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1 Introduction
In the short article, we consider the initial value problem for three-dimensional magneto-
micropolar fluid equations

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂tu – (μ + χ )�u + u · ∇u – b · ∇b + ∇(p + 
 |b|) – χ∇ × v = ,

∂tv – γ�v – κ∇∇ · v + χv + u · ∇v – χ∇ × u = ,
∂tb – ν�b + u · ∇b – b · ∇u = ,
∇ · u = , ∇ · b = ,

(.)

with the initial value

t =  : u = u(x), v = v(x), b = b(x), (.)

where u(t, x), v(t, x), b(t, x) and p(t, x) denote the velocity of the fluid, the micro-rotational
velocity, magnetic field and hydrostatic pressure, respectively. μ is the kinematic viscosity,
χ is the vortex viscosity, γ and κ are spin viscosities, and 

ν
is the magnetic Reynold.

Lots of physicists and mathematicians have studied the incompressible magneto-
micropolar fluid equations because the equations have rich phenomena, important phys-
ical background and mathematical complexity and challenges. On the one hand, for well-
posedness of solutions to problem (.), (.), we refer to [–] and [] and the references
cited therein. On the other hand, for the blow-up criteria of smooth solutions and regu-
larity criteria of weak solutions, we refer to [–] and [, , ].

If b = , (.) reduces to micropolar fluid equations. The micropolar fluid equations were
first proposed by Eringen [] (see also []). The study of the micropolar fluid equations
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attracts lots of physicists and mathematicians’ attention, and many interesting results have
been established. For instance, we refer to [–] and []. If both v =  and χ = , then
equations (.) reduce to being the magneto-hydrodynamic (MHD) equations. The MHD
equations govern the dynamics of the velocity and magnetic fields in electrically conduct-
ing fluids such as plasmas, liquid metals, salt water, etc. (see []). The field of MHD was
initiated by Hannes Alfvén, for which he received the Nobel Prize in physics in . For
global well-posedness of solutions to the MHD equations, there are a few results, we refer
to [, ]. When the magnetic fields are purely swirling and prependicular to the velocity
fields, Lei proved global existence of solutions. Wang and Wang proved global existence
of solutions in the critical space χ–, which was introduced in [] and used in studying
the global well-posedness of the incompressible Navier-Stokes equations by Lei and Lin
[] provided that the norm of initial norm of the initial value are bounded exactly by
the minimal value of the viscosity coefficients. We also emphasize the various regularity
criteria and blow-up criteria in [–] and []. Regularity criterion of weak solutions
to the MHD equations in terms of the vorticity was established in []. Lei and Zhou []
derived a criterion for the breakdown of classical solutions to the incompressible magneto-
hydrodynamic equations with zero viscosity and positive resistivity.

In the absence of global well-posedness, the development of blow-up/non blow-up the-
ory is of major importance for both theoretical and practical purposes. The purpose of
this paper is to establish the blow-up criteria of smooth solutions to (.), (.). The re-
sults obtained in this paper extend the MHD results in [] to complex fluid equations
(.). We state our main results as follows.

Theorem . Assume that u, v, b ∈ Hm(R), m ≥  with ∇ ·u = , ∇ ·b = . Let (u, v, b)
be a smooth solution to problem (.), (.) for  ≤ t < T . If u satisfies

∫ T



∥
∥∇ × u(t)

∥
∥

Ḃ–∞,∞ dt < ∞, (.)

then the solution (u, v, b) can be extended beyond t = T .

We have the following corollary immediately.

Corollary . Assume that u, v, b ∈ Hm(R), m ≥  with ∇ · u = , ∇ · b = . Let
(u, v, b) be a smooth solution to problem (.), (.) for  ≤ t < T . Suppose that T is the
maximal existence time, then

∫ T



∥
∥∇ × u(t)

∥
∥

Ḃ–∞,∞ dt = ∞. (.)

Noticing the equivalence of the norm ‖∇ × u‖Ḃ–∞,∞ and ‖u(t)‖Ḃ∞,∞ , from Theorem ., we
immediately obtain the following.

