v))

lim = +00.
@)z +o0 (2, V)1l 2

Noting that (0, 0) = (0,0), G(0,0) = 0 and S(0,0) = (0,0), we have

((u, ), S(u,v) + T, v) + 0D (u, v))

Il (e, V) 2
- (u, Biu) + (v, Bov) ~ fOT fﬂﬁudxdt+f0Tfo2vdxdt
|, )|z |, V)l
(u, Biu) + (v, Byv)
> - 7 - -7 — *.
1)1z ||fl|| 0,T;Wlr(Q |[fz||(Lq(o,T;WLq(Q)))

Let ||(z, v)||z — +00, then ||ull1p (o, 7,wrr()) —> +00 OF [Vl L4, 7.wra(e) —> +00.
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Case 1. If ||ull 1p o, 7.wre()) —> +00 and ||[Vl| 4, 7.wra(q)) < const, then

((u,v), T(u,v) + 9D (1, v))

(2, V)1l 2
(u,Blu
= ||(u Nz ||fl|| 0, T;Whp(Q))* — ||fz||(Lq(o,T;WLq(Q)))*
(M, Blu) 1
x = Wllwro,mwre@yy = 2ll s, r;wiay)-

u WLy
letll oo, 7 w10 (2) v ||Lq(0TW1q(Q))

Wl o 70t

— +00,

as || (4, v)||z = +00, since B, is coercive.

Case 2. 1f ||ul| yp(o,7;wrr () < const and [|V]|1¢(o r;wia(q) — +00, then the proof is similar
to that of Case 1.

Case 3. If ||ull 1p (o, 7,wir () —> +00 and ||v]| g0, 7,wia(q)) —> +00, then we split the discus-
sion into the following cases:

Il o o, 7w (2))

(i) Suppose — +00. In this case,

Wiz, rswbaca)

((u,v), T(u,v) + 0D (1, v))

1, v) 12

(4, Bius)

2
180 vy * Va0 ravtace

= Willweo,rwre @y = V2 llwao,m;wiagy)*

(M:Blu)

2
19(0,T; w4 (Q

2l oo, ;w10 (02, [ 1 + M

LP(0,T;WhP ()

”fln LP(0,T;WLP(Q))* — |lﬁ||(Lq(0,T;W1'q(Q)))*

— +09,

since El is coercive.

”V”Lq(O,T;WLq(Q))
”u”Lp(O,T;Wl'p(Q))
”u”Lp(O,T;Wl'p(Q))
”V”Lq(O,T;\X/Lq(SZ))

(i) Suppose — +00. Similar to case (i), the result follows.

(iii) Suppose — const # 0. In this case,

((u,v), T(u,v) + 0D (1, v))

| (1, V)1l 2
. (#, Biu)
Ivi? L
letll oo, w1+ — oo
T lull?, L
(0,T;WHP(Q))
Hf1|| LP(0,T;WLP(Q))* — HfZ” (L9(0,T;WL4()))*
— +00,

since Bj is coercive.
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Therefore, for r > 0, there always exists (0,0) € D(S) N D(T) N D(3®) such that
((u, ), 8(u,v) + T, v) + 0D (u, V)) >0,

for all (u,v) € Z with ||(u,v)||z > 7.
Then, in view of Theorem 1.6, the equation

(0,0) = S(u, v) + T(1,v) + 0D (1, ) (3.1)
has a solution in Z, which is denoted by (i, v). From the strict monotonicity of El and Ez,

this (1, v) is unique. Next, we shall show that this («, v) is the solution of (1.11).
For (¢, ¢) € C3°(0, T; 2) x C5°(0, T'; 2), using (3.1) we find

T r du T p=2
/ / —(pdxdt+/ /((Cl(x,t)+ |Vul?) % Vu, Vo) dxdt
o Jq 0t 0o Jo

T T
+81/ /|u|"2u¢dxdt+/ /gl(x,u,Vu)wdxdt
o Jo o Jo

T r gy T -2
+/ / —godxdt+/ /((Cz(x,t)+ |Vv|*) 2 Vv, Vo)dxdt
0o Jo ot o Ja
T T T
+82/ /lvls_zwpdxdt+/ /gz(x,v,Vv)godxdt—/ /ﬁ(pdxdt
0o Ja 0 Ja 0 Ja
T ~ ~
—/ /fzgo dxdt + (¢, 001 (w)) + (¢, 0D>(v))
0o Ja