Corollary . Assume that u, v, b ∈ Hm(R), m ≥  with ∇ · u = , ∇ · b = . Let
(u, v, b) be a smooth solution to problem (.), (.) for  ≤ t < T . If u satisfies

∫ T



∥
∥u(t)

∥
∥

Ḃ∞,∞ dt < ∞, (.)

then the solution (u, v, b) can be extended beyond t = T .
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Corollary . implies the following result.

Corollary . Assume that u, v, b ∈ Hm(R), m ≥  with ∇ · u = , ∇ · b = . Let
(u, v, b) be a smooth solution to problem (.), (.) for  ≤ t < T . Suppose that T is the
maximal existence time, then

∫ T



∥
∥u(t)

∥
∥

Ḃ∞,∞ dt = ∞. (.)

The paper is organized as follows. We first state some function spaces and important
inequalities in Section . Then we prove our main results in Section .

2 Preliminaries
Let S(Rn) be the Schwartz class of rapidly decreasing functions. Given f ∈ S(Rn), its
Fourier transform F f = f̂ is defined by

f̂ (ξ ) =
∫

Rn
e–ix·ξ f (x) dx,

and for any given g ∈ S(Rn), its inverse Fourier transform F–g = ǧ is defined by

ǧ(x) =
∫

Rn
eix·ξ g(ξ ) dξ .

Firstly, we recall the Littlewood-Paley decomposition. Choose a nonnegative radial func-
tion φ ∈ S(Rn), supported in C = {ξ ∈R

n : 
 ≤ |ξ | ≤ 

 }, such that

∞∑

k=–∞
φ
(
–kξ

)
= , ∀ξ ∈ R

n\{}.

The frequency localization operator is defined by

	kf =
∫

Rn
φ̌(y)f

(
x – –ky

)
dy.

Next we recall the definition of homogeneous function spaces (see []). For (p, q) ∈
[,∞] and s ∈R, the homogeneous Besov space Ḃs

p,q is defined as the set of f up to poly-
nomials such that

‖f ‖Ḃs
p,q �

∥
∥ks‖	kf ‖Lp

∥
∥

lq(Z) < ∞.

BMO denotes the homogenous space of bounded mean oscillations associated with the
norm

‖f ‖BMO � sup
x∈Rn ,R>


|BR(x)|

∫

BR(x)

∣
∣
∣
∣f (y) –


|BR(y)|

∫

BR(y)
f (z) dz

∣
∣
∣
∣dy.

The following inequality is the well-known Gagliardo-Nirenberg inequality.
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Lemma . Let j, m be any integers satisfying  ≤ j < m, and let  ≤ q, r ≤ ∞, and p ∈ R,
j

m ≤ θ ≤  such that


p

–
j
n

= θ

(

r

–
m
n

)

+ ( – θ )

q

.

Then, for all f ∈ Lq(Rn) ∩ W m,r(Rn), there is a positive constant C depending only on n, m,
j, q, r, θ such that the following inequality holds:

∥
∥∇ jf

∥
∥

Lp ≤ C‖f ‖–θ
Lq

∥
∥∇mf

∥
∥θ

Lr (.)

with the following exception: if  < r < ∞ and m – j – n
r is a nonnegative integer, then (.)

holds only for satisfying j
m ≤ θ < .

In order to prove our main result, we need the following lemma, which may be found in
[].

Lemma . There exists a positive constant C such that

‖f ‖BMO ≤ C
(
 + ‖f ‖Ḃ∞,∞

√

ln
(
e +

∥
∥∇f

∥
∥

L
))

. (.)

We also need the following lemma, which may be found in [].

Lemma . Assume that f , g satisfy ∇ · f =  and ∇ × g = . Then

‖fg‖H ≤ C‖f ‖L‖g‖L . (.)

3 Proof of main results

Proof of Theorem . It follows from (.) and energy estimate that

∥
∥u(t)

∥
∥

L +
∥
∥v(t)

∥
∥

L +
∥
∥b(t)

∥
∥

L + 
∫ t



(
μ

∥
∥∇u(τ )

∥
∥

L + γ
∥
∥∇v(τ )

∥
∥

L
)

dτ

+ 
∫ t



(
κ
∥
∥∇ · v(τ )

∥
∥

L +
χ


∥
∥v(τ )

∥
∥

L + ν
∥
∥∇b(τ )

∥
∥

L
)

dτ

≤ ‖u‖
L + ‖v‖

L + ‖b‖
L . (.)