T ou T =2
=/ /—det—/ /div[(Cl(x,t)+|Vu|2)7w]<pdxdt
o Jo 0t 0 Ja

T T
+£1/ /|u|’_2u<pdxdt+/ /gl(x,u,Vu)<pdxdt
0o Ja 0o Ja

2

Trov T . o 2
+/ / —gadxdt—/ /le[(Cz(x,t)+|Vv| ) 2 Vv]godxdt
o Jadt o Ja

T T
+£2/ / |V|S’2vgodxdt+/ /gz(x, v, Vv)p dx dt
o Jo o Ja

T T
—/ /ﬁ(pdxdt—/ /fzgodxdt:O.
0o Ja o Jo

From the property of generalized function, we have

ou(x, t . p=2 av(x, t
uéﬁ; ) - dlv[(Cl(x, t) + |Vu|2)p2 Vu] +ey|ulu+ g (x,u, Vu) + V(;; )
-2
—div[(Co(x, 8) + [VV*) 2 V] + e [v v + o (%, v, VV) = fil, ©) + fo (%, £). (3.2)

Using Green’s formula and (3.1), we have, for (wy,0) € Z,
T r du r r=2
0 :/ / —wldxdt+/ /((Cl(x,t) +|Vul?) 2 Vu, Vwy)dx dt
0o Jo Ot 0o Je

T T
+£1/ /Iul"zuwldxdt+/ /gl(x,u,Vu)wldxdt
o Je 0o Ja
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T
_/ /flwldxdt+(wl,351(u))

—2
/ /—wldxdt—/ /le Ci(x,t) + |Vl )T ]wldxdt

-2
+/ /(ﬂ,(Cl(x,t)+|Vu|2)pTVu>w1dF(x)dt+81/ / |u|""2uw, dx dt
o Jr 0o Ja

+/()T/le(x’”»vu)wldxdt—‘/OT/QlelddeATﬁﬁx(u)wldF(x)dt,

Then

2——d1v[(C1(x,t)+|Vu| )T2 Vu] + (0, (Ci(x,8) + [Vul )[’T2 Vu)
+erlulu+ @i, u, V) —fi + Bo(u) = 0. (3.3)

Similarly, using Green’s formula and (3.1), we have, for (0, w,) € Z,
T r v T -2
=/ /—W2dxdt+/ /((Cg(x,t)+|Vv| ) T Vv, Vw,)dxdt
o Jo 0t 0o Ja

T T
+ &9 / / VIS 2vw, dxdt + / / (%, v, Vv)wy dx dt
0o Ja 0o Ja

T
_/ /f2w2 dxdt + (Wzya&;z(V))

/ /—wzdxdt—/ /le Cz(x, t)+|Vv| )qT ]wzdxdt

/ / Cz(x, +|V1/|)qT v)wzdF(x)dt+£2/ /|v|5_2vadxdt
0o Ja

+/0 /ng(x,v,VV)Wzdxdt—/o /SzﬁWde+AT/Fﬂx(V)W2dF(x)dt

Then

0] a2 -2
a—‘; - div[(Cg(x, t) +|Vv| ) 2 v] ( (Cz(x, t)+|Vv| ) 2 v)
+ &V 2V + g (o, v, VV) — fo + B(v) = 0. (3.4)
Since (u, v) satisfies (3.2), by using (3.3) and (3.4) we have
(9, (Gl 1) + |Vu|2)'%2w> — (9, (Co(x,0) + |vV|2)¥ vv)
€ Bx(u) + Bu(v), (x,8) €T x (0, 7).

Hence, (i, v) is the solution of (1.11). This completes the proof. O

4 Discussion of (p, g)-Laplacian integro-differential system (1.12)
We recall that 2, T, ¥, €1, €2, Bx, g1, and g, satisfy the conditions stated at the beginning
of Section 2.
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Specific to system (1.12) In (1.12), 7, a3, and a, are non-negative constants, fi, f», Ci,
and C, are given functions with f;(x) € (L?(0, T; W (Q)))*, fo(x) € (L1(0, T; W1(R2)))*,
0 < Ci(xt) e (2 x (0,T)) and 0 < Cy(x,t) € L1(2 x (0, T)).