Applying ∇ to the first equation in (.) and multiplying the resulting equation by ∇u
and integrating with respect to x on R

, using integration by parts, we obtain




d
dt

∥
∥∇u(t)

∥
∥

L + (μ + χ )
∥
∥∇u(t)

∥
∥

L

= –
∫

R
∇(u · ∇u) · ∇u dx

+
∫

R
∇(b · ∇b) · ∇u dx + χ

∫

R
∇(∇ × v) · ∇u dx. (.)
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Similarly, we get




d
dt

∥
∥∇v(t)

∥
∥

L + γ
∥
∥∇v(t)

∥
∥

L + κ‖∇ · ∇v‖
L + χ‖∇v‖

L

= χ

∫

R
∇(∇ × u) · ∇v dx –

∫

R
∇(u · ∇v) · ∇v dx (.)

and




d
dt

∥
∥∇b(t)

∥
∥

L + ν
∥
∥∇b(t)

∥
∥

L = –
∫

R
∇(u · ∇b) · ∇b dx +

∫

R
∇(b · ∇u) · ∇b dx. (.)

Summing up (.)-(.), we deduce that




d
dt

(∥
∥∇u(t)

∥
∥

L +
∥
∥∇v(t)

∥
∥

L +
∥
∥∇b(t)

∥
∥

L
)

+ (μ + χ )
∥
∥∇u(t)

∥
∥

L

+ γ
∥
∥∇v(t)

∥
∥

L + κ‖∇ · ∇v‖
L + χ‖∇v‖

L + ν
∥
∥∇b(t)

∥
∥

L

= –
∫

R
∇(u · ∇u) · ∇u dx +

∫

R
∇(b · ∇b) · ∇u dx + χ

∫

R
∇(∇ × v) · ∇u dx

+ χ

∫

R
∇(∇ × u) · ∇v dx –

∫

R
∇(u · ∇v) · ∇v dx –

∫

R
∇(u · ∇b) · ∇b dx

+
∫

R
∇(b · ∇u) · ∇b dx. (.)

By integration by parts and the Cauchy inequality, we obtain

χ

∫

R
∇(∇ × v) · ∇u dx + χ

∫

R
∇(∇ × u) · ∇v dx ≤ χ

∥
∥∇u

∥
∥

L +
χ


‖∇v‖

L . (.)

Using integration by parts, (.) and the Cauchy inequality, we arrive at

–
∫

R
∇(u · ∇u) · ∇u dx =

∫

R
ui∂iuj∂


k uj dx

= –
∫

R
∂k(ui∂iuj)∂kuj dx

= –
∫

R
∂kui∂iuj∂kuj dx

=
∫

R
∂k(∂kui∂iuj)uj dx

=
∫

R
∂kui∂k∂iujuj dx

=
∫

R
∂ku · ∇∂ku · u dx

≤ C‖u‖BMO‖∂ku · ∇∂ku‖H

≤ C‖u‖BMO‖∇u‖L
∥
∥∇u

∥
∥

L

≤ μ


∥
∥∇u

∥
∥

L + C‖u‖
BMO‖∇u‖

L , (.)

where we have used ∇ · ∂ku =  and ∇ × ∇∂ku = .
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Integration by parts, ∇ · ∂ib = , ∇ ×∇∂ib =  and ∇ · ∂
i b = , ∇ ×∇b = , (.) and the

Cauchy inequality give

∫

R
∇(b · ∇b) · ∇u dx +

∫

R
∇(b · ∇u) · ∇b dx

=
∫

R

[
∂i(bk∂kbj)∂iuj + ∂i(bk∂kuj)∂ibj

]
dx

=
∫

R
[∂ibk∂kbj∂iuj + ∂ibk∂kuj∂ibj] dx

= –
∫

R
uj

[
∂ibk∂k∂ibj + ∂

i bk∂kbj + ∂ibk∂i∂kbj
]

dx

= –
∫

R
u · [(∂ib · ∇) · ∂ib +

(
∂

i b · ∇)
b + (∂ib · ∇)∂ib

]
dx

= C‖u‖BMO‖∂ib · ∇ · ∂ib‖H + C‖u‖BMO
∥
∥∂

i b · ∇b
∥
∥
H + C‖u‖BMO‖∂ib · ∇∂ib‖H

≤ ν


∥
∥∇b

∥
∥

L + C‖u‖
BMO‖∇b‖

L . (.)

By the method to obtain (.) in [], we have

–
∫

R
∇(u · ∇v) · ∇v dx ≤ γ


∥
∥∇v

∥
∥

L + C‖u‖
BMO‖∇v‖

L . (.)

Similar to the proof of (.), we arrive at

–
∫

R
∇(u · ∇b) · ∇b dx ≤ ν


∥
∥∇b

∥
∥

L + C‖u‖
BMO‖∇b‖

L . (.)

Inserting (.)-(.) into (.) yields

d
dt

(∥
∥∇u(t)

∥
∥

L +
∥
∥∇v(t)

∥
∥

L +
∥
∥∇b(t)

∥
∥

L
)

+
∥
∥∇u(t)

∥
∥

L

+
∥
∥∇v(t)

∥
∥

L + ‖∇ · ∇v‖
L +

∥
∥∇v(t)

∥
∥

L +
∥
∥∇b(t)

∥
∥

L

≤ C‖u‖
BMO

(∥
∥∇u(t)

∥
∥

L +
∥
∥∇v(t)

∥
∥

L +
∥
∥∇b(t)

∥
∥

L
)
. (.)

Owing to (.), we know that for any small constant ε > , there exists T
 < T such that

∫ T

T


∥
∥∇ × u(t)

∥
∥

Ḃ–∞,∞ dt ≤ ε. (.)

Let

X(t) = sup
T
≤τ≤t

(∥
∥∇u(τ )

∥
∥

L +
∥
∥∇v(τ )

∥
∥

L +
∥
∥∇b(τ )

∥
∥

L
)
, T
 ≤ t < T . (.)

Integrating (.) with respect to t, we have

∥
∥∇u(t)

∥
∥

L +
∥
∥∇v(t)

∥
∥

L +
∥
∥∇b(t)

∥
∥

L +
∫ t

T∗

(∥
∥∇u(τ )

∥
∥

L +
∥
∥∇v(τ )

∥
∥

L
)

dτ

+
∫ t

T∗

(∥
∥∇ · ∇v(τ )

∥
∥

L +
∥
∥∇v(τ )

∥
∥

L +
∥
∥∇b(τ )

∥
∥

L
)

dτ
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≤ (∥
∥u(T∗)

∥
∥

L +
∥
∥v(T∗)

∥
∥

L +
∥
∥b(T∗)

∥
∥

L
)

exp

{

C
∫ t

T∗

∥
∥u(τ )

∥
∥

BMO dτ

}

≤ (∥
∥u(T∗)

∥
∥

L +
∥
∥v(T∗)

∥
∥

L +
∥
∥b(T∗)

∥
∥

L
)

× exp

{

C
∫ t

T∗

[
 +

∥
∥u(τ )

∥
∥

Ḃ∞,∞ ln
(
e +

∥
∥∇u(τ )

∥
∥

L
)]

dτ

}

≤ (∥
∥u(T∗)

∥
∥

L +
∥
∥v(T∗)

∥
∥

L +
∥
∥b(T∗)

∥
∥

L
)

exp

{

C ln
(
e + X(t)

)
∫ t

T∗

∥
∥u(τ )

∥
∥

Ḃ∞,∞ dτ

}

≤ (∥
∥u(T∗)

∥
∥

L +
∥
∥v(T∗)

∥
∥

L +
∥
∥b(T∗)

∥
∥

L
)

exp

{

C ln
(
e + X(t)

)
∫ t

T∗

∥
∥∇u(τ )

∥
∥

Ḃ–∞,∞ dτ

}

≤ (∥
∥u(T∗)

∥
∥

L +
∥
∥v(T∗)

∥
∥

L +
∥
∥b(T∗)

∥
∥

L
)

× exp

{

C ln
(
e + X(t)

)
∫ t

T∗

∥
∥∇ × u(τ )

∥
∥

Ḃ–∞,∞ dτ

}

≤ C
(
e + X(t)

)Cε . (.)