Lemma 4.1 [9] Define S; : D(S)) = {u € L7(0, T; W'(R)) : % e (L?(0, T; W()))*,
u(x,0) = u(x, T)} — (LP(0, T; W ()))* by

~ 0 ]
Siu(x,t) = 8—’: +a15/ udx.
Q

Then §1 is a linear maximal monotone operator possessing a dense domain in LP(0, T;
wir(Q)).

Define S : D(S,) = {v € L9(0, T; WH(S)) : 2 e (LU0, T; W"9(R)))*, v(x, 0) = v(x, T)} —
(L9(0, T; WH(2)))* by

~ 0 ]
Syvix, t) = 8—‘; + aza/‘ vdx.
Q

Then §2 is a linear maximal monotone operator possessing a dense domain in L1(0,T;
wba(Q)).

Proposition 4.1 Define S:Z—2z* by
((w, z),g(u, v)) = (w,glu) + (z,gzv), (u,v) € Z.
Then S is linear maximal monotone.

Theorem 4.1 For (fi(x,t),f2(x,t)) € Z*, the nonlinear (p, q)-Laplacian integro-differential
system (1.12) has a unique solution in Z.

Proof Define 7", 8 :Z — Z* as in Theorem 3.1 and Proposition 3.2, respectively.
Since S(0,0) = (0,0), similar to the proof of Theorem 3.1, for r > 0, there always exists
(0,0) € D(S) N D(T) N D(3®) such that

((u, V), 8(u,v) + T, v) + 0D (u, V)) >0,

for all (u,v) € Z with ||(&, V)| z > .
In view of Theorem 1.6, the equation

(0,0) = S, v) + T, v) + 3D (u,v) (4.1)

has a unique solution in Z, which is denoted by («, v). As in the proof of Theorem 3.1, this
(4, v) is unique. Next, we shall show that this (i, v) is the solution of (1.12).
For (¢, ¢) € C3°(0, T; 2) x C3°(0, T'; 2), using (4.1) we have

T T
/ /a—u<pdxdt+/ / ulif udx | dxdt
o Jq 0t o Ja\ 0tJg

T _
+/ /((Cl(x, 0+ 1VulP)'? Vi, Vo) dxds
0 Q
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T T T gy
+81/ /|u|’_2u<pdxdt+/ /gl(x,u,Vu)wdxdt+/ /—(pdxdt

0 JQ o Ja o Jo Ot

T 9 T q-2
+/ /(az—/ vdx) dxdt+/ /((Cz(x,t)+|Vv|2) 2 Vv,VqJ)dxdt

0 Ja it Jo 0 Ja
T T T
+82/ / |v|5_2v<pdxdt+/ /gz(x,v, Vv)godxdt—/ /ﬁ(pdxdt
0o Ja o Jao o Ja

T
—/ /fzgodxdt+ ((p,BEI;l(u)) + ((p,&&iz(v))

T
f /—(pdxdt+f /(ali/udx)dxdt
ot Jo
p-2
/ /le Ci(x,t +|Vu|)T u]wdxdt
) r av
+ &1 |u|’ u<pdxdt+ gl(x,u,Vu)godxdt+ —(pdxdt
/ /(az—fvdx)dxdt f fle C2 x,t +|V1/|)qT v]<pdxdt
+£2/ /|v|5’2v<pdxdt+/ fgz(x,V,Vv)wdxdt
0o Ja o Ja
T T
—/ /ﬁ(pdxdt—/ /fzgadxdt:O.
0 Je 0o Ja

From the property of generalized function, we get

oulx,t . _2 0
ulx )—d1v[(C1(x,t)+|Vu| ) % Vu] +e1lulu +g1(x,u,Vu)+a1—/ udx
at at Jo
ov(x, t . a2 B
+ v f) —le[(Cz(x,If)+ [Vv| )q2 v] + eV +2x,v, V) +a25/ vdx
Q
=fi(x, £) + falx, £). (4.2)

Using Green’s formula and (4.1), we have, for (w1,0) € Z,
T ra T d
:/0 /Qa—ZZvvldxdt+/0 /(algfudx>wldxdt
T 2
+/ /((Cl(x,t)+ |Vu| )TVM,VW1>dxdt+81/ f lu|""2uw, dx dt
o Ja
T ~
+/ /gl(x,u,Vu)wldxdt—/ fﬁwldxdt+(w1,8<D1(u))
o Ja o Jao
T ra T d
:/ /—uwldxdt+/ f(zzl—/udx>w1dxdt
Jat ot
[7_
/ /le [(Ci(x8) + [Vul?) * Vu]w dxdt