We apply ∇m to the first equation in (.) and multiply the resulting equation by ∇mu
and integrate with respect to x on R

, use integration by parts, we obtain




d
dt

∥
∥∇mu(t)

∥
∥

L + (μ + χ )
∥
∥∇m+u(t)

∥
∥

L

= –
∫

R
∇m(u · ∇u) · ∇mu dx

+
∫

R
∇m(b · ∇b) · ∇mu dx + χ

∫

R
∇m(∇ × v) · ∇mu dx. (.)

Similarly, we deduce that




d
dt

∥
∥∇mv(t)

∥
∥

L + γ
∥
∥∇m+v(t)

∥
∥

L + κ
∥
∥∇ · ∇mv

∥
∥

L + χ
∥
∥∇mv

∥
∥

L

= χ

∫

R
∇m(∇ × u) · ∇mv dx –

∫

R
∇m(u · ∇v) · ∇mv dx (.)

and




d
dt

∥
∥∇mb(t)

∥
∥

L + ν
∥
∥∇m+b(t)

∥
∥

L

= –
∫

R
∇m(u · ∇b) · ∇mb dx +

∫

R
∇m(b · ∇u) · ∇mb dx. (.)

In what follows, for simplicity, we shall set m = .
Summing up (.)-(.) and noting ∇ · u = , ∇ · b = , we deduce that




d
dt

(∥
∥∇u(t)

∥
∥

L +
∥
∥∇v(t)

∥
∥

L +
∥
∥∇b(t)

∥
∥

L
)

+ (μ + χ )
∥
∥∇u(t)

∥
∥

L

+ γ
∥
∥∇v(t)

∥
∥

L + κ
∥
∥∇ · ∇v

∥
∥

L + χ
∥
∥∇v

∥
∥

L + ν
∥
∥∇b(t)

∥
∥

L

= –
∫

R

[∇(u · ∇u) – u · ∇∇u
] · ∇u dx +

∫

R

[∇(b · ∇b) – b · ∇∇b
] · ∇u dx
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+ χ

∫

R
∇(∇ × v) · ∇u dx + χ

∫

R
∇(∇ × u) · ∇v dx

–
∫

R

[∇(u · ∇v) – u · ∇∇v
] · ∇v dx –

∫

R

[∇(u · ∇b) – u · ∇∇b
] · ∇b dx

+
∫

R

[∇(b · ∇u) – b · ∇∇u
] · ∇b dx

=: J + J + J + J + J + J. (.)

It follows from integration by parts, the Hölder inequality, Gagliardo-Nirenberg inequality
(.), the Cauchy inequality and (.) that

J ≤ ‖∇u‖L∞
∥
∥∇u

∥
∥

L + 
∥
∥∇u

∥
∥

L

∥
∥∇u

∥
∥

L

≤ C‖∇u‖


L

∥
∥∇u

∥
∥




L

≤ μ


∥
∥∇u

∥
∥

L + C‖∇u‖
L

≤ μ


∥
∥∇u

∥
∥

L + C
(
e + X(t)

)Cε . (.)

Similarly, we have

J + J ≤ ‖∇b‖L∞
∥
∥∇u

∥
∥

L

∥
∥∇b

∥
∥

L + 
∥
∥∇u

∥
∥

L

∥
∥∇b

∥
∥

L

∥
∥∇b

∥
∥

L + ‖∇u‖L∞
∥
∥∇b

∥
∥

L

≤ C‖∇u‖ 

L

∥
∥∇u

∥
∥



L‖∇b‖



L

∥
∥∇b

∥
∥



L + ‖∇u‖ 


L

∥
∥∇u

∥
∥



L ‖∇b‖ 


L

∥
∥∇b

∥
∥



L

+ C‖∇u‖ 

L

∥
∥∇u

∥
∥



L‖∇b‖ 


L

∥
∥∇b

∥
∥



L

≤ μ


∥
∥∇u

∥
∥

L +
ν


∥
∥∇b

∥
∥

L + C‖∇u‖
L‖∇b‖

L

+ C‖∇u‖
L‖∇b‖

L + C‖∇u‖
L‖∇b‖

L

≤ μ


∥
∥∇u

∥
∥

L +
ν


∥
∥∇b

∥
∥

L + C
(
e + X(t)

)Cε . (.)

The Cauchy inequality gives

J ≤ χ
∥
∥∇u

∥
∥

L +
χ


∥
∥∇v

∥
∥

L . (.)

We may obtain the following estimate by making use of integration by parts, the Hölder
inequality, Gagliardo-Nirenberg inequality (.), the Cauchy inequality and (.):

J ≤ ‖∇v‖L∞
∥
∥∇u

∥
∥

L

∥
∥∇v

∥
∥

L + 
∥
∥∇u

∥
∥

L

∥
∥∇v

∥
∥

L

∥
∥∇v

∥
∥

L + ‖∇u‖L∞
∥
∥∇v

∥
∥

L

≤ C‖∇u‖ 

L

∥
∥∇u

∥
∥



L‖∇v‖



L

∥
∥∇v

∥
∥



L + ‖∇u‖ 


L

∥
∥∇u

∥
∥



L ‖∇v‖ 


L

∥
∥∇v

∥
∥



L

+ C‖∇u‖ 

L

∥
∥∇u

∥
∥



L‖∇v‖ 


L

∥
∥∇v

∥
∥



L

≤ μ


∥
∥∇u

∥
∥

L +
γ


∥
∥∇v

∥
∥

L + C‖∇u‖
L‖∇v‖

L

+ C‖∇u‖
L‖∇v‖

L + C‖∇u‖
L‖∇v‖

L

≤ μ


∥
∥∇u

∥
∥

L +
γ


∥
∥∇v

∥
∥

L + C
(
e + X(t)

)Cε . (.)
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Similarly, we deduce that

J ≤ ‖∇b‖L∞
∥
∥∇u

∥
∥

L

∥
∥∇b

∥
∥

L + 
∥
∥∇u

∥
∥

L

∥
∥∇b

∥
∥

L

∥
∥∇b

∥
∥

L + ‖∇u‖L∞
∥
∥∇b

∥
∥

L

≤ C‖∇u‖ 

L

∥
∥∇u

∥
∥



L‖∇b‖



L

∥
∥∇b

∥
∥



L + ‖∇u‖ 


L

∥
∥∇u

∥
∥



L ‖∇b‖ 


L

∥
∥∇b

∥
∥



L

+ C‖∇u‖ 

L

∥
∥∇u

∥
∥



L‖∇b‖ 


L

∥
∥∇b

∥
∥



L

≤ μ


∥
∥∇u

∥
∥

L +
ν


∥
∥∇b

∥
∥

L + C‖∇u‖
L‖∇b‖

L

+ C‖∇u‖
L‖∇b‖

L + C‖∇u‖
L‖∇b‖

L

≤ μ


∥
∥∇u

∥
∥

L +
ν


∥
∥∇b

∥
∥

L + C
(
e + X(t)

)Cε . (.)

Inserting estimates (.)-(.) into (.) yields

d
dt

(∥
∥∇u(t)

∥
∥

L +
∥
∥∇v(t)

∥
∥

L +
∥
∥∇b(t)

∥
∥

L
) ≤ C

(
e + X(t)

)Cε , t ∈ [T∗, T). (.)

Integrating (.) with respect to time from T∗ to t ∈ [T∗, T), we have

e +
∥
∥∇u(t)

∥
∥

L +
∥
∥∇v(t)

∥
∥

L +
∥
∥∇b(t)

∥
∥

L ≤ C + C
(
e + X(t)

)Cε . (.)

By choosing ε < 
C

and noting (.), we know that (u, v, b) ∈ L∞(, T ; H(R)). Thus,
(u, v, b) can be extended smoothly beyond t = T . We have completed the proof of The-
orem .. �
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