2
+/ /(ﬁ,(Cl(x,t)+ |Vl )TVu>w1dF(x)dt+81/ / || 2uw, dx dt
o Jr

+/0T/le(x,u,Vu)wldxdt—/o ‘/Qflwldxdt+/o /Fﬁx(u)wldr‘(x)dt,
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Then

ou
ot

p2
2

va {ft / wdzx — div[ (Ci(x,2) + |Vul?)

V]

I"2u +g1(x, u, Vi) — fi + Bx(u) = 0. (4.3)

p2
2

+<19,(C1(x, t) + |Vu| ) M>+81|Lt

Similarly, using Green’s formula and (4.1), we have, for (0,w,) € Z,
Tra T 3
=/ /—szdxdt+/ /(az—/vdx>wzdxdt
o Jo 0t o Ja at Jo
T -2 T
+/ /((Cz(x,t)+ |Vv|2) 2 VV,VWg)dxdt+82/ / [VI*2vw, dx dt
0o Ja 0o Ja
T T _
+/ /gg(x,v,Vv)wzdxdt—/ /fzwzdxdt+(wz,8<b2(v))
0o Ja 0o Ja
T rav T 3
= —wydxdt + ar)— | vdx |wydxdt
[, [gmasase [ [ (o fvas)om
r -2
—/ /div[(Cz(x,t)+|Vv|2) 2 Vv]wzdxdt
0o Ja

T
+/ /(z?,(Cz(x,t)+ Vv )qTVV>W2dF(x)dt+£2/ / VIS 2vwy dx dt
o Jr

+/0T/9g2(x,v,Vv)W2dxdt—/0 /szwzdx+/0 /Fﬂx(y)wzdr(x)dt‘

Then
av d q-2 q-2
e +d28t/ vdx — le[(Cz(x,t)+ Vv ) 2 v] ( (Cz(x,t)+ Vv ) 2 v)
+ & VIS2v 4+ go (%, v, VV) — fo + B(v) = 0. (4.4)

Since (i, v) satisfies (4.2), using (4.3) and (4.4) we have

q-2

Vi) (9, (Calw,£) + |VV) 2 V)

r2
2

~{(0, (Ci(x, ) + [Vul?)
€ Bu(u) + Br(v), (x,8) €T x(0,T).

Thus, (u,v) is the unique solution of (1.12). This completes the proof. O

5 Examples
In this section, we give some examples of the systems (1.10)-(1.12) discussed in this paper.

Example 5.1 We list two examples of (1.10) - the first system (5.1) is from [14] and the
second system (5.2) is discussed in [17]. However, different methods have been employed:

—u" +eu=f(x),

-0, (5.1)

—Au—puAv=gkxv), x€Q,
—Av—-LAu=f(x,u), x€L, (5.2)
u=v=0, xel.
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Example 5.2 The following system, which has been studied in [18], is an example of (1.12):

W _Npu+al [cudx=f(x1t), (x,t)eQx(0,T),
ulx,t)=0, xeTl, (5.3)
u(x,0)=0, =xeQ.

Once again, different methods have been employed.

Example 5.3 If Q reduces to a bounded interval (a, b) in R}, examples of B, and g; (i = 1,2)
can be found readily. For example, for x € T, take ¢, = ¢(x,t) = £2x%. Then ¢, = ¢(x,-) :
R — R is a proper, convex, and lower-semi-continuous function. Further, 8, = 2£x2. For
i=1,2,take gi(x,11,£) : QR X Rx R— Ras

min{a,x} + (2max{|a P [P - [P (sgnt), |4l = 6,

l(x) tlr tz) = . .
¢ min{a,x) + @min{|a P 6P - [P D 6ens), (6] < 16|

and

min{a,x} + (2max{|6 |77, |67} — 4|7 (sgnt), |4l = |6l

Z(x’ tl: t2) = . .
& min{a,x) + @min{a 17, (6170 - |69 senn), 6] < |6l

Then g; satisfies the assumptions (a)-(c). If, a = 0, then the assumption (d) is also satisfied.
